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Introduction

The first volume serves as a general introduction to some of the tech-
niques most commonly used in representation theory. The quiver technique,
the Auslander—Reiten theory and the tilting theory were presented with
some application to finite dimensional algebras over a fixed algebraically
closed field. In particular, a complete classification of those hereditary al-
gebras that are representation-finite (that is, admit only finitely many iso-
morphism classes of indecomposable modules) is given. The result, known
as Gabriel’s theorem, asserts that a basic connected hereditary algebra A is
representation-finite if and only if the quiver Q4 of A is a Dynkin quiver.

In Volume 2 we study in detail the indecomposable modules and the
shape of the Auslander—Reiten quiver I'(mod A) of the class of hereditary
algebras A that are representation-infinite and minimal with respect to this
property. They are just the hereditary algebras of Fuclidean type, that
is, the path algebras K(@Q, where @ is a connected acyclic quiver whose
underlying non-oriented graph @ is one of the following Euclidean diagrams

[ ]
Ap '4>, (n+1 vertices, n > 1);

!

. F SN o——eo——o; (n+1vertices, n > 4);
[ ] ® L ] L ] .;

IE7 : T .
.‘.A“.‘.‘.A‘7

Eg : T
 r—0—0— 00— 00— 00— 00— 0

In Volume 2, we also study in detail the indecomposable modules and the
shape of the Auslander—Reiten quiver I'(mod B) of concealed algebras of
Euclidean type, that is, the tilted algebras B of the form

B =End Txq,

where K@ is a hereditary algebra of Euclidean type and Tk is a postpro-
jective tilting K @-module.

The main aim of the first part of Volume 3 is to study arbitrary represen-
tation-infinite tilted algebras B = End Tk of a Euclidean type ), where
Tko is a tilting Tkg-module, and to give a fairly complete description
of their indecomposable modules, their module categories mod B, and the
Auslander—Reiten quivers I'(mod B).

For this purpose, we introduce in Chapters XV-XVII some concepts
and tools that allow us to give in Chapter XVII a complete description
of arbitrary representation-infinite tilted algebras B of Euclidean type and

ix



X INTRODUCTION

their module categories mod B, due to Ringel [525]. In particular, we show
that:

e the Auslander—Reiten quiver I'(modB) of any such an algebra B has
a disjoint union decomposition

I(modB) = P(B)UTZ U Q(B),

where P(B) is a unique postprojective component, Q(B) is a unique
preinjective component, and

T" = {7-)\B})\€IP’1(K)

is a Py (K)-family of pairwise orthogonal standard ray or coray tubes
T,B separating P(B) from Q(B);

e the module category mod B of a tilted algebra B of Euclidean type is
controlled by the Euler quadratic form ¢p : Ko(B) — Z of B, and

e the number of the isomorphism classes of tilted algebras of Euclidean
type of any fixed dimension is finite.

In Chapter XVIII, we turn our attention to the representation theory of
wild hereditary algebras A = K@, where @ is an acyclic quiver such that
the underlying graph is neither a Dynkin nor a Euclidean diagram. The
shape of the components of the regular part R(A) of I'(mod A) is described
and, for any such an algebra A, a wild behaviour of the category mod A is
established. Moreover, an important theorem on homomorphisms between
the regular modules over a wild hereditary algebra, due to Baer [35] and
Kerner [343], is proved.

An essential role in the investigation is played by the notion of a per-
pendicular category associated to a partial tilting module, introduced by
Geigle and Lenzing [247] and Schofield [559].

We also exhibit some classes of tilted algebras B of wild type and we
discuss the structure of their module categories mod B. In particular, we
prove a theorem of Ringel [526] on the existence of a regular tilting module
over a hereditary algebra, and we present an efficient procedure of Baer [35],
[36] allowing us to construct regular tilting modules over any wild hereditary
algebra A with at least three pairwise non-isomorphic simple modules.

In Chapter XIX, we introduce the concepts of tame representation type
and of wild representation type for algebras, and we discuss the tame and
the wild nature of module categories mod B. We prove that the concealed
algebras of Euclidean type are of tame representation type, and the con-
cealed algebras of wild type are of wild representation type.



INTRODUCTION xi

In the final Chapter XX, we present (without proofs) selected results
of the representation theory of finite dimensional algebras that are related
to the material discussed in the previous chapters. This, together with a
rather long list of complementary references, should provide the reader with
the right tives for further study and interesting research directions.

Unfortunately, many important topics from the theory have been left
out. Among the most notable omissions are covering techniques, the use
of derived categories and partially ordered sets. Some other aspects of the
theory presented here are discussed in the books [34], [53], [54], [242], [318],
[276], [575], and especially [525].

We assume that the reader is familiar with Volumes 1 and 2, but other-
wise the exposition is reasonably self-contained, making it suitable either for
courses and seminars or for self-study. The text includes many illustrative
examples and a large number of exercises at the end of each of the Chapters
XV-XIX.

The book is addressed to graduate students, advanced undergraduates,
and mathematicians and scientists working in representation theory, ring
and module theory, commutative algebra, abelian group theory, and combi-
natorics. It should also, we hope, be of interest to mathematicians working
in other fields.

Throughout this book we use freely the terminology and notation intro-
duced in Volumes 1 and 2. We denote by K a fixed algebraically closed field.
The symbols N, Z, Q, R, and C mean the sets of natural numbers, integers,
rational, real, and complex numbers. The cardinality of a set X is denoted
by | X|. Given an algebra A, the A-module means a finite dimensional right
A-module. We denote by Mod A the category of all right A-modules, by
mod A the category of finite dimensional right A-modules, and by I'(mod A)
the Auslander—Reiten translation quiver of A. The ordinary quiver of an
algebra A is denoted by Q4. Given a matrix C' = [¢;;], we denote by C* the
transpose of C.

A finite quiver @ = (Qo, Q1) is called a Euclidean qu1ver if the under-
lying graph Q of @ is any of the Euclidean diagrams Am, with m > 1, ]Dm,
with m > 4, Eg, E7, and ]Eg Analogously, @ is called a Dynkin quiver
if the underlying graph @ of @ is any of the Dynkin diagrams A,,, with
m > 1, D,,, with m > 4, Eg, E;, and Eg.

We take pleasure in thanking all our colleagues and students who helped
us with their useful comments and suggestions. We wish particularly to ex-
press our appreciation to Ibrahim Assem, Sheila Brenner, Otto Kerner, and
Kunio Yamagata for their helpful discussions and suggestions. Particular
thanks are due to Dr. Jerzy Biatkowski and Dr. Rafal Bocian for their help
in preparing a print-ready copy of the manuscript.






Chapter XV

Tubular extensions and tubular
coextensions of algebras

In Volume 2, we study in detail the indecomposable modules and the
shape of the Auslander-Reiten quiver I'(mod B) of concealed algebras of
Euclidean type, that is, the tilted algebras B of the form

B =End Tk,

where K@ is a hereditary algebra of Euclidean type and Txq is a post-
projective tilting K Q-module. We recall that every concealed algebra B of
Euclidean type is representation-infinite and the Auslander—Reiten quiver
I'(mod B) of B has the shape

P(A) Q(A)

where mod B is the category of finite dimensional right B-modules, P(B) is
the unique postprojective component of I'(mod B) containing all the inde-
composable projective B-modules, Q(B) is the unique preinjective compo-
nent of I'(mod B) containing all the indecomposable injective B-modules,
and R(B) is the (non-empty) regular part consisting of the remaining com-
ponents of I'(mod B). We recall also that:

o the regular part R(B) of the Auslander—Reiten quiver I'(mod B) is
a disjoint union of the P; (K )-family
T" = {Thero)
of pairwise orthogonal standard stable tubes 7,7, where Py (K) is
the projective line over K,
e the family 72 separates the postprojective component P(B) from
the preinjective component Q(B),

e the module category mod B is controlled by the Euler quadratic form
qB : Ko(B) — Z of the algebra B.
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In Volume 3, we study the representation-infinite tilted algebras B =
End Tk ¢ of a Euclidean type @, where Tk is a tilting Tk o-module. We
give a fairly complete description of their indecomposable modules, their
module categories mod B, and the Auslander—Reiten quivers I'(mod B).

The aim of the present chapter is to introduce concepts playing a fun-
damental role in the classification of arbitrary representation-infinite tilted
algebras of Euclidean type, presented in Chapter XVII.

In Section 1, we introduce the concepts of a one-point extension and a
one-point coextension of an algebra, and we discuss a behavior of almost
split sequences under the one-point extension and the one-point coextension
procedure.

In Section 2, we introduce the concepts of a tubular extension and a
tubular coextension of an algebra, and the related concepts of ray tubes
and coray tubes. As we shall see in Chapter XVII, the components of
a representation-infinite tilted algebra of Euclidean type that are neither
postprojective nor preinjective, are ray tubes or coray tubes.

In Section 3, we show that the concepts of the tubular extension and the
tubular coextension of an algebra coincide with the concepts of a branch
extension and a branch coextension of an algebra.

In Section 4, we discuss the structure of the module categories mod B
and mod B’ of a tubular extension B and a tubular coextension B’ of a
concealed algebra A of Euclidean type, and we introduce the concept of the
tubular type of such algebras. The study we start in Section 4 is continued
in Chapter XVII. We show there that every representation-infinite tilted al-
gebra of Euclidean type is either a domestic tubular extension or a domestic
tubular coextension of a concealed algebra of Euclidean type.

XV.1. One-point extensions and one-point
coextensions of algebras

We start by explaining the idea of a one-point extension algebra. Assume
that B is a K-algebra such that the quiver Qg of B has a source vertex
0. We form a K-algebra A in such a way that the quiver Q4 of A is
obtained by deleting from the quiver @Qp of B the source 0, as well as all
the arrows passing through 0. We are interested in the relation between the
representation theories of B and of the algebra A.

Let ey be the idempotent of B corresponding to the source vertex 0, and
we set

A= (1 - 60)3(1 - 60).

Since the algebra A is isomorphic the quotient algebra B/BeyB of B (mod-
ulo the two-sided ideal BegB generated by the idempotent ep), then the
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canonical algebra epimorphism
B—— A~ B/BeyB

induces an embedding of module categories mod A < mod B, called the
standard embedding.

On the other hand, because 0 is a source of g, the injective right B-
module I(0)p = D(Beyp) is simple and, consequently, there is a K-algebra
isomorphism egBey = End (D(Beg)) & K, and

(1 —eg)Bep = Homp(D(Bey), D(B(1 —¢ep))) = 0.

Moreover, the (right) K-vector space X = egB(1—¢p) has a canonical right
A-module structure and a canonical left K-module structure induced by
the right one (that is, defined by the formula A - 2 = z, for all z € X and
A € K); they define a K-A-bimodule structure x X4 on X, see (1.2.10). It
follows that we can view the algebra B in the matrix form

(1 — 60)3(1 — 60) (1 — eo)Beo
A 0
b L k)
CQB(l — 60) 60360
where A = (1 —eg)B(1 —eg) = B/BegB, kX4 = X =¢yB(1 —eg), K &

egBeg, and the multiplication is induced from the K-A-bimodule structure
of kX4, see (A.2.7) of Volume 1. Because the right ideal

0 0 A 0
eOB—[KXA K} of B_[KXA K}

is an indecomposable projective B-module, then the A-module g X 4 iden-

tified with the B-submodule [ g( 8] of egB equals the radical rad eg B
KXA
of eg B, that is, we make the identification
0 0| _
radeOB— |:KXA 0:| :KXA.

These considerations, already used implicitly, for instance in (VII.2.5) and
(IX.4), and their duals, lead to the following definitions.
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1.1. Definition. Let A be a K-algebra, and X be a right A-module.

(a) The one-point extension of A by X, which we denote by A[X], is
the 2 x 2-matrix algebra

A[X}:{ A 0}

kXa K

with the ordinary addition of matrices, and the multiplication indu-
ced from the usual K-A-bimodule structure g X 4 of X, see (A.2.7).

(b) The one-point coextension of A by X, which we denote by [X]A,
is the 2 x 2-matrix algebra

X14= | py 4]

with the ordinary addition of matrices, and the multiplication in-
duced from the A-K-bimodule structure of DX = Homg (x X4, K)
induced by the K-A-bimodule structure of g X4, see Section 1.2.9
of Volume 1.

We recall that given two K-algebras A, C, and a finite dimensional C-
A-bimodule ¢ X 4, the set

A 0
b= |:CXA C}

of all matrices [Z 2} , where a € A, c € C, and = € X, endowed with the
usual matrix addition and the multiplication given by the formula

a0| |a 0| _ aa’ 0

T c 2| T |xa4ex’ e |
is a finite dimensional K-algebra with identity element 1 = e 4 + e, where
eA = [(1) 8] and ec = [8 ﬂ, see (A.2.7).

It is easy to see that the quiver @ 4[x) of the one-point extension algebra
A[X] contains the quiver Q4 of A as a full convex subquiver, and there is
a single additional point in @ 4(x), which is a source vertex. One may thus
visualise the quiver Q 4(x] of A[X] as follows
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Conversely, the considerations preceding the definition show that any al-
gebra B having a source in the quiver (g can be written as a one-point
extension A[X] of a quotient A of B by the two-sided ideal generated by
the idempotent corresponding to this source.

Dually, the quiver Qxj4 of the one-point coextension K-algebra [X]A
contains the quiver Q4 of A, as a full convex subquiver, and there is a single
additional point in ()[x)4, which is a sink vertex. One may thus visualise
the quiver Qx14 of [X]A as follows

!

In this chapter, and contrary to our custom in this book, but for the sake
of brevity, we only state the results for one-point extensions, but not their
duals (for one-point coextensions). We urge the reader to do the primal-dual
translation work.

For our purposes, an equivalent description of the category mod A[X] in
terms of the representations of bimodules is needed. It is well-known that
modules over a 2 X 2 triangular matrix algebra may be represented as triples,
each consisting of a pair of modules and a homomorphism.

Now we illustrate the definition with two simple examples.

e Assume that A = K and X = K. Then the one-point extension A[X]
of the algebra K by X = K is the algebra

K 0

KK = [ K K}

consisting of 2 x 2 lower triangular matrices with coefficients in K. In other
words, the one-point extension K[K] is the path K-algebra of the Dynkin
quiver 10 <— o 2.

e Assume that A = K and X = K2. Then the one-point extension A[X]
of the algebra K by X = K? is the Kronecker algebra
K 0
2] _
see (1.2.5). Equivalently, K[K?| is the path K-algebra of the Kronecker
quiver 1 o ¥———— o 2, of the Euclidean type A;.



CHAPTER XV. TUBULAR EXTENSIONS AND COEXTENSIONS

Given a K-algebra A and a K-A-bimodule xX4, we define the K-
category

rep(X) =rep(xkXa) (1.2)

of all K-linear representations of the bimodule i X, as follows, see
(A.2.7) in Volume 1.

(i)

(i)

An object M = (My, Mi,¢p) in rep(x X a) consists of a K-vector
space My, a right A-module M;, and a homomorphism
Uar s My @ X4 —> My of right A-modules.

A morphism from M = (My, M1,9¥n) to M = (M§, M{, ) in
rep(xX4) is a pair f = (fo, f1), where fo : My — M|, is a ho-
momorphism of K-vector spaces and f; : M7 — M/ is a homo-
morphism of A-modules, which are compatible with the structural
homomorphisms 1y, and ¥y, that is, the following square com-

mutes -
My®Rk X4 ——— My

fo®1xl iﬁ

Mg Xa —2% M.

The composition of morphisms in rep(x X 4) is induced by the com-
position of homomorphisms in mod K and mod A, respectively.
The direct sum of two objects

M = (Mo, My,¢n) and M’ = (M), M, ¢¥m)
in rep(x X 4) is the object in rep(x Xa)
Me& M = (Mo & My, My & My, & )

in rep(gXa).

It is easy to check that rep(xX4) is an additive K-category. Moreover,
using the adjunction isomorphism (1.2.11)

HOInA(MO R X, Ml) = HomK(MO,HomA(X, Ml)),

we see that the category rep(x X 4) is equivalent to the category Tep(xX4)
defined as follows.

(1)

An object M = (Mo, My, o) in Tep(x X 4) consists of a K-vector
space My, a right A-module M; and a homomorphism of K-vector
spaces g My — Homa (g X a, My).
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(i)

(iii)

A morphism from M = (My, My,ppm) to M' = (M, M{,pp') in
rep(kXa) is a pair f = (fo, f1), where fo : My — M} is a ho-
momorphism of K-vector spaces, and f; : M; — M/ is a homo-
morphism of A-modules, which are compatible with the structural
homomorphisms ¢y, and ¢pr, that is, the following square com-

mutes on
MO —_— HomA(KXA,Ml)

fgl J/HomA(KXA,fl)

M, 2 Homyu(xXa, M]).

The composition of morphisms in Tep(xX4) is induced from the
composition of homomorphisms in mod K and mod A, respectively.
The direct sum is defined componentwise.

It is easy to check that Tép(x X 4) is an additive K-category. A K-linear
category equivalence

H :rep(xXa) ;@(KXA)

is defined by assigning to any object M = (Mo, M1,9nr) of rep(x X a) the
object H(M) = (]\407 M1,¢M) of @(KXA), where

W : Mo —_— HOHIA(KXA,Ml)

is the K-linear map adjoint toihe homomorphism ¥ : Mog®Rg Xa —> My
of right A-modules, that is, ¥ (mo)(z) = Yar(mo @ x), for all mg € My
and x € X. We also set H(fo, f1) = (fo, f1)-

1.3.

Lemma. Under the notation introduced above, the following two

statements hold.

(a)

(b)

The additive K -categories rep(X) and T€p(X) are abelian, and there
exist K-linear equivalences of categories

mod A[X] —— rep(sx X a) — s Tep( 1 X ).

If M is a module in mod A[X] and F(M) = (Mo, My,%ur), then the
dimension vector dim M of M has the form

dim M = (dim M, dim M),

where dim My = dimg My and dim M, is the dimension vector of
the A-module M, with (dim M), = (dim M), = dimgMe,, for
any vertex a # 0 of the quiver Q arx) of A[X]. Here 0 € (Qayx))o is
the source verter defined by the one-point extension structure of the
algebra A[X].



8 CHAPTER XV. TUBULAR EXTENSIONS AND COEXTENSIONS

Proof. (a) The second equivalence H is described above. To establish
the first one, we define a K-linear functor

F:mod A[X] —— rep(xXa)

as follows. Let, as before, 0 denote the source which belongs to the quiver
Q a1x) of the one-point extension algebra A[X], but not to the quiver Q4 of
A, and ey € A[X] denote the corresponding idempotent.

For a right A[X]-module M, we set My = Meg and M; = M(1—eq), and
we denote by ¥y 1 My Qg X4 — M7 the homomorphism induced by the
multiplication map meg @ x — megx for m € M and x € X, where we use
that X = egA[X](1 — ep). It is easy to see that F(M) = (Mo, M1,var) is
an object of the category rep(xXa). If f: M — M’ is a homomorphism
of A[X]-modules, we define fo : My — M| and f; : My — M] to be
the restrictions of f to My and M, respectively. This is possible, because,
for any m € M, we have f(meg) = f(m)ey € M{ and f(m(l — ep)) =
f(m)(1—eo) € M;. Itis clear that F(f) = (fo, f1) is a morphism from F (M)
to F(M') in the category rep(xX4). A routine calculation shows that we
have defined an additive K-linear functor F': mod A[X] —— rep(x Xa4).

We also define a functor

G :rep(kX4) —— mod A[X]

as follows. For an object M = (Mo, M1,%¥p) in rep(xkXa), we let
G (Mo, My,vr) be the right A[X]-module having

G(M) =M, & M,
as underlying vector space, with the multiplication
S G(M) x A[X] —— G(M)
defined by the formula

(m1,mg) - [Z g] = (mia + Yar(mo ® ), moA),

for (mq,mo) € G(M) and [Z 2} eAX]. If
(anfl) : (MO7M17¢M) — (M(SJM{7’(/}M’)

is a morphism in the category rep(x X4), we define the K-linear map

G(f()vfl) : G(MO7M1a7/}M) — G(M(l)aM{7wM’)
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by the formula

G(fo, f1)(m1,mo) = (f1(m1), fo(mo)).

Then G(fo, f1) is indeed a homomorphism of A[X]-modules, because the
following equalities hold

G(fmfﬁ((ml,mO) : [Z 2]) = G(fo, f1)(mia + Pr(mo @ x), moA)
= (fi(mia) + fiyar (mo @ ), fo(moA))
= (fi(m1)a + ¥ (fo ® 1x)(mo @ x), fo(mo)A)
= (fi(m1)a + e (fo(mo) ® x), fo(mo)A)
= (fi(

fi(ma), fo(mo)) - [i i}
= [G(fo, ) mamo)] - [ 23]

for all (my,mo) € G(M) and [g g} e A[X].

It is easily shown that F' and G are additive K-linear functors, and quasi-
inverse to each other.

(b) The description of the functors F' and G shows that, if a triple M =
(Mo, My, @pr) is viewed as a right A[X]-module via G, then the dimension
vector dim M of M in mod A[X] is computed as follows. If a is a point
in the quiver @ 41x] of A[X], then (dim M), = (dim M), = dimg Me,, if
a # 0, and (dim M)y = dimg My. This finishes the proof. O

The reader is referred to (1.2.4) and (1.2.5) for simple examples explaining
the functors F and H of Lemma (1.3). In the sequel, the equivalences F
and H of (1.3) are treated as identifications.

The category Tep(x X 4) being more suited for our purposes, we consider
in fact A[X]-modules as being objects in Tep(x X 4).

Another consequence of (1.3) is the following useful fact.

1.4. Corollary. Let A[X] be a one-point extension algebra as above.
Then there exist two essentially distinct full and faithful embeddings of
mod A inside mod A[X] preserving the indecomposablity:

(a) the standard embedding of mod A inside mod A[X], that associates

to an A-module M the triple (0, M,0) (we simply identify (0, M, 0)
with M),
(b) the functor associating to an A-module M the triple

M= (HOIHA(X7 M)aMa lHomA(X,]W))'



10 CHAPTER XV. TUBULAR EXTENSIONS AND COEXTENSIONS

We now use the embeddings of (1.4) to describe those almost split se-
quences in the category mod A[X] whose right end term is an A-module.
We need a technical lemma.

1.5. Lemma. Let A be an algebra, and X be an A-module.
(a) If f: L — M s left minimal almost split in mod A, then
(17 f) : z EE— (HomA(X7 L)7 Mv HOI’HA(X, f))

is left minimal almost split in mod A[X].
(b) If g: M — N is right minimal almost split in mod A, and

j i KerHomy (X, g) ———— Homx (X, M)
denotes the inclusion, then

(0,9) : (KerHomu(X,g),M,j) —— N
is right minimal almost split in mod A[X].

Proof. (a) Clearly, (1, f) is a morphism

L = (Homu(X,L),L,1) ——— (Homu (X, L), M, Hom(X, f)).

If it were a section, then so would be f, a contradiction. Thus (1, f) is not
a section.

Let u = (ug,u1) : L ——— (Up, U1, py) = U be a morphism which is
not a section. We claim that u; : L — Uj is not a section in mod A. For,
assume to the contrary that this is the case. Then there exists u} : Uy — L
such that u} ou; = 15,. Hence the pair of maps u' = (Hom4 (X, u}) oy, u))
is a morphism from (Up, Uy, pr) to L, which satisfies u’ o u = 17, because

HomA(Xvull) OQu ° Uy = HomA(X,Ull) OHOmA(X,ul) =1,

contrary to our hypothesis that w is not a section. This establishes our
claim.

Because, by hypothesis, f is left almost split, there exists a homomor-
phism w; : M — U; in mod A such that w; o f = u;. Then the pair of
homomorphisms @ = (ug, @) is a morphism

(HOIHA(X, L)v M? HOHIA(X, f)) E— (UO7 Ula SDU)~
Indeed, we have

Hom 4 (X, @) o Homa (X, f) = Homa (X, u1) = pyug,
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that is, the diagram

Homa(X,L) — 2480 Homa(X, M)
uol iHomA(X,ﬂﬂ
Us Yy Homa(X,Uy)

is commutative. Further, we have wo (1, f) = u. We have shown that (1, f)
is left almost split in mod A[X].

To show that (1, f) is left minimal, assume that g = (go,¢1) is an en-
domorphism of (Hom4 (X, L), M,Hom (X, f)) such that go (1, f) = (1, f).
Then g1 o f = f, which implies that g; is an automorphism of M, while
go = 1. This shows that ¢ is an automorphism.

(b) That (0,¢g) is a morphism from (KerHomyu(X,g),M,j) to
N = (0, N, 0) follows from the commutativity of the square

Ker Hom4 (X, g) TN Hom 4 (X, M)

l lHomA(X’g)

0 —  Homu (X, N).

On the other hand, (0, ¢) is clearly not a retraction in mod A[X], because
the homomorphism g : M — N is not a retraction in mod A. Let then

v=(vg,v1): Vo,Vi,0v) =V —— (0,N,0) = N

be a morphism, which is not a retraction. Clearly, v9g = 0, while
vy : V4 — N is not a retraction in mod A. Because ¢ is right almost
split, there exists v7 : Vi — M in mod A such that v; = gov;. Now

Homy (X, g) o Homa (X, 71) o oy = Homa (X, v1) o oy = 0.

Hence the map Hom 4 (X,v1)py factors through j, that is, there exists a
K-linear map
vp : Vo — KerHom 4 (X, g)

such that j oy = Hom4 (X, 771) o py. The latter equality expresses the fact
that v = (Up, v1) is a morphism from (Vp, V1, v ) to (Ker Hom 4 (X, g), M, j).
Further, we have (0, g)v = v. This shows that (0, g) is right almost split.

To show that (0, g) is right minimal, let A = (hg, h1) be an endomorphism
of (KerHom 4 (X, g), M, j) such that (0, g)oh = (0, g). Thus we have goh; =
g, showing that h; is an automorphism of M. On the other hand, the
condition for h to be a morphism reads

johyg=Homa(X,hy)oj,
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and this says that hg is the restriction to Ker Homa(X,g) of the auto-
morphism Hom (X, h1). Consequently hg is itself an automorphism of
Ker Hom 4 (X, g). Hence h is an automorphism. O

1.6. Theorem. Let A be an algebra, and X be an A-module. If

0— LT Mm% N0

18 an almost split sequence in mod A, then

(1.f)

0—T—"" . (Homa(X, L), M, Homa(X, f)) — 22

N —0

is an almost slit sequence in mod A[X].

Proof. The left exactness of the given sequence follows from the fact
that there is a commutative diagram with exact rows

0 — Homa(X,L) —— Homs(X,L) —————— 0

ll JHomA(me) l

0 — Homa(X,L) ™A pomy, (x, m) 49 gom (X, N).

On the other hand, the surjectivity of (0, g) follows from the computation
of the dimension of the cokernel of (1, f):

dimg (Hom4 (X, L), M,Hom 4 (X, f))—dimg L
= dimgHom 4 (X, L)+dimg M —dimgHom 4 (X, L) —dimg L
=dimgM — dimg L
= dimgN.
Applying (1.5)(a), we see that (1, f) is left minimal almost split. Be-
cause the functor Hom 4 (X, —) is left exact, then Hom 4 (X, L) is a kernel of

Homy (X, g). Therefore (1.5)(b) yields that (0, g) is right minimal almost
split. O

1.7. Corollary. Let A be an algebra, and X be an A-module. If
0—L-LM -2 N—0

is an almost split sequence in mod A such that Homa (X, L) = 0, then this
sequence remains almost split in mod A[X] under the standard embedding.
Proof. Apply (1.6). O

We note also the following useful fact.
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1.8. Lemma. Let A be an algebra, X an A-module, and V =(Vy, V1, pv)
be an indecomposable A[X]-module with ¢y # 0. Then Hom4 (X, N) # 0,
for any indecomposable direct summand N of Vi in mod A.

Proof. Assume, to the contrary, that N is an indecomposable direct
summand of V; in mod A such that Hom4 (X, N) =0. Let p: V; — N be
the canonical retraction and v : N — V; the canonical section in mod A.
It follows that

(0,p) : V. — (0,N,0) =

is a retraction in mod A[X] with section
(0,u) : N =(0,N,0) — V.

Hence, (0, p) is an isomorphism V' 2 N in mod A[X], because V is assumed
to be indecomposable. Hence we get a contradiction, because ¢y # 0
implies Vj # 0. O

1.9. Example. Consider the algebra A given by the quiver

\
.

\7\

50

bound by two relations a8 = v and v = 0. Then the Auslander-Reiten
quiver I'(mod A) is of the form

1
1

f\f\
\/\/\/‘\

0%1 1%0

fl\f\f\f

10 o1 0O 01

1
(

where the indecomposable modules are represented by their dimension vec-
0
tors. Let X = I(5)4. Then X = 8 11 and the quiver @ 4(x) of the one-point

extension algebra A[X] is of the form
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(¢]

7

30

S
7\

() (o)
5 0,

bound by three relations a3 = vJ, y¢ = 0 and Ad = 0. The Auslander—
Reiten quiver I'(mod A[X]) is of the form

»—‘O

f\

f\f\ fo\/\
O\f\ f\ fO\f
f\ f‘\ fO\ f°\

The image of an indecomposable A-module under the standard embedding
is easily recognised: its dimension vector as an A[X]-module has a zero
coordinate at the point 0. The other embedding is different: both coincide
for those indecomposable modules M such that Hom (X, M) = 0. For the
other, using dimension vectors, we have

00 —0lo 0lo_0% oir_or1 oli_ol1,
1 11 0 01 0 01 0 01
We now consider the almost split sequence in mod A
1 7 1 0 0
0— 0.1 _J .0 1401 g9 .01 5 0.
O1 OO 01 00

1
Because dim g Hom 4 (X, 81 1) =1, then

1 1 0
H (X 0 1) 0°1 0 1 [ X — 0 1 g 0.1
( om 4 701 700 @01 ) OmA( af)) 000@0117
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so that there is an almost split sequence in mod A[X]

1 0 0
0 1 0 0 0 1 0 0

We say that the tubes 7; and 73 of the Auslander—Reiten quiver I'(mod A)
of an algebra A are orthogonal if Hom 4 (77, 72) = 0 and Hom (72, 71) = 0,
that is, Homy4 (X1, X2) = 0 and Hom4 (X3, X1) = 0, for any module X in
71 and any module X5 in 7s.

1.10. Example. Let A be a K-algebra given by the quiver

10 o4
5 «
\3/

O\
20% 7 Nos

We use the notation of (X.2.12). Let X =5 = S(3). The bound quiver of
the one-point extension algebra A[S] is

10 04

my
g%oo

bound by two zero relations ¢ = 0 and €§ = 0. We now compute the
module category mod A[S]. Because S belongs to a stable tube Ty of rank 2
in I'(mod A), by (X.2.12), we have Hom4 (S, L) = 0, for any indecompos-
able A module L lying in the postprojective component P of I'(mod A), see
(VIIL.2.6). Then, in view of (1.7), we conclude that P becomes a compo-
nent P of I'(mod A[S]) under the standard embedding, and P is clearly a
postprojective component of I'(mod A[S]).

Similarly, the orthogonality of the tubes in I'(mod A) (see (XI.2.8)) im-
plies that all the tubes except T, the one containing S, become components
of I'(mod A[S]) under the standard embedding, and these components are
clearly stable tubes. Thus, only 7y and the preinjective component may
change.

We first look at 7p. Because the tube Ty is standard, then we have
Homy (S, M) # 0, for an indecomposable module M in Ty, if and only if M
belongs to the ray
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starting with S, and moreover, for any j > 1, we have dimx Hom 4 (S, S[j]) =
1. In particular, for any module E[j] lying on the ray
E = E[l] —— E[2] E[3]

’ !
Uz Uy

given by the ray module E = 7.5, we have Hom4 (S, E[j]) = 0. We denote
the canonical epimorphisms in 7Ty by

pj: Sjl——E[j —1] and pj: E[j] —— S[j - 1],

for j > 2, respectively. Theorem (1.6) thus gives, for each j > 1, an almost
split sequence [

0— (K,S[j],1)

(Lujt1)

(0,p5) [(0,p5+1),(0,u})]
s

Finally, for each j > 1, the morphism

E[j] —0O.

is irreducible. Indeed, it is clearly neither a section nor a retraction (because

S[j] and S[j] are non-isomorphic indecomposable modules). If we have
(0,1) = (fo, f1)(g0,91) for some morphisms

(90,91) : S[j] —— U = (Uo, U1, ¢v) and (fo, f1): U —— S[j],
then go = 0 and fig1s = 1. Thus we have a direct sum decomposition
Uy = Uj @ Uy such that g; and f; induce mutually inverse isomorphisms
between S[j] and Uj. Set

’

pv = [£1] Uy ———— Hom (8. U7) & Homa(S,U7),

where ¢’ (respectively, ¢’) is the composition of ¢ with the canonical pro-
jection of Hom 4 (S, Uy) onto Hom 4 (S, U7) (respectively, onto Hom 4 (S, U7')).
Now, notice that there are isomorphisms

Hom,4(S,U7) = Homa (S, S[j]) = K.

We thus have two cases. If ¢’ = 0, then clearly (go,g1) = (0, g1) is a section.
If ¢’ # 0, then ¢’ is an epimorphism, hence a retraction. Therefore, it
follows from the commutative diagram

0 ————  Homua(S,S[j)

l [90'} lHomA(Sygl)

Uy —2—=— Homu(S,U})@ Hom(S,U})

fol lHomA(&h)

K —— 1 Homu(S,S[j)
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that fq is itself a retraction. Hence (fo, f1) is a retraction and, consequently,

the map (0, 1) : S[j] — S[j] is an irreducible monomorphism.
We now counsider, for each j > 1, the short exact sequence in mod A[S]

(0,u541)
o Sl + 11D SH] — L 5+ 1] —o.

0— S[j]

Each of the morphisms shown is irreducible, and both end terms are inde-
composable. Hence it is almost split. Thus the tube Tq yields in mod A[S]
the following component

S[] E]

OO N O

E] S| S[2] I
CoaN O e O N1
\ E[2] S[2] (3]
| (Omsy( (&%N (0,péy‘ (O,u3N (071V( |
S[3] B3] S[3] I
C e OO 0N OO 0N |
| S[A] E[4] S
| |

where as usual we identify along the vertical dotted lines. This component
To is not a stable tube, actually all its indecomposable modules belong to
the 7-orbit of the projective A[S]-module

P(0) = S[1].

In the next section, such a component is called a ray tube.

We now turn to the preinjective component. Because the quiver of A[S]
is a tree, it satisfies the coseparation condition (by the dual of (IX.4.3)).
Hence I'(mod A[S]) has a preinjective component, which is easily computed
as follows
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We have represented here the indecomposable modules by their dimension
vectors.

We now claim that we have obtained in this way all the indecomposable
A[S]-modules. Notice first that A[S] is a tilted algebra: indeed, applying
(VIIL5.6) to the faithful section consisting of the indecomposable preinjec-
tive A[S]-modules

{ 11 01 01 01 01 0O }

10, 10, 10, 11, 00, 00
601 11 01 01 OO0 O01

it follows directly that A[S] is the endomorphism algebra of a tilting B-
module T, where B is the path algebra of the quiver

[e] [e]
N v
A —
YN
5 6

We now compute the module T, using the technique shown in (VIIL.5.7).
We have

11 01
Homp(T,I(1))= 10, Hompg(T,I(2))= 10,
0 1 11
01 0 1
Homg(T,1(3)) = 10, Homp(T,I(4)) = 11,
0 1 0 1
01 00
Homp(T,I(5))= 00, Homp(T,1(6)) = 00.
0 0 01
Thus
107 0. 0 1..0 1.1 1..07 0. .0
TB_{0000}@{1000}69[1110}@[1110}@{1111}@{0010}'

Observe that the first five direct summands of T are the indecomposable
projective B-modules, and hence they lie in the postprojective component
P(B) of B. On the other hand, the final direct summand of Ts is a simple
regular module lying on the mouth of the unique stable tube of rank 3 of
I'(mod B), whose remaining two simple regular modules have the dimension

vectors 1 1 0 0

1111 and 0100,
see (XIII.2.6)(c) and (XIII.2.9). The straightforward computation of the
subcategories 7 (Tp) and F(Tp) shows that we have indeed obtained above
all the indecomposable A[S]-modules. In particular, the preinjective com-
ponent Q(A) of I'(mod A) presented above is the connecting component Cp
determined by the tilting B-module T'. The details are left to the reader as

an exercise.



XV.2. TUBULAR EXTENSIONS AND COEXTENSIONS OF ALGEBRAS 19

XV.2. Tubular extensions and tubular
coextensions of algebras

As seen in the above example (1.10) the effect of a one-point extension by
a mouth module in a stable tube yields a new component, which resembles a
tube, but is certainly not stable (indeed, each of its points lies in the 7-orbit
of a projective, thus 7 does not act as an automorphism) or, equivalently,
contains no 7-periodic indecomposable module. Our objective in this section
is to generalise and to iterate this procedure. For this purpose, we need a
definition.

2.1. Definition. Let C be a standard component of the Auslander—
Reiten quiver of an algebra A.

(a) A ray module X in C is said to be admissible if the ray

Uj
X =X)5 X 22 Xy —s ... 2 X, —F

starting at X satisfies the following three conditions:

(i) If M is an indecomposable module in C such that Hom 4 (X, M) # 0,
then there exists ¢ > 0 such that M = X;.

(ii) If f: M — N is a homomorphism between indecomposable mod-
ules in C such that Hom4 (X, f) # 0, then there exist ¢, j with ¢ < j
such that M = X;, N =2 X; and f is a scalar multiple of the com-
posite homomorphism u; ... u;41 : Xy —— X, if ¢ < j, and f is a
scalar multiple of the identity, if i = j.

(i) None of the modules X; is injective.

(b) A coray module X in C is said to be admissible if the coray ending
with X

Pi i
. i)XZp—> ...—)X2£>X1£>X():X

satisfies the following three conditions:

(i) If N is an indecomposable module in C such that Hom 4 (N, X) # 0,
then there exists i > 0 such that N = X;.

(ii) If g : N — M is a homomorphism between indecomposable mod-
ules in C such that Hom (g, X) # 0, then there exist ¢, j with ¢ < j
such that M = X;, N 2 X; and g is a scalar multiple of the com-
posite homomorphism p;y1...p; : X; —— X;,if i < j, and g is a
scalar multiple of the identity, if ¢ = j.

(iii) None of the modules X; is projective.
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2.2. Lemma. Let C be a standard stable tube in I'(mod A), and X be a
module in C.

(a) X is an admissible ray module if and only if X is a mouth module.
(b) X is an admissible coray if and only if X is a mouth module.

Proof. We only show (a), because the proof of (b) is similar. Because
X is a ray module if and only if it is a mouth module, it suffices to prove
that every mouth module X in C is admissible. It follows from the stan-
dardness of C and the fact that almost split sequences in C have at most
two middle terms that, if M is an indecomposable module in C such that
Hom 4 (X, M) # 0, then M belongs to the ray

X=Xo5 X1 Xy— ... 2 X, — ...

starting with the module X. Furthermore, if M = X;, then the vector
space Hom 4 (X, M) is one dimensional and generated by the homomorphism
Ui ...uy : X — M which is the composition of the monomorphisms on
this sectional path, if ¢ > 1, or by the identity map 1x, if ¢ = 0. This
implies the statement. O

The following definition is very useful.

2.3. Definition. Given an integer ¢t > 1, we denote by

K 0 ... 0
K K ... 0
H=H=|. . . :
K K ... K

the subalgebra of M (K) consisting of all ¢ x t-lower triangular matrices.
We identify H; with the path algebra of the linear quiver

1 2 3 t—1 t
O 00— ... ¢<—0—0.

We denote by
P(t)=P(t)g =I(1)n

the unique indecomposable projective-injective H-module e, H;. If t = 0, we
agree to denote by H = Hj the zero algebra, and by P(t) the zero module.

Let A be a K-algebra and assume that X is a module in a standard
component C of I'(mod A).

(a) If X is an admissible ray module, then the one-point extension al-
gebra

A x Ht 0
A(X,t) = (Ax Hy)[X @ P(t)] =
XaPlt) K
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is called the t-linear extension of A at X.
An algebra A’ is said to be a line extension of A if there exists
a standard component C of I'(mod A), an admissible ray module X
in C, and ¢ > 0 such that A" = A(X,1).
(b) If X is an admissible coray module, then the one-point coextension
algebra

K 0
(X, 1A= [X ® P(O](A x H,) =
DX ® P(t)) Ax H,

is called the t-linear coextension of A at X.
An algebra A" is said to be a line coextension of A if there

exists a standard component C of I'(mod A), an admissible coray
module X in C, and t > 0 such that A” = (X, t)A.

Thus, whenever ¢ = 0, the t-linear extension (or coextension) of A at
X reduces to the one-point extension (or coextension) of A by X. Hence
the above concept is a generalisation of that of one-point extension (or
coextension) by an admissible ray (or coray, respectively) module, thus, for
instance, by a mouth module in a stable tube.

Note that the bound quiver of a ¢-linear extension A(X,t) is of the form

t—1 1
o0 (TS

where 0 denotes the extension point, the shaded part denotes the bound

quiver of A, and there are possibly additional relations from 0 to Q4 so

that X equals the summand of rad P(0) 4(x, which is an A-module.
Similarly, the bound quiver of a t-linear coextension (X,¢)A is of the

form
0 1 t—1 t
Qa O+———0«— ... «—0«—0,

where 0 denotes the coextension point, the shaded part denotes the bound
quiver of A, and there are possibly additional relations from @ 4 to 0 so that
X is a summand of

(£(0)/5(0))(x.1a

which is an A-module.
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Now we illustrate this bound quiver description with the following simple
example.

2.4. Example. Assume that A is a K-algebra given by the quiver

10 o4
/3 «
\3/

O\
20‘% 7T Nos

and let X = S(3) (see examples (X.2.12) and (1.10)). Note that X is an
admissible ray module, because X is a mouth module of a stable tube of
I'(mod A). While the algebra A(X,0) is the one-point extension of A by X,
as computed in (1.10), then taking ¢ = 2, we get the algebra A(X,2) given

by the quiver
9% 5 a0 04
3/5 6 A 7 u 8
O\ o]
20‘% T Nos

bound by two zero relations ¢ =0 and § = 0.

2.5. A rectangle insertion. Assume that ¢ > 0 is an integer, A is an
algebra, C a standard component of the Auslander—Reiten quiver I'(mod A)
of A, and X is an indecomposable admissible ray module lying in the com-
ponent C. We view C as a translation quiver. Let

A= A(X,t)

be the t-linear extension of the algebra A by the admissible ray module X
of C.

Our purpose is to describe the component of I'(mod A’) which contains
the module X, viewed as an A’-module. To do it, we first construct a
translation quiver

(C',7") € T(mod A’),

which we later show to equal this particular component in I'(mod A").
We recall that, given t > 1, H = H; is the path algebra of the linear
quiver

1 2 3 t—1 t
O 00— ... <—0—O.
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and the Auslander-Reiten quiver I'(mod H) of mod H has the form

N NN SN
NN

where we denote by
L=IWy,Ib=I1I2)y,..., L1 =I(t)n

the indecomposable injective H-modules, viewed as A’-modules; that is, we
set
Ij = I(_]) = D(ejH),

for j = 1,...,t. In particular, I; = I(1)y = D(e1H) = etH = P(t) is
the unique indecomposable projective-injective right H-module, and I; =
I(t)y = D(e;H) is the unique simple injective right H-module.

On the other hand, the component C of I'(mod A) being standard, the
finite ray admissibility conditions on X imply that C looks as follows

where, to avoid ambiguity, we denote by 74 the Auslander—Reiten transla-
tion in mod A.
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We associate to the component C of I'(mod A) the following translation
quiver
(C’,7") C T(modA")

consisting of A’-modules, and homomorphisms of A’-modules

NN ,4§/V/r::\\
N WA
}/x« NS NN
SRS NN

XN SN
S |

Here, for i > 0 and j € {1,... ,t}, we set
Z;; = <K,X¢@Ij, M) and  X; = (K, X;,1).

It is easily seen that the modules Z;; and X, are indecomposable A’-
modules. The homomorphisms are the obvious ones, defined as follows.

(i) For a fixed j € {1,...,t}, the homomorphism Z;; — Z;11; is

given by (1, [%1 (I)D
(ii) For a fixed ¢ > 0, the homomorphism Z;; — Z; j41 is given

by (1[0 ])

(iii) For any i, the homomorphism X; — Z;; is given by (07 {(1)} )

iv) For any i > 0, the homomorphism Z;; — Xl is given by (1,[1 0]).
(v) For any ¢ > 0, the homomorphism X; — X, is given by (1, u;).
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(vi) Forany i > 0, the homomorphism X; — T;lXi_l is given by (0, p;).
vii) For any 5 € {1,...,t}, the homomorphism I, — Zj; is given
y J s sl 1% j j g

be (0[1])

The translation 7’ of C’ is defined as follows.

( ) If 4 Z 1 andj Z 2, then T/Zij = 4j—-1,j-1-

(11) If 4 Z 1, then 7'/ il = Xi—l-
(111) Ifj Z 2, then T/ZOJ' = Ij—l-
(iv) The module P = Zy; is projective.
(v) 7"Xo=1I.
( ) If 4 > 1, then T/Yi = 4j—1t-

(vii) If i > 0, then 7' (7, X;) = X;.

For the remaining points of C (or of I'(mod H)), the translation 7’ coincides
with 74 (or with the translation 7 in T'(mod H), respectively). This finishes
the construction of the translation quiver (C’,7’).

The procedure presented above is called the rectangle insertion.
Intuitively, the construction of the translation quiver (C’,7') may be un-
derstood as the following four step procedure:

(1°) take the standard component C of I'(mod A) and an admissible ray
module X in C,

(2°) ‘cut it’ along the arrows p1,pa, ..., Diy Pit1,-- -,

(3°) ‘insert in it’ an infinite rectangle of width ¢ + 1 consisting of the
modules Z;; and the modules X, and finally

(4°) ‘glue’ the quiver I'(mod H) to its upper end.

It is useful to illustrate this construction with an example.

2.6. Example. Assume, as in (2.4), that A is a K-algebra given by the

NG
N

Let X = S(3) and ¢t = 2. We have seen in (2.4) that the algebra A’ =
A(X,2) is given by the quiver

NG e
e
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bound by two zero relations ¢ = 0 and €§ = 0. In this case,

_[Ko
#=[xx]
and the Auslander-Reiten quiver I'(mod H) is of the form

WO ——————— OIQ

while, as seen in (X.2.12), the component C is a stable tube of rank two
given by

where we identify along the vertical dotted lines. Here, the translation
quiver (C’,7’) is given by

Eo X=Xoo 0 Z11 0 Zaa |

Nf\/\/v

O Za1

NN ST
NSNS AN

V\f\/\ﬂ
wf\f\fy
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where again, we identify along the vertical dotted lines. We summarise by
collecting the main properties of the translation quiver (C’, 7).

(a) The ray modules in C' are precisely the simple H-modules W and
I, the module X = (K, Xg,1) and the mouth module E. We have
exactly five rays in C’ (three more than in C), and every module in
C’ lies on a ray.

(b) C’ contains three projectives, namely W, Y and P = Zy;, and any
module in C’ belongs to the T-orbit of one of these modules.

(¢) C’ is right stable, that is, no module in C’ is injective.

Now we can establish one of the main properties of the translation
quiver (C', 7).

2.7. Proposition. Let C be a standard component in I'(mod A), X be
an admissible ray module in C, and t > 0. Let

A x Ht 0
A= A(X, 1) =
XePt) K

and (C', ") be the translation quiver associated to C in the rectangle insertion
(2.5).
(a) C’ is the Auslander—Reiten component of T'(mod A") containing X,
when viewed as an A’-module.
(b) An indecomposable A’-module U = (Uy, Uy, pu) belongs to C' if and
only if U is an Hy-module or the restriction resaU = Uy of U to A
has an indecomposable direct summand from C.

Proof. (a) We use freely the notation introduced above. By construc-
tion, P is the only indecomposable projective A’-module which is neither
an indecomposable projective A-module, nor an indecomposable projective
H-module. Also, there are inclusion homomorphisms of X and P(t) as sum-
mands of rad P, which are therefore irreducible in mod A’. We also recall
from (1.5) that, if g : M — N is a right minimal almost split morphism in
mod A, then

(0,9) : (KerHomax g (X @ P(t),9), M, u) —— (0, N, 0)

is right minimal almost split in mod A’, where u denotes the canonical
inclusion.

Let ¢ > 0. The right minimal almost split morphism in mod A’ ending in
(0, X;,0) is given by (0,g;), with g; : M — X; right minimal almost split
in mod A. Clearly, M = X;_1 ® M’ (where we agree that X_; = 0) and, for



28 CHAPTER XV. TUBULAR EXTENSIONS AND COEXTENSIONS

7 > 1, the module X;_; does not lie in add M’. Because M is an A-module,
Homax g (P(t), M) =0, so

Ker Homgx g (X @ P(t),9;) = KerHoma (X, g;),

where Hom 4 (X, g;) : Homa (X, X;_1®M’) —— Hom4 (X, X;). By our as-
sumption that X is an admissible ray module in C, we have Hom4 (X, M') =
0, while

Hom4 (X, g;) : Homy (X, X;_1) ———— Homy (X, X;)

is a monomorphism. It follows that (0,g;) : (0, M,0) —— (0, X;,0) is a
right minimal almost split morphism in mod A’. In particular, the irre-
ducible morphisms X; — X; 1 remain irreducible in mod A’. Moreover,
for each ¢ > 0, there exists an almost split sequence of the form

0 Xi Xip1® 2], Zit1a 0,

in mod A’, where Zj ; = Zp1 is a projective module and Z7 , is indecom-
posable non-projective such that Z]'v71 2 Xj41, for any j > 1. To see
this, we note that if X; — N is an irreducible morphism in mod A’, with
N indecomposable non-projective, then there is an irreducible morphism
74N — X; in mod A’, and the claim follows from the preceding descrip-
tion of the right almost split morphisms in mod A’ ending at X;. Because
Zy1 = Zo,1, we deduce inductively that ZZQ1 = Z;1, for any i > 0.

Applying again (1.5), we see that all the irreducible morphisms in mod H
remain irreducible in mod A’. Then, as above, we conclude that there exist
almost split sequences

0 It Z() t YO 0, and

s

0 I; Ijt1® Zoj Zo,j+1 0,

in mod A’, for any j € {1,...,t —1}. They connect the Auslander—Reiten
quiver I'(mod H) of H = H; with the component of I'(mod A’) containing
the projective module Zj ; = Zp 1.

A straightforward induction on the construction of the cokernel term
in the respective sequences shows that we have indeed the almost split
sequences starting at all the Z;;, with i >1and 2 < j <t.

There remains to compute the almost split sequences starting at the X;.
Assume that there exists an irreducible morphism X; — L in mod A, with
L indecomposable. By our assumption that X is an admissible ray module,
we have

L= Xi+1 or L = Tngi—L
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The left minimal almost split morphism starting at X; in mod A is thus
fiXi— X1 @7 X, 1.
Hence we deduce that the homomorphism

—_ 17 _
X, B (Hom ar (X @ P(1), X,), Xi1 @75 X1, Homaen (X P(t), f))

= (K7 Xi+17 1) @(07 TZIXi—la O)

is a left minimal almost split morphism in mod A’, again by (1.5).

(b) It follows from (a) and (2.5) that if V' is an indecomposable module
in C’ then either V is an H;-module or the restriction res,V = V; of V to
A is an indecomposable A-module from C.

Let U = (Uy, U1, py) be an indecomposable A’-module such that the
restriction respU = U; of U to A has an indecomposable direct summand
Z from C. Then Z is an A-module and, hence,

HOH]AXH(X @P(t),Z) = HOmAXH(X, Z) = HOH]A(X, Z)
First we assume that the K-linear map
wu : Ug—— Homax g (X & P(t),Ur)

is zero. Then Uy = 0 and U = (0,U;,0) = (0,Z,0) = Z, because the
module Z is indecomposable. It follows that the module U = Z belongs to
C’, because all modules from C belong to C’.

Next we assume that the K-linear map oy # 0. Let p : Uy —— Z
be the retraction on Z and q : Z —— U; its section. We show that the
composite K-linear map

HOmAxH(X@P(t)

Uo ‘So—LL—)HOHlAXH(X@P(t),Ul) ,pg HOInAXH(XEBP(t),Z)
is non-zero. Assume, to the contrary, that the composite map is zero. Then
(0,p) : U —2%— Z = (0, Z,0) is a retraction, (0,q) : Z —22— U is its
section, and the indecomposability of U yields U = Z. On the other hand,
the assumption ¢y # 0 yields U 2 Z, and we get a contradiction. This
proves our claim.

Hence, we conclude that Homu (X, Z) = Homaxu(X & P(t),Z) # 0.
Because Z is an indecomposable A-module from C and X = X, is an ad-
missible ray module then there is an isomorphism Z = X; of A-modules,
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for some 7 > 0. It is easy to see that Homx (X @ P(t),p) o oy # 0 yields
the existence of a commutative diagram of K-linear maps

Uy L HOIHAxH(X@P(t),U1)
fol lHomAxH(X@P(t),p)
K — % Homa,u(X®P(),2) =K.

This shows that (fo, f1) : U ———X; = (K, X;,1), with f; = p, is a
homomorphism in mod A’.

Choose the index ¢ to be minimal with respect to this property. If f
is an isomorphism then U belongs to C' and (b) follows. Assume that f
is not an isomorphism. Then f has a factorisation through the minimal
right almost split morphism ending at X; and, by the minimality of i,
there is a homomorphism ¢ = (go, ¢1) : U —— Z; 1, with go # 0. Choose
a homomorphism h = (hg,h1) : U——Z;; such that hy # 0, i > 0,
je{l,... t}, and i + j is minimal. We consider four cases.

Case 1°. Assume that ¢ = 0 and 7 = 1. Then the minimal right almost
split sequence ending at the projective module P = Zj ; is of the form

X@P(t) :radP—>P:Z071.

Because hg # 0 then the induced homomorphism h:U/rad U —— P/rad P
is surjective and, consequently, h : U —— P = Z; is an epimorphism. It
follows that U = Zj 1, because U is indecomposable and Zj ; is projective.
Consequently, the module U belongs to C’, and (b) follows in this case.

Case 2°. Assume that i = 0 and j > 2. Then there exists an almost split
sequence

in mod A’. It follows that the homomorphism h : U — Z ; is an isomor-
phism and, hence, the module U belongs to C’. To prove this, assume to
the contrary, that h is not an isomorphism. Then h admits a factorisation
through the module I; ® Zy ;1 and hg # 0 yields the existence of a ho-
momorphism b/ = (hy, hy) : U— Zp ;, with hi # 0. This contradicts the
minimality of i +j =04 j = j.

Case 3°. Assume that i > 1 and j = 1. Then there exists an almost split
sequence

0 Xi1 Xi®Zi—1a Zi1 0

in mod A’. It follows that the homomorphism h : U — Z;1 is an isomor-
phism and, hence, the module U belongs to C'. To prove this, assume to
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the contrary, that h is not an isomorphism. Then h admits a factorisation
through the module X; & Z;_; 1 and hg # 0 yields the existence of a homo-
morphism h" = (hy,hY) : U— Z;_1,1, with hy # 0. This contradicts the
minimality of i +j =i + 1.

Case 4°. Assume that ¢ > 1 and j > 2. Then there exists an almost split
sequence

O0——Zi1j 1 ———7Z;; 1D Zi1; Zij 0
in mod A’. It follows that the homomorphism h : U —— Z, ; is an isomor-
phism and, hence, the module U belongs to C'. To prove this, assume to
the contrary, that h is not an isomorphism. Then h admits a factorisation
through the module Z; ;_1 ® Z;_1 4, and hy # 0 yields the existence of a
homomorphism A’ = (hg, h}) : U —— Z; ;_1, with h{ # 0, or of a homo-
morphism A" = (hg,hy) : U———Z;_1 ;, with h§ # 0. This contradicts
again the minimality of i + j.

We have proved in Cases 1°~4° that the homomorphism A : U —— Z; ;
is an isomorphism, that is, the module U 2 Z; ; belongs to C’. This finishes
the proof of (b) and completes the proof of the theorem. O

2.8. Proposition. Under the hypothesis and notation of the rectangle
insertion (2.5), the component C' is standard.

Proof. Let L : K(C) ——indC and L' : K(C') ——indC’ be the
obvious functors (as defined in the proof of (1.6)), where K(C) and K(C')
are the mesh K-categories of C and C’. By hypothesis, L is an equivalence,
and we want to show that so is L’. Because the functor L’ is clearly dense,
it remains to prove that L is full and faithful, that is, for all M, N in C’,
the functor L’ induces an isomorphism Homg (M, N) = Homa/ (M, N).

Let J: K(C) —— K(C') be the K-linear embedding which is the iden-
tity on all objects and all arrows except those of the form X; —— Tngi,l,
the image of which is the corresponding sectional path in C’.

Let J’ : indC ——— ind C’ be the functor induced by J. We clearly have
a commutative square

KC) —L— K(C)

Ll lL/
indc —2— indc’.
In particular, if M, N € indC, then Homg ¢y (M, N) = Hom/ (M, N).

If M is an H-module, and Homa/(M,N) # 0, then either N is an
H-module or N is of the form Z;;. Similarly, if N is an H-module and
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Hom g/ (M, N) # 0, then M is an H-module. Hence, if M or N is an H-
module, then L’ induces the required isomorphism

Homg ¢y (M, N) = Homa/ (M, N).

We may thus assume that neither M nor N is an H-module.

We note that the homomorphisms Z;; — X, in mod A’ induced by the
corresponding sectional paths in C’ are surjective. Moreover, the irreducible
morphisms

Yi E— Tngi—l

are surjective. Let thus N € indC and M ¢ indC. Then M = Z;; or X; for
some 4, j. A non-zero homomorphism f : M — N in mod A can always
be written as f = gv, where

v M—)Tngi_l

is induced by the corresponding sectional path in C’. Because v lies in the
image of L', and so does g (by the commutativity of the above square), L’
induces a surjection

Hom g ¢y (M, N) — Homy/ (M, N).

On the other hand, as we have observed, v is an epimorphism in mod A’,
and J' is faithful. Hence, the previous surjection is an isomorphism.

Similarly, if f : M — N is a non-zero homomorphism in mod A’ with
M € indC, N ¢ indC, then f can be written as f = wh, for some h :
M — X; and u : X; — N induced by the corresponding sectional path.
Because u is a monomorphism, it follows from the commutativity of the
above square that L’ induces the required isomorphism Hom g (¢ (M, N) =
Homy (M, N).

There remains to consider the case when both M and N are of the form
Z;;. In this case, a non-zero homomorphism f : M — N in mod A’ can
be written as f = ugv + h, where

w: X, ——Nandv: M —— 7' X, 4
are induced by the corresponding sectional paths,
g: X — X,

and h is zero or is a composition of irreducible morphisms corresponding to
arrows between modules of the form Z;;. Because the homomorphisms A, u,
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v belong to the image of L', and so does g (by the previous considerations),
L'’ induces a surjection

HomK(C’)(M7 N)——Homa/ (M, N).

Now h is non-zero in mod A’ if and only if it is non-zero in K (C’). Similarly,
because u is injective and v surjective in mod A’, and moreover .J is faithful,
then ugv is non-zero in mod A’ if and only if it is non-zero in K(C’). Now,
any non-zero morphisms f : M — N in K(C') can be written as f =
ugv+h with u, g, v as above. Then L'(f) = 0 implies 0 # L'(h) = —L'(ugv).
But h does not factor through modules in C, while g does. This shows that
L' induces an isomorphism Hompg /) (M, N) = Hom4/ (M, N). O

We can iterate the procedures of a line extension and a line coextension
starting from an arbitrary K-algebra. This leads to the following definition.

2.9. Definition. Assume that C' is an arbitrary K-algebra and

T= {7—/\})\EA

is a family of pairwise orthogonal standard stable tubes of I'(mod C).

(a) An algebra A is said to be a T-tubular extension of C if there
exists a sequence of algebras

Ay=C AL, ..., Ap=A

such that, for each i € {1,... ,m}, the algebra A; is a line extension
of A;_1, with respect to an admissible ray module X; lying in a stan-
dard stable tube of T or in a component of I'(mod 4;_1), obtained
from a standard stable tube of T by the rectangle insertions created
by the line extensions done so far.

(b) An algebra A is said to be a T—tubular coextension of C' if there
exists a sequence of algebras

Ag=C AL, ... A=A

such that, for each ¢ € {1,... ,m}, the algebra A; is a line coexten-
sion of A;_1, with respect to an admissible coray module X; lying
in a standard stable tube of T or in a component of I'(mod A4;_1),
obtained from a standard stable tube of T by the rectangle coinser-
tions created by the line coextensions done so far.
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It follows that, if a K-algebra A is a T-tubular extension of the K-algebra
C then there exist:

e a sequence Cy,Cy, ... ,Cy, of standard components of the Auslander—
Reiten quivers I'(mod Ag),T'(mod 4;), ... ,I'(mod A,,), respectively,
e a sequence of admissible ray modules Xo, X1,... ,Xp—1, with X;
in Cj, and
e a sequence of non-negative integers tg,t1,... ,tm_1
such that
Ar = Ao(Xosto), A2 = A1(X1,t1), ooy A = Am1(Xim—1,tm-1)-

We denote by C; the component of I'(mod A;41) obtained from C; as
n (2.3), fori=0,1,... ,m—1.

Because of the statement (¢) in (2.11), we introduce the following
definition.

2.10. Definition. (i) The component C; of I'(mod A;11) obtained from
C; asin (2.3), for i = 0,1,... ,m — 1, is called a ray tube. The rank rkC;
of a ray tube C/ is defined to be the number of rays the tube contains.

(ii) A coray tube, and its rank, are defined dually.

2.11. Corollary. Under the hypothesis and notation made in (2.9), for
any i € {0,1,... ,m — 1}, the following statements hold.

(a) The component C is standard.
(b) The admissible ray modules in C, are the admissible ray modules of
Ci, except X;, the simple Hy,-modules, and the module

X; = (K7X’ia1)'

(¢) Fach module in C| belongs to a ray, and the number of rays in C
equals the number of rays in C;, plus t; + 1.
(d) The component C| is right stable, that is, it contains no injectives.

Proof. The statements (a), (b) and (c¢) follow from (2.3), (2.7) and in-
duction, while (d) follows from the construction of the component C; starting
from C;. (I

2.12. Corollary. Let C be a K-algebra and
T ={T\}xrea

a family of pairwise orthogonal standard stable tubes of T'(mod C).
(a) If A is a T -tubular extension of C then I'(mod A) admits a family

C={Cr}rea
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of pairwise orthogonal standard ray tubes Cy obtained from the family
T by rectangle insertions.
(b) If Ais a T -tubular coextension of C then I'(mod A) admits a family

C= {C)\})\GA

of pairwise orthogonal standard coray tubes Cy obtained from the
family T by rectangle coinsertions.

Proof. Apply (2.11) and its dual. O
2.13. Example. Let A be the hereditary algebra given by the quiver

10 o4
I¢] «
\3/

o
20% X%

We take X = S(3) and ¢ = 2. Then the algebra
A = A(X,2)

is given by the quiver

10 04
B «

\3/5 6 X 7 8
O\

20% 7 o5

bound by two zero relations 3 = 0 and €6 = 0, see (2.4).
Letting C; denote the stable tube of I'(mod A) containing X, it follows
from (1.10) and (2.6) that the component C; has the form

00 00 0.0 11
0001 0010 1100 1000
00 00 00 11
00 0.0 1.1
0011 1110 2100 [
00 00 11
0.0 1.1
1111 2110
/‘00 \ /11 \
1 .
1000 1000 RERE
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where we identify along the vertical dotted lines. Note also that the rank
of the component Cj is 5.

Let Co = C1. The simple module X’ = S(7) is an admissible ray module
in C3. The K-algebra

Ay = A1(X',0)

is given by the quiver

B

‘\3

(]
s
bound by three zero relations ¢3 = 0, ¢ = 0 and o = 0. Then the
component C} is given by

~N O4—o0w©
Q

4
(o]
(e}
z///f
\ 6 A
v (]
5

1
O
O

2

00 1 00 0 110
0010 1100 1.000
00 00 11
00 0 000 00 1 110
0001 0010 1110 2100 \
00 00 00 11
00 0 00 0 111
0011 1110 2110
00 \‘ /(00 \‘ /(11 \‘
000 110 .
1111 2110
/‘00 \ /(11 \(
110 00 0 110 :
100 1000 2111
11 00 /(11 \‘

Obviously, the rank of the component C} is 6. Let C3 = C5. The module

0

1
E:11 000

— =

is an admissible ray module in C3. The K-algebra A3 = A2(FE,0) is given
by the quiver
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bound by the relations
ef=0, e6=0, ou=0, and pa = v7.

The component Cj is given by

110
1000
111
o
00 1 00 O 110
0010 1100 1000|
00 O 00 O 110
a ¢ A ¢ a AV
00 O 00 1 110 110
0010 1110 2100 2000
00 O 00 O 110 110
a ¢ a ¢ a ¢ o
00 O 00 O 111
0011 1110 2110 |
00 O 00 O 110
N\ / ¢ a ¢
00 O 1 0 .
1111 2110
00 O 110
a ¢ S ¢
110 00 O 110 .
1000 1000 2111
111 00 O 110
I\ a N a ¢
110 110
\ 2000 2000
111 110
N ¢ a N
110 . .
2000
110

Obviously, the rank of the component Cj is 7.

Our final objective in this section is to determine how the bound quiver
of the algebra C, the tubular extension we start from, is modified.

We know that the quivers of one-point extensions have the effect of adding
a source, and the quivers of line extensions have the effect of adding an
oriented line. We now see the effect of the quiver @ 4 of a tubular extension
A of an algebra C. For this purpose, we need a definition.
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2.14. Definition. By a branch
L= (LI

we mean a finite connected full bound subquiver, containing the lowest
vertex 0, of the following infinite tree

.a\/}g.

o

‘a\o/fg. .a\o/é. .a\lo

St S A

a

. (NOZ‘B L . (No/,é .
N
0

bound by all possible zero relations of the form a8 = 0. The lowest vertex
0 of L is called a germ of L.

We observe that, if a K-algebra A is a T-tubular extension of an algebra
C then it follows from the definition that the bound quiver of C is a full
bound convex subquiver of the bound quiver of A.

2.15. Lemma. Let A be a T -tubular extension of an arbitrary algebra
C. Then the full bound subquiver of the bound quiver of A, consisting of all
points not lying in C, is a disjoint union of branches.

Proof. Because the algebra A is a T -tubular extension of C, there exists
a sequence Ag = C, Ay,... , A, = A, with A;1; a line extension of A;, for
each i € {0,1,... ,m —1}.

We use the induction on i. The statement holds for ¢ = 0 (trivially) and
i =1 (by definition). Let ¢ > 1 and A;11 = A;(X;,t;). Denote by C; the
component of I'(mod A4;) containing X;. The bound quiver of A; is of the
form

By (2.11), the admissible ray modules in C;_; are the simple H;, ,-modules,
the module X;_;, and the admissible ray modules of C;_; except X;_;. If
! #CiorifC/_; =C; and X; is a ray module of C;_; distinct from X;_1,



XV.3. BRANCH EXTENSIONS AND COEXTENSIONS OF ALGEBRAS 39

then the bound quiver of A;; is of the form

o’ ti 1
oO—m—O0—— ... —0O
QAi,—l
S oO———o—~ .., —0O
0 ti_1 1

If C,_, =C; and X, is a simple H;,-module, then the bound quiver of A;41

T
is of the form

al
Qa,_, Ci>\o—>o—>...—>o—>,,,—>o
i- L—0 ti1 3 1

with af =0. If C/_; =C; and X; = X,;_1, then the bound quiver of A
is of the form

with a8 = 0. This completes the proof. O

For instance, in Example (2.13), we have two branches, namely

O

bound by the zero relation ou = 0.

XV.3. Branch extensions and branch
coextensions of algebras

One of the main aims of this section is to show that the concepts of
the tubular extension and the tubular coextension discussed in the previous
section coincide with the concepts of the tubular extension and the tubular
coextension defined by Ringel in [525, Section 4.7].

First we introduce the concepts of a branch extension and a branch co-
extension.
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3.1. Definition. Assume that C is an arbitrary K-algebra and

T ={T\}rea
is a family of pairwise orthogonal standard stable tubes of I{mod C). Let
FEq, ..., Es be a set of pairwise different modules lying on the mouth of the
tubes of T .

(a) We construct inductively the sequence Ci,...,Cs of iterated one-
point extension algebras, where Cy = C and C; = C;_1[E}], for
each j € {1,...,s}. The algebra

C[Er,... ,Es) = Cs_1[E] (3.2)

is called a multiple one-point 7T -extension of C, or simply a
multiple one-point extension of C.

(b) Dually, we construct inductively the sequence C1, ... , C’ of iterated
one-point coextension algebras, where Cj = C and C} = C'_,[Ej],
for each j € {1,...,s}. The algebra

[Er,... BJC = [E]C, (3.3)

is called a multiple one-point T -coextension of C, or simply a
multiple one-point coextension of C.

It is clear that the multiple one-point T -extension algebra C[FE1, ... , E]
and the multiple one-point T -coextension algebra [F1, ..., Es]C have the
following lower triangular matrix forms

C 0
ClEy1,... ,Es] = , (3.4)

Fi1o..oF, Kix...xK;

Ky x...x K, 0
[El,... ,ES]C: ’ (3'5)
DE,®...®E,) C

where K1 = ... = K, = K, and the left module structure of E1 & ... E,
over the product K7 X ... x K, of s copies of the field K is given by the
formula (po1,. .., ps) - (U1, ... yus) = (paug, ..., fhsts).

For each j € {1,...,s}, we denote by O; the extension vertex of the
algebra

Cj = Cj1[Ej]

in the ordinary quiver Q¢; of C;. Then the ordinary quiver Qc¢(g, ... g,) of
the algebra C[EY, ... , FE4] is of the form
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O Oy Oy

/1\/1\ ...... /J\

Qc

where Q¢ is the quiver of C'. Obviously, the ordinary quiver Q(g, ... g,)c of
the algebra [E1, ... , E4]C has the form dual to the above one.

3.6.

Definition. Assume that C' is an arbitrary K-algebra and
T ={T\}xrea

is a family of pairwise orthogonal standard stable tubes of T{mod C). Let

Eq, ..., Es be aset of pairwise different modules lying on the mouth of the
tubes of T.
(a) Let C[E4,...,Es] be the multiple one-point T-extension algebra
(3.4) and let Oy, ... ,O; be the extension vertices of the algebras
Cl = CO[El]a cee 705 = Csfl[EsL
respectively, where Cy = C. For each j € {1,...,s}, we choose a

branch £, with the germ O;. Further, we fix a bound quiver

(QciEy,... e IoiE,.... )
defining the multiple one-point T -extension algebra C[E1,... , E],
that is, there is an algebra isomorphism

ClEr, ..., E=KQcg,.....e 1/ IciE, ... B
The branch T-extension of the algebra C' by means of the branches
LD, .. L") is defined to be the bound quiver algebra

OB, LY, .. B, LW] = O[B;, LV]5_, = KQ/I (3.7)

of the bound quiver (@, I) obtained from (Q¢ig,,...,r.); lo[E,,... E.])

by adding the bound quivers of the branches £V, ... , £(*) and mak-

ing the identification of the vertices O1,...,0Os with the vertices
¥,...,0% respectively (compare with [525, Section 4.7]).

Let [E4,...,Es]C be the multiple one-point coextension algebra

(3.5) and let O, ..., O be the coextension vertices of the algebras
Ci = [E1]067' - ’C; = [Eé] ;—17

respectively, where Cj = C. For each j € {1,...,s}, we choose

a branch £U), with the germ Oj. Further, we fix a bound quiver

(QrE,,... . BIC I[/El,.‘. }ES]C) such that there is an algebra isomorphism
[El, o ,ES]C = [(C?[E17 7E5]C/I[,E1,... ,ES]C'
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The branch 7T-coextension of the algebra C' by means of the
branches

£ — (L(l I(l)) r@ - (L(2)7[(2))7 e L) = (L(S),I(S))
is defined to be the bound quiver algebra
(B, LD, B, £L9)C =5_[E;, LY]C = KQ'/T (3.8)

of the bound quiver (', I') obtained from (Qz, ... z,)c; I[’E1 ES]C)

by adding the bound quivers of the branches £V, ..., £() and mak-
ing the identification of the vertices Of,... 0O, with the vertices
07, ..., 0z, respectively.

It is easy to see that the ordinary quiver Qgg, r .. g, c) of the
branch T-extension algebra C[E1, L), ..., E,, £)] is of the form

It is easy to see that the ordinary quiver Q(g, rm), . g, r)c of the branch
T -coextension algebra [Ey, L0, ... | E,, £L)]C has the form dual to the
above one.

The following theorem shows that the concepts of the tubular extension
and the tubular coextension discussed in the previous section coincide with

the concepts of the tubular extension and the tubular coextension defined
by Ringel in [525, Section 4.7].

3.9. Theorem. Let A and C be algebras, and let T = {Tr}rea be a
family of pairwise orthogonal standard stable tubes of the Auslander—Reiten
quiver I{mod C).

(a) The algebra A is a T -tubular extension of C if and only if A is a
branch T -extension of C.

(b) The algebra A is a T -tubular coextension of C if and only if A is a
branch T -coextension of C.
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Proof. We only prove the statement (a), because the proof of (b) is
dual.

Let T = {Tx}»ea be a family of pairwise orthogonal standard stable
tubes of I(mod C).

Assume that A is a T-tubular extension of C'. Then there exists a se-
quence of algebras

Ag=C Ay,... /A, =A

such that, for each j € {1,...,m}, the algebra A; is a line extension of
Aj_1 with respect to an admissible ray module X; lying in a standard
stable tube of T or in a ray tube of I'(mod A;_1) obtained from a stable
tube of T by rectangle insertions created by the line extensions done so far.
Let Ei,..., Es be the modules in the family {Xi,...,X,,} of admissible
ray modules that belong to the stable tubes of T. It follows from (2.2) that,
foreach i € {1,..., s}, the module E; lies on the mouth of a standard stable
tube Ty, of T. Hence, by applying (2.15), we conclude that the algebra A
is a branch T-extension C[E1, L1, ... | E,, L)) of C.

Conversely, assume that

A=C[E,LWY,...  E,, L]

is a branch T -extension of C'. We show that A is a T -tubular extension of
C' by induction on the cardinality

A = 1LY+ ..+ LW,

where |£9)] is the cardinality of the set of vertices of the branch £U), for
je{l,... s}

If (A) =0, then A = C and there is nothing to show.

Assume that £(A) > 1, and fix j € {1,...,s} such that [£W)] > 1.
Because £ is a full connected bound subquiver of the infinite bound tree
presented in (2.14) containing the lowest vertex 0, we may choose a source
wj of Q ) such that Q. admits a subquiver
JANPRE -V VRN DU S YR

with ¢ > 0, such that,

e cach of the vertices 1,2, ... ,t of A is the sink of precisely one arrow
in Qru,
e each of the vertices 2, ... ,t of A is the source of precisely one arrow

n QL(J-), and
e the vertex 1 is a sink of Q,¢) (that is, there is no arrow in Q)
with 1 as a source).
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Let E(vj) be the branch obtained from £U) by deleting the vertices 1,2, ... ,t,
andt+1=aof A. Giveni € {1,2,...,s}\ {j}, we set

Ly =rco.

Consider the T-tubular extension AY of C defined by the formula
ClE,LV,... E;, LY, ... E, ), if £0) £ £9)
AY=SClE, LV,... B, 97V B, 5V B, L),
if £0) =9,
It is clear that
0A) = 1LY+ . 129 > 12D+ . +12P] = eAY).

Then, by the inductive hypothesis, the algebra AV is a T-tubular extension
of C. Moreover, the quiver I'(mod AY) admits a family

¢’ = {CX}AGA

of pairwise orthogonal standard ray tubes obtained from the family
T = {Txa}xrea of pairwise orthogonal standard stable tubes of I'(mod C')
by a sequence of iterated rectangle insertions corresponding to the sequence
of line extensions leading from C to A, see (2.7), (2.8), and (2.11).

Note that, if P(a) = e, A is the indecomposable projective A-module of
the vertex a then the radical rad P(a) of P(a) admits the decomposition

rad P(a) = X & P(t),

where X is an A-module, and
e P(t)=0, ift=0,and
e P(t) = e Hy is the unique indecomposable projective-injective mod-
ule over the path algebra

K 0 ... 0
K K ... 0
Hy=1. . . :
K K ... K
L1 2 3 t—1 t o,
of the quiver o+———0¢——0¢— ... +—o0¢+—o0, if t > 1.

Now we show that X is an admissible ray module of a ray tube of CV.
We consider two cases.

Case 1°. Assume that X is a C-module. Then X lies on the mouth of a
stable tube T of the family 7T, and hence, X is an admissible ray module
of the ray tube of Cy obtained from the stable tube T by iterated rectangle
insertions, with the rays parallel to the ray starting from X.
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Case 2°. Assume that X is not a C-module. By (2.11) and (2.15), there
is a unique arrow a — b in @ 4 with source a such that

e b # a and b is a vertex of the branch [,E,j),

e X is an admissible ray module of the ray tube of Cy containing the
indecomposable projective AY-module PV (b) = e, AV of the vertex
b, and

e the module X is an epimorphic image of PV (b).

It follows that the algebra A is a line extension of AV and has the form
A= AY[X,t] = (AY x Hy)[X & P(t)]

and consequently, A is a T-tubular extension of C. This finishes the proof.[]

XV.4. Tubular extensions and tubular
coextensions of concealed algebras
of Euclidean type

In this section we study the structure of the module category mod B
over any algebra B that is a tubular extension or tubular coextension of
a concealed algebra A of Euclidean type. Moreover, we study homolog-
ical properties of connected components of the Auslander—Reiten quiver
I'(mod B) of such an algebra B. In particular, we show that gl.dim B < 2,
and, for each indecomposable B-module X in mod B, one of the following
inequalities holds pd X <1l orid X <1.

We recall from the structure theorem (XII.3.4) that, given a concealed
algebra A of Euclidean type, the Auslander—Reiten quiver I'(mod A) of A
has a disjoint union decomposition

I(mod A) = P(A) U T U Q(A)

where P(A) is the unique postprojective component of I'(mod A) containing
all the indecomposable projective A-modules, Q(A) is the unique preinjec-
tive component containing all the indecomposable injective A-modules, and
T4 = (T4} rePy (k) 18 a Py (K)-family of pairwise orthogonal hereditary
standard stable tubes ’T/\A. The family T4 separates the component P(A)
from Q(A) in the sense of (XIL.3.3), and at most 3 of the tubes 7,4 are of
rank greater than or equal to 2.
Throughout we use the following definition.
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4.1. Definition. Assume that A is a concealed algebra of Euclidean
type and

T = {T{ her )

is the complete P (K)-family of all standard stable tubes of I'(mod A).

(i) An algebra B is defined to be a tubular extension of A, if B is a
T -tubular extension of A in the sense of (2.9)(a).

(ii) An algebra B is defined to be a tubular coextension of A, if B is
a T“-tubular coextension of A in the sense of (2.9)(b).

It follows from (3.9) that an algebra B is a tubular extension of a con-
cealed algebra A of Euclidean type if and only if B is a branch T “-extension
of A in the sense of (3.5), where T# is the complete P (K)-family of all
standard stable tubes of I'(mod A). Analogously, an algebra B is a tubular
coextension of A if and only if B is a branch T*-coextension of A in the
sense of (3.5).

It follows that a tubular extension algebra B of an algebra A has the
lower triangular matrix form

~1 A 0
o=, o)

where C' is an algebra. Hence there is an isomorphism A = e4qBey of
algebras, where e 4 is the idempotent of B corresponding to the idempotent

10 A 0 .
[0 o] of the algebra |:CNA C]' By (1.6.6) and (1.6.8), the idempotent e4

defines the restriction functor
res4 : mod B ——— mod A (4.2)

that associates to each B-module X the A-module resy X = Xey, called
the restriction of X to A. Note that the ordinary quiver Q4 of A is a
full convex subquiver of @p. When we view the module X as a K-linear
representation of Qpg, then the A-module resy X = Xea, viewed as a K-
linear representation of @ 4, is just the restriction of the representation X
of Qp to the subquiver Q4 of @p.

The following theorem describes the structure of the module category
mod B and homological properties of connected components of the Auslan-
der—Reiten quiver I'(mod B) of any algebra B that is a tubular extension
of a concealed algebra A of Euclidean type. We recall from (2.10) that the
rank 72 = tk T;P of a ray tube T,® is the number of rays the tube 7,2
contains.
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Theorem. Assume that A is a concealed algebra of Fuclidean type

and let T4 = {7}\‘4})\611»1(1() be the complete P1(K)-family of all standard
stable tubes of T'(mod A). Let B be a tubular extension the algebra A. The
Auslander—Reiten quiver I'(mod B) of B has a disjoint union decomposition

[(mod B) = PPUT? U Q"

and the following conditions are satisfied.

(a)

(2)

T8 = {7}\3}/\@?1([() is a Py (K)-family of pairwise orthogonal stan-
dard ray tubes of T'(mod B). It is obtained from the complete Py (K)-
family T = (T4} AeP, (k) of pairwise orthogonal hereditary stan-
dard stable tubes T4 of T'(mod A) by iterated rectangle insertions.
The family T2 consists of all indecomposable B-modules N such
that the restriction resy,N (4.2) of N to A is a module in add T,
Moreover, if B has the branch T -extension form

B=A[E,, LY, ... E, LY,

where E1,... ,Es are A-modules lying on the mouth of some tubes
of T4 and LY, ... L) are branches, then

Y=l Y 1LY,
JeS(N)

for each X € P1(K), where r2 is the rank of the ray tube TP, r{
is the rank of the stable tube T, |£U)| is the number of vertices
of the branch L9, and the sum is taken over the subset S(\) of
{1,2,... s} consisting of all j such that the module E; lies on T,
PB = P(B) = P(A) is the unique postprojective component of
I'(mod B). An indecomposable B-module M belongs to P(B) if the
restriction resy M (4.2) of M to A admits an indecomposable direct
summand from P(A).
QF is a family of components of I'(mod B) consisting of all B-
modules X such that the restriction respX (4.2) of X to A is a
module in add Q(A). The family QP contains all modules from
the component Q(A), and each of the indecomposable injective B-
modules belongs to QF .
FEvery indecomposable projective B-module P lies in P(B)U'TB, and
the radical vad P of P lies in add (P(B) U T5).
The family T separates the component P(B) from the family 0B
in the sense of (XI1.3.3).
pd X < 1, for each module X in P(B)UT?®, and
idY <1, for each module Y in QF.
gl.dim B < 2.
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Proof. Assume that A is a concealed algebra of Euclidean type. We re-
call from the structure theorem (XII.3.4) that the Auslander-Reiten quiver
I'(mod A) of A has a disjoint union decomposition

[(mod A) = P(A) UT* U Q(A)
where P(A) is the unique postprojective component containing all the in-
decomposable projective A-modules, Q(A) is the unique preinjective com-
ponent containing all the indecomposable injective A-modules, and

T = {7—>\A})\€M(K)

is a Py (K)-family of pairwise orthogonal hereditary standard stable tubes
T. The family T separates the component P(A) from Q(A).

Assume that B is a tubular extension of the algebra A. Then, by (2.9),
there exists a sequence of algebras

By=A,By,..., B,=B
such that, for each i € {1,... ,m}, the algebra B; is a line extension
Bi = Bi—1(Xi,t;) = (Bi—1 x Hy,)[X; @ P(t:)]

of B;_1 with respect to an admissible ray module X; lying in a standard
stable tube 74 or in a ray tube 7;\3“1 of I'(mod B;_1), obtained from
a standard stable tube 74 of the family T4 by the rectangle insertions
created by the line extensions done so far, see (2.5). It follows (2.12) that
I'(mod B) admits a Py (K)-family

T = {T haeri )

of pairwise orthogonal standard ray tubes 7j\B of T'(mod B) obtained from
the complete Py (K )-family

T = {7;\A}>\€IP1(K)

of tubes T2 of I'(mod A) by iterated rectangle insertions. Because the
family T“ separates the component 7P(A) from Q(A) then
Hom(T#,P(A)) = 0 and, by applying (1.7), we show inductively that,
for each i € {1,... ,m + 1},
e P(B;_1) =P(A) is a postprojective component of I'(mod B;_1),
e Homp, ,(X; ® P(t;),P(A)) = Homp, ,(X; & P(t;),P(Bi-1)) = 0,
and hence
e every indecomposable projective B;_j-module P lies in P(B;_1) or
in 7%, and the radical rad P of P lies in add (P(B;_1) U TPi-1).
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By applying this to ¢ = m + 1, we conclude that

is a postprojective component of I'(mod B). Moreover, P(B) is a unique
postprojective component of I'(mod B), because every indecomposable pro-
jective B-module P lies in P(B) or in T5.

To finish the proof, we show inductively, by applying (1.7), (1.8), and
(2.7), that, for each i € {1,... ,m+ 1},

e if M is an indecomposable B;_i-module such that the restriction
resaM (4.2) of M to A has an indecomposable direct summand in
P(Bi—1) = P(A) then M belongs to P(B;_1) = P(4),

e if N is an indecomposable B;_i-module such that the restriction
resgN (4.2) of N to A has an indecomposable direct summand in
TPi=1 then N belongs to TEi-1.

Hence, we easily conclude that the Auslander—Reiten quiver I'(mod B)
of B has a disjoint union decomposition

I'(mod B) = PP UTP U Q"

with PP = P(B), such that the conditions (a), (b), (c), and (d) are satisfied.
Note also that the equality

r=ri+ > LY, with A € Py (K),
JjeS(N)
stated in (a) follows from (2.11), (2.15), and (3.9).
Now we prove the statement (e). First we note that

Homp(T? P(B))=0 and Homp(Q®,P(B)) =0,

because the postprojective component P(B) = P(A) is closed under prede-
cessors in mod B, see (VIIL.2.5).

To show that Hom B(QB ,TE ) = 0, assume that M is an indecomposable
B-module in QB and N is an indecomposable B-module in TE such that
Homp (M, N) # 0. Let

M =resyM and N’ =ressN

in mod A be the restriction of M and N to A, respectively. By our assump-
tion, B is a tubular extension of A then B is a branch T“-extension of A
and, hence, the ordinary quiver Q4 of A is a full convex subquiver of Qpg.
Because the Py (K)-family T of pairwise orthogonal standard ray tubes is
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obtained from the family 7 of tubes T;* of T'(mod A) by iterated rectangle
insertions then, by (2.5), the class of all indecomposable B-modules Z in
TB such that the restriction res4Z to A is zero coincides with the class of all
indecomposable directing modules of 7% and is closed under predecessors
in mod B. It follows that Hom4(M’, N') # 0, because Homp(M, N) # 0,
M belongs to @7, and N belongs to TZ.

On the other hand, the module M" = res4 M belongs to add Q(A) and
N’ = resyN belongs to add T and, hence, Hom(M’, N') = 0, because
Hom 4(Q(A), T*)=0. The contradiction implies that Homp(P(B),T?)=0.

Let U be an indecomposable B-module in P(B) = P(A), N an indecom-
posable B-module in QP8 and let f: U — V be anon-zero homomorphism
of B-modules. Let

V' =ressV

be the restriction of V to A and let u : V' — V be the canonical embedding
of B-modules. Because U is an A-module then Im f C V' and, hence, there
is a factorisation f = ug, where g : U — V"’ is induced by f. Further, the
family 7 separates P(A) from Q(A), U belongs to P(B) = P(A), and V"
belongs to add Q(A) then, for a fixed A € Py (K), there exist a module Ry
in add 7;\A and two homomorphisms

uy:U — Ry and vy :Ry — V'

such that g = viu,. Moreover, because every module of the tube 7;‘4
lies on the tube T,% then the module Ry belongs to add 7,°. If we set
vy =wvh : Ry — V, we get f = ug = wviuy = vyuy. This shows that the
family T separates PP = P(B) from QP and finishes the proof of (e).

To prove the statement (f), we recall from (c) that every indecompos-
able injective B-module belongs to @ and, hence, the module D(B) be-
longs to add @”. Then the equality Homp(Q”,P(B) UT?) = 0 yields the
equality Hompg(D(B),78X) = 0, for any indecomposable B-module X in
P(B)UTE. In view of (IV.2.7)(a), it follows that pd X < 1, for any B-
module X in add (P(B) U T7).

Finally, we recall from (d) that every indecomposable projective
B-module belongs to P(B) U TP and, hence, the module Bg belongs to
add (P(B) U T?). Then the equality Homp(Q”,P(B) U T?) = 0 yields
the equality Homp (75 ly, B) = 0, for any indecomposable B-module Y in
Q" In view of (IV.2.7)(b), it follows that idY < 1, for any B-module Y
in add QF.

To prove the remaining statement (g), we recall from (d) that the radical
rad P of any indecomposable projective B-module P belongs to the category
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add (P(B)UT?®) and, according to (f), we have pd (rad P) < 1. This shows
that gl.dim B < 2, and finishes the proof of the theorem. a

The following theorem is a coextension analogue of Theorem (4.3).

4.4. Theorem. Assume that A is a concealed algebra of Euclidean type
and let

T = {7—>\A}>\€M(K)

be the complete Py (K )-family of all standard stable tubes of T'(mod A). Let
B be a tubular coextension of the algebra A. The Auslander—Reiten quiver
I'(mod B) of B has a disjoint union decomposition

[(mod B) = PPUT? U Q"
and the following conditions are satisfied.
(a) T” = {T:P}rer,(x) s a P1(K)-family of pairwise orthogonal stan-
dard coray tubes of I'(mod B). It is obtained from the complete
Py (K)-family T = {T2 Y ser, (1) of pairwise orthogonal hereditary
standard stable tubes T* of T'(mod A) by iterated rectangle coin-
sertions. The family TP consists of all indecomposable B-modules

N such that the restriction resaN (4.2) of N to A is a module in
add T#. Moreover, if B has the branch T*-coextension form

B=[E, LW, . .. E,L®]A,

where E1, ..., Es are A-modules lying on the mouth of some tubes
of T4 and £, ..., L) are branches, then

E=rie Y 1E0),
jes(y)
for each \ € P1(K), where r8 is the rank of the coray tube T,B, r{
is the rank of the stable tube TAA, |/.3(j)| is the number of vertices
of the branch L9, and the sum is taken over the subset S(\) of
{1,2,... s} consisting of all j such that the module E; lies on T,

(b) @8 = Q(B) = Q(A) is the unique preinjective component of
I'(mod B). An indecomposable B-module M belongs to Q(B) if the
restriction resaM of M to A admits an indecomposable direct sum-
mand from Q(A).

(¢c) PP is a family of components of T'(mod B) consisting of all B-
modules X such that the restriction resa X of X to A is a module in
add P(A). The family PB contains all modules from the component
P(A), and each of the indecomposable projective B-modules belongs
to PB.



52 CHAPTER XV. TUBULAR EXTENSIONS AND COEXTENSIONS

(d) Bvery indecomposable injective B-module I lies in Q(B)UT?®, and
the top top I = I/rad I of I lies in add (T® U Q(B)).

(e) The family TP separates the family PP from the component Q(B)
in the sense of (XI1.3.3).

(f) pd X <1, for each module X in P, andidY < 1, for each module
Y in TP U Q(B).

(g) gl.dimB < 2.

Proof. The arguments used in the proof of Theorem (4.3) dualise almost
verbatim. The details are left to the reader. 0

4.5. Definition. (a) Assume that B is a tubular extension of a concealed
algebra A of Euclidean type and let

T = {EB}AEJPH(K)

be the P;(K)-family of all pairwise orthogonal standard ray tubes of the
Auslander—Reiten quiver I'(mod B) of B.

(i) The tubular type of the algebra B is defined to be the P;(K)-
sequence

rf = (TAB)AeIPI(K),

where rf = rk 7j\B is the rank of the ray tube 7'/\3, that is, the
number of rays the tube 7,2 contains.

(ii) We identify the sequence rZ with its reduced form defined to be the
finite sequence

7B = (rfl,... ,ri),

with s > 2, containing the ranks ¥, with A\ € P;(K), such that
rf > 2, arranged in the non-decreasing order.

(b) Assume that B is a tubular coextension of a concealed algebra A of
Euclidean type and let

T" = {T hervo)
be the Py (K)-family of all pairwise orthogonal standard coray tubes of
I'(mod B).
(i) The tubular type of the algebra B is defined to be the Py (K)-
sequence
P = (1Y) aer (x0);

where 72 = rtk TP is the rank of the coray tube 7,2, that is, the
number of corays the tube T, contains.
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(ii) We identify the sequence rZ with its reduced form defined to be the
finite sequence
~B B B
=y, sy,

s

with s > 2, containing the ranks 72, with A\ € P;(K), such that
rB > 2, arranged in the non-decreasing order.

4.6. Definition. Assume that A is a concealed algebra of Euclidean type.

(i) An algebra B is a domestic tubular extension of the algebra A
if B is a tubular extension of A such that the tubular type 72 = 78

of B is of one of the following five forms
(p,q), with 1<p < ¢, (2,2,m—2), withm>4,(2,3,3), (2,3,4), (2,3,5)

that correspond to the Dynkin diagrams A, ,—1, D,,, Eg, E7, Esg.
The tubular type 2 = 78 of such an algebra B is called the
domestic tubular extension type of B.
(ii) An algebra B is a domestic tubular coextension of the algebra
A if B is a tubular coextension of A such that the tubular type
rB = 7B of B is of one of the following five forms

(p7 q)’ With ]‘Sp S q? (27 27 m72)’ Withm247 (27 3’ 3)7 (2’37 4)’ (2’3’ 5)

The tubular type r? = 78 of such an algebra B is called the domestic
tubular coextension type of B.

The following theorem proved in (XII.3.4) shows that any concealed al-
gebra of Euclidean type has (trivially) a domestic tubular extension type.

4.7. Theorem. Let Q be an acyclic quiver whose underlying graph Q is
Euclidean, and let B be a concealed algebra of type Q. Let

T = {T haer )

be the P1(K)-family of all pairwise orthogonal standard stable tubes of the
Auslander—Reiten quiver T'(mod B) of B. The tubular type

mp = (my,... ,mg)

of the P1(K)-family TE depends only on the Buclidean quiver Q and equals
mg, where

emg = (p.q), f Q = Ap, m > 1, p = min{p,p"} and q =
max{p’,p"}, where p' and p" are the number of counterclockwise-
oriented arrows in @ and clockwise-oriented arrows in @, respec-
tively,
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e mp=(2,2,m— ),if@:f))mandmzél,
e mg = (2,3,3), if Q = K,
(2, 3 4), if @ = Ez7, and
( )7 Zf@:ES- U

Now we illustrate theorems (4.3) and (4.4) with the following two exam-
ples.

omQ—

.mQ—

4.8. Example. Let B be the algebra given by the following quiver

9 7
0] o
AL
8 O

1
0]
BN

b
oy

/s

VO Q2

bound by the five relations
YB3 =0,va=0,&n =0, 0w =0, and o = pv.

Applying (XIII.2.6) and (XIII.2.9), we conclude that B is the tubular

extension
B=C[F, LY, Fy, £P) Fy, L]

of the path algebra C' = KA(]T%) of the quiver

1 5
(] (@]

_ Y

A = A(D5) O(*Or\
o ™
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0 0
v
F=F"Y: 0 K\
0 0,
K K
N v
Fy=F" K+l K
A N
K K

from the unique stable tube 7'1A(D5) of rank 3 in I'(mod C), and the branches
LM £ and £B) of the capacities L) = 4, |[£P)] = 2, and [£B®)] = 1
described in (2.5). It follows that B is a tubular extension algebra of the
tubular type

rP =78 =(2,2,10).

Moreover, by (4.3), the Auslander—Reiten quiver I'(mod B) of B has a dis-
joint union decomposition

['(mod B) = PP UT? U QP,

where

e P8 = P(B) = P(C) is the postprojective component of I'(mod C)
and C = KA(Ds),

o« TP = {T:E}xep, (k) is a P1(K)-family of pairwise orthogonal stan-
dard ray tubes of I'(mod B) of tubular type r? =78 = (2,2, 10),

e the tube 7;F is described in (2.5) and the remaining tubes of T2
form the K-family

TONATEY = {T her oy

of pairwise orthogonal standard stable tubes of I'(mod C') described
in (XII1.2.9),

e QF is a family of components of I'(mod B) consisting of all inde-
composable B-modules X such that the restriction res¢ X of X to
C'is a module in Q(C).

The standard calculation technique shows that the family Q7 contains a
connected component Q*(B) such that the right hand part of Q*(B) looks
as follows
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(5) = 1(13)

0011

o

—0 —0 —0 — 00 01 — 1T

NS

where

and the indecomposable modules are represented by their dimension vectors.
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Observe that the component Q*(B) contains all the indecomposable in-
jective B-modules and a section X5 = A(Dy3) =2 A(ID12)°P of the form

(1)
N\
1(2) —7pI(7)
hY
T51(9)
N\
TBI(S)
pY
TBI(].O)
e
1(3)
pY
T31(11)
pY
TBI(].2)
N\
1(4)
p
T8I(13) — I(5)
p
1(6)

Because all indecomposable projective B-modules lie in P(B) U TE then
Q*(B) is a preinjective component of I'(mod B). It is shown in (XVII.2.5)
that B is a tilted algebra of the Euclidean type

1 12
] o)
~ N
A(Ds2) : 04— 04—04—04—04—0 —04—0 0
3 4 5 6 7 8 9 10 11N
o )
2 13.

Moreover, it follows from (XVIL.3.5) that Q% = Q*(B).
We finish the example by observing that the algebra B°P opposite to B
is the tubular coextension

BoP = [F17£(1)7F27 £(2)7 F37[’(3)]O

of the algebra C' = C°P of the same tubular type 77" =78 = (2,2,10).
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4.9. Example. Let A be the path algebra of the Kronecker quiver

lOé O 2.

B
It follows from (XI.4.6) that, for each A € K, the Kronecker module

EO‘):(K é# K)

is the mouth A-module of the tube T)\A of rank one.

Let A3, A4, A5, Ag, and A7 be pairwise different elements of K \ {0}, and
let £3), £® £6) £0) and £ be branches of capacity one, that is, the
branch £U) consists of the vertex j, for j € {3,4,5,6,7}. We form the
tubular extension

B = A[E()‘3), £(3)’ E()‘4),£(4), E(A5)7£(5)’ E(/\G),ﬁ(ﬁ‘)7 E(’\7),£(7)]

of A. Tt is easy to see that B is given by the quiver

O

[eNe}

and is bound by the following five relations A3ysa = 308, A\gvaae = 740,
Asvs = v50, Asver = Y63, and A\yyra = 75, It follows from (4.3) that the
Auslander—Reiten quiver I'(mod B) of B has a disjoint union decomposition

I'(mod B) = PP UuT? U Q”,
where

e P5 =P(B) = P(A) is the postprojective component of I'(mod A),

o T5 = {T.E}xep, (k) is a P1(K)-family of pairwise orthogonal stan-
dard ray tubes of I'(mod B) of tubular type r? =78 = (2,2,2,2,2),

o TB =TA forall A € P1(K)\ {3, A1, X5, A6, A7}, and the tube Tf
is obtained from the tube ’T)\‘? by inserting the ray starting from the
indecomposable projective B-module P(j) = e;B at the vertex j of
the quiver Q, for each j € {3,4,5,6,7},

e QF is a family of components of I'(mod B) consisting of all inde-

composable B-modules X such that the restriction resy X of X to
A is a module in Q(A).
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Here e; € B is the primitive idempotent given by the vertex j of Q.
Let H = KA be the path algebra of the subquiver

3 4

o o
’73[ A

Y5

A 20 ——"— 05

77/[ ’\ye

o o

7 6

It is easy to see that there is an isomorphism of algebras H & B/Be;B.
Then the epimorphism B — H induces a full and faithful embedding
mod H — mod B.

It follows from (VIII.2.3) that the Auslander—Reiten quiver I'(mod H) of
H admits a unique preinjective component Q(H) = NA°P containing all the
indecomposable injective H-modules. The standard calculation technique
shows that the family Q(B) contains a component Q*(B) such that the
right hand part of Q*(B) is of the form

56 g 01
086 032 011 000 =
66 11

01
000 =
00

56
086
2

65

086

/ )

66

B 085
\\ 66

66

65

1(3)

1(4)

1(6)

66 11 00
086 032 011 000 = I(7)
56 32 01 10

where the indecomposable modules are represented by their dimension
vectors.

Now we show that Q*(B) = Q(H), under the canonical embedding

mod H — mod B. To see this we note that, in view of (II1.2.6), the in-
decomposable injective B-module I(1) = D(Bej) at the vertex 1 of @ is the
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module

It follows from (4.3) that the indecomposable projective B-modules lie in
P(B)UT?®. Hence, in view of (IV.2.10), each of the B-modules

TRI(2), TRIB), TRI4), TRI(5B), TRI6),and TRI(T),

is indecomposable, for any m > 0.

Assume, to the contrary, that Q*(B) # Q(H). Then there exist an index
iop € {3,4,5,6,7} and an integer mo > 0 such that 751 (io) = I(1)/soc I(1)
and, consequently, we get

(dim 77°1(ip))2 = (dim I(1)/soc I(1))2 = 2.

Hence, in view of our description of the right hand part of Q*(B), we con-
clude that m > 3. On the other hand, for each r € {0,1,2,... ,m — 1},
there exist almost split sequences in mod B

0 —— 716 —— T5I(2) —— TRIGE) —— 0
with i € {3,4,5,6,7}, and
0 — 7512 —— TRIB)®TRI4) @ TRI(5) @ TRI(6) ® THI(T)
— 7T5I(2) —— 0.
Given s € {0,1,2,... ,m} and j € {2,3,4,5,6,7}, we set
aj,s = (dim7gI(j)), -

It is easy to see that
® az0 = 1, az1 = 4, ajo = 07 and aj1 = 1, fOI‘j S {3,4,5,6, 7},
® 4,41 =az, —aj,, for j€{3,4,5,6,7},
® 42,41 = Q3,41+ Q441 + Q5,41 + A6 rt1 + A7 041 — Q2,r,
for r € {1,2,...,m — 1}, and
® a3 =045 =0a5s = Qs = a7, for s € {0,1,2,... ,m}.
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The final equality follows by induction on s. In particular, we get

(*r) agr41 = 503,41 — a2, and as,p1 = 4az, — a1,
for each r € {1,2,... ,m — 1}. Now we show that the inequalities
(%) az, > a2,-1 and ag, > az,_1

hold, for each r € {1,... ,m}. Obviously, (**1) holds. Let ¢t € {1,... ,m—1}
be such that (##,) holds for all » € {1,...,t}. Then, by applying (%), we
get

Q2,41 — A2, = 9G3141 — 202t

=5(4ass —az—1) — 2(bag, — az,—1)

= 10a3,+ — 3a2,t—1

> 3(2a3,+ — a2,4—1)

=3(as,; + (as,¢ —az—1)) = 3(azs —azs—1) >0,
asi+1 —ass =4(ass —ag—1) —asy

= 3a3,t —a2¢—-1

> 2a3,; — G241

=ags —ag—1 > 0.
Because m > 3 then, for any i € {2,3,4,5,6, 7}, we get the inequalities
(dingLI(l))Q = Qjm > AGim—1 > ... > Qj2 > 2.
This is a contradiction, because we have shown earlier that

(dim Tgol(io))g = 2,

for some i € {3,4,5,6,7} and mo > 0. Consequently, the required equality

holds. It follows that the indecomposable injective B-module I(1) at the
vertex 1 belongs to the family @ > Q*(B), but I(1) does not belong to
the preinjective component Q*(B). We show later in (XVIL.5.1) that B is
not a tilted algebra of Euclidean type. This finishes the example.
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XV.5. Exercises

1. Compute the Auslander—Reiten quiver of the algebra given by the
quiver

bound by ya =0, ¢ =0 and da = §3. Show that this algebra is tilted.

2. Compute the Auslander—Reiten quiver of the algebra given by the

quiver
/
KT Ny
NN

(¢]

R

8
bound by ya =0, §3 = 0 and Ap = 0. Show that this algebra is tilted.

3. Let B be the path K-algebra of the following quiver

3

AW

bound by the zero relations yao = 0, 03 = 0, and ué = 0.

(a) Show that the algebra B is a tubular extension of the path algebra
A = KA’ of the subquiver

(of the Euclidean type Aj) of A.
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(b) Determine the connected components of the Auslander-Reiten
quiver I'(mod B) of B containing the simple modules S(1) and S(2).

4. Let B be the path K-algebra of the following quiver

on

bound by the five zero relations Sa; = 0, op = 0, paz = 0, é&n = 0, and
pr = 0.

(a) Show that B is a tubular extension of the path algebra A = KA’ of
the subquiver

0 4

ATz RNy 3 3

a2 a3

(of the Euclidean type A4) of A.
(b) Determine the connected components of the Auslander-Reiten

quiver I'(mod B) of B containing the simple modules S(1), S(2)
and S(3).

5. Let B be the path K-algebra of the following quiver

1 5
[©] [¢]
N N
N o [e] g) 2
| v N
O?O 20 06
e
[¢]

bound by two zero relations v = 0 and &n = 0.
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(a) Show that B is a tubular coextension of the path algebra A = KA/
of the subquiver

5 3
N v
A/ o1 o
ZEER N
2 6

(of the Euclidean type Ds) of A.
(b) Determine the connected components of the Auslander-Reiten
quiver I'(mod B) of B containing the simple modules S(3) and S(4).



Chapter X VI

Branch algebras

A complete classification of all tilted algebras of the Dynkin type A, is
given in Chapter IX of Volume 1 by proving in (IX.6.12) that a basic algebra
A is a tilted algebra of the Dynkin type A, if and only if A is the bound
quiver algebra K@Q/I, where the bound quiver (@, I) is a finite connected
full bound subquiver of the infinite tree

RK KK R KR KK R KK RK

NNV S NN

E’RQX- / N xﬁx . \zg

RS RA

A RA
AT
A ~A
A,
”\/
N r{b/”\gjr
AR AR

AR

RR R

X% R

/ Nﬁ "
i/‘ PN

Ny w0
m/aK@Z K/K@z m/’\z m/ )

YK ¥K ¥R ¥R ¥R ¥R ¥R UK

S2S
N

bound by all possible relations of the forms a3 = 0 and Sa = 0 and contains
no full bound subquiver of the form

) ¥ B «
04—04—0—— 00— ... —0O0——04—04(—0
1 2 3 t—2 t—1 t

with ¢t > 4, af = 0, vé = 0, all unoriented edges may be oriented arbitrarily;
and there are no other zero relations between 2 and t—1. We also recall from
(IX.6.8) that the Auslander—Reiten quiver I'(mod A) of a tilted algebra of
the Dynkin type A, is a finite connected quiver with a section ¥ such that
the underlying unoriented graph ¥ of ¥ is the Dynkin diagram A,,. Each
vertex of the quiver T'(mod A) is the source and the target of at most two
arrows.

65
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It turns out that in the representation theory of finite dimensional alge-
bras an important réle is played by a special class of tilted algebras of the
Dynkin type A,,, namely, by the tilted algebras A of the equioriented linear
type A(Ay) 1 6+—d«— ... «—08.

One of the main aims of this chapter is to prove several characterisations
of these algebras A, to provide a description of the module category mod A,
and to describe the structure of the Auslander—Reiten quiver I'(mod A) of
any such an algebra A.

XVI.1. Branches and finite line extensions

Let A be an arbitrary K-algebra and T = {7, }xca is a family of pairwise
orthogonal standard stable tubes of the Auslander—Reiten quiver I{mod A).
We proved in Section XV.3 that any T -tubular extension of A is a branch
T -extension of A, and any T -tubular coextension of A is a branch T-
coextension of A.

In the present section we give various characterisations of branches, the
bound quiver algebras of branches, and their Auslander—Reiten quivers. The
results play an essential role in the following sections of this chapter.

We recall from (XV.2.14) that a branch is a finite connected full bound
subquiver £ = (L, I), containing the lowest vertex 0, of the following infinite
tree

. . .’a\/b’.' O
N
P

N

a

Ny o

N

[¢]

bound by all possible zero relations of the form af = 0.
Throughout we use the following definition.

1.1. Definition. Let £ = (L,I) be a branch.
e The lowest vertex 0 of a branch L is called the germ of L.
e The number of vertices of a branch L is called the capacity of L.
e A branch algebra is the bound quiver algebra
KL=KL/I
of a branch £ = (L, I).
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It follows from the classification of all tilted algebras of the Euclidean
type &n, given in (IX.6.12), that a branch algebra KL of a branch £ of
capacity n > 1 is a tilted algebra of the Dynkin type A,,. We prove that
a converse to the statement remains valid, by showing that the class of
branch algebras KL of branches £ of capacity n > 1 coincides with the
class of tilted algebras of the Dynkin equioriented linear quiver type

A(A,): b de— .+t 3 (1.2)

Note that the path algebra H,, = KA(A,,) of the quiver A(A,,) is isomorphic
with the subalgebra

K 0 ... 0
K K ... 0

Hy=1. . .. (1.3)
K K ... K

of M,,(K) consisting of all n x n-lower triangular matrices with coefficients
in the field K. We recall that, given n > 1, the Auslander—Reiten quiver
I'(mod H,,) of H,, is a cone in the following sense.

1.4. Definition. Let A be an algebra, let C be a component of the
Auslander—Reiten quiver I'(mod A) of A, and let M be an indecomposable
module in C.

A cone of depth m > 1 determined by the module M in C is the full
translation subquiver C(M) of C of the form

Ml,l M2,2 MB,S Mm—2,m—2 Mm—l,m—l Mm,m
NSNS N NSNS
M1,2 M2,3 e Mm—?,m—l Mm—l,m
NN NS
M13 Mm—Q,m

pN /!

M2,m71

NSNS

Ml,mfl M2,m

NS

M = Ml,m

The module M = My ,, is called the germ of the cone C(M), and the depth
m of C(M) is denoted by depth C(M).
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Note that the Auslander—Reiten quiver I'(mod H,,) of the hereditary alge-

bra H, (1.2), with n > 1, is the cone C(P(n)) of depth n determined by the
unique indecomposable projective-injective H,-module M = P(n) = I(1)
and, for each j € {1,...,n}, we have

1.5.

the module M, ; is the indecomposable projective H,-module
P(j) = ejH, at the vertex j of A(A,),

the module M, is the indecomposable injective H,-module
I(j)=D(Hpe;) at the vertex j of A(A,), and

M; ; is the simple H,-module S(j) = top P(j) at the vertex j of the
quiver A(A,,).

Definition. Let A be an algebra and C a component of the Auslan-

der—Reiten quiver I'(mod A) of A.

(a)

1.7.

An indecomposable module X in C is defined to be a finite ray
module, of C, if there is a finite sectional path of length s = sx > 0

X=Xo5X 2 Xyo— ... 5 X, 1 — X,, (1.6)

called the ray of length sx starting from X, containing all sec-
tional paths of the component C starting at X.
A finite ray module X of C, with the ray (1.6) of length s = sx,
is defined to be admissible, if the following three conditions are
satisfied.

(b1) If M is an indecomposable A-module in C such that
Hom 4 (X, M) # 0, then there exists j € {0,1,... ,sx} and M = Xj.

(b2)If f : M — N is a homomorphism between indecomposable
modules in C such that Homa (X, f) # 0, then there exist i,j €
{0,1,...,sx}, with ¢ < j, such that M = X;, N = X; and f is
a scalar multiple of u; ... w41 : X —— X, if i < j, and f is a
scalar multiple of the identity, if i = j.

(b3) The final module X, of the ray (1.6) is injective.

Definition. Let A be an algebra, C a standard component of the

Auslander-Reiten quiver I'(mod A) of A, and X an admissible finite ray
module in C, with the ray (1.6) of length s = sx. Given ¢t > 1, we denote

by

H = Ht = KA(At)

the path algebra (1.3) of the quiver A(A;) (1.2), and by P(t) = P(t)y =
I(1)y the unique indecomposable projective-injective H-module e, H. If
t = 0, we agree to denote by H = Hj the zero algebra, and we set P(t) = 0.

(a)

A finite ¢-linear extension of A at X is defined to be the one-point
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extension algebra

A(X,sx,t) = (Ax Hy)[X @ P(t)] =

AXHt 0
XaPlt) K

of the product algebra A x H; by X @ P(t) endowed with the
coordinate-wise A x H;-module structure.

(b) An algebra A’ is defined to be a finite line extension, if there exist
a standard component C of the Auslander—Reiten quiver I'(mod A)
of A, an admissible finite ray module X in C, with a ray (1.6) of
length sx, and ¢ > 0 such that A’ =2 A(X,sx,t), that is, A" is a
finite t-linear extension of A at X.

Thus, if ¢ = 0 then the t-linear extension of A at X reduces to the
one-point extension algebra A[X] of A by X.
Note that the bound quiver of a t-linear extension A(X,sx,t) is of the

form
"y C>‘>8—>é_’;51_> Y

where 0 denotes the extension point, the shaded part denotes the bound
quiver of A, and there are possibly additional relations from 0 to Q4 so
that X equals the summand of rad P(0) 4(x,) which is an A-module.

Now we modify the procedure of a rectangle insertion, described in
(XV.2.5), as follows.

1.8. A finite rectangle insertion. Assume that ¢t > 0 is an integer,
A is an algebra, C a standard component of the Auslander—Reiten quiver
I'(mod A) of A, and X is an indecomposable admissible finite ray module of
C, with the ray (1.6) of length s = sx. We view C as a translation quiver.
Let
A/ = A(X, Sx,t)

be the t-linear extension of the algebra A by the admissible ray module X
of C.

Our purpose is to describe the component of I'(mod A’) that contains
the indecomposable module X, viewed as an A’-module. To do it, we first
construct a translation quiver

(C',7") C T(modA’),

which we later show to equal this particular component in I'(mod A").
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We recall that H = Hy = KA(A;) is the path algebra of the equiori-
ented linear quiver

1 2 3 t—1 t
A(Ay): o+——0+—0—...+—o0+—o.

and the Auslander—Reiten quiver I'(mod H) of mod H is the cone
o o o PN oI,
AN N
NN A
N\

o,

q1

\
N
\

P(t

r\/\.

where we denote by

L=IWy,ILb=I12)y,..., L =I{)n
the indecomposable injective H-modules, viewed as A’-modules; that is, we
set

Iy = I1(j) = D(e; H),
for j =1,...,t. In particular,
I = I(I)H = D(BlH) e H = P(t)
is the unique indecomposable projective-injective right H-module, and I; =
I(t)g = D(e,H) is the unique simple injective right H-module.
On the other hand, the component C of I'(mod A) being standard, the
admissibility conditions on X imply that C looks as follows

/\X:X 0
74 0 A 0

, 0T X2
DA
X321 0 OT; Xsq
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where s = sy is the length of the ray (1.6) and, to avoid ambiguity, we
denote by 74 the Auslander—Reiten translation in mod A.

We associate to the component C of I'(mod A) the following translation
quiver (C’', 7’) consisting of A’-modules, and homomorphisms of A’-modules

It »Xo 72 Xo
(o)

NN
N
NS

I ©

NSNS

— 4
P)=I10 7 Zo2 ©

NSNS NN

/ﬁ’:ZmO Z12 0O Zst O 0 Xot1
NN NS
\\ Z11 © . o T,
YN NS 4
N e Zs-120
S~ NSNS '
7 N Zs—110 Zs2 O

/
N\
/
N\

Here we set

o X.i1 =9(0)=1Iyy1, where S(0) = (K,0,0) is the simple injective
/g-module at the extension vertex 0,
[ ] Xi:(K,Xi,l),forie{O,l,...,s},

o [;=(K,I;1), for je{l,...,t}, and
o Zy= (KXol [}]) forie{o1,... s)andje L.t}

It is easily seen that the modules Z;;, Tj, and X; are indecomposable
A’-modules. The homomorphisms are the obvious ones, defined as follows.
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For a fixed j € {1,...,t}, the homomorphism Z;; — Z;41; is
given by (1, [% ?D

For a fixed i € {0,1,...,s}, the homomorphism Z;; — Z; j+1 is
given by (1, [é ;jD.

For any ¢ € {0,1,...,s}, the homomorphism X; — Z;; is given
Nan)

For any i € {0,1,...,s}, the homomorphism Z;; — X; is given by
(1, [1 0]). _ _

For any 7 € {0,1,...,s}, the homomorphism X; — X;;1 is given
by (13 ui)' o

For any i € {0,1,...,s}, the homomorphism X; — 7, X,_; is
given by (0, p;).

For any ¢ € {0,1,...,t}, the homomorphism I; — Z;; is given
by (0.[1]).

For any i € {0,1,...,t}, the homomorphism Z,; — I; is given
by (1,0, 1]).

).

The homomorphism X, — S(0) is given by (1,0
1,0).

The homomorphism I, — S(0) is given by (1,

The translation 7 of C’ is defined as follows.

Ifie {17 - ,S} and je {2, e ,t}, then T/Zij = Zi—l,j—1~
Ifie {1, [N ,S}, then T/Zil = Xi—l-

Ifi e {27 . ,t}, then ’TIZOj =1lj_1.

The module P = Zj; is projective.

T/Xo = It.

Ifi e {17 [N ,S}, then T/yi = Li-1,-

Ifi € {0,...,s— 1}, then T’(TEIXZ-) = X, if the module X is not
injective; otherwise the module X; is injective.

If] (S {2, . 7t+ 1}, then T/Tj = Zs,jfl.

7/71 = XS.

The modules Iy, I, ..., I, 1,11 = S(0) are injective.

For the remaining points of C (or of I'(mod H)), the translation 7/ coincides
with 74 (or with the translation 7 in I'(mod H), respectively). This finishes
the construction of the translation quiver (C’, 7).

The procedure presented above is called the finite rectangle insertion.
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Intuitively, the construction of the translation quiver (C’,7’) may be un-
derstood as the following four step procedure:

(1°) take the standard component C of I'(mod A) and an admissible finite
ray module X in C, with the ray (1.6) of length s = sx.

(2°) ‘cut it’ along the arrows p1,pa, ... , s,
(3°) ‘insert in it’ the finite (s + 2) x (¢ + 1)- rectangle consisting of the
modules

o X0, X1,...,Xs,
o Xs11=25(0) = Iy,
o [1,I5,... 1, and
o the modules Z;;, with ¢ € {0,1,... ,s} and j € {1,...,t},
and finally
(4°) ‘glue’ the quiver I'(mod H) to the quiver constructed in (3°).

Now we establish one of the main properties of the translation quiver
.
1.9. Proposition. Assume thatt > 0 is an integer, A is an algebra, C
a standard component of the Auslander—Reiten quiver I'(mod A) of A, and
X is an indecomposable admissible finite ray module of C, with the ray (1.6)
of length s = sx. Let
A/ = A(X, Sx,t)

be the t-linear extension of the algebra A at the admissible finite ray module
X of C, and let (C',7") be the translation quiver associated to C in the finite
rectangle insertion (1.8).

(a) The translation quiver C' is the Auslander—Reiten component of
I'(mod A") containing the ray module X, when viewed as an A’-
module.

(b) The component C' is standard.

Proof. We fix an integer ¢ > 0, an algebra A, a component C, and a
module X, with the ray (1.6) of length s = sx, as in the proposition. We
use freely the notation introduced the finite rectangle insertion (1.8). We
recall that, for t > 1,

H=H,=KA(A)

is the path algebra of the equioriented linear quiver A(A;).
We denote by
H' = KA},

the path algebra of the equioriented linear quiver

1 2 3 t—1 ¢ 0
Aj; =A(Apf1) 1 0¢——0¢——0¢— ... ¢—0¢——0¢—0
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obtained from A(A;) by adding the arrow
t 0——0 0,

where 0 is the extension vertex of the one-point extension algebra
A = A(X,sx,t), see (1.7).
First we note that the modules

71772, .o ,Tt7 and Tt-f—l = S(O) = ys_i'_l
are the pairwise non-isomorphic indecomposable injective H'-modules
I(l)H’a I(2)H/7 e ’I(t)H’7I(O)H’a

respectively. Moreover, the A’-module
Xs = (Ku XS7 1)

is injective, because the A-module X is injective, by our hypothesis.
Next, we note that the canonical exact sequence

0 X, Zs1 I 0

is an almost split sequence in mod A’, because the A’-module I; is the
cokernel of the unique irreducible morphism

XS — Zsl
starting from Xj.
Hence, an easy induction on j € {1,... ,t} implies that, for each j < ¢,
there exists an almost split sequence of the form
0 Zsj Zsj101; Tj 0,
in mod A’, where o
Zs t+1 = Xs.

Now, the proof of the proposition follows by a simple modification of the
arguments given in the proof of (XV.2.7) and (XV.2.8). The details are left
to the reader. g

Now we illustrate the finite rectangle insertion with an example.

1.10. Example. Let A = K(Q be the path algebra of the oriented tree

Q: fo oye
xo%
b
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bound by two zero relations a8 = 0 and yo = 0.

It is clear that the algebra A is representation-finite, because A is a
quotient of the path algebra K@ of the tree ) which is a quiver of the Dynkin
type Eg. Moreover, the algebra A is representation-directed. The standard
calculation technique shows that the Auslander—Reiten quiver I'(mod A) of
A has the form

0
P(f)="1 1 0 =I1(b)

N

! 0 0
P(e)=" 00 - 0(1)0 - 0100 - 1100 =I(c)
Il
N SsaNe S \ f \
P)= %'y ——- O110 - 100 - 1% —I(f)
0 1 0 0
NSNS
1 0
P(e)= 110 - 0ty =1(0)
0 of \( 1/
P(a)= %" ——- 00(1)0 ——  %lg=1e)
N/ st

P(b)= 00(1)1 =I(a)

where the indecomposable modules are represented by their dimension
vectors.

Observe that the modules
P(b), S(b) = 7, P(a), P(c), ;' P(d), ;2P (e) and P(f)

form a faithful section

O~

oo
oe
oo
0]
oo

Y

of the Dynkin type Ag. Hence, by the criterion (VIIL.5.6), A is a tilted
algebra of type 3°P = 3.
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Note that the indecomposable A-module

0
X =5(d)= 0010
is an admissible finite ray module and

X =X X3 Xo

Il Il Il
0 0 0

01 0.1 0.1
00 10 10

0 1 0

is the unique section in I'(mod A) starting at X. It follows that the section
is a ray of length sx = 3. Take t = 1, sx = 3, and form the t-line extension

A = A(X,sx,t) = A(X,3,1) = (A x H))[X & P(1)],

where
Hy=KA(A) =K

Il
=

is the path algebra of the one vertex quiver A(A;) , and P(1) = S(1)
is the unique simple H;-module.
It is easy to see that A’ is given by the tree

bound by three zero relations af = 0, vo = 0, and &6 = 0. Here, 0 is the
extension vertex of the algebra

A= A(X,3,1)
and the vertex 1 of Q)" is the unique vertex of the quiver A(A;).

Note that the algebra A’ is representation-finite, because, by (IX.6.12),
A’ is a tilted algebra of type Ag. By applying (1.9) to the translation quiver
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C = TI'(mod A), we conclude that the translation quiver C’ = I'(mod A4’) is
of the form

0
P(f)= 170 —1'(b)
=10 =
/‘ 1
0 0 0
, 00 1.0 00 00
P'(1)=00 —— 01 S 0.0 ——— 1.0 =I'(c)
0,0 jfo 1,0 1,0
\ /‘ Xo\( /( \ /‘ \
1 0 0 0
, 10 10 00 oo
P'(0)=0 1 - 01 S 0.0 ——— 10 =I'(f)
000 iﬂo 100 000
/‘ \ /‘ Xl\[ /‘
0 0 1 0
, 01 00 10 10
P'(e)=00 —— 01 —— 0.1 - 01 =I'(d)
00 00 10 10
0 0 1 0
Il Il Al
\ /\ Xo \ /‘ Z11\( /l Xz\
0 0 1
, 0.1 0.0 10 10_. /
P'(d)= 0 1 — 01 R 01 - 0 0 =1'(0)=5"(0)
00 10 10 00
0 1 0 0
Il Il
V2R ' VA VS
0 0 1
, 01 0.0 1o _
P'(c)= 0.1 ——— 0.1 - 00 =I'(1)=I1
10 10 00
1 0 0
/‘ \‘ /‘ A,
0 0 0
00 00 01
(a)=00 ——— 00 ——— 0.1 =I'(e)
0,1 00 1,0

1

N st
0

P'(b)= 020" =1I'(a)

=00 =1,

where the indecomposable modules are represented by their dimension vec-
tors,

P'(a), P'(b), P'(c), P'(d), P'(e), P'(f), P'(0), P'(1)
are the pairwise non-isomorphic indecomposable projective A’-modules, and
I'(a), I'(b), I'(c), I'(d), I'(e), I'(f), I'(0), I'(1)

are the pairwise non-isomorphic indecomposable injective A’-modules at
the vertices a,b,c,d, e, f,0,1 of Q’, respectively. Here we use the notation
introduced in the finite rectangle insertion procedure (1.8).
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It is easy to see that the Auslander—Reiten quiver I'(mod A’) of the al-
gebra A’ admits a faithful section

b a c d e 0 1 f
oo o o o o o o o

of the Dynkin type Ag given by the modules
P'(b) = I'(a),
TA,IP’( ) = 5'(b),

P'(c),
T P'(d) = X,
TA,QP,(B) le,

73 P'(0) = X1,

7 P'(1) = 7;' X, and
'(v) = P'(f).

Hence, by the criterion (VIIL.5.6), A’ is a tilted algebra of type 'Y = ¥/, Tt
is obvious that the section ¥’ is obtained from the section X by an insertion
of t = 1 arrows; precisely, by an insertion of the arrow 0 o———o 1, and by
replacing the arrow e o———o f by two arrows e o———o 0 and 1 o———o 7.

XVI1.2. Tilted algebras of an equioriented
type A,

Our main objective of this section is to define a class of tilted algebras
of an equioriented type A,, and characterise them, by applying the finite
rectangle insertion procedure (1.8).

2.1. Definition. Let m > 1 be an integer. An algebra A is defined
to be a tilted algebra of an equioriented type A,, if there exists a
multiplicity-free tilting module T4, over the path algebra

K 0 ... 0

K K ... 0
Hp=KAp=KAAn) = | . . 7 .| C Mu(K)

K K ... K

of the equioriented linear quiver

m—1

Ay =AA,): PR VRN VU —
such that A = End Ty, .

Now we are able to formulate a characterisation of tilted algebras A
of the equioriented type A,,, where n = rk Ko(A) > 1 is the rank of the
Grothendieck group Ky(A) of A.
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2.2. Theorem. Assume that A is an algebra and n =tk Ko(A) > 1 is
the rank of the Grothendieck group Ko(A) of A. The following statements
are equivalent.

(a) A is a tilted algebra of the equioriented type A(A,,) : b4 ... 8.

(b) The Auslander—Reiten translation quiver T'(mod A) of A is finite and
admits precisely one section X that is isomorphic to the equioriented
linear quiver A, = A(A,).

(¢) The category mod A admits precisely one multiplicity-free tilting
module T'x such that the algebra End T4 is isomorphic to the path
algebra KA(A,,).

(d) The algebra A is isomorphic to a branch algebra

KL =KL/I

of a branch L = (L,I) of capacity n.
(e) There are an integer r>0, a finite sequence

mo<mi<...<Mp_1<Mp=n
of integers, and a finite sequence of algebras
Ag,A1,... ;A=A

such that

e the algebra Ag is the hereditary path algebra KA(A,,,) of the
equioriented linear quiver A(Ap,,),

o for each j € {1,2,...,r}, the algebra A; is a tilted algebra of
the type A(A,,;) and Aj is of the form

Ay = A1 (X9 sy, 1),

that is, A; is a finite line extension of the algebra A;_1 by an ad-
missible ray A;_1-module X with t; > 0 and the ray of length
Sx @) m F(InOdAj_l),

) mj :1+m]‘_1+tj :m0+j+t1+...+tj, and

en=m,=mgog+r+t1+...+1..

Because the proof is rather long, we split it into several partial results,
and then we present the proof in (1.9), at the end of the section, by applying
Theorems (2.3) and (2.7).

In the following theorem we list the main properties of the tilted algebras
of the equioriented type A(A,,) and of their module categories. Later on, we
prove in (2.7) that, in fact, some of the properties listed in (2.3) characterise
this class of algebras.
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2.3.
algebra of the equioriented type A(A,,
L,

(i)

(i)

(iii)
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Theorem. Assume that m > 1 is an integer and A is a tilted
)t be—be— ... +—8.

There exist a branch L = (L,I) of capacity m and an isomorphism

of algebras

A¥ KL =KL/

The Auslander—Reiten translation quiver I'(mod A) of A admits pre-
cisely one section Y isomorphic to the equioriented linear quiver
A(A,).
If A is a branch algebra A = KL = KL/I of a branch L = (L,I),
0 is the germ wvertex of the branch L, and ¥ is a unique section of
I'(mod A) isomorphic to A(A,), then

e m =tk Ko(A) is the rank of the Grothendieck group Ko(A) of
the algebra A,

e the source module of ¥ is the indecomposable projective A-
module at the germ 0 of L = (L,I), and

e the sink module of ¥ is the indecomposable injective A-module
at the germ 0 of L = (L, I).
Assume that

A = End THm,

where Ty, s a multiplicity-free tilting module over the algebra
H,, = KA(A,,). Let ¥4 be a unique section of I'(mod A) isomor-
phic to A(A,,), and let (X(T),Y(T)) be the torsion pair in mod A
determined by the tilting module Ty, , see (V1.3.6). Then

(X(T),Y(T)) = (add T(¥4), add F(34)),

where Ty = T(X4) is the set of all indecomposable proper succes-
sors of ¥4 in I'(mod A) and F(X4) is the set of all indecomposable
predecessors of ¥4 in I'(mod A).

Proof. We fix an integer m > 1 and assume that A is a tilted algebra of
the equioriented type A(A,,). Without loss of generality, we may assume
that m > 2 and

A= EIldTH7

where Ty is a multiplicity-free tilting module over the path algebra H =
H,, = KA(A,,) of the equioriented linear quiver

1 2 3 m—1 m
Ay =A(A,): o——0—0—...+—0é—o0.
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We recall that the Auslander—Reiten translation quiver I'(mod H) of H
has the form

M1,1 M2,2 M3,3 M, — 2,m—2 M, — 1,m—1 Mm,m
NN SN A SN
NN f N f

M1 3 Mm—2,m

In other words, I'(mod H) = C(P(m)) is the cone C(P(m)) of depth m > 2
determined by the unique indecomposable projective-injective module

My = P(m) = I(1)

in C. Moreover,
My ;= P(j), Mjm = 1(j), and M; ; = S(j),

for all j € {1,2,... ,m}.

First we show that the indecomposable projective-injective module P(m)
is a direct summand of the tilting module T. For the proof, we note that,
by the condition (T3) of the Definition (VI.2.1) of tilting H-module, there
exists a short exact sequence

1) )

0 — Hyg — Ty’ — TI({2 — 0

in mod H, with Tg) and Tl(f) in add T. Because the module P(m) is projec-
tive, P(m) is a direct summand of Hy. The fact that P(m) is also injective
yields that P(m) is a direct summand of the module T1(11 ), Consequently,
P(m) is a direct summand of the tilting module 7. It follows from (VI.4.4)

that there is a decomposition
Tpy=TveT1®...0Tn_1,

where Ty = P(m), and Ty, T1,...,Tm—1 are pairwise non-isomorphic in-
decomposable H-modules. Because the algebra H is hereditary then, by
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(IV.2.14), the tilting vanishing condition Ext} (T,T) = 0 is equivalent to
the vanishing condition

HOHIH(Ti,THTj) = 0,
foralli,j € {0,1,2,... ,m—1}. It follows from (VI.3.1) that the A-modules
P(0)4 = Homu (T, Tp), ..., P(m-1)a = Homu (T, Tpn-1),

form a complete set of pairwise non-isomorphic indecomposable projective
A-modules. Therefore, we may assume that {0,1,2,...,m — 1} is the set
of vertices of the ordinary quiver L = Q4 of the algebra A.

Now we prove the statement (i), by showing that there exist

e a branch £ = (L,I) of the capacity m, with the germ vertex 0
corresponding to the module Ty = P(m), and
e an algebra isomorphism A =2 KL = KL/I.

We apply the induction on m > 2.
It follows from the preceding description of I'(mod H) that it is a finite
standard component. Hence, there is an equivalence of categories

ind H =2 KC(P(m)) = KT'(mod H),

where ind H is the full subcategory of the category mod H formed by the
indecomposable modules, and KC(P(m)) is the mesh category of the cone
C(P(m)) =T'(mod H).

Because, by (VI.3.5), the tilted algebra A is connected and P(m) = Tj
is a direct summand of 7', then T admits a direct summand T; that is one
of the modules

Ml,la M1,27 s ,Ml,m—la M2,ma M3,m7 s aMm—l,ma Mm,m~

We have three cases to consider.

Case 1°. Assume that the indecomposable summands Ty, 75, ..., Tp—1
lie in the cone C(Mi ym—1) = C(P(m-1)). Observe that the cone C(Mi nm—1)
is the Auslander—Reiten quiver I'(mod H’) of the path algebra

H = Hpyo1= KA(Am—l)
of the quiver A(A,,_1) obtained from A(A,,) by deleting the vertex m. It

follows that
T =TT, S...0Tn_1,

is a tilting module in mod H'. Note also that the H'-module M ,,—1 =
P(m-1) is a direct summand of T”, because P(m-1) is an indecomposable
projective-injective H'-module.
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By the inductive hypothesis, the tilted algebra A’ = End T}, of the
equioriented type A,,_; is isomorphic with the branch algebra KL’ =
KL'/T" of a branch £ = (L', I') of capacity m — 1 with the germ vertex
0" corresponding to the direct summand My ,,—1 = P(m-1) of T', where
L' = Q4 is the ordinary quiver of the algebra A’.

We recall from (VI.3.1) that the functor Hompy (T, —) restricts to the
equivalence of categories

Hompy (T, —) : addT —— proj A4, (%)

where proj A is the category of finitely generated projective A-modules.

Assume that the indecomposable projective H-modules M;,; = P(i),
My ; = P(j), and M j, = P(k) are direct summands of T', for some 4, j, k €
{1,2,... ,m}, and there exist non-zero homomorphisms

M ; !

)

g
M ; My g,

)

of H-modules. Because the algebra H is hereditary, then i < j < k, both f
and g are monomorphisms and, hence, gf # 0. Because the functor (k) is
an equivalence of categories, then the induced homomorphisms

Homp (T, My ;) —2 0 tom g (1, My ) 209 Homp (T, My )
between indecomposable projective modules over A = End Ty are also

monomorphisms and their composition is non-zero.

Hence we conclude that the algebra A is isomorphic to the branch algebra
KL = KL/I of the branch £ = (L, I) of capacity m, with L = @ 4, obtained
from the branch £ = (L', I') of capacity m — 1 by adding one arrow 0 — 0’
from the germ vertex 0 of £, corresponding to the module Ty = M; ,,, to
the germ vertex 0’ of £/, corresponding to the direct summand M ,,,—1 of
T'. Note that 0 is a source vertex of the quiver L = Q4 of A.

Case 2°. Assume that the indecomposable summands 71,75, ... , T 1
lie in the cone C(Ma,m) = C(I(2)).

Observe that the cone C(My ) is the Auslander—Reiten quiver I{mod H')
of the path algebra H” = KA/ _; of the quiver A/ _, obtained from A(A,,)
by deleting the vertex 1. It follows that

T =T ®T5® ... D T,

is a tilting module in mod H”. Because Ms ., = I(2) is an indecomposable
projective-injective H”-module, then Ms ,, is a direct summand of T".
By the inductive hypothesis, the tilted algebra

AN = End TII_}//
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of the equioriented type A,,_1 is isomorphic with the branch algebra K L" =
KL"/I" of abranch £ = (L",I") of capacity m—1 with the germ vertex 0"
corresponding to the direct summand My ., = I(2) of T”, where L" = Q 4~
is the ordinary quiver of the algebra A”.

Further, assume that the indecomposable injective modules M; ,,, = I(i),
M; = 1(j), and My, ,,, = I(k) are direct summands of T, for some 4, j, k €
{1,2,... ,m}, and there exist non-zero homomorphisms

f

g
M; M; Mi.m

of H-modules. Because the algebra H is hereditary, then i < j < k, both f
and g are epimorphisms and, hence, gf # 0. Because the functor (x) is an
equivalence of categories, then the composition of the induced homomor-
phisms

Homp (T, f) Homp (T,g)
— —

HomH(T, Mi,m) HomH(T, Mj7m) HomH(T, Mk,m)

between indecomposable projective A-modules is non-zero.

Hence we conclude that the algebra A is isomorphic to the branch alge-
bra KL = KL/I of the branch £ = (L, I) of capacity m, with L = Qa,
obtained from the branch £” = (L”,I") of capacity m — 1 by adding one
arrow 0” — 0 from the germ vertex 0" of £”, corresponding to the direct
summand Ms ., of T, to the germ vertex 0 of £, corresponding to the
module Ty = M ,,. Note that 0 is a sink vertex of the quiver L = Q4 of A.

Case 3°. Assume that T' admits a direct summand M, ; = P(i) and a
direct summand M; ,, = I(j), for some 4,5 € {1,... ,m —1}.

Let » € {1,...,m — 1} be the maximal index such that the projective
module M; , = P(r) is a direct summand of T, and let s € {1,... ,m — 1}
be the minimal index such that the injective module M; ,,, = I(s) is a direct
summand of T.

First, we show that the cones C(M;y,) and C(Ms,,) in the Auslander—
Reiten quiver I'(mod H) of the path algebra H = KA(A,,) are disjoint. To

prove it, assume to the contrary that there exist two indices v € {2,... ,r}
and w € {s,...,m — 1} such that the module
Mu,r = Ms,w

lies in C(M; ) and in C(Mjy,,). It follows that there exist an H-module
epimorphism M, —— M,_1, and an H-module monomorphism
My—1, — Ms_1,m—1. Consequently, Homy (M ., Ms_1,m—1) # 0 and we
get a contradiction with the tilting vanishing condition Hompy (T}, TyT}) =
0, for all direct summands 7; and T} of the module 7', because the isomor-
phism Mg_1 m—1 = T M p, yields

0 # HomH(Ml,ra Ms—l,m—l) = HomH(Ml,ry THMs,nz) = 0.
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Then, without loss of generality, we may assume that
Ty =M ,,Ts,...,T,
are all indecomposable direct summands of T" lying in the cone C(M ), and
Tos1 = Msm, Tyt2, .., Tm—1

are all indecomposable direct summands of T lying in the cone C(M;.,.,),
where p < q. Let

TW=ToTho.. 0T, and T® =T, 6T 0®...® Tp_1.

Now we prove that p = ¢q. Assume to the contrary, that p < q. Then the
module
T® =T, 1 0Ty ®... 0T,

is non-zero and
T=Ty® 7O 7@ 73

Now we show that the tilted algebra A = End Ty is not connected and then
we get a contradiction with (VI.3.5). This is a consequence of the following
observations:
e Hompy (Ty, T®)) = 0 and Homp (T®), Ty) = 0, because Ty = M ,,
and the direct summands of T®) lie in the cone C(Mam—1).
e Homy(T®), TMW) = 0 and Homp (T, T®)) = 0, because the cone
C(Mi ) is closed under predecessors in C(Mi ) = C(P(m)) =
I'(mod H), and the cone C(M,,,) is closed under successors in
C(My ) =C(I(1)) =T (mod H).
e The equality Ext}, (74, 7M) = 0 yields Hompy (T™, 75T®)) = 0,
by (IV.2.14), because the algebra H is hereditary.
e The equality Extl (T?), T®)) = 0 yields Hompy (T®), 75 T?) = 0.
Hence, we get Homy (TW, TG)) = 0 and Homp (T3, T?)) = 0, and we
conclude that A decomposes into a direct product of algebras

A=EndTy = End(Ty TV & T®)y x End TP,

that is, the tilted algebra A is not connected. This contradiction proves
that p = ¢, that is, 7(®) = 0 and

T=TydTH aT®,
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Observe now that 7! is a partial tilting module over the path algebra
HY = KA,

of the quiver A, obtained from A,,by deleting the vertices r + 1,... ,m,
and T is a partial tilting module over the path algebra

H® = KA:n—s+1

of the quiver Ay, _ ., obtained from A, by deleting the vertices 1,... ,s—1.
Then (VI4.4) yieldsp<randm-1—-p=m—-1—g<m-—s+1.
On the other hand, by the tilting vanishing condition, we have

HomH(Ml,ra Ms—l,m—l) = HomH(Ml,m THMSJYL) =0.

It follows that the cones C(Mi ) and TAC(Ms ) = C(Ms_1,m—1) are dis-
joint. Hence, the cones C(M; ) and C(M,_1 ) are also disjoint, and we
get the inequality r + (m — s + 2) < m, which yields r + 2 < s. Together
with the inequalities p < r and m — 1 —p < m — s+ 1 proved earlier, this
yields
e p=r,and
em—1—-p=m-s+1.
Consequently, the partial tilting module ") is a tilting module in mod H)
and the partial tilting module 7 is a tilting module in mod H®.
By the inductive hypothesis, the tilted algebra
_ 1)

AY = End T}/,
is isomorphic with the branch algebra KL = KLM /I of a branch
LM = (LW 1M of capacity r with the germ vertex 0) corresponding to
the direct summand M . = P(r) of T()), and the tilted algebra

_ (2)

A® = End T},
is isomorphic with the branch algebra K£®? = KL(®) /I?) of a branch
L2 = (L@ 1) of capacity m —1 —r = m — s + 1 with the germ vertex
0@ corresponding to the direct summand M ,,, = M, 19, of 7@,

Then the standardness of the cone C(Mj.,,) yields

Homp (TM, T®) =0, Hompy(T®,TM) =0,

and there exist non-zero homomorphisms
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of H-modules, where f is a monomorphism and g is an epimorphism. Hence,
by applying again the equivalence (), we conclude that the algebra A is
isomorphic to the branch algebra KL = KL/I of the branch £ = (L, I) of
capacity m obtained from the branches

£ = (L(l),[(l)) and £(2) = (L(Q),I@))

by adding two arrows
0@ %y o By oM

and the zero relation o8 = 0. This finishes the proof of the statement (i).

For the proof of (ii), we note that the algebra A = End Ty is representa-
tion-finite, because Ty is a splitting tilting H-module and the algebra H =
KA(A,,) is representation-finite, see (VL.5.7) and (VIL5.10). Then, by
(VIIL.3.5), the Auslander—Reiten translation quiver I'(mod A) of A coincides
with the connecting component Cr determined by the tilting H-module T'.
It follows that I'(mod A) = Cp admits a section ¥ of the form

N N, N - Nys N,

given by the images Hompg (T, M; ) = Hompg (T, I(j)m) of the indecom-
posable injective H-modules M; ., = I(j)g via the functor Homg (T,-),
for j € {1,2,... ,m}.

The A-module Ny = Homp (T, M; ) is isomorphic to the indecompos-
able projective A-module P(0)4 at the germ vertex 0 of the branch L,
because the module M, = P(m)y = Ty is the direct summand of T
corresponding to 0.

By the connecting lemma (V1.4.9), the A-module

Nm = HOHlH (Ta M’m,nL) = HOIHH (Ta I(m)H)

is injective, because the projective H-module M; ,,, = P(m)y is the direct
summand Ty of T'.

Now we prove that the injective A-module N,,, = Hompg (T, I(m)g) is iso-
morphic to the indecomposable injective A-module I(0) 4 of the germ vertex
0 of £, by showing that there is a non-zero homomorphism S(0)4 — N,
from the simple A-module S(0)4 to N,, and, hence, soc N,,, = S(0)4. To
prove it, it is sufficient to show that S(0) lies on the section X, because
then the composition of irreducible morphisms corresponding to a sectional
path starting from S(0)4 is non-zero, see (IX.2.2).

To prove that the simple A-module S(0)4 lies on the section X, we look
at the shape of the branch £ and we consider two cases.

Case (1). Assume that the germ vertex 0 of £ = (L,I) is a sink of the
quiver L = Q4. Then N; = P(0)4 = S(0) 4 and, hence, S(0) 4 lies on 3.
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Case (2). Assume that the germ vertex 0 of £ = (L,I) is not a sink of
L = @4, that is, the quiver L admits an arrow 0—sa. Tt is easy to see that

e 7 is a unique arrow in L starting at 0,

e the radical rad P(0) 4 of P(0), is isomorphic to the indecomposable
projective A-module P(a)4 at the vertex a, and

e the arrow N,,,_1 — N, is the unique arrow in I'(mod A) with tar-
get N,,, because Ny, is the target of the section ¥ of type A(A,,).

Hence we conclude that the Auslander—Reiten translation quiver I'(mod A)
of A admits a full translation subquiver of the form

Pla)ga =74yNy —— 74,N3 —— ... —— 1,N;
PO)y=N, — Ny ——» ... ——> N, —— N,

where 7, is the unique arrow in I'(mod A) with target N; and ¢t > 3, because
the A-module P(a)4 is not injective. It follows that there are almost split
sequences

— % N2 —— N®T Ny —s Ny —

— TyN3 —— No®7yNy —— N3 ——

— TuNy1 ——— Ny 2o ®17yNy —— Ny —— 0
TANt ? Ntfl E— Nt — 0.

Because there exists an isomorphism rad P(0)4 = P(a)a of A-modules,
we have dimg P(0)4 = 1 + dimg P(a) 4, that is,

dlmKN1 =1+ dimKTANQ,
and an obvious induction shows that the exact sequences yield the equalities

dimg No =1+ dimg7,4 N3,
dimg N3 =1+ dimg 7,4 Ny,

dimKNt,1 =14+ dimKTANt,
dimg N; = dimgNy—1 —dimg7,4 Ny = 1.

Consequently, the A-module NV, is simple. The existence of a sectional path
from P(0)4 = Ny to N yields the existence of a surjection P(0)4 — N;.
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It follows that N; = top P(0) 4 = S(0)4. This shows that the module S(0) 4
lies on ¥ and Ny = I(0)4. Note also that there are quiver isomorphisms
Y2 AA,) =2 AA,)°P.

To finish the proof of (ii), it remains to show that ¥ is the unique section
of T'(mod A) that is isomorphic to the equioriented quiver A(A,,). To prove
it, we assume that ¥’ is a section of I'(mod A) isomorphic to the quiver
A(A,,). Because X’ intersects every 74-orbit of I'(mod A) then there exist
integers p > 0 and ¢ > 0 such that the modules 7,7 P(0) and 75I(0) lie on
Y. Because Y’ is a sectional path from 7,7 P(0) to 731(0) then p =¢ =0,
that is, ¥’ = . This finishes the proof of the statement (ii).

(iii) The statement immediately follows from the proof of (ii).

(iv) By (VIIL3.5), the set of the indecomposable A-modules in the
torsion-free part Y(T') of the torsion pair (X(T"), Y(T')) of mod A determined
by T coincides with the set F(X4), and the set of the indecomposable A-
modules in the torsion part X(T) coincides with the set T(X4). Hence (v)
follows. O

2.4. Corollary. Assume that m > 1 is an integer, A is a tilted algebra
of the equioriented type A(A,,), and Hy,, = KA(A,,) is the path algebra of
A(Am).

(i) The category mod H,, admits precisely one tilting module Ty, such
that End Ty, = A.

(ii) The category mod A admits precisely one multiplicity-free tilting

module Ta such that End Tq = KA(A,,).

Proof. Fix an integer m > 1 and assume that A is a tilted algebra of
the equioriented type A(A,,).

(i) Let H = H,, = KA(A,,) and let Ty be a tilting H-module such
that End Ty = A. Tt follows from (2.3) that I'(mod H) admits a unique
section ¥ isomorphic to the equioriented quiver A(A,,) (2.2). The section
3} is given by the images

Hompy (T, I(1)g), . .. ,Homp (Te, I(m)g)

of the indecomposable injective H-modules I(1),...,I(m) via the functor
Hompy (T, —) : mod H —— mod A.

Let R be the direct sum of all indecomposable H-modules lying on the
section 3. It follows from the criterion (VIIL.5.6) that R4 is a tilting right
A-module, H = End R4, R* = D(gR) is a tilting H-module, and I'(mod A)
is the connecting component Cr+ determined by R*.

On the other hand, there is an isomorphism
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of H-modules, and hence, there is an isomorphism
R= HOIIIH(TH, D(H))

of A-modules. It follows from (VI.3.3) that 4T is a tilting left A-module and
there is an isomorphism D(4T) = Hompy (Ty, D(H)) of right A-modules.
Hence, the A-modules R and D(4T') are isomorphic and, consequently, there
are isomorphisms

R* = D(yR) = DD(Ty) = Ty

of H-modules. Hence, the statement (i) follows, because we know from (2.3)
that ¥ is the unique section of I'(mod A) isomorphic to the equioriented
quiver A(A,,) : Se—B— ... 8.

(ii) Note that the tilting right A-module R4 constructed above is the
unique multiplicity-free tilting A-module such that End Ry = KA(A,,).
Hence the statement (ii) follows. O

The preceding corollary allows us to divide naturally the indecomposable
modules over a tilted algebra of the equioriented type A(A,,) into two parts
as follows.

2.5. Definition. Assume that m > 1 is an integer, A is a tilted algebra
of the equioriented type A(A,,) : b¢—3¢—...+—08. Let £4 be a unique
section of I'(mod A) isomorphic to the quiver A(A,,).

(i) The torsion-free part of I'(mod A) is defined to be the set F4 =
F(X4) of all indecomposable proper successors of ¥4 in T'(mod A).
(ii) The torsion part of I'(mod A) is defined to be the set Ty = T (X 4)
of all indecomposable predecessors of ¥4 in I'(mod A).
(iii) The modules in add T (X 4) are called torsion A-modules, and the
modules in add F(X 4) are called torsion-free A-modules

We recall from (2.3) that the equality
(X(T4),Y(Ta)) = (add T (X4),add F(X4)),

holds, where (X (T4),Y(T4)) is the torsion pair in mod A determined by the
unique tilting module T4 such that End T4 = KA(A,,), see also (VI1.3.6).

Now we illustrate the statements of the preceding theorem with m = 8
with an example.
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2.6. Example. Let H = KA(Ag) be the path algebra of the quiver

1 2 3 4 5 6 7 8
A(Ag): o el el o o o ) °.

Then the Auslander—Reiten quiver I'(mod H) of H is the cone C(P(8)) of
depth 8

1,1 My o Ms 3 My 4 Ms 5 Ms g My 7

\/\/\/‘\/\/‘\f\/

M o My 3 Ms 4 My s Ms 6 Me 7 Mz g

NN NSNS NS NS

M 3 Mo 4 Ms; 5 My Ms 7 Me g

NN SN NS NS

My 4 My 5 M3 My 7 Ms g

N AN SN NS

M 5 My Ms 7 My g

NSNS NS

Mg My 7 M3 g

NSNS

M 7 My g

NS

P(8)= M3

determined by the unique projective-injective H-module

Recall that My ; = P(j), M;s = I(j), and M, ; = S(j), for all j €
{1,2,3,4,5,6,7,8}, and consider the following eight indecomposable H-
modules
To=Mg=P(®),T1 =M =S(1), T = M3g = 1(3), T3 = Mg g = S(8),
Ty=Mzg, T5=DM33=2S03), To=Msg, and Tr=M;55=S(5).

One easily checks that the tilting vanishing condition Hompy (T;, 7#T;) = 0
holds, for all 4,5 € {1,2,3,4,5,6,7,8}. It then follows that

Th=TyeThohol:oTyeT:dTs T ®Ts

is a tilting H-module, and the associated tilted algebra H = End Ty is
given by the bound quiver £ = (L, I), where L is the quiver
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bound by three zero relations aff = 0, yo = 0, and £§ = 0. Obviously,
L is a branch of capacity 8, the algebra B is isomorphic with the algebra
A" = A(X,3,1) of Example (1.10), the vertex 6 is the extension vertex of
the algebra A’ = A(X,3,1), and 0 is the germ vertex of the branch L.
Therefore, the torsion-free part Fp and the torsion part Tp of the torsion
pair (7p, Fp) in mod B = mod A" determined by the tilting module T are
visible in (1.10).

The previous theorem implies the necessity part of Theorem (2.2) which
is the main result of this section. For the proof of the sufficiency part, we
need the following theorem showing that any branch algebra K L of a branch
L of capacity n is a tilted algebra of the equioriented type A(A,,).

2.7. Theorem. Assume that A= KL = KL/I is a branch algebra of a
branch L = (L,I) of capacity n > 1. Let 0 be the germ vertex of the branch
L. Then there exist an integer r > 0, an increasing sequence of integers
mo <mp <...<m, =n, and a finite sequence of algebras

Ao, Aty A=A

with the following properties.
(i) Ag=KA(Ay,) is the path algebra of the equioriented quiver A(Ay,,),
for some mg € {1,2,... ,n}.
(ii) For each j € {1,2,...,r}, the algebra A; is a tilted algebra of the
equioriented type A(A,,;) and

A;j = KLY

is the branch algebra of a branch £9) = (LW, 1)) of capacity m;.
(i) For each j € {1,2,...,r}, the algebra A; is a finite line extension

Aj=A; (XY 550, t5)

of the algebra A;_1 by a torsion-free admissible finite ray A;_1-
module X9 witht; > 0 and the ray of length s x) in T'(mod A;_).
Moreover,
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[ ] mj:1+mj_1+tj :m0+j+t1+...+tj,

e n=m,=mo+r+t1+...+1t
and the germ vertex 09) of the branch L£Y) of Aj is the minimal
vertex m; of the quiver A(A,,;), that is, the germ vertex of the
quiver A(A,,;), viewed as a branch.

(iv) For each j € {1,2,...,r}, the Auslander-Reiten quiver I'(mod A,)

of Aj is a standard translation quiver and I'(mod A;) is a finite
rectangle insertion of I'(mod A;_1).

Proof. We fix an integer n > 1. Assume that A = KL = KL/I is a
branch algebra of a branch £ = (L, I) of capacity n > 1, and let 0 be the
germ vertex of the branch £. It follows from the Definition (2.1) that there
is a maximal linear full convex subquiver L(®) of L of the form

O, °Tore fwgm v 3
B B B B B
starting from the germ vertex 0 of L and consisting of the (-arrows of L,
where mg € {1,...,n}. Obviously, the quiver L(®) is isomorphic to the

equioriented quiver A(A,,,) (2.2).

Consider the branch £ = (L) 1) of capacity mg > 1 with the germ
vertex a,,, = 0, where we set I(®) = (0). Let Ay = KL be the branch
algebra of £(°). Note that Ag = K£© = KL© is the path algebra of the
quiver L9 because I(©) is the zero ideal of K L(©).

It is easy to see that

e the Auslander—Reiten quiver I'(mod Ag) of Ay is the cone C(P(am,))
of depth mg determined by the unique indecomposable projective-
injective Ag-module P(am,,) = I(a1), see (2.4),

e the indecomposable injective Ag-modules form the unique section

Yo : I(al) — I(ag) A 4 I(a/mo—l) — I(amo) = S(amo)

of I'(mod Ag) of the equioriented type A(A,,,),

e all indecomposable Ag-modules are Ag-torsion-free, in the sense of
(2.5),

e the translation quiver I'(mod Ap) is standard, that is, the category
ind Ag of indecomposable Ag-modules is equivalent to the mesh cat-
egory KT'(mod Ag) = KC(P(am,)) of I'(mod Ag) = C(P(am,)), by
(2.9)

e the simple Ag-modules S(a1),S(as),...,S(am,) = I(am,) coincide
with the finite ray modules in I'(mod Ag), and

e cach of the simple Ag-modules S(ay), S(az),...,S(am,) = I(am,)
is an admissible finite ray module, in the sense of (2.5).



94 CHAPTER XVI. BRANCH ALGEBRAS

Now we proceed to the proof of the theorem by induction on n — my.
If n = mg, we are done, because

L=Lyand A= KL =KLO =KLO = 4.

Assume that n —mg > 1. It follows that L # L) and the quiver L
contains a maximal full convex subquiver A of the form

bt41 by be—1 b2 b1
o o oO——...... o o
B B B B B
A : «@
)
a
such that
e 12>0,
e the vertex by is a sink of the quiver L,
e the vertex b,y is a source of L, and
e each of the vertices b;,b;_1,... ,b3, bs has precisely two neighbours
in L, that is, the arrows of A are the only arrows of L starting or
ending at the vertices by41,by, ... ,b2,01.

Let £V = (LY,IV) be the branch obtained from £ by removing the
subquiver

b1 by bi—1 bo by
(e ) O—— ...... O O.

B B B B B
Note that germ vertex 0 of the branch £ remains the germ vertex of the
branch £V, the branch £ contains the branch £(°), and the capacity of £V
equals n —t — 1. It follows that the inductive hypothesis applies to the
associated branch algebra

A =KLV = KLY/IY,

because the assumption t +1 > 0 yields n —t — 1 — mg < n — my.

By the inductive hypothesis, there exist an integer r; > 0, an increasing
finite sequence of integers mo < m; < ... < my, =n —t—1, and a finite
sequence of algebras

Ag=KA(A,,), Ar,... A, =AY
such that the conditions (ii)—(iv) of the theorem are satisfied, with » and
interchanged. In particular, for each j € {1,2,...,r1}, the algebra A; is a
finite line extension

Aj=A; 1(XD sx6),t5)
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of the algebra A;_; by a torsion-free admissible finite ray A;_;-module
X0 with t; > 0 and the ray of length sy() in I'(mod A;_1). Moreover,
mj :1+mj,1+tj :m()—‘rj—f—tl-’--l-tj

Hence, the ordinary quiver Qa; = LY of A; is obtained from the quiver
Qa,_, = LU=V of A;_; by adding the extension vertex 0) of the one-point
extension algebra

Al (XD sx60,t5) = (Aj-1 x HO)XD @ P(t) 0]

as follows

S oW N N 20) 1)
J J
\o o o o o,
& /

where tgj ) = t;, H () is the path algebra of the linear subquiver

9 20) 1)
[©] (¢] e (e] [e]

)

of LU, P(tgj))H(j) is the unique projective-injective H)-module, and we
set HO) =0, and P(t7) gy = 0, if t; = 0.
Further, for each j € {1,2,... ,71}, we have

o the Auslander—Reiten quiver I'(mod A;) of A, is a standard transla-
tion quiver and I'(mod A;) is a finite rectangle insertion that creates
1+ t; additional finite rays in I'(mod A,_1), with injective targets,
as described in (2.8),

e every torsion-free finite ray module in I'(mod A;), except the simple
HU)-module XU is either a finite ray module in I'(mod A;_;) or
is the module X = (K, X 1),

e the unique section ¥; of I'(mod A;) of type A(A,,,) is obtained
from the unique section 33;_; of T'(mod A;_1) of type A(A,,_,) by
inserting the quiver A(Ay, 41), and

e the source of the section X; is the indecomposable projective A;-
module P(O(j))Aj at the germ vertex 0U) of £U), and the target of
¥; is the indecomposable injective A;-module I(O(j))Aj at the germ

vertex 0U) by (2.3).

Weset r=1+r;. Thenry =7 —1, A,_1 = A,, and, by the inductive
hypothesis, we may assume that every torsion-free finite ray module in
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I'(mod A,_1) = T'(mod A,,) is admissible and is one of the following two
forms:

1° The simple module over one of the hereditary algebras
HO = Ay, qHO . HTD,

except the simple modules in the family X, x® = x=1),

2° For each j € {1,...,r — 1}, the module Y(]) = (K, XYW 1) over
the finite line extension algebra A; = Aj_l(X(j), Sx,tj), provided
Y(]) is not taken for the extension ray module X ) for some s > j.

Assume that the unique section ¥, _1 of I'(mod A,_1) of the equioriented
type A(A,,,_,) is of the form

Ny No N3 NmT71,1 — N,

r—1"°

Then the class of torsion-free modules of I'(mod A,_1) coincides with the
class of modules of the form 73  Nj, with s > 0 and j € {1,... ,m,_1}.

Let H(™ be the path algebra of the subquiver

by bi_1 ba b1
[¢] O—— ... .. [¢] O.
B B B B
of the quiver L defining the branch L.

We set t, = t and we denote by P(b;,) the unique indecomposable
projective-injective H(")-module, if ¢, > 0; otherwise, we set H") = 0
and P(b;,) = 0.

Then the radical rad P(b;41) of the indecomposable projective A-module
P(bs11) at the vertex byyq of the quiver L has a decomposition

rad P(bi1) = X @ P(b,),

where X (") is a uniserial A, _1-module such that X(T)/rad X g isomorphic
to the simple A,_;-module at the vertex a of LY. Observe that a is a source
of the branch L= = £V = (L, I") defining the algebra A4, ; = AV.
By the preceding observations, we have
e the module X" is a simple module over some of the hereditary
algebras HO) = Ay, H® ... H=Y or
e X is a module of the form X" = (K, X 1) over the finite
line extension algebra A; = Aj,l(X(j),sX(,-),tj) of the sequence
Ag, A1,... A1 = AV of line extensions leading from the heredi-
tary algebra Ag = KA(A,,,) to the algebra A,_; = AV.
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Because the vertex a is a source of the quiver L™ = LY and X is not

a module X

taken for the extension ray module of a finite line extension
A=A 1 (XY, 5500, 1),

for some i € {1,...,r — 1} then, by the inductive hypothesis, X(") is a
torsion-free admissible finite ray module in I'(mod A,_;), with a ray of
length sy . It follows that A = A, is a finite line extension of A,_; of the
form

A=A, = A1 (XD sy t) = (A1 x HOYXT @ P(by,)].
Let

X = X, X, X, Xoo1 — X,, (%)

with s = sy, be the unique finite ray in I'(mod A,_;) starting at X ().
Because X (") is a torsion-free module in T'(mod A,_;), in the sense of (2.5),
then X(") is a predecessor of the section X,_; of I'(mod A,_1). Tt follows
that the section X, of I'(mod A,.) contains exactly one module of the ray
(%) starting at X(); say a module

N, = X,.

By (2.9), the Auslander—Reiten quiver I'(mod A) = I'(mod 4,) of A = A,
is obtained from I'(mod A,_1) by a finite rectangle insertion procedure de-
scribed in (2.8). Hence we conclude that I'(mod A) admits a section %, of
the form

Ni— ... 92N, = Zyy = ... 22y - Xg = Npy1 — ... = Ny,

obtained from the section X,._; by inserting ¢ + 1 = ¢, + 1 modules.
Observe that n = m, =1+ m,, +1, and

X, = A(Amr) = A(An)v

because X1 = A(A,,,_, ), the section ¥,._; is of length m,_; and n is the
capacity of the branch

L£L=L" = (L0 1),

Moreover, by (2.9), the category ind A = ind A4, of indecomposable A-
modules is equivalent to the mesh category KT'(mod A) of I'(mod A). We
also note that
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(a) the simple H(")-modules, together with the module

X" = (K, x™, 1),
form a complete set of the isomorphism classes of indecomposable
finite ray A-modules, that are not A,_;-modules,

(b) each of the modules listed in (a) is an admissible finite ray module,

(¢) T'(mod A) admits exactly n = m, finite rays starting from torsion-
free finite ray modules and containing all modules of I'(mod A).

The statement (c) follows from the iterated finite line extension procedure
leading from the hereditary algebra Ag to the algebra A, = A.

Now we show that the section X, of type A(A,,) is a faithful section of
the Auslander—Reiten quiver I'(mod A) of A = A,. We recall that

e n =1k Ky(A) is the rank of the Grothendieck group Ky(A) of A,

e the number of pairwise non-isomorphic indecomposable modules ly-
ing on ¥, equals n,

e every indecomposable injective A-module is a successor of X, in
I'(mod A), and

e every indecomposable projective A-module is a predecessor of ¥,. in
the quiver I'(mod A).

Let T be the direct sum of all the indecomposable modules lying on the
section ¥,.. We show that T is a faithful A-module, by showing that the
module A4 is cogenerated by T4. Let P be an indecomposable projective
A-module and let u : P —— FE(P) be an injective envelope of P in mod A.
By the preceding observations, u admits a factorisation

P —"  E(P)

g\( /(f
M

in mod A, where M is a module in addT'4. It follows that g : P — M is a
monomorphism, because the map u is injective. This shows that the module
A4 is cogenerated by T4. Hence, by (VI.2.2), T4 is a faithful A-module and,
equivalently, 3, is a faithful section of the quiver I'(mod A).

Because T' is a direct sum of indecomposable modules lying on the section
Y, of T'(mod A), then I'(mod A) is directed and, hence, Hom 4 (T4, 74Ta) =
0. Hence, by the criterion (VIIL.5.6) and the observations made above, we
conclude that

e T4 is a tilting A-module,
e the algebra B = End T4 is isomorphic to the path algebra KA(A,,)
of the equioriented quiver A(A,,),
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o T* = D(T4) is a tilting B-module such that A = End T}, and
e the quiver I'(mod A) is the connecting component Cr+ determined
by the module T™*.

In particular, A is a tilted algebra of the equioriented type A(A,). This
finishes the proof of the theorem. d

As a consequence of the preceding proof, we get an inductive description
of the Auslander—Reiten quiver I'(mod A) of any tilted algebra A of the

equioriented type A(A,,) : beBe B

2.8. Corollary. Assume that A is a tilted algebra of the equioriented
type AA,), with n > 1. There exists a hereditary algebra

H=KA(A,,), with m <n,

such that the Auslander—Reiten translation quiver I'(mod A) of A is obtained
from the quiver T'(mod H) of H by a sequence of finite rectangle insertions.

Proof. By (2.3), any tilted algebra A of the equioriented type A(A,)
is isomorphic to a branch algebra K£. Then Theorem (2.7) and its proof
apply. O

2.9. Proof of Theorem 2.2. The implication (a)=(d) is a consequence
of Theorem (2.3)(i), and the converse implication (d)=-(a) follows from
Theorem (2.7). The implications (a)=-(b) and (a)=-(c) follow from Theorem
(2.3) and Corollary (2.4).

To prove the implication (b)=-(a), assume that the Auslander—Reiten
translation quiver I'(mod A) of A is finite and admits precisely one section
Y that is isomorphic to the equioriented linear quiver A(A,,). Let T4 be the
direct sum of all modules in the section ¥. By applying the same type of
arguments as in the proof of Theorem (2.7), we show that right A-module T’
is faithful. Then, by (VIIL.5.6), T4 is a tilting A-module, the tilted algebra
H = End T}y is isomorphic to the path algebra K A(A,,) of A(A,,), and there
is a tilting H-module T7; such that

A~ EndT}.

Then A is a tilted algebra of the equioriented type A(A,) and (a) follows.
To prove the implication (¢)=-(a), assume that mod A admits a multipli-
city-free tilting module T4 such that the algebra

H =FEndTy4

is isomorphic to the path algebra KA(A,) of A(A,). Then, by (VI.3.3),
g T is a left tilting H-module in mod H and

A= (EndgT)°? = End (T%).
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This shows that A is a tilted algebra of type A(A,,) and (a) follows.

Because the implication (d)=(e) is a consequence of Theorem (2.7)(e),
and the converse implication (e)=-(d) is obvious, then the proof of Theorem
(2.2) is complete. O

XVI1.3. Exercises

1. Describe all branches of capacity 15.
2. Let A be an algebra given by the quiver
(0] o
N < -

bound by three zero relations af = 0, yo = 0, and £&n = 0. Find a tilting
module over the path algebra H = KA(A;;) such that A = End Ty, where
A(Aq7) is the equioriented quiver (2.2) with n = 11.

3. Assume that A is an algebra given by the quiver

bound by six zero relations a8 =0, yo =0, {én =0, pyp =0, vp = 0, and
wd = 0. Find a tilting module over the path algebra H = KA(A;7) such
that

A EndTH,
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where A(A17) is the equioriented quiver (1.2) with n = 17.

4. Let n > 2 be an integer and let H, = KA(A,,) be the path algebra
of the equioriented quiver A(A,) (2.2). Show that the Auslander-Reiten
quiver I{mod H,,) of H, admits at least n different sections.

5. Let A be a tilted algebra of the equioriented type A(A,) (2.2). Prove
that the Auslander—Reiten quiver I'(mod A) of A has precisely one section if

and only if there is a pair of indecomposable projective-injective A-modules
P(i1) and I(i2) such that

P(i1)/rad P(i1) = soc I(iz).

6. Let A = KQ be the path algebra of the quiver

X P
N
\/

bound by two zero relations a5 = 0 and yo = 0. We recall from (1.10) that
A is a tilted algebra of the equioriented type A(Ag), see (2.2).

Show that the Auslander—Reiten quiver I'(mod A) of A has precisely one
section. Hint: Apply (1.10) or Exercise 5.

7. Let A’ = K(Q' be the path algebra of the quiver
o
o N
\ /’
\ /'

bound by three zero relations a8 = 0, yo = 0, and £§ = 0. We recall from
(1.10) that A’ is a tilted algebra of the equioriented type A(Ag), see (2.2).

Show that the Auslander—Reiten quiver I'(mod A’) of A’ has precisely
one section. Hint: Apply Exercise 5.
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8. Let B = K@ be the path algebra of the quiver

e

LI
S
S A

bound by three zero relations a8 = 0, yo = 0, and £&n = 0. Prove that the
Auslander—Reiten quiver I'(mod A”) of A’ has precisely two sections.



Chapter XVII

Tilted algebras of Euclidean type

We have already described in Chapter XII the structure and the combi-
natorial invariants of the module categories mod A of concealed algebras A
of Euclidean type, while in Chapter XIV we give a complete classification
of these algebras A by means of quivers and relations.

The main objective of this chapter is to describe the structure and the
combinatorial invariants of the module category mod B of an arbitrary
representation-infinite tilted algebra B of Euclidean type. Moreover, we
show that these algebras B are domestic branch extensions or domestic
branch coextensions of concealed algebras A of Euclidean type. In Sec-
tion 1, we study the distribution of indecomposable direct summands of a
splitting tilting module among the hereditary standard stable tubes of the
Auslander—Reiten quiver I'(mod B) of an arbitrary algebra B, while in Sec-
tion 2 we show how the structure of the hereditary standard stable tubes in
I'(mod B) is changed under the related tilting process of B.

The main result of Section 3 asserts that every representation-infinite
tilted algebra B of Euclidean type is a domestic tubular (branch) exten-
sion or a domestic tubular (branch) coextension of a concealed algebra A of
Euclidean type. The inverse implication is proved in Section 4 by show-
ing that every domestic tubular (branch) extension and every domestic
tubular (branch) coextension of a concealed algebra of Euclidean type is
a representation-infinite tilted algebra of Euclidean type.

In Section 5, we present a characterisation of representation-infinite tilted
algebras B of Euclidean type, and we exhibit their module categories mod B.
We also show that the number of the isomorphism classes of basic tilted
algebras B of any fixed Euclidean type is finite.

In the final Section 6, we show that the module category mod B of an
arbitrary tilted algebra B of Euclidean type is link controlled by the Euler
quadratic form

qB - Ko(B> — 7

of the algebra B, where Ky(B) = Z" is the Grothendieck group of B and
n > 1 is the number of pairwise non-isomorphic simple B-modules.

103
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XVII.1. Stone cones in hereditary standard
stable tubes

Throughout this section, we assume that A is an arbitrary algebra, n =
rk Ko(A) is the rank of the Grothendieck group of A, and

T ={T\}rea (1.1)

is a A-family of standard stable tubes of the Auslander—Reiten quiver
M(mod A) of A, where A is a non-empty index set. Given a tube Ty, we
denote by ry > 1 the rank of 7.

Throughout we need the following definition.

1.2. Definition. Let A be an algebra. An A-module N is defined to be
a stone, if N is indecomposable and Ext} (N, N) = 0.

In the literature, the stone modules (introduced by Kerner in [346]) are
also called rigid modules, or exceptional modules.

It is clear that every indecomposable direct summand N of a partial tilt-
ing A-module T is a stone. We recall from (XI.3.3) that, for any concealed
algebra B of Euclidean type, all tubes in I{mod B) are hereditary.

The main objective of this section is to study stone cones in a hereditary
standard stable tube 7, and their connection with partial tilting A-modules
in the abelian subcategory add 7, of mod A.

Throughout, we assume that 7 is a fixed hereditary standard stable
tube of the A-family T (1.1), » = ry is the rank of 7, and the modules
Eq, Es, ..., E, lying on the mouth of 7 form a 74-cycle (E1, Es, ..., E,),
that is, they are ordered in such a way that

TaEy 2 B, a3 2 FEs, ... ,TAE, 2 E,._1,TAF1 2 E,.

Because Ty is a hereditary standard stable tube of rank r = 7 in I{mod A),
then

e the modules Fy, Es, ... , E, are pairwise orthogonal bricks in mod A,

e the additive subcategory add T, of mod A is hereditary; in particular
Ext? (E;, E;) = 0, for each pair 4,5 € {1,2,...,r},

e the category add T, has the extension category form

add’]}\ :gXTA(El,E27... ,ET). (1.3)

Therefore add T, is an abelian category and the modules Fy, ... , E,
form a complete set of pairwise non-isomorphic simple objects of the
category add T, see (X.2.1) and (X.2.6),

e any indecomposable object X of T, is a uniserial object of the cate-
gory add Ty of the form X = F;[j], with j > 1 and i € {1,2,...,7},

e the module E; = E;[1] is the unique simple subobject of X & E;[],
and j is the length ¢,(X) of X = E;[j] in add 7.
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The length £, (X) of an object X in the uniserial abelian category add 7} is
called the Ty-length of the A-module X.

Here we freely use the terminology and notation introduced in (X.2.2).
In particular, we assume that the indecomposable objects of the category
add Ty = EXTa(F1, Ea, ..., E,) are the objects E;[j], with j > 1 and
i€{1,2,...,r}, constructed in (X.2.2). Here we set

El[l] = El, EQ[l] = EQ, e ,Er[].} = ET, and Ei—l—kr[” = Ez[l],

foralli e {1,2,...,r} and k € Z.

For any indecomposable A-module M 2 E;[j] we denote by C(M) the
cone in the tube 7, determined by M in the sense of (XV.1.4). The cone
C(M) is called a stone cone if all A-modules in C(M) are stones.

In the notation of (XV.1.3), given j > 1 and i € {1,2,... ,r}, the cone
C(E;[j]) determined by the module E;[j] of the tube 7\ consists of the
indecomposable A-modules Es[u], with s € {i,i +1,...,i+j — 1} and
u<i4+75—s.

Given a module M 22 E;[j], we visualise the cone C(M) = C(E;[j]) as the
diagram

Ei[1] Eiy1[1] Eiya[1] - Eipjl]  Eiyjal]

/‘ \1+1 2 Z}Hl & /‘ yﬁjilz/p‘wrjfz,z
E;i[2] Ei[2] K - Eiyj—2[2]
N

VTR /

E;[3] (1.4)

E; []*1] Ei1[j-1]

Y(U Z}ij
M = E;[j]

where
we set F;[1] = Ejyp[1], for all k € Z,
the module M = F;[j] is the germ of the cone C(M),
all the arrows pointing down represent monomorphisms,
all the arrows pointing up represent epimorphisms, and
each of the squares represents an almost split sequence (as well as
each of the triangles on the top).

We start with three technical lemmata.
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1.5. Lemma. Let A be an algebra and let Ty be a hereditary tube in
I'(mod A). For any pair of modules M and N in add Ty, there exist K-
linear isomorphisms

DHom 4 (N, 74 M) = Ext} (M, N) =2 DHom 4(7,'N, M)

that are functorial with respect to homomorphisms M — M’ and N — N’
of A-modules.

Proof. By our assumption, pd X < 1 and id X < 1, for any module X
in add 7). Then the lemma follows from (IV.2.14). O

1.6. Lemma. Let A be an algebra and M an indecomposable A-module
in a hereditary standard stable tube Ty of I'(mod A) of rank ry > 1. The
following conditions are equivalent.

(a) M is a stone.

(b) The cone C(M) (1.4) determined by M is a stone cone.

(c) There exists a module E;[j] of (X.2.2), with the indicesi€{1,... , T}
and j € {1,...,r\—1}, such that M = E;[j].

(d) rx > 2 and M is a brick such that {x(M) < ry — 1, where £x(M) is
the Tx-length of M in add Ty.

(e) There is an equivalence of categories addC(M) = mod KA(A,,),
where m = €x(M).

Proof. Assume that M is an indecomposable A-module in a hereditary
standard stable tube Ty of I'(mod A). By (X.2.2), there exist indices i €
{1,...,rx} and j > 1, and an isomorphism M 2 E;[j] of A-modules, where
ry > 1 is the rank of the tube 7.

Because the tube T is standard, the full subcategory of mod A formed
by the modules in 7, is equivalent to mesh category K (7,) of 7. By (1.5),
for any indecomposable module X in 7y, the equality Ext! (X, X) = 0 is
equivalent to the equality Hom 4(X,74X) = 0. Hence we conclude that
the A-module M = E;[j], with ¢ € {1,...,7\}, is a stone if and only if
j€{1,...,rx=1}. Moreover, if an A-module F[u] lies in the cone C(E;[j])
theni < s<i+j—1and u <i+j—s. It follows that the conditions (a),
(b), (¢), and (d) are equivalent.

To prove that (c¢) implies (e), it is enough to note that £y(M) < ry — 1
and the tube T, is standard.

To finish the proof, we note that the implication (e)=-(a) follows from
the fact that the existence of an equivalence of categories addC(M) =
mod KA(A,,) implies the equality Extl, (M, M) = 0. O

The upper bound ¢)(M) < ry — 1 given in (1.6)(d) for the Ty-length of
stones M in T, is the best possible, because any indecomposable module X
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in 7, such that £,(X) = r) is a brick and
Ext! (X, X) = Hom (X, 74X) = K.

The full translation subquiver Cr(7{) of a hereditary tube T, formed by
the stone modules is defined to be a stone crown of 7). It follows from
(1.6) that the stone crown of Ty consists of the indecomposable A-modules
M in Ty such that £5(M) <7y — 1. Note that any tube T, of rank one has
no stone modules.

1.7. Lemma. Let A be an algebra and Ty a hereditary standard stable
tube in I'(mod A). For any pair of indecomposable A-modules M and N in
add 7y such that

Exth(M @& N,M @ N) =0,
one of the following three conditions is satisfied:
(a) C(M)CC(N),
(b)  C(M)2C(N), or
(¢) C(M)NC(N)=0, C(M)NTAC(N) =0, and C(N)NTAC(M) = 0.

Proof. Because the modules M and N are in 7,, there exist indices
i,s € {l,...,r} and j,u > 1, and isomorphisms of A-modules

M = E;[j] and N 2 Eglu).

Moreover, we have TAC(M) = C(taM) and T4C(N) = C(taN). In view of
(1.5), our assumption yields

DHom (M & N,7aM @ 7aN) = ExtYy (M & N,M @ N) = 0.

Hence, the modules M and N are stones such that
Homy (M, 74N) =0 and Homa (N, 74M) = 0.

It follows from (1.6) that M = E;[j], N & E4u], and i,s € {1,...,r},
juef{l,...,r—1}

We assume that the inclusions C(M) C C(N) and C(M) 2 C(N) do not
hold; and we prove that the three conditions listed in (c) are satisfied.

First we observe that the inequality C(M) N C(N) # 0, implies that
C(M) N7aC(N) # 0, or C(N) N 74C(M) # 0. Indeed, the assumption
yields 5 > 2, u > 2 and, hence, C(M) N C(N) contains a module Ej[1]
such that the module 74 Ey[1] & Ej_1[1] belongs to C(M), or the module
TaER[1] = Ek_1[1] belongs to C(N); and our claim follows.

Suppose that C(M)NT4C(N) # 0. Then there exist p € {0,1,...,5—1}
and ¢ € {1,...,u} such that E;;,[j-p] = Es—1[q] = TaE;[q]. Because the
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tube 7, is standard, there is an epimorphism f : E;[j] — E;4,[j-p] and
a monomorphism g : Es_1[q] — Fs_1[u] = 7aFE4[u]. Consequently, the
composite homomorphism gf € Hom4(E;[j], TaEs[u]) = Homa (M, 74N) is
non-zero, and we get a contradiction. This shows that C(M)N74C(N) = 0.
Analogously, the equality Hom 4 (N, 74 M) = 0 yields C(N) N 74C(M)

This completes the proof of the lemma. 0

1.8. Lemma. Assume that A is an algebra, Ty is a hereditary standard
stable tube of I'(mod A), and M is a stone in Tx. Let {Xi,...,X,} be
an arbitrary non-empty family of pairwise non-isomorphic indecomposable
modules in the cone C(M) determined by M such that the module X =
X16...8 X, has no self-extensions, that is, ExtY (X, X) = 0. Then

p < depthC(M),
where depth C(M) is the depth of the cone C(M).

Proof. Assume that M is a stone in 7\ and {X;,...,X,} is a fixed
non-empty family of pairwise non-isomorphic indecomposable modules in
the cone C(M) such that Extl(X,X) = 0, where X = X; @& ... ® X,.
By (1.5), the equality Extl(X,X) = 0 is equivalent to the equalities
Ext! (X;,74X;) =0, for all 4,5 € {1,... ,p}.

Let H = KA(A,,) be the path algebra KA(A,,) of the equioriented
quiver A(A,,) : b«—38+—...«—8 where m = depth C(M). Because the
tube T, is standard and the module M is a stone in 7 then, by (1.6), there
is an equivalence of categories

F:addC(M) —— mod H.

Foreachj € {1,...,p}, weset Y; = F(X;). Then the H-modules Y7, ...,Y,
are indecomposable, pairwise non-isomorphic, and ¥ =Y, © ... @Y, is a
partial tilting H-module. Hence, by applying (VI.4.4), we get the required
inequality p < m, because m = rk Ko(H) is the rank of the Grothendieck
group Ko(H) of the algebra H = KA(A,,). O

XVII.2. Tilting with hereditary standard
stable tubes

We show in this section how the shape of a hereditary standard stable
tube Ty of the Auslander—Reiten quiver I'(mod A) of an algebra A changes
when we pass from A to a tilted algebra B = EndT4 defined by a splitting
tilting A-module T4 with non-zero direct summand in add 7.

2.1. Proposition. Assume that A is an algebra and M is an indecom-
posable module of Tx-length m = £x(M) in a hereditary standard stable
tube Ty of T'(mod A). If Ty is a tilting A-module such that M is a direct
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summand of Ta, then Ta admits exactly m = €x(M) indecomposable direct
summands lying in the cone C(M) (1.4) of Tx determined by M.

Proof. Assume that T4 is a tilting A-module such that M is a di-
rect summand of T4. It follows that the module M is a stone, because
Ext!(Ta,T4) =0 and M is an indecomposable direct summand of T4. By
(1.6), M = M;[m], where i € {1,...,ra}, m = O\(M) € {1,...,ry — 1},
and ry > 1 is the rank of the tube 7.

Assume that X,,...,X,_1,X, = M are all indecomposable direct sum-
mands of T4 lying in the cone C(M), and set

X=X1®...0X,.

The equality Exth (T4, T4) = 0 yields Hom4 (X, X) = 0. Hence, by apply-
ing (1.8), we get p < m = £\(M).

Now we prove that p = m. Assume, to the contrary, that p < m —1. Let
H = KA(A,,) be the path algebra KA(A,,) of the equioriented quiver

A(Ap) : b3 ... «8.

Because the tube T, is standard, the module M is a stone in 7T, and m =
lx(M) = depthC(M) then, according to (1.6), there is an equivalence of
categories

F:addC(M) —— mod H.

Foreachj € {1,... ,p}, wesetY; = F(X;). Then the H-modules Y, ...,Y,
are indecomposable, pairwise non-isomorphic, and Y, = F(X,) = F(M)
is isomorphic to the unique indecomposable projective-injective H-module.
By (1.5), the equality Extl(X,X) = 0 is equivalent to the equalities
Homa(X;,74aX;) = 0, for all 4,5 € {1,...,p}. Hence we get
Hom 4 (Y;, 7yY;) =0, for all 4,5 € {1,... ,p} and, consequently,

Ext} (Y,Y) = DHompy (Y, 75#Y) = 0.

This shows that Y =Y; @ ... @Y, is a partial tilting H-module.

Because we assume that p < m — 1, where m = rk Ko(H) is the rank
of the Grothendieck group Ko(H) of the algebra H = KA(A,,), then, by
Bongartz’s lemma (V1.2.4) and (VI.4.4), there exists an H-module V such
that Z = V @Y is a tilting H-module and V is a direct sum of pairwise

non-isomorphic indecomposable H-modules V1, ... ,V,, where ¢ = m —p.
Let Un,...,Uy be indecomposable A-modules in C(M) such that
Wi 2 F(U), ..., V, 2 F(U,).

Weset U = Ui ®...0U; and N = U®X. The equalities DHompy (Z, 7y Z) =
Extl(Z,Z) = 0 yield Homy(Z,7yZ) = 0, and consequently we get
Ext! (N, N) = DHomu (N, 74N) = 0.
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By the choice of X, the tilting A-module has a decomposition T' = X &X',
where X’ is an A-module having no indecomposable direct summands lying
in the cone C(M).

We show that

T"=UsT

is a partial tilting A-module. To prove it, we note that U belongs to
addC(M), and hence pdaU < 1, because the tube T, is assumed to be
hereditary. Hence we conclude that pd4T7’ < 1, because T is a tilting
A-module. Then we have

e T'=U0T=No®X',

e Exty(N,N) =0, and

e Extl (X', X') =0,
because X’ is a direct summand of T'. Then, it remains to show that

Exty(U,X')=0 and ExtL(X',U)=0.

Assume, to the contrary, that Extl (U, X”)#0. Hence, by the Auslander—
Reiten formula (IV.2.13), we get Hom4 (X', 74U) # 0. It follows that there
isan s € {1,...,q} and an indecomposable direct summand L of X’ such
that Hom4 (L, 74Us) # 0. Because the module L is not in the cone C(M)
then, by applying (IV.5.1), we infer that there exists a module F;[j], with
j €{1,...,m}, lying on the left border of the cone C(M), see (1.4), such
that Homy (L, 74 E;[j]) # 0. On the other hand, the module 74 F;[j] =
E;_1[j] is isomorphic to a submodule of E;_1[m]| & 74 E;[m] & 7M. As
a consequence, we get Homa(L,74M) # 0. Because of the assumption
pdaM <1, (IV.2.14) yields

Ext} (M, L) 2 Homa (L, 7aM) # 0.
On the other hand, because each of the modules M and L is a direct sum-
mand of the tilting module 7', then Ext,(M, L) = 0, and we get a contra-
diction.

As a consequence, we get ExtY (U, X") = 0. Similarly, by applying the
inequality ida M < 1 and (IV.2.14), we prove that Extl (X', U) = 0.

Then, we have proved that 77 = U @ T is a partial tilting A-module.
Hence, by (VI.4.4), the number of pairwise non-isomorphic indecomposable
direct summands of T” is less than or equal to the rank n = rk K(A) of
the Grothendieck group Ky(A). On the other hand, by applying (VI1.4.4)
and the fact that T is a tilting module, we conclude that T" has exactly n =
rk Ko (A) pairwise non-isomorphic indecomposable direct summands. This
forces the module U to be a direct summand of 7" and we get a contradiction,
because the modules X1,... ,X,_1,X, = M are all indecomposable direct
summands of T4 lying in the cone C(M) and X; ¥ U;, for alli € {1,... ,p}
and j € {1,...,¢}. This finishes the proof. O
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Given a partial tilting A-module V' in mod A, we consider the following
two classes of A-modules
F(V) ={Ma; Homas(V,M) =0},
T(V) ={Ma; Exthy(V,M)=0}.
We recall from (VI.2.3) that (V) is a torsion-free class in mod A with a
torsion class Gen V', and 7T (V) is a torsion class in mod A with a torsion-free
class CogenTaV.
The following theorem is the main result of this section.

(2.2)

2.3. Theorem. Let A be an algebra and let Ty be a hereditary standard
stable tube of rank ry > 1 in T'(mod A). Assume that T4 is a splitting tilting
module in mod A with a decomposition

Tpo=UV

such that V € add Ty, V # 0, and Homa (75, U) = 0. Let T(T) and F(V)
be the classes defined in (2.2), and we set

B=EndT4 and C =EndUy,.

(a) The direct summand U of Ty is non-zero and dimgC > 1.

(b) T = Homa(T4, Tx N T(T)) is a standard ray tube of rank ry in
I'(mod B).

(¢) T =Homa(Ua, HNT(T)NF(V)) is a standard stable tube of rank
rx — sy in I'(mod C), where sy is the number of all pairwise non-
isomorphic indecomposable direct summands of V.

(d) The tube T is an iterated rectangle insertion of the stable tube Ty'.

(e) The algebra B is a T,'-tubular extension of the algebra C.

Proof. Assume that T is a tilting module in mod A with a decomposi-
tion T4 = U @V such that V € add 7y, V # 0, and Hom4 (U, 7») = 0. Fix
a decomposition

V=Vie...aV,
of the A-module V into pairwise non-isomorphic indecomposable A-modules
Vi,...,Vq, where ¢ > 1. Foreach j € {1,..., ¢}, we consider the cone C(V})
of T determined by Vj, and we denote by
m; = depth C(Vj;)
the depth of the cone C(Vj).
We view the family 2 = {C(V1),...,C(V,)} of cones of T, as a partially
ordered set, with respect to the inclusion.
Choose an integer p € {1,..., ¢} such that the subfamily
{C(Viy),-- . C(Vi,)}

‘P
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of QU consists of all maximal elements of 2. Without loss of generality, we
may suppose that i1 = 1,... ,i, = p, that is,

{C(Vi). .- C(Vi,)} = {C(V). ... .C(Vy)}.

Then, (1.7) and the choice of the subfamily {C(V4),...,C(V})} of 2 yield
e each of the indecomposable direct summands Vi, ..., V,, Vpi1, ..., Vg
of V belongs to one of the cones C(V1),...,C(V}),
eC(V,)NC(Vy) =0, and C(V;) N7aC(Vi) =0, for all 5,k € {1,... ,p}
such that j # k.
It follows from (2.1) that, for each j € {1, ... ,p}, the cone C(V;) consists
of mj = depthC(V;) indecomposable direct summands of V. We assume

that they are the modules Wl(j ), . ,Wéfj) =Vj, and we set
W, =W e, aWw

9.
;
It follows that
e the A-module V has the decomposition
V=WieW,d...e W,

e the module W; belongs to add C(Vj), for each j € {1,... ,p},

e m; is the number of the mouth modules of 7T lying in the cone
C(Vj), because m; = depth C(V}),

e the number sy of all pairwise non-isomorphic indecomposable direct
summands of V' has the form

Sy =mqp+ma+ ...+ my,

o Homy (W;, Wy) =0, for all 5,k € {1,... ,p} such that j # k, by the
choice of Vi,...,V, and the standardness of the tube 7.

It follows that, for each k € {1,...,p}, there exists an integer i, €
{1,...,7x} such that the A-modules E;,, E;, +1,- .. , Ei, +m,—1 are all mod-
ules of the cone C(V%) lying on the mouth of the tube 7.

Without loss of generality, we may suppose that i1 < ia... < ip. It
follows from (1.6) that my < r) — 1. Hence, we get

sy =mi+ma+...+my <ry—Dp,
because C(V;)NC(Vy) = 0, and C(V;)N7aC(Vy) =0, for all j,k € {1,... ,p}
such that j # k. In particular, this yields U # 0, dimgEnd U4 > 1, and (a)
follows.

To prove (b) and (c), we describe first the torsion part 7y N7 (T4) of the
standard stable tube 7,. We recall that

T(Ta) = {Ma; Extly(Ta, Ma) =0} = {Mya; Homa(M,7aT) = 0}.
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Because T=U®V,V € add Ty, V # 0, and Homy4 (U, 7,) = 0 then we get
AT (Ta) = AT (V).
By our assumption and notation, there are isomorphisms Vj, & E;, [m;] and
TAVi & E;, _1[my] of A-modules, for each k € {1,... ,p}.
Given k € {1,... ,p}, we consider the set
S ={ix —1,ig,... i +mg —2}.

It is easy to see that the modules E; = E;[1], with ¢ € 3y, are all modules
of the mouth of Ty lying in the cone C(74V}) = 74C(Vy). We set

S(V)=%USU...US, and  Q(V)={L,....m}\2(V),

and note that i, —2 € Q(V) and i, +my—1 € Q(V), for any k € {1,... ,p}.
Because T, is a standard stable tube of rank » = ry, > 1 with the mouth
modules Ey, Es, ..., E, then, for each k € {1,...,r}, there is a coray

(ci) o — B — [flE — ... — [2|E; — [1)E; = E;

ending at the coray module E;, where the irreducible morphisms corre-
sponding to the arrows [j+1]F; — [j] E; of the coray (c;) are surjective, see
(X.2.2) and (X.2.6).

Now we prove that, for each i € Q(V'), the coray (c;) is entirely contained
in the torsion part 7x N T (T4) = Tx N T (V) of the tube Tj.

Fix i € Q(V), j > 1, and consider the A-module X = [j]E; of the coray
(¢;). We recall from (X.2.2) and (X.2.6) that X is a uniserial object of the
abelian category

addf\ = SXE(ELEQ, . ,ET)
and E; = [1]E; is the unique simple quotient object of X in add 7. On the
other hand, for each k € {1,... ,p}, the modules E;, 1, F;,,... , Ei, tmy—2
are the simple composition factors of the objects in the cone

C(Eiy—1[mk]) = TaC(Vk).

Hence we conclude that Hom 4 (X,74Y) = 0, for any indecomposable mod-
ule Y in C(V}). In particular, we get Homa (X, Wy) = 0. It follows that
Homy (X, 74V) = 0, that is, the module X belongs to 7, N T(V), as we
required.

Next we prove that, for each &k € {1,...,p} and each i € ¥, if the
module X = [j]E; of the coray (c;) lies in the torsion part 7(V'), then X
lies in the cone C(V}). Assume, to the contrary, that X does not belong
to the cone C(Vj). There is a unique pair of integers u € {1,...,;j} and
t e {1,...,my} such that [u]E; = E;, _1[t]. If we set

Y = [ulE; = B, 1[t],
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then there exist an epimorphism f : X ——Y and a monomorphism
g : Y — E;, _1|mg]. Then the homomorphism g¢f : X — E;, _1[ms] is
non-zero. Because of the isomorphisms

Ei, —1[my] = TAE;, [mi] = 1AV,

we get Hom 4 (X, 74Vy) # 0. This implies that ExtY (V, X) # 0, because Vj
is a direct summand of V. Consequently, the module X does not belong
to the torsion part T (V'), contrary to our assumption. Hence we conclude
that i € Xp \ {ix — 1} and
X € C(Ei [mi-1]) € C(Ei, [mi]) = C(Vi),
as we claimed.
Fix an index k € {1,... ,p} and observe that the sectional path

Vi = Eik [mk] —>Eik+1[mk—1] — ... —>Eik+'rnk—2[2] —>Eik+mk—1[1]

in 7y is the common part of the cone C(V}) and the coray (¢;, ym, 1), and
it is contained in the torsion part 7T, N7 (T4) = TaxNT (V) of the tube Ty,
because i, +my — 1 € Q(V).

Now we show that

CVi)NT(V) =C(Vi) N T (Wg).
We recall that V = Wy @ Wy @ ... ® Wp, and the module W; belongs to
addC(Vj), for each j € {1,...,p}. Further, by the choice of the modules
Vi,eon Vp, we have C(V;) NC(V,) = 0, and C(V;) N 74C(V,,) = 0, for all
jyu € {l,...,p} such that j # u. Then, for each] e{1,...,p}\ {k} and
any X in C(Vy), we have
Exth (W}, X) = DHom4 (X, 74W;) = 0.

It follows that, for any module X in the cone C(Vj), the equality
Ext!(V,X) = 0 is equivalent to the equality Extl (W, X) = 0. Hence
the required equality C(V) N T (V) = C(Vi,) N T (Wy,) follows.

Summarising, we have proved that an indecomposable A-module Z be-
longs to the torsion part Ty N T(Ta) = Tx N T(V) of the tube T, if and
only if Z lies on a coray (¢;), with ¢ € Q(V'), or Z belongs to a torsion part
C(Vi;) N T(Wy) of the cone C(V}) with respect to a partial tilting module
Wy, € add C(Vy,), for some k € {1,...,p}.

By (1.6), in view of our choice of the modules Vi,...,V, and the stan-
dardness of the tube Ty, for each k € {1,...,p}, there exists an equivalence
of categories

Gy, : mod H,,, —— addC(V}),

where H,,, = KA(A,,, ) is the path algebra of the equioriented quiver
A(Ay,,) of length my, and my is the number of the mouth modules of Ty
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lying in the cone C(V}). Let ng), Rék), ceey Rsylf,)c be indecomposable modules
in mod H,,, such that

Gr(RY) = Wi, Gi(RYY) = Wi Gu(Ri) = W,

Then the H,,, -module
Ry=RP o RM @...0 R®)
is a tilting H,,,-module such that Gy (Ry) = W}, and C(Vi,) N'T (W) is the
image of the torsion part
T(Ry) = {Xu,,; Bxth, (R, X) =0}

of mod H,,, under the equivalence Gy. Moreover, the sectional path
Vi. = F; [mk] — Eik+1[mk—1] A 4 Eik+mk—2[2] — Eik+mk—1[1]

in 7T is isomorphic to the image, under the equivalence Gy, of the sectional
path

I(l)Hmk —)I(Q)Hmk —_— . I(mk_l)Hmk — I(mk)Hmk

in I'(mod H,,, ) formed by the indecomposable injective H,,, -modules. It

is clear that each of the modules I(1)p,, ..., (mk)m,, belongs to T (1)
and, hence, is generated by the tilting H,,,-module Ry, by (VI.2.5). It
follows that, for each s € {0,1,...,my — 1}, the A-module E;, +s[my—s] is

generated by the partial tilting module Wy, of add C(V).
Now we describe the part
TZANTTAHNFV)=TaNnT(V)NF(V)
of the stable tube 7). Recall that, for each ¢ € {1,...,r}, there is a ray
starting at the ray module F;, where the irreducible morphisms correspond-
ing to the arrows E;[j] — E;[j+1] of the ray (t;) are injective.
Fix an index k € {1,... ,p}. Then, for each s € {0,1,... ,m; — 1} and
j > my — s, there is a monomorphism E;, 4[mg—s] — Fy, +s[j]. It fol-
lows that Homa (Wy, E;, +s[j]) # 0, because the A-module E;, 4s[mg—s] is
generated by Wj. Because every module X in C(Vj) NT (W) is generated
by W}, then Hom4(Wy, X) # 0. Moreover, in view of the decomposition
V=W eWya...0W,, we get
FV)=FWi)NFWa)N...NnF(W,).
For each k € {1,... ,p}, we consider the set
O = {ik,ik+1,... ik + myg 71},
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and we set
OV)=06,U02U...U0O,.

Then, by applying the preceding description of the torsion part T,NT (T4) =
TaNT (V) of the tube Ty, we infer that T, N T (T4) N F(V) consists of all
modules lying on the corays (¢;), with ¢ € Q(V), except the modules lying
on the rays (t;), with j € ©(V).

Recall from Chapter VI that the tilting A-module T determines the
torsion pair (7(T"),F(T)) in mod A and the torsion pair (X(T),Y(T)) in
mod B, where

B=FndTy.
By the Brenner-Butler theorem (VI.3.8), we know that

e the functor Hom4 (T, —) induces an equivalence T(T) —— V(T),
while
e the functor Ext!y (T, —) induces an equivalence F(T) —— X(T).

Because the tilting module T is assumed to be splitting then, by (VI.5.2),
any almost split sequence in mod B lies entirely in either X' (T") or Y(T'), or
else it is of the form

0—Hom (T, I) — Hom (T, I /soc I)®Ext} (T, rad P) — Ext!, (T, P) —0,

where P is an indecomposable projective module not lying in addT" and I
is the indecomposable injective module such that P/rad P = soc .
Because the tube T, is stable then, for any indecomposable A-module X
lying in the torsion part 7, N7 (T) of Ty, the indecomposable B-module
Homa (T, X) is the left hand term of an almost split sequence in mod B
contained entirely in the torsion-free part Y(7T'). In particular, by (VI.5.3),
if
f

0 L M—2 N 0

is an almost split sequence in mod A, with L, M, and N in add T\ N T (7T),
then the induced exact sequence

0 — Homa (T, L) "0 gom (1, M) 2229 Hom (7, N) — 0

is an almost split sequence in mod B. Moreover, if h : X —— Y is an
irreducible morphism in mod A, with X and Y in add 7, N7 (T), then

Hom (T, f) : Homu (T, X) ——— Homu(7,Y)

is an irreducible morphism in mod B.
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Now we show that
T = HomA (T, TxNT(T))

is a standard ray tube of rank r = r in I'(mod B). Because the tube Ty is
hereditary then (X.2.2) applies and, for each i € {1,...,,r} and j > 1, we
have

e a canonical irreducible monomorphism w;; : E;[j-1] —— E;[j],

e a canonical irreducible epimorphism p;; : E;[j] — E;41[j-1], and

e two almost split sequences in mod A

0— Ej1] — Ef2] 2 E[1] —0

Ui, j+1
DPij

where we set E; . [1] = E;[1], for all k € Z.

Fix an index k € {1,... ,p}. Because iy —2 € Q(V) and i, +mi—1 € Q(V),
the corays (¢;,—2) and (¢;,4m,—1) are entirely contained in Ty N T (7).
Further, because the arrow E;, _1[my+1] —— F;, [ms] lies on the coray
(¢iy+my—1) and the module E; [my] is a direct summand of T', then the
indecomposable B-module Hom 4 (7, E;, [mx]) is projective, the homomor-
phism

DPi,j Uit1j .
] e tin) Ei1]j] —0,

Homa (T, pi,—1,mp+1) : Homa (T, E;, —1[my+1]) ———— Homa (T, E;, [m4])

is an irreducible morphism in mod B, and Hom (T, pi, —1,m,+1) is a mono-
morphism.

Note also that the indecomposable B-module Hom4 (T, E;, —1[mg+1]) is
not projective, because the A-module E;, _1[mg+1] is not isomorphic to a
direct summand of 7.

We show that the composite monomorphism

Ok = Uip—2.mp+2 - - - Wip—2,2 © Fiy—o[l] ——— Ej, _o[mi+2]

is a minimal left almost split morphism in 7(T). Let f : E;, _o[l]] —— Z
be a non-zero homomorphism, with Z in 7(T"), and assume that f is not a
section.

In case Z lies on the tube Ty, there is an isomorphism Z = E;, _s[j],
where j > my + 2, and therefore f admits a factorisation

Eik,Q[” ;) 7

(*) wk\ /‘f’

Eik—Z [mk+2]
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in mod A. In case Z does not lie on the tube Ty, (X.2.8) applies and the
homomorphism f admits a factorisation ().
Next we observe that there exist an irreducible epimorphism

Dip—2,mp+2 * Eik72[mk+2] —>Eik71[mk+1]a

and an exact sequence

Pip—2,mp+2
E—

0— Eik,Q[l] L Eik,g[mk-@] Eikfl[mk-f-l] — 0

in mod A. The induced exact sequence of B-modules

Hom 4 (T, 1
0 — Hom(T, Ei, _2[1]) "4 Hom o (T, By, _o[my+2])

Homa (T,pij, —2,my+2)

Homy (T, E;p —1[mg+1]) — 0

is then an almost split sequence in mod B.
For each j > 1, there is an exact sequence

Pk,j+1
W, j+1 . .
[ } (M+2+51Eiy 4mp—1 © [J]Ei,—2

Thj+1 Pk,j .
[ - : [mk+1+]]Eik+mk,1 —>07

(i) 0 ——[j+1]E;, 2

where

W jy1 ¢ [+ By —2 ————— [j]Ei, 2, and

Tttt [Me245] By -1 ———— [ma+14j] By 1my 1
are irreducible epimorphisms, and

Pt * [t]Eik,Q _— [mk+1+t]Eik+mk,1, with ¢ > 1,
is the composition of the corresponding irreducible monomorphisms. Note
that i1 = k.

An obvious induction on j > 1 shows that the exact sequence (7;) is
almost split in add 7y N 7(T). In the proof, we apply the fact that the
homomorphisms wy, j4+1, 7k j+1, and ¢y are irreducible morphisms in the

category add T, N T(T'). The details are left to the reader.
It is easy to see that

o if i + my # i1 — 1 then the almost split sequence
0— [1]Eik+mk—1 E— [Q]Eik-i‘mk — [1]Eik+mk —0

in mod A is also an almost split sequence in T (T,
e if 4 +my # ix+1 — 1 then, for each j > 1, the almost split sequence

0— [j+1]Eik+mk—1 — [j+2}Eik+mk D [j]Eik"rTVLk—l — [j+1]Eik+mk —0
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in mod A is also an almost split sequence in T (T'),
o if 451 +my_1 # i — 1 then the almost split sequence

0— [1]Eik—3 —_— [Q]Eik_g Emm— [1]Eik—2 —0

in mod A is also an almost split sequence in 7 (T"),
o ifip 1+myg_1 # ir—1 then, for each j > 1, the almost split sequence

0 —— [j+1]|E; -3 —— [1+2|E;, —2®[j]| Eip—3 — [j+1]E;,—oa ——0

in mod A is also an almost split sequence in 7 (7T),
o the functor Hom 4 (7', —) carries such an almost split sequence (7;)
in mod A to the almost split sequence Hom 4 (T, (n;)) in mod B, and
o Homu (T, M) = Homy (W, M), for any M in add C(V}).

We recall that, for each k € {1,... ,p}, the torsion part
C(Vie) NT(T) = C(Vi) N T (W)
is the image of the torsion part 7T (Ry) of the tilting module Ry, over the path

algebra H,,, = KA(A,,,) via the functor Gy, : mod H,,, —— addC(V}),
and the sectional path

Vi = Ei [mx] — Ei,pafmi-1] — ... — By, —2[2] — Eiy 4, —1[1]
in 7, is the image of the sectional path in I'(mod H,,, ) formed by the
indecomposable injective H,,,-modules.

For each k € {1,... ,p}, consider the algebra
Dk = EndA(Wk) = EHdA(Gk(Rk)) EndH (Rk)
It follows that Dy is a tilted algebra of type A(A,,,) given by the tilting
H,, -module Rk By (XVI1.2.2), Dy, is a branch algebra K£*) of a branch

LKk = (L(k) It ) of capamty my, with the germ vertex 0%) corresponding
to the direct summand Rmk such that G (R )) Wy(,fk) Vi. Moreover,

Hom (T,C(Vx) N T(T)) = Homa (W, C(Vi) N T (Wyg))

is equivalent to the torsion-free part Y(Ry) of mod Dy.
Finally, we recall from (XVI.2.8) that there exists a hereditary algebra

H® = KA(A,,),
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with np < myg, such that the Auslander—Reiten translation quiver
I'(mod H,,, ) of H,,, is obtained from the translation quiver I'(mod H*)) of
H®) by a sequence of finite rectangle insertions. It follows that for any inde-
composable module X in C(Vi)NT (T') such that X 22 E;, 1 s[my—s], for s €
{0,1,... ,my—1}, there exists a unique sectional path in I'(mod B) starting
from the indecomposable B-module Homa(7,X) to a module
Homa (T, E;, +¢[mi—-t]), for some t € {0,1,...,my — 1}.
Summing up, we have proved that

T\, = Homu (T, TANT(T))

is a ray tube of I'(mod B), with » = rj rays; hence of rank ry. More
precisely, the tube 7, viewed as a translation quiver, is obtained from the
stable tube T, by the following three operations:

(i) deleting all the corays (c;), with i € X(V),

(ii) shrinking the sectional path

V1B —2 —— [14+J] By 1 e [+ 147] By -1,
to one arrow [j]E;, —o— [mg+1+j]Es, +m,—1, for each ke {1,... ,p}
and j > 1,
(iii) glueing the torsion-free part Y(Ry) of I'(mod Dy,) along the sectional
path

By [mix] — Eiyqa[mp-1] — ... — Eiy oy —2[2] — Eiymy—1[1]

to the translation quiver constructed in (i) and (ii), for each
kEe{l,...,p}.
The ray tube T is standard, because 7, is a standard stable tube of
I'(mod A) and 7 is the image of the torsion part TA\NT (T') of the hereditary
tube 7, via the equivalence Hom 4 (T, —) : T(T) —— YV(T)).
Because the right A-module T4 has a decomposition 7' = U®V in mod A
such that Hom4(V,U) = 0, the tilted algebra B = End T4 is of the lower
triangular matrix form

EndUga Homy (V,U) c 0

Sy
Il
|

Homu (U, V)  EndVy pMc D
where C' = End Uy, D = End Vy, and pMc = Homu (U, V) is viewed as a
D-C-bimodule in an obvious way. Note also that
e the algebra D is the product D; x Dy x ... x D, of the branch
algebras D1 = KLY Dy = KL® ... D, = KLP),
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e (' is a quotient algebra of B, and
e the canonical surjection B — C of algebras induces the fully faith-
ful exact embedding mod C' — mod B.

Now we prove that Hom4 (T, 7, N T (T) N F(V)) is the family of all in-
decomposable C-modules lying in the ray tube

T = Homa(T, TxNT(T)).
First, we observe that
Homu (T, TANT(T)NF(V)) =Homu (U, Tx NT(T)NF(V)),

because T'=U &V and Homu4(V, F(V)) = 0. Next, we recall from (VI.3.1)
that the functor Hom 4 (T, —) restricts to the equivalence of categories

Hom (T, —) : addT ———— proj B,

where proj B is the category of finitely generated projective B-modules.
Then every indecomposable projective B-module that is not a C-module
is of the form P = Hom4(T,V’), where V' is an indecomposable direct
summand of V. Hence, by (VI.3.8), given an indecomposable A-module X
in T, NT(T), the B-module N = Hom4 (7, X) is indecomposable and we
get isomorphisms

Homp (P, N) = Homp(Hom (T, V"), Hom4 (T, X)) = Hom (V’, X).

It follows that the B-module N = Hom4 (7T, X), with X in 7, N 7(T), lies
in the category
modC — mod B

if and only if Hom4(V, X) = 0, that is, if and only if X lies in 7, N7 (T) N
F(V). Observe also that Hom (T, 7, N7 (T) NF(V)) is obtained from the
tube 7 by deleting all rays in 7, passing through the B-modules

I{OIIIA(T7 Eik [mk}), HomA(T, Eik+1[mk—1]), cen HomA(T, Eik+mk—1[1})7
for all k € {1,...,p}. This means that the number of rays of the tube Ty,
that are not removed, equals ry — sy =7y — (m1 + ... +mp).

It follows that

T = Homa(T, T» N T(T) N F(V)) = Homa(U, Tx N T(T) N F(V)),
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is a stable tube of I'(mod C') of rank r — sy, obtained from the tube 7, by
deleting all the B-modules that are not in the category mod C — mod B,
and by shrinking each of the sectional paths in 7y of the form

Homy (T, E;, —1[mg+2+j]) — ... —> Homa(T, E;, +m,.[7])s
with k € {1,...,p}, to one arrow
HOIHA(U, Eik—l [mk+2+]]) - HOIIIA(U, E'Lk +my [JD

To finish the proof of the theorem, we note that the following properties
of the tube 7, follow from the preceding considerations.

e 7' is a standard stable tube of I'(mod C) of rank
rA—sy =7x—(mi+...+my).
e Each of the indecomposable C-modules
F, = Homa (T, By, —1[mi+1]) = Homa (U, E;, _1[mi+1]),

with k& € {1,...,p}, lies on the mouth of the stable tube 7"

e The C-modules Fy, Fs, ... , F, are pairwise non-isomorphic.

o The tilted algebra B = EndT,4 is a 7)'-branch extension of the
algebra C, and B has the form, see (XV.3.4),

B=C|F, LY, F,£?, ... F, L"].

e B is a T)-tubular extension of the algebra C, by (XV.3.9).

e The ray tube 7, of I'(mod B) is obtained from the stable tube
T\!" of I'(mod A) by an iterated rectangle insertion, that creates
Sy =m1 + ...+ my new rays.

This finishes the proof of the theorem. O
The following theorem is an analogue of Theorem (2.3).

2.4. Theorem. Let A be an algebra and let Ty be a hereditary standard
stable tube of rank ry > 1 in T'(mod A). Assume that T4 is a splitting tilting
module in mod A with a decomposition

Tpo=UV

such that V € add Ty, V # 0, and Hom (U, 7)) = 0. Let F(T) and T(V)
be the classes defined in (2.2), and we set

B=EndT4, and C =EndUjyk.
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(a) The direct summand U of Ty is non-zero and dimgxC > 1.

(b) T{=Homa(Ta,Tx N F(T)) is a standard coray tube of corank ry in
I'(modB).

(¢) T = Homa(Ua, AN F(T)NT(V)) is a standard stable tube of
rank ry — sy in T'(mod C), where sy is the number of pairwise non-
isomorphic indecomposable direct summands of V.

(d) The tube T is an iterated rectangle coinsertion of the stable tube

(e) The algebra B is a T, -tubular coextension of the algebra C.

Proof. The arguments used in the proof of Theorem (2.3) modify almost
verbatim. The details are left to the reader. g

Now we illustrate the preceding considerations with an example.

2.5. Example. Let A = KA(fDlQ) be the path algebra of the quiver

1 12
o o
. N e
A(Ds2) : 04— 04—04—04—04—0 —04—0 0
3 4 5 6 7 8 9 10 11N\
o ()
2 13

of the Euclidean type ]1512. It follows from (XII.3.4) that the Auslander—
Reiten quiver I'(mod A) of A consists of three parts:
e a postprojective component P(A) containing all the indecomposable
projective A-modules,
e a preinjective component Q(A) containing all the indecomposable
injective A-modules, and
e a Py (K)-family
T = {7;\A}>\€IP1(K)

of stable tubes T of tubular type (2,2,10) separating P(A) from
Q(A).
Moreover, by (XIIL.2.9), the mouth of the unique stable tube

7—1A _ 7—1A(]5)12)

of rank 10 of I'(mod A) consists of the nine simple A-modules
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at the vertices 3,4,5,6,7,8,9,10, and 11, and the following module

K K
N 1 1 1 1 1 1 1 1 1
FEqo: K— K+ K—K+—K—K —K+—K+K
1/ N1
K K.

We also recall that there are isomorphisms of A-modules

F1 =2 7aFy, Fo =2 TaF3, ...... , B9 2 14F19, and Fig = TaoFE".

Then, in the notation of (X.2.2), the upper part of the tube 74 is of the
form

—Eg[2]--E9[2]--Fro[2] |

NGNS N\

| Eyo[4]-—Ex[4]- ——E3[4]-—E4[4]--E5[4]- - Eg[4] - - E7[4] - - Es[4]-- Ep[4] |

VA VAR INNNNN N N

Eo[5]-~Fro[5} — B [5] -~ Ea[5]—— E3[5]—— E4[5]-— s [5]—— Eg[5]—— Bz [5]—— Es[5]——Fy[5]

NANNNN NN NN
S|

and we identify the modules along the vertical dotted lines.
Consider the indecomposable projective A-modules

T1 ZP(l)7 TQZP(2), T3:P(7), T4:P(10), T5:P(12), and T@,:P(l?))

at the vertices 1,2,7,10,12, and 13, and the following seven indecomposable
A-modules

Tr=E»[1], Ts = Es[3], Ty = E4[1], T1o = E2[4],
T11 :Eg[l], T12 :E7[2], T13:E10[1]'

We set
TAr=UdYV,
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where
U=T1oThdTsdT dTsdTs € addP(A), and
V= T7@T8 @Tg EBTIO @Tﬂ @le @Tlg S add7—1A.

The following properties of the modules T', U, and V are easily verified.
(i) Homa (T4, U) = 0.
(ii) ExtL (U,T) = 0, because the module U is projective.
(iii) The modules Ty, Ts, Ty, and Tig belong to the cone C(F3[4]) of
depth 4.
(iv) The modules T7; and Ti2 belong to the cone C(E7[2]) of depth 2.
(v) The module 713 forms the cone C(E1p[1]) of depth 1.
(vi) The modules Ty, Ty, Ty, T11, Th2, and T} 3 satisfy the tilting vanishing
condition Hom4 (T;,747;) =0, for all ¢, 5 € {7,8,9,10,11,12,13}.
(vil) Exty(V,V) 2 DHomyu(V,74V) = 0.
(viii) Ext (V,U) = DHoma(U,74V) = 0.
The statement (vii) is an immediate consequence of (vi). To prove (viii)
we observe that there is an isomorphism

TaV = Ei[1] & E\[3] @ Es1] & E1[4] & Eq[1] & E[2] & Eoll],

and each of the following seven A-modules

EN[1] = 5@3), Es[1] =5(5), Eq[l] =5(9), Eo[l] = S(11),

0 0
1 1 /
Eq[3] : K4—K4— K4+—04—0¢—0—04¢—04—0
v N
0 0,
0 0
N 1 1 1 <
Eq[4]: K4—K4—K4+—K4—04—04—04—04—0
v N
0 0,
0 0
N 1 %
Es[2] : 0 —0—0¢—04—0¢— K4¢— K<—04—0
v N
0 0

has no simple composition factor isomorphic to any of the six simple modules

S(1) = P(1)/rad P(1), S(2) = P(2)/rad P(2),
S(7) = P(7)/rad P(7), S(10)=2 P(10)/rad P(10),
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5(12) = P(12)/rad P(12), S(13) = P(13)/rad P(13).

Because the algebra A is hereditary then, by (VI.4.4), T4 is a multiplicity-
free tilting A-module. One easily observes that the algebra

C:EndUA

is isomorphic to the path algebra K A(H3)5) of the quiver

1 5
A= A(]]3)5) : >§<—Z<
5 6

of the Euclidean type f))g,. The ordering 1, 2, 3, 4, 5, 6 of the vertices of
the quiver A(]ﬁ%) corresponds to the ordering 17, Ts, T3, Ty, T5, T of the
indecomposable direct summands of the module Uy.

To determine the tilted algebra B = End T4, we note that 77 = S(4),
Ty = S(6), T11 = S(10), and the modules Ty, T19, T12, and T15 = Ejg are
of the forms

0 0

N L vd
Ts : 0 é—K4—K4—K4—04—04—0¢—0¢—0
vd N
0 0,
0 0
N 1 1 1 4
Tho 0 ¢—K4—K4—K4—K4—0$—04—0¢—0
v N
0 0,
0 0,
AN , /
Tio : 0 ¢—0¢—0¢—0¢—0¢—0¢—K4—K4<—0
e N
0 0,
K K
TN 1
1 1 1 1 1 1 1 1
T3 : K— K4 —K—K—K—K ¢«—K+—K¢+—K

1/ N1
K K.
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Then a direct calculation shows that the tilted algebra B = End T4 is given
by the quiver

9 7
O (@]
N
8 O
I“

10 o 12
1

[e) Y

6’\l

" [/so ’\w
— 5 13
4’\'/ /p

6

]
a,/S

N O

bound by the following five relations 73 = 0, ya = 0, £ = 0, dw = 0, and
1 = pv considered in (XV.4.8). The ordering 7, 8, 9, 10, 11, 12, 13 of the
vertices of the quiver corresponds to the ordering 1%, Tg, Ty, Tho, T11, T12,
and T13 of the indecomposable direct summands of the module V4.

Observe that the algebra D = EndVj is isomorphic to the product
D1 X Dg X Dg, where

e D = K£W is the branch algebra of the branch £() given by the
quiver

9 7
O (o]
N

8 O
F

10 o

JAON

bound by the zero relation &n = 0,
e Dy = K£® is the branch algebra of the branch £(2) given by the
quiver
11 0

L® . 0[

12 O

e Dy = KL£®) is the branch algebra of the branch £®3) given by the
one vertex quiver consisting of the vertex 13.
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It follows from (XIII1.2.9) that the tubular P (K)-family

T = {T aer, )

of stable tubes in I'(mod C) has a unique stable tube 7,¢ of rank 3 with the
following three mouth C-modules

0 0
v
F=FY: K0
O/ \07
0 0
vd
Fy=F" 0+—— K
N
0 0,
K K
! v
(1) 1
Fy=F": K+ K
A N
K K

viewed as representations of the quiver A(ﬁ5) of the algebra C. Therefore
the tilted algebra B = End T is the 7,-branch extension (and 7,°-tubular
extension)

B=C[F, LW, Fy, £®) Fy, £

of the algebra C. According to (XV.4.3), the Auslander—Reiten quiver
I'(mod B) of B admits a Py (K)-family

T = {EB}AEJPH(K)

of pairwise orthogonal standard ray tubes ’T/\B such that

o TB =TC, for each A € P;(K)\ {1}, and
e 7B is obtained from the stable tube 7,¢ by the rectangle insertions
corresponding to the branches £(1), £2) and £®).
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The tube 7,7 looks as follows:

P(13) —— F,
SN A
P(11) - F3 — o |
AN SN SN
P(12) - o o —-— o
7N f \ / N A
PO —— o —— F, —— o o o |
N SN SN S \ /‘ \ /‘ N\
P(7) —--S5(8) —— o o o o o -
N\ SN S \ / \,z / \ f \ / \ I
P@B)-—— o o o o o _ c
NS \ /‘ \ /‘ \ / \ /‘ \ |
P(10) —— o ° ° o |
VAN /‘ \ /‘ \ /‘ \ /‘ \ |
F=F[l]]-—- o —— o ——- o — o —- . |
NSNS N S N S \
| Fi[2] —— o o o .
N S \ /‘ \ / \
o —— Fl[ ] —— o o .
NS N S \ /‘ \
[ o —— F1[4] —-—— o _
N S N S \
o —— o —— F[5] —

|\/‘\/\

e}

|f\/\

where F3 = F3[1], F» = F»[1], and we identify the modules along the vertical
dotted lines.
We easily observe that, in the notation introduced in the proof of (2.3),
we have
e p=3mi=4,meo=2,m3=1, sy =my+mg+mz=71,
o Vi = Ex[4] =T, Vo = E7[2] = Tha, V3 = Eyl] = Ths,
e the sets X, Yo, X3 are of the forms
¥ ={1,2,3,4}, ¥ = {6,7}, 3 = {9},
e X(V)=%,UXUX3 ={1,2,3,4,6,7,9},
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Q(V)=1{1,2,3,4,5,6,7,8,9,10} \ (V) = {5, 8,10},
e the sets Op, Oy, O3 are of the forms
01 ={2,3,4,5}, O, = {7,8}, ©5 = {10},
and hence
e O(V)=0,U60,U03 ={2,3,4,5,7,8,10}.

It follows that the family of indecomposable A-modules in
TANT(T)NFV)

consists of all the modules lying on the corays (cs5), (cg), and (c10) of the
tube 74 ending at the modules Es, Eg, and Ejg, except those modules
that lie on the rays (t2), (t3), (t4), (ts), (t7), (t), and (r10) of the tube T34
starting at the modules Es, Es, Fy, Fs5, E7, Eg, and E19. Hence

T = Homa (U, T/ A T(T) 1 (V)

is the unique stable tube 7,¢ of I'(mod C) of rank 3.
The partial tilting A-modules W7, W5, and W3 are of the forms

Wi =T @Ts ® Ty ©Tho, Wo=T11® T2, and Wiz =Ti3.

Then the torsion part 7,2 NT(T) = T2 NT(V) of the tube 74 consists of
all indecomposable modules lying on the corays (c5), (¢s), and (c19), and the
indecomposable modules of the torsion parts C(V1)NT (Wy), C(Va)NT (W),
and C(V3)NT (W3) of the maximal cones C(V;), C(V2), and C(V3) determined
by the indecomposable direct summands of the partial tilting A-module V.
Finally, we also observe that
e the indecomposable modules of C(V4) N T(Wl) are the modules
T7 = Eo[l], Ty = Eq[3], E3[2], Ty = Eu[l],
T10 = Eg[ ] Vl, E‘g[?)}7 [2], and E5[1],
e the indecomposable modules of C(V3) N T (W>) are the modules
Tig = E7[2] = Vo, and Th; = Eg[l],
e C(V3)N'T(Ws3) contains only one indecomposable module
Tis = Eip[l] = Vs.
It follows that
7! = Homa(Ta, 7" N T(T))

is the ray tube 7;% of the tubular Py(K)-family T” = {7.8}ice (i)
described above. This finishes the example.
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XVII.3. Representation-infinite tilted
algebras of Euclidean type

The aim of this section is to show that an arbitrary representation-infinite
tilted algebra of Euclidean type is a domestic tubular extension or a domes-
tic tubular coextension of a concealed algebra of Euclidean type in the sense
of Definition (VI.4.6).

Throughout we use the following notation introduced in Chapter XII.
We assume that Q = (Qo, Q1) is an acyclic quiver whose underlying graph

Q@ is Euclidean, A = K@ is the path algebra of @), and
n = I’kK()(A) = |Q0|

is the rank of the Grothendieck group Ko(A4) = Z™ of A.
We recall from the structure theorem (XII.3.4) that the Auslander—Reiten
quiver I'(mod A) of A has a disjoint union decomposition

T'(mod A) = P(A) UR(A) U Q(A),

where P(A) is a unique postprojective component containing all the inde-
composable projective A-modules, Q(A) is a unique preinjective component
containing all the indecomposable injective A-modules, and the regular part
R(A) is a Py (K)-family

T = {7 hero)

of pairwise orthogonal standard stable tubes. The family T4 is of the
tubular type mg (XV.4.7), separates P(A) from Q(A), and the following
equality holds

Yool -1=n-2 (3.1)

XePy(K)

where 7{ is the rank of the tube T, for each \ € Py (K).
Assume that T4 is a multiplicity-free tilting A-module and

B =EndTy
is the associated tilted algebra. We decompose the module T4 as follows
Ta=TVaTYoTY, (3.2)

where T is a postprojective A-module, T,? is a regular A-module, and
T is a preinjective A-module.
We begin with two useful lemmata.



132 CHAPTER XVII. TILTED ALGEBRAS OF EUCLIDEAN TYPE

3.3. Lemma. Let Q be an acyclic quiver whose underlying graph Q is
Euclidean, A = KQ the path algebra of Q, and T4 a multiplicity-free tilting
A-module with a fized decomposition (3.2).

(i) The tilted algebra B = End T is representation-finite if and only if
TP #0 and T # 0.

(ii) If B = End Ty is not a concealed algebra and B is representation-
infinite then T9 # 0.

Proof. Apply (VIIL4.3), (VIIL.4.4), (VIIL4.6) and (XL5.2). 0

3.4. Lemma. Let Q be an acyclic quiver whose underlying graph Q
is Fuclidean, A = KQ the path algebra of Q, n = tk Ko(A), and T4 a
multiplicity-free tilting A-module with a fized decomposition (3.2). Then the
reqular summand T, of Ta has at most n — 2 pairwise non-isomorphic
indecomposable direct summands.

Proof. Given A € P1(K), we denote by 7{ the rank of the standard
stable tube T of the Py(K)-family T4 = {T* Y \ep, ;) Let Ta be a
multiplicity-free tilting A-module with a decomposition Ty = TH’HT7 @Tﬁi
(3.2).

Assume that X is an indecomposable direct summand of the regular
summand 77,7 of T4, and assume that X belongs to a standard stable tube
T)\A. Because Ty is a tilting A-module, the module X is a stone and, hence,
ryx > 2. It follows from (1.6) that ¢4(X) < ry — 1, or equivalently, the
regular length r¢(X) of X is at most ry — 1. We also recall from (1.6) that
the indecomposable direct summands of T4 lie in the stone cones of tube
T2 and satisfy the condition (1.7)(c). It follows that the number of pairwise
non-isomorphic indecomposable direct summands of 7,7 lying in the tube
T2 is less than or equal to 7y — 1. Hence, in view of the formula (3.1),
the number of pairwise non-isomorphic indecomposable direct summands

of T} is at most > (r{ —1) =n —2, and the lemma follows. 0O
AEP(K)

3.5. Theorem. Let Q be an acyclic quiver whose underlying graph Q
is Euclidean, A = KQ the path algebra of Q, n = tk Ko(A), and Ta a
multiplicity-free tilting A-module with a decomposition Ty = TR & T, &
T (3.2) such that T = 0. Let B = EndTa, C = EndTR’, and let
(T(T),F(T)) be the torsion pair in mod A induced by the tilting module T

(a) C is a concealed algebra of Euclidean type, and 2 < rk Ko(C) < n.

)
(b) The tilted algebra B is a domestic tubular extension of C.
(¢) gldimB < 2.
(d) The Auslander—Reiten quiver T'(mod B) of B has a disjoint union

decomposition
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I(mod B) = P(B)UT? U Q(B),

with the following properties.
e P(B) is a unique postprojective component of I'(mod B) and
has the form

P(B) =Homu (T, T(T)NP(A)) =P(C).

Every indecomposable projective C-module lies in P(B), every in-
decomposable projective B-module P lies in P(B) U T?, and the
radical rad P of P lies in add (P(B) U T?).

e Q(B) is a unique preinjective component of T'(mod B). Q(B)
admits a section X = Q°P of the Fuclidean type, contains all the
indecomposable injective B-modules, and contains the translation
quiver Hom (T, Q(A)). The section ¥ is formed by the images
Homy (T, I(a)) of the indecomposable injective A-modules I(a), with
a € Qo- The set of all proper successors of the section Xp is finite.

e The preinjective component Q(B) is a glueing along the section
Y of the translation quiver Hom 4 (T, Q(A)) and the full translation
subquiver I'(ind X (T')) of I'(mod B) whose vertices are the indecom-
posable B-modules of ind X (T) = Ext!y (T, ind F(T)).

o The regular part TP of T'(mod B) has the form

TP = Homu (T, T(T)NTH)

and is a Py(K)-family T? = {T:E}sep, (k) of pairwise orthogonal
standard ray tubes T, = Homa (T, T(T) NTA), with r2 = r{l. The
ray tube T,B is stable if the tube 7}\‘4 contains no indecomposable
direct summand of T. In this case T,P = 'T/\C 18 a standard stable
tube of the Py (K)-family T = {TC }rer, (1) in I'(mod C).
e The family T® is of the tubular type mg (XV.4.7), and sepa-

rates P(B) from Q(B) in the sense of (XI1.3.3).

(e) pd X <1, for all indecomposable B-modules X, except a finite num-
ber of modules lying in Q(B) N X(T).

(f) idY <1, for each indecomposable module Y in Q(B).

Proof. Assume that A = KQ is the path algebra of a Euclidean quiver
Q = (Qo, Q1), n =1k Ko(A) = |Qol, T'a a multiplicity-free tilting A-module

and Ty = TR & T ® T%" is a decomposition (3.2) such that T%" = 0. We
set

B =EndT4 and C = EndTﬁp.
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If T = 0, then B = C' is a concealed algebra of the Euclidean type @Q,
and the statements (a)—(f) follow from the structure theorems (XII.3.4) and
(VIILA.5).

Assume that 7,7 # 0. Then, by (3.3) and (VI.4.4), the postprojective A-
module T%” is non-zero and has at least two non-isomorphic indecomposable
direct summands. It follows that the vector space C' = End T%? is non-zero,
C' is an algebra of finite dimension, and 2 < ¢ = rk K¢(C) < n.

Because we assume that Tﬁi =0 and 77,7 # 0, the module T4 admits a
direct sum decomposition

TA:Tl@...EBTq@Tq+1@...@Tn,

where n = tk Ko(A) = |Qo|, 2 < ¢ <n—-1,and Th,... ,Tq, Tys1,...,Tn
are pairwise non-isomorphic indecomposable A-modules such that

T"=T1®..®T, and T, =Tp1®...T,.

We recall from Chapter VI that the tilting A-module determines the torsion
pair (T(T),F(T)) in mod A and the torsion pair (X (T),Y(T)) in mod B.
The Brenner-Butler theorem (VI1.3.8) yields
e the functor Homy4 (7', —) : mod A —— mod B restricts to an equiv-
alence of categories Hom (T, —) : T(T) —— Y(T), and
e the functor ExtY (T, —) : mod A —— mod B restricts to an equiv-
alence of categories Ext! (T, —) : F(T) —— X(T).
Because the algebra A is hereditary then, by (VL.5.7), the tilting A-module
is splitting, that is, every indecomposable module of mod B lies either in
X(T) or in Y(T). We recall that F(T) = {Ma; Homa (T, M) =0}, and
(IV.2.4) yields

T(T) = {Ma; Ext}(T,M) =0} = {Ma; Homy(M,74T) = 0}.

Because Hom 4 (R(A), P(A4)) = 0 then Hom (77,7, T%") = 0 and, in view of
the decomposition Ty = TH" @ T,7 of T4 the tilted algebra B = End T}y is
of the lower triangular matrix form

End %" Hom (77,7, TH) c 0

Hom 4 (T%P, T%7) End T}’ pMc D
where C' = EndT%", D = EndT)?, and pM¢c = Hom (T4, T?) is viewed
as a D-C-bimodule in an obvious way. The canonical surjection of algebras
B — C induces a full and faithful embedding mod C' — mod B. It follows
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from (VI.3.1) that the functor Hom (7, —) : mod A —— mod B restricts
to an equivalence of categories Hom4 (T, —) : add Ty —= proj B, where
proj B is the category of finite dimensional projective B-modules. Hence,
we derive that

e the indecomposable B-modules
Homu(T,Th), ..., Homa(T,T,), Homa(T,Ty+1), ..., Homa(T,T,)

form a complete set of pairwise non-isomorphic indecomposable pro-
jective B-modules, and
e the indecomposable B-modules

Homa (T, T1) = Homa (TPP,T1), ..., Homu(T,T,) = Homa (T*", T,)

lie in mod C' < mod B and form a complete set of pairwise non-
isomorphic indecomposable projective C-modules.

To see the preceding statement, we note that, by applying the equality
Hom (T)7, TH") = 0, we get

Hom (T, T;) = Homa (T3 & T}, Tj) = Hom(T"", Ty),

for each j € {1,...,q}, and therefore the B-module Hom4 (7', 7}) is a mod-
ule over the algebra C' = End T%?, in an obvious way.
We recall that the regular part R(A) of I'(mod A) is a P (K)-family

T = {T{ her o)

of pairwise orthogonal standard stable tubes T of I'(mod A). Because the
algebra A is hereditary, each of the tubes ’7}\‘4 is hereditary. We denote by
7"3\4 =rk 7;\‘4 the rank of the stable tube ’T)\A.

Because the proof of the theorem is rather long, we split it into several
steps.

Step 1°. We construct a Py (K)-family

T = {T haer, )

of pairwise orthogonal standard ray tubes 7,2 of I'(mod B) such that
(t1) r8 =r{, for each A € P1(K), and
(t2) the tube T8 lies in mod C' < mod B if and only if the tube T

does not contain an indecomposable direct summand of the regular
A-module T')7.
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We denote by A(T) the subset of P;(K) containing all A € P;(K) such
that the tube 7&‘4 contains an indecomposable direct summand of the regular
A-module T")7.

Note that if 77;4 is a stable tube of T4 of rank 1 then p ¢ A(T), because
Ext! (X, X) # 0, for any indecomposable A-module of the tube 7;;4

Hence, we easily conclude that

e {8 > 2 for each \ € A(T),
o |A(T)| < 3, by (XIIL3.4), and
o for each A\ € A(T), the image

(+) T3 = Homa (T, T N T(T))

of AN T(T) under the functor Hom (7T, —) : mod A —— mod B
is a standard ray tube of rank 72 = r{, by (2.3).

Assume now that u € P1(K)\A(T). Because the tubes in T4 are pairwise
orthogonal then

HomA(nA,f\A) =0 and HomA(7;A,7;A) =0,
for each \ € A(T). It follows that

Homx (T7)7, 77;4) =0,

because T, = Ty,11 @ ... ® T, and each of the indecomposable modules
Ty41,--- T belongs to a tube T, with A € A(T).
Moreover, because the family T4 separates P(A) from Q(A) then

Homy (7,1, P(A)) = 0.

It follows that, for any indecomposable module X of the tube ’7;:4, with
w & A(T), there are isomorphisms

Ext (T, X) = DHom (X, 74T) = DHom4 (X, 7ATH © 74T}?) = 0.

This shows that any module X of the tube 7:;4, with u & A(T), belongs to
the torsion class T (T') and, consequently, the tube 7;;4 is entirely contained
in 7(T'). Because the tilting A-module T4 is splitting then, by (VI.5.2), the
image

(+4) 7.2 = Homa(T, T;)

of the tube 77;4 under the functor Homy (7T, —) : mod A —— mod B is a
stable ray tube of I'(mod B) of rank r7 = rﬁ, for each p & A(T). The tube
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7,2 of I'(mod B) is standard, because 7,7 is contained in the full subcategory
Y(T') of mod B and is the image of the standard stable tube ’7;;4 of I'(mod A)
via the equivalence of categories Homu (T, —) : T(T) —— Y(T).

Now we show that the tube 77?, with p & A(T), consists entirely of C-
modules. To see this, we take an indecomposable A-module in 7;;4 and note
that

Hom (T, X) = Homa(T% & T, X)
&~ Homyu (T, X)) @ Homa ()7, X)
— Hom(T?, X),

because we have observed earlier that Homx (777, 7;4) = 0. It follows that
the B-module Hom 4 (7', X) is a module over the algebra C' = End T%", in a
natural way.

Consequently, the tube 7;3 lies in modC' — mod B and, therefore,
7;0 = 7;3 is a standard stable tube in I'(mod C) of rank rfj = rf.

Summarising, the formulae (+) and (++), for A € A(T) and p ¢ A(T),
define a Py (K)-family

T" = {T heruxo)

of standard ray tubes T,® of I'(mod B) satisfying the properties (t1) and
(t2). The tubes of T are pairwise orthogonal, because

TE = Homu (T, T4 N T(T))

and the tubes of the family T are pairwise orthogonal.
Step 2°. Now we show that the algebra C' = End T%” is connected. Fix a

homogeneous tube 7 of I'(mod A), with y € P1(K), and an indecompos-
able A-module E lying on the mouth of 7;;4. Then p & A(T),

7.8 = TP = Homa(T, T, N T(T))

is a standard stable tube of T'(modC) of rank ’I“S = r’f = 1, and the
indecomposable C-module Hom 4 (T, F) lies on the mouth of 7;0.
Because TW" =Ty @ ... ® T, then, by applying (XII1.3.6) and the tilting

theorem (VI.3.8), we get
Homp(Homa (T, T;), Homa (T, E)) = Homa (T}, E) # 0

for each j € {1,...,q}. This shows that the C-module Homu (T??, E) =
Homy (T, E) is sincere, because the C-modules

Hom 4 (T, T1) = Homu (TP?,Ty), ..., Homa(T,T,) = Hom 4 (T?”, T,)
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form a complete set of pairwise non-isomorphic indecomposable projective
C-modules. Hence easily follows that the algebra C' is connected.
Step 3°. Next we show that

e the preinjective component Q(A) of I'(mod A) is entirely contained
in the torsion part 7(7'), and

e the torsion-free part F(T') = {M4; Homa (7T, M) = 0} of mod A has
only a finite number of indecomposable modules, up to isomorphism.

The inclusion Q(A) C T(T') follows immediately from the description
T(T) = {Ma; Exty(T,M) =0} = {Ma; Homu(M,74T) = 0}

of the torsion part 7(T), because Hom4(Q(A),P(A) UR(A)) = 0 and
T?" = 0, by our assumption.

To prove the second statement of Step 3°, we note that the torsion-free
part F(T') does not contain non-zero preinjective modules, because they are
contained in 7(T) and T(T) N F(T) is zero.

We recall from the beginning of the proof that T%" # 0,

™" =T®..6T, q¢q>2,
and Ti,...,T; are indecomposable modules. Then each of the modules
T;, with 1 < j < g, lies in the postprojective component P(A) and there
is an isomorphism T} = T;ij(aj), for some vertex a; € (o and some
integer m; > 0. Hence, in view of (IV.2.15), there is an isomorphism
Hom (T}, M) = Homa(P(a;), 74 M), for any indecomposable postpro-
jective A-module M. If, in addition, the module M lies in F(T') then
Hom (T, M) = 0 and, hence,

Hom 4 (P(a;), 747 M) = Homyu (T, M) = 0,

for j =1,...,q. This means that any such an indecomposable postprojec-
tive A-module 7, M is not sincere.

On the other hand, it follows from (IX.5.6) that all but a finite number
of indecomposable postprojective A-modules in P(A) are sincere. Hence we
easily conclude that the intersection F(7) N P(A) has a finite number of
indecomposable modules.

To finish the proof of Step 3°, we show that the intersection F(T') N T4
has also a finite number of indecomposable modules. To show this, we fix
A € Pi(K). It follows from (XII.3.6) that Homu (7}, X) # 0, for any
indecomposable module of the tube 'T)\A such that r¢(X) > 7“3\4, where
7€(X) = €,(X) is the regular length of X. This shows that the tube T4,

with 7‘3\4 > 2, contains a finite number of indecomposable modules from
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F(T), and any tube 77;4, with r;‘ = 1, does not contain indecomposable

modules from F(T). It follows that the intersection F(T) N T# contains
only a finite number of indecomposable modules, because the Py (K)-family
T4 admits at most 3 tubes 7,2 with 7§ > 2.

Step 4°. Our next aim is to show that the Auslander-Reiten quiver
I'(mod B) of B = EndT4 admits a unique preinjective component Q(B)
such that

(i) Q(B) contains a section ¥ g of the Euclidean type Q°P that is formed

by the images Homyu (T, I(a)) of the indecomposable injective A-

modules I(a), with a € Q,

) Q(B) contains all indecomposable injective B-modules,

ii) Q(B) does not contain an indecomposable projective B-module, and
) the set Q(B)NX(T) is finite and consists of all proper successors of

237

(v) Q(B) contains the image Hom 4 (7T, Q(A)) of the preinjective com-

ponent Q(A) of I'(mod A) under the functor

Homy (T, —) : mod A —— mod B.

More precisely, we show that the connecting component Cr of I'(mod B)
determined by T has the properties (i)—(v), and we set Q(B) = Cr.
Because the component Q(A) is contained in the torsion part F(7") and
the tilting module Ty is splitting then, according to (VI.5.2), the image
Homy (T, Q(A)) of the preinjective component Q(A) under the functor
Homy (T, —) : mod A — mod B is a full translation subquiver of I'(mod B)
that is closed under predecessors in I'(mod B). On the other hand, it follows
from (VIIL.3.5) that the class of the B-modules of the form Homu (T, I),
which runs through pairwise non-isomorphic indecomposable injective A-
modules, forms a section X in the connecting component Cr of I'(mod B)
determined by T (in the sense of Chapter VIII, page 322) such that

e all predecessors of X g in Cr lie in Y(T),
e all proper successors of X5 in Cr lie in X(T), and
e there is a quiver isomorphism ¥p = Q°P.
We show that Cr is a unique preinjective component of I'(mod B) such
that the conditions (i)—(v) are satisfied. Because Hom (T, Q(A)) is closed
under predecessors in I'(mod B) and contains the section ¥ then

Hom (T, Q(A)) = Y(T) N Cr.

Hence, by applying (VIIL.4.1) and the assumption T% “ = 0, we conclude
that Cp contains no indecomposable projective B-modules.
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Note that X (7T) has only a finite number of pairwise non-isomorphic
indecomposable B-modules, because the functor

Extly (T, —) : F(T) —— X(T)

is an equivalence of categories and the torsion-free class F(7T) has only a
finite number of pairwise non-isomorphic indecomposable A-modules, by
Step 3°. It follows that the set Cr N X(T') of all proper successors of the
section Xp in Cp is finite. Hence, for any indecomposable injective A-
module I, there exists an integer m > 0 such that 7 Homy4 (T, 1) is an
indecomposable injective B-module. Because n = |Qq| is the rank of the
Grothendieck group Ko(A) and, by (VIII1.4.3), there is a group isomorphism
Ko(A) —— K(B) then, by the preceding consideration, the component
Cr contains all indecomposable injective B-modules.

This shows that Q(B) = Cr is a preinjective component of I'(mod B) such
that the conditions (i), (ii), and (iii) are satisfied. Because obviously Q(B) =
Cr is a unique preinjective component of I'(mod B) then the statement of
Step 4° is proved.

Step 5°. In this step we show that the image

P(B) = Homu (T, T(T)NP(A))

of T(T) NP(A) under the functor Hom4 (7, —) : mod A —— mod B is a
postprojective component of I'(mod B) satisfying the conditions stated in
(d) of the theorem.

First we observe that, because Hom4(R(A),P(A)) = 0, then, for any
indecomposable A-module Z in 7(T) N'P(A), we have Hom(T?, Z) = 0.
It follows that

Hom(Ta, Z) = Homu (T4, Z) ® Homu (T, Z) = Homa (TH', Z).

Thus the B-module Homy4 (T4, Z) lies in mod C' < mod B. This shows that
P(B) = Homy (T, T(T) NP(A)) lies entirely in mod C' — mod B.

Next, we show that the Auslander—Reiten quiver I'(mod C') of C admits
a family of postprojective components such that their union contains all
indecomposable projective C-modules. By (IX.5.1), it is sufficient to show
that there is a common bound of the length of the paths in mod C' (in the
sense of Section IX.1) ending at the indecomposable projective C-modules.

Let P, = Hom4(T,T;) be an indecomposable projective C-module, with
1€{l,...,q}, and let

(x)  Up—"—= U —2>Us Upy —=— U, =P



XVII.3. REPRESENTATION-INFINITE TILTED ALGEBRAS 141

be a path of indecomposable modules in mod C' < mod B. The indecom-
posable C-modules Uy, Uy, Us, ... ,Us_1,Us, viewed as B-modules, are ob-
viously indecomposable. The path (%) lies in the torsion-free part Y(7T') of
mod B, because the torsion pair (X (T),Y(T)) is splitting, the module P
belongs to Y(T'), and Y(T) is closed under predecessors in mod B. Because
the functor Hom4 (T, —) : T(T) —— Y(T) is an equivalence of categories
then there exists a path

(%) Zo fi Z f2 7y 7.1 fs Z. =T

of indecomposable A-modules in T (T') such that the path (x) is the image
of the path(xx) under the functor Hom4 (T, —).

In other words, U; = Homa (7, Z;) and g;41 = Hom (T, fj+1), forall j €
{0,1,...,g—1}. Because the A-modules T3, ... , T, lie in P(A), the algebra
A is hereditary and @ is a Euclidean quiver then, according to (VIIL.2.3),
there is a common bound of the length of the paths in mod A (in the sense
of Section IX.1) ending at the postprojective modules T, ... ,Ty. It follows
that there is a common bound of the length of the paths in mod C ending
at the indecomposable projective C-modules Pi,... , P,. This finishes the
proof of our claim.

Because the algebra C' is connected and, according to (VII1.2.5), different
postprojective components of I'(mod C) are orthogonal then any family of
postprojective components of I'(mod C') such that their union contains all
indecomposable projective C-modules has only one component. It then
follows that I'(mod C) admits a unique postprojective component P(C)
containing all the indecomposable projective C-modules.

Now we show that

P(C) =P(B) =Homu(T,T(T)NP(A)).

To prove the inclusion P(C) 2 P(B) = Homu (T, T(T) N P(A)), take
an indecomposable module N = Homyu (T, M) in P(B), where M is an
indecomposable A-module in 7(T') N P(A). Note that Hom4(T"9, M) = 0
and, hence, N = Homu (T, M) = Hom4 (T4, M), that is, the B-module N
lies in mod C' — mod B.

To see that N belongs to P(C), we show first that there exists an inde-
composable projective C-module P such that Home (P, N) # 0.

By (VI.2.5), the torsion class 7(T') of mod A coincides with the class
GenTy of all A-modules generated by T4. Then there is an epimorphism
h : T" — Z in mod A, for some ¢t > 1. Because Ty = TH & T7,
Homa(T)?, P(A)) = 0, and Z lies in P(A) then h restricts to the epimor-
phism (T%")" — M in T(T) and, consequently, there are a j € {1,... ,q}
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and a non-zero homomorphism f : T; — M in T (T'). We recall that the
modules TH?, Ty, ... ,T,, and M lie in T(T) N P(A). Because the functor

Hom (T, —) : T(T) —— Y(T)
is an equivalence of categories then the induced homomorphism
[/ =Homa(T, f) : Homa(T,T;) —— Homa(T, M) = N
of B-modules is non-zero. Because P; = Homu (T, T;) = Homu (TH",T}) is
an indecomposable projective C-module, our claim follows.
Assume, to the contrary, that the indecomposable C-module N does

not belong to the postprojective component P(C) of I'(mod C'). Because
Home (P;, N) # 0, for an indecomposable projective C-module

P; = Homu(T,T}),

and P; belongs to P(C) then (IV.5.1) applies. It follows that there exist an
infinite sequence

Pj=Ny—2— N, —Z N, Nyg —2 s Ny ——— .

of irreducible morphisms between indecomposable C-modules, and an in-
finite sequence hy : Ny — N,ho : No — N,... Jhy : Ny — N,... of
non-zero homomorphisms in mod C' such that hyg; ... g1 # 0, for each ¢t > 1.
Note that each h; is not an isomorphism, because N does not belong to P(C')
and the projective C-module P; belongs to P(C). Because the algebra A is
hereditary then torsion pair (X (T"),Y(T)) of mod C is splitting and it fol-
lows from (VIII.3.2)(b) and its proof that the torsion part Y(T") of mod C is
closed under predecessors. Hence the infinite sequence lies in Y(T"), because
the module N belongs to Y(T) and each h; : N; —— N is a non-zero
non-isomorphism. Because the functor Homa (T, —) : T(T) —— Y(T) is
an equivalence of categories then there exist an infinite sequence

1

Tj =My — M, f2

M, M, —T s, ——

of irreducible morphisms between indecomposable A-modules in
T(A) — mod A, and a sequence

B, o My —s M,hly: My —s M,... 1, : M, — M, ...
of non-zero non-isomorphisms in 7(A) < mod A such that
Ny = Homu (T, My), fr = Homu(T, g), h; = Homu (T, hy), for all t > 1,
and heg:...g1 # 0, for each t > 1.
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Because the module M belongs to P(A), the component P(A) is closed
under predecessors, and each h} : M; —— M is a non-zero non-isomor-
phism then the modules My, My, ..., M;, ... belong to P(A). Because the
homomorphisms f1, fa,..., f,... are irreducible morphisms, they are non-
zero non-isomorphisms. It follows that the postprojective A-module M has
infinitely many predecessors, and we get a contradiction. This finishes the
proof of the inclusion P(C) 2 P(B) = Homa (T, 7 (T) N P(A)).

To prove the inverse inclusion P(C) C P(B) = Homa (T, T (T) NP(A)),
we take an indecomposable module N in P(C). Because the embedding
mod C' < mod B is full and faithful and the torsion pair (X (T"), Y(T)) is
splitting then N is an indecomposable B-module and N belongs either to
X(T) or to Y(T).

Note also that

e P(C) is the postprojective component of I'(mod B),

e P(C) # Q(B), because Q(B) does not contain any indecomposable
projective B-module,

e P(C) does not contain any indecomposable injective B-module, be-
cause Q(B) contains all indecomposable injective B-modules, and

e the number of pairwise non-isomorphic modules of X (T) is finite.

It follows that the module N of P(C) is a predecessor of an indecomposable
module N’ from Y(T) and, hence, N belongs to Y(T'), because Y(T') is
closed under predecessors in mod B, by (VIIL.3.2).

Because the functor Homy (T, —) : T(T) —— Y(T) is an equivalence
of categories then there exists an indecomposable A-module M in 7(T)
such that N = Homx (T, M). It follows that the module M lies in P(A),
because we have proved in Step 1° that

TP = Homu (T, T4 N T(T))

is a Py (K)-family of standard ray tubes, and in Step 4° that the image
Homa (T, Q(A)) of Q(A) under Hom4 (T, —) is contained in the preinjec-
tive component Q(B) of I'(mod B). This finishes the proof of the equality
P(C) =P(B) =Homu (T, T(T)NP(A)).

Step 6°. The Auslander-Reiten translation quiver I'(mod B) of B has
the disjoint union decomposition

I'(mod B) = P(B)UT® U Q(B),

every indecomposable projective B-module P lies in P(B) U T5, and its
radical rad P belongs to add (P(B) U T?).

First we note that the considerations in Steps 1°-5° show that the three
parts P(B), T?, and Q(B) are pairwise disjoint. To show that the quiver
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I'(mod B) admits the decomposition I'(mod B) = P(B) U T? U Q(B), we
take an indecomposable module N in mod B. We recall from (VIIL.3.2) that
the torsion pair (X' (T"), Y(T')) is splitting. Moreover, the functors

Hom (T, —) : T(T) —— Y(T) and ExtYy(T,—) : F(T) —— X(T)

are equivalences of categories. Then the indecomposable module N lies
either in X(T') or in Y(T') and therefore N is of one of the forms

e N = Homu (T, M), where M is an indecomposable A-module in
T(A), or
e N = Ext4(T,M), where M is an indecomposable A-module in
F(A).
Because the Auslander—Reiten translation quiver I'(mod A) of A admits the
disjoint union decomposition I'(mod A) = P(A)UTAUQ(A), then the mod-
ule M belongs to one of the parts P(A), T, Q(A) of T'(mod A). Hence,
the description of the parts P(B), T7, and Q(B) of I'(mod B) presented
in Steps 1°-5° implies that the indecomposable B-module NV belongs to the
disjoint union P(B) U TP U Q(B) and, consequently, we get the decompo-
sition I'(mod B) = P(B) UT® U Q(B).

Finally, if P is an indecomposable projective B-module then P has the
form P = Homyu (T, T;), for some j € {1,...,n}, and it follows from the
construction of P(B) and T* that the module P belongs to P(B) U TP,
because Tj lies in P(A)UT*. Hence we conclude that the radical rad P of an
indecomposable projective B-module belongs to add (P(B) U T?), because
the embedding rad P < P is an irreducible morphism, any indecomposable
direct summand of rad P is a predecessor of P, and P(B) U TP is closed
under predecessors.

Step 7°. We complete the proof of the statement (d) of the theorem by
showing that

e the torsion part X(T') of mod B has only finitely many indecompos-
able modules, up to isomorphism, and they lie in Q(B), and

e the preinjective component Q(B) is a glueing along the section g
of the translation subquiver Hom (T, Q(A4)) of Q(B) and the full
translation subquiver I'(ind X(T")) of I'(mod B) whose vertices are
the indecomposable modules of

ind X(T) = Ext!y(T,ind F(T)).

We recall from Step 4° that Q(B) is just the connecting component Cr
of I'(mod B) determined by T, and the indecomposable B-modules of the
torsion part X(T) of mod B that lie in Cr = Q(B) are just the proper
successors of the section X g of Cr.
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Because the quiver @ is connected and A = K@ then, by (VI.3.5), the
tilted algebra B = End T}y is also connected. Hence, by applying (IV.5.4),
we infer that every component of I'(mod B) is infinite, because @ is a Eu-
clidean quiver and A = K@ is representation-infinite, by (VIL.2.7). We re-
call from Step 3° that the torsion-free part F(T') of mod A has only finitely
many indecomposable modules, up to isomorphism. In view of the equiva-
lence of categories Ext!y (T, —) : F(T) —— X(T), the torsion part X(T)
of mod B has only finitely many indecomposable modules, up to isomor-
phism. It follows from the description of P(B) and TP given in Steps 1°
and 5° that P(B) U T does not contain indecomposable module from the
torsion part X(T) of mod B. Then, by the disjoint union decomposition
I'(mod B) = P(B) U T U Q(B), all indecomposable modules of X(T) lie
in Q(B) == CT.

It is easy to see that the full translation subquiver I'(ind (Q(B)NY(T)))
of I'(mod B), whose vertices are the indecomposable preinjective B-modules
that belong to Y(T), is just the translation subquiver Homy (7T, Q(A)) of
Q(B).

Then, by the construction of the section X, the translation quiver Q(B)
is a glueing of the translation subquivers I'(ind X (7T")) and Hom4 (T, Q(A))
of Q(B) along the section ¥ formed by the images Hom (7T, I(a)) of in-
decomposable injective A-modules I(a), with a € Q.

Step 8°. We prove that C = EndT%” is a concealed algebra of Eu-
clidean type, by showing that C' is minimal representation-infinite, in the
sense of (XIV.2.1). We recall from the earlier steps that C' is connected,
representation-infinite, and T'(mod C') admits a unique postprojective com-
ponent containing all the indecomposable projective C-modules. The direct
sum decomposition

TP =T1®...0T,
of TH? into the direct sum of pairwise non-isomorphic indecomposable A-
modules T, ... , T, yields the right ideal decomposition
C =EndT%" =~ Homu(THP, T1) @ ... ® Homu (T, T,)

of the algebra C' into a direct sum of pairwise non-isomorphic indecompos-
able projective right C-modules. Let eq,... ,eq be the pairwise orthogonal
primitive idempotents of C' defined by the decomposition T4” = T1 ®. . .® Ty,
see (VI1.3.10). Then 1¢ =e; + ...+ ¢, and

e;C = Homu (T4, T;) = Homu (T4, Tj),

for any j € {1,...,q}. We recall that there is a full and faithful embedding
mod C' — mod B induced by the canonical epimorphism B — C of alge-
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bras. The tilting A-module T4 determines the torsion pair (X (T),Y(T)) in

mod B such that

(X(T),Y(T)) is a splitting torsion pair,

e the number of indecomposable modules in X(T) is finite, up to iso-
morphism,

e all but finitely many indecomposable B-modules belong to Y(T),

e every indecomposable B-module N in Y(T) is of the form N =
Homa (T, M), where M is an indecomposable A-module in 7 (7),
and

e for each j € {1,...,q}, there are isomorphisms

Ne; = Home(e;C, M)
= Hompg(Hom (T, T};), Hom (T, M))
= Homx (T}, M).

To prove that C is a minimal representation-infinite algebra, it is suffi-
cient to show that each of the quotient algebras C'/CeiC,... ,C/Ce,C is
representation-finite, because we have shown in Step 1° that C' is representa-
tion-infinite.

Fix j € {1,...,q}. Note that indecomposable C/Ce;C-modules are
just the indecomposable C-modules N such that Ne; = 0. In view of the
isomorphism Ne; = Hom (7}, M), for a C-module N = Hom4 (T, M) with
M an indecomposable A-module in 7(T), the C-module N is a C/Ce;C-
module if and only if Hom4 (7}, M) = 0.

It follows from the preceding observations that the algebra C/Ce;C is
representation-finite, if Homa (7, M) # 0, for all but a finite number of
indecomposable A-modules M, up to isomorphism.

It is already shown in Steps 1° and 5° that Hom 4 (T}, M) # 0, for all but
a finite number of indecomposable A-modules M in P(A) U T*. Then, it
remains to show this for indecomposable A-modules in Q(A).

We recall that each of the indecomposable A-modules T1,... T, lies in
the postprojective component P(A) and, for any j € {1,...,q}, there is an
isomorphism 7} 2 7, P(a;), for some vertex a; € Qo and some integer
m; Z 0.

Let M be an indecomposable A-module in Q(A). Then, in view of
(IV.2.15), there is an isomorphism

Homy (T, M) = HomA(P(aj),7';;”M)7

the module 7,7 M is indecomposable, and lies in Q(A). On the other hand,
it follows from (IX.5.6) that all but a finite number of indecomposable A-
modules in Q(A) are sincere. This means that Homa(P(a;),Y) # 0, for
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all but a finite number of indecomposable A-modules Y in Q(A). Hence,
we easily conclude that Homa (T}, M) # 0, for all but a finite number of
indecomposable A-modules M in Q(A). Consequently, the algebra C is
minimal representation-infinite.

Because the algebra C has a postprojective component, it follows from
the criterion (XIV.2.4) that C' is either a concealed algebra of Euclidean
type, or else C' is the path algebra of the enlarged Kronecker quiver

aq
[e3

K : 10i—=2 o9
am

with m > 3 arrows aq, ..., am,.

To exclude the later case, we recall from (VI1.4.7) that Ko(B) = K(A) =
Z", where n = |Qg|, and the Euler quadratic forms ¢p,qa : Z" —— 7Z of
the algebras B and A are Z-congruent, because B = End T4 is a tilted alge-
bra of the Euclidean type . By (VIL.4.2), the quadratic form g4 is positive
semidefinite and, hence, the quadratic form ¢p is also positive semidefinite.

On the other hand, because B has the lower triangular matrix form

c 0
pMc D}
then the Cartan matrix Cp € M,,(Z) of B has the upper triangular form
CC *
Cs = [ 0 CD} ’
where Co € M,(Z) is the Cartan matrix of C, ¢ = rk K((C), and Cp €
M,,_4(Z) is the Cartan matrix of D. It follows from the definition of
the Euler quadratic form (IT1.3.11) that ¢p(x) = x*(C3')'x and gc(x) =
%' (C,')'x, where
xt = [Il e Tg oo an] ez :Ko(B),
X' =z ... 3y] € Z9=Ko(C)— Z" = Ko(B), and
79 — 7" is the embedding of abelian groups defined by the for-
mula [z1 ... zg]— [x1 ... 24,0 ...0].
Hence easily follows that qo : Z9 — Z is the restriction of ¢ : Z" — Z
to Z%4 — Z"™. Because ¢p is positive semidefinite then ¢ is also positive
semidefinite.

It follows that C' is not isomorphic to the path algebra H = K, of the
enlarged Kronecker quiver KC,,,, with m > 3, because the Euler quadratic
form qp : Z?> —— 7Z of H is given by the formula

Bg{

qu([r1 22]") = 22 + 23 — may10

and we have ¢y ([1 1])=14+1—m = —-m+2 <0, when m > 3.
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Consequently, the minimal representation-infinite algebra C' is a con-
cealed algebra of Euclidean type. This finishes the proof of the statement
(a) of the theorem.

It remains to prove the statement (b), (e), and (f), because B is a tilted
algebra and, according to (VI.4.2), we get

gl.dim B — gl.dim A = gl.dimB -1 < 1.

Hence, gl.dim B < 2 and (c) follows. Moreover, it follows from (XV.4.3)
that 77 separates P(B) from Q(B), because we prove in the following step
that B is a tubular extension of C.

Step 9°. We prove (b) by showing that the tilted algebra B is a domestic
tubular extension of C' of tubular type mqg.

We recall that T4 has the decomposition Ty = TR’ & T,7 (3.2), and A(T)
is the subset of P;(K) consisting of all A € P;(K) such that the tube T,
contains an indecomposable direct summand of the regular A-module T")7.

Fix A € A(T) and consider the decomposition

TV =T & T}

of the regular A-module T}?, where T} is the direct sum of all indecompos-
able direct summands of 7} lying in the stable tube T of the Py (K)-family
T#. Denote by s, the number of pairwise non-isomorphic indecomposable
direct summands of T}. Further, we set

Uy=T¥&T) and B*=EndUj.

It is clear that T4 = U @ T3 and Hom4(T},U2}) = 0, because different
tubes of the family 7 are orthogonal and Homa (T, P(A4)) = 0. By
applying (2.3), we infer that

e the translation subquiver 7,* = Hom4 (T, TA N T(T) N F(TY)) is a
standard stable tube in I'(mod B*) of rank s§ = r{! — sy,

e the standard ray tube 7,2 = Homu (7, 72 N T(T)) in T'(mod B) of
rank s¥ = rj{‘ is obtained from the stable tube 7,° by an iterated
rectangle insertion, and

o the tilted algebra B is a 7y -tubular extension of the algebra B,

Because HomA(fg‘,sz) = 0 then, in view of the decomposition
Uy = TH? @ T} of the A-module U}, the algebra B* = End U} is of the
lower triangular matrix form

c 0
B
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where C = End T%", D* = End fj“, and f»]\/i\c = Homu (T7?, fj{) is viewed
as a D*-C-bimodule in an obvious way. The canonical surjection of algebras

B* — C induces a full and faithful embedding mod C' — mod B*.
Analogously, in view of the decomposition T4 = U} @77 of the A-module
T4, the algebra B = EndT4 = End (U} @ T3) is of the lower triangular

matrix form
B 0
B

DA MB)\ .D)\

where B* = EndUj}, D* = EndT}, and pxMp» = Homa(U},T?%) is
viewed as a D*-B*-bimodule in an obvious way. The canonical surjection of
algebras B — B> induces a full and faithful embedding mod B* < mod B.

Now we show that the stable tube 7,° consists entirely of C-modules
in the subcategory mod C' < mod B* < mod B of mod B, that is, UN
coincides with the stable standard tube T,C of I'(mod C).

Let L be an indecomposable B*-module lying in the tube Ty. Then
L is of the form L = Homu(Ta,Z), where Z is an indecomposable A-
module from TANT(T)NF(T2). Then Homa(T3,Z) = 0, because Z
lies in F(T7), and HomA(ff“,Z) = 0, because Z lies in the tube 7,4 and
T ) belongs to add (74 \ 7%), and different tubes are orthogonal. The
decomposition Ty = T & T} & T yields

)

L = HOInA(TA, Z)
=~ Hom (T, Z) & Homa (T3, Z) & Hom (T3, Z)
= Homu (T, Z).
It follows that the B-module L = Hom 4 (T%", Z) has a natural structure of
C-module, that is, L belongs to mod C' < mod B* < mod B. Hence, T
coincides with the standard stable tube T,C of I'(mod C).
It follows that the Auslander-Reiten quiver I'(mod C') of C' admits a

unique Py (K)-family T¢ = {TE} AeP, (k) of pairwise orthogonal standard
stable tubes of the form

7o _ { Homa (T, T4), for A € Py (K) \ A(T),
A U Homua (T, TA N T(T) N F(TY)), for A e A(T),

the algebra B is a T¢-tubular extension of the algebra C, and the Py (K)-
family TE = {TAB Faep, (k) of pairwise orthogonal ray tubes is obtained from
the family 77 by rectangle insertions. The tubular type 7€ = (r{)scp, (x)
of the Py (K)-family T¢ = {T.¢}rer, (k) is given by the formula



150 CHAPTER XVII. TILTED ALGEBRAS OF EUCLIDEAN TYPE

c rf:rf, for A € Py (K) \ A(T),
R _{T)\—rj\“ sx, for A € A(T),

where sy is the number of pairwise non-isomorphic indecomposable direct
summands of T3. Because it is shown in Steps 1° and 2° that the tubu-
lar type 8 = (Tf))\e]pl(]() of B coincides with the tubular type 74 = mg
(XV.4.7) of the family 7 then the algebra B is a domestic tubular exten-
sion of the algebra C'.

Step 10°. We complete the proof of the theorem by proving the state-
ments (e) and (f). We recall from Step 8° that gl.dim B < 2, that is,
pd X <2 and id X < 2, for any indecomposable B-module X.

Now we show that the indecomposable B-modules X such that pd X = 2
are contained in Q(B) N X(T) and the number of pairwise non-isomorphic
such modules X is finite. To prove the claim, assume that X is an inde-
composable B-module such that pd X = 2. It follows from (IV.2.7) that
then Homp(D(B),73X) # 0. This implies that X is a proper successor
of ¥, because ¥p is the section of Q(B) = Cr, and Q(B) contains all
the indecomposable injective B-modules, that is, the indecomposable direct
summands of D(B), which are then successors of ¥5. By Step 4°, the set
Q(B)NX(T') consisting of all proper successors of ¥ is finite, and our claim
follows. Hence we derive the statement (e) asserting that pd X < 1, for all
indecomposable modules in mod B, except finitely many indecomposable
modules lying in Q(B) N X (T).

To prove the statement (f), assume that Y is an indecomposable B-
module in Q(B). It follows that Homp(75'Y, B) = 0, because 75'Y is
zero or is an indecomposable B-module from Q(B), the indecomposable
direct summands of the projective B-module B lie in P(B) UT? (see Step
6°) and the separation property established in Step 8° yields the equality
Homp(Q(B), P(B)UT?) =0. Then (IV.2.7) applies, and we get id Y < 1.
This completes the proof of the theorem. O

We may visualise the structure of the Auslander—Reiten quiver T'(mod B)
of the tilted algebra B = End T4 of Euclidean type @ studied in Theorem
(3.5) in the following picture

= AL

P(B) = = {C{ hreri(x Q(B)

= Qop
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The following tubular coextension analogue of Theorem (3.5) is of im-
portance.

3.6. Theorem. Let Q be an acyclic quiver whose underlying graph Q
is Fuclidean, A = KQ the path algebra of Q, n = tk Ko(A), and Ta a
multiplicity-free tilting A-module with a decomposition (3.2)

Ta=TP Ty oTh

such that TR = 0. Let B =End T4, C = EndT%', and let (T(T), F(T)) be
the torsion pair in mod A induced by the tilting module T'.

(a) C is a concealed algebra of Euclidean type, TP* # 0, and 2 <
rk Ko(C) < n.

(b) The tilted algebra B is a domestic tubular coextension of C.

(c) gldimB <2.

(d) The Auslander—Reiten quiver T'(mod B) of B has a disjoint union
decomposition

I'(mod B) = P(B)UT® U Q(B),

with the following properties.

e Q(B) is a unique preinjective component of I'(mod B) and has

the form

Q(B) = Ext (T, F(T) N Q(4)) = Q(C).
Every indecomposable injective C-module lies in Q(B), every inde-
composable injective B-module I lies in TP U Q(B), and the top
topI = I/rad I of I lies in add (T U Q(B)).

e P(B) is a unique postprojective component of I'(mod B). P(B)
admits a section X = Q°P of the Fuclidean type, contains all the
indecomposable projective B-modules, and contains the translation
quiver Ext (T, P(A)). The section ¥ is formed by the images
ExtY (T, P(a)) of the indecomposable projective A-modules P(a),
with a € Qo. The set of all predeccessors of the section X5 is finite.

e The postprojective component P(B) is a glueing along the sec-
tion $p of the translation quiver ExtYy (T, P(A)) and the full trans-
lation subquiver T'(ind Y(T')) of T'(mod B) whose vertices are the in-
decomposable modules of ind Y(T') = Homy (T, ind T(T)).

e The regular part T? of T'(mod B) has the form

TP = Exty (T, F(T)nT*)
and is a Py (K)-family TP = {T:E}\ep, (1) of pairwise orthogonal
standard coray tubes T,E = Homu (T, T2), with r2 = r{!. The coray
tube T,B is stable if the tube ’T)\A contains no indecomposable direct
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summand of T. In this case T)\B = ’7;\0 is a standard stable tube of
the P1(K)-family T = {T,C }rep, () in T'(mod C).
e The family T® is of the tubular type mg (XV.4.7), and sepa-
rates P(B) from Q(B) in the sense of (XI1.3.3).
(e) id X <1, for all indecomposable B-modules X , except a finite num-
ber of modules lying in P(B)NY(T).
(f) pdY <1, for each indecomposable module Y in P(B).

Proof. The arguments applied in the proof of Theorem (3.5) modify
almost verbatim. The details of the proof are left to the reader. O

We may visualise the structure of the Auslander—Reiten quiver I'(mod B)
of the tilted algebra B = End Ty of Euclidean type @ studied in Theorem
(3.6) in the following picture

= Qop

0
0

SRy

P(B) T% = {T herio) QB) = Q(C)
We illustrate the main idea of Theorem (3.5) with an example.

3.7. Example. Let A = K@ be the path algebra of the four subspace

quiver
1 2 3 4
“ NS
0

The indecomposable A-modules and the Auslander—Reiten quiver I'(mod A)
are completely described in Section XIII.3. We recall that the unique post-
projective component P(A) of I'(mod A) is of the form
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and the unique preinjective component Q(A) of F(mod A) is of the form

73I(1) 2I(1)
/731(2)\ /21(2)\ / 2)\ 1(2)
/I \ ro /f \ o /Y \ ‘o) /’
0 T
31(3) 721(3) 1(3) 1(3)
r3I(4) T21(4) I(4)

The regular part R(A) of I'(mod A) is a Py (K)-family

A = {KA})\EIPH (K)

of standard stable tubes T;* of tubular type 74 = 74 = (2,2,2), that is, T4
has three rank two tubes 7;’;‘ T, TA = TL, and TA = 7'1Q presented in

(XII1.3.17), and the remaining tubes of T are of rank one. We recall from
(XIIL.3.11) that

e the mouth of the tube 72 is formed by the A-modules

0 K 0 K K 0 K 0
R§°°’: \‘\/ / / Ré‘”): \\/ //
K K

e the mouth of the tube 76‘4 is formed by the A-modules

NV N4
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e the mouth of the tube 7 is formed by the A-modules

K K 0 0 0 0 K K
1. .
AL N VA
K K

Consider the following indecomposable postprojective A-modules

K 0 0 0
nerme N\ /7
K

K? K K K
0
T, = P(2,1) = 7, 2P(1) : N\Zéiﬁ//
o]

K3
see (XIIL.3.6)(c), and the three indecomposable regular A-modules

Ty=RY, T,=R", and T;5=R"

presented above. Now we show that the A-module
Th=T10TdT30T,0T5
is a (multiplicity-free) tilting module. To prove it, we observe that

o Ext!(Ty,T1) = DHoma(T1,74T2) = DHomyu(P(1), P(1,1)) = 0,
because the module 74T, = 7, ' P(1) = P(1,1) has the form

0 K K K
P(1,1): \\<x4;4/
K

e Extl (T1,T) = 0, because the module T} is projective,
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o Extl (Ty,Ty) & DHom (T, 74T2) = 0, because Ty and 7475 belong
to the acyclic component P(A).

e Ext! (T;,T;) = DHoma (T}, 74T;) = 0, for all 4, j € {3,4,5}, because
T3, Ty, and T5 lie on the mouth of pairwise orthogonal standard
stable tubes 74, T, and T, respectively,

° EXt}L‘(TQ, T36T,® T5) = DHOmA(Tg &Ty DTk, TATQ) = 0, because
T, Ty, Ts belong to T, 74Ty lies on P(A), and Hom (T, P(A)) =
0; and hence

o Extl(Ty,T) =0.

Further, there are isomorphisms

Exth (T30 Ty ©Ts,T) 2 Exty (T30 Ty @ Ts, T1 & Td)

>~ DHoma (T @ To, 7AT3 @ 7ATy © 7AT5)

=~ DHoma(Ty & Ty, B™ & RY” @ R{)

~ DHom(Ts, R & R\ & R{M)

=~ DHom 4 (r;2P(1), R?™ @ R & R{Y)

~ DHom(P(1), 73R\ & 2R\ @ TAR(l))
(

~ DHom(P(1), R & R @ R{MY) =

by the shape of the modules Rgoo), Ré0)7 and Rél). Hence ExtY(T,T) =0
and, according to (VI1.4.4), T4 is a tilting A-module, because the algebra A
is hereditary and the number 5 of pairwise non-isomorphic direct summands
of T equals the rank of the Grothendieck group Ky(A) of A.

In the notation of (3.2), we have T%" = 0 and

TA = sz D ng, Where sz = T1 @D TQ and T'r‘g = T3 &b T4 D T5.

Let B = End T4 be the associated tilted algebra of the Euclidean type ]54,
and we set C' = EndT%". We show that C' is isomorphic to the Kronecker
algebra, and we describe B by means of a bound quiver.

First we recall from (VI1.3.10) that the following B-modules

P1 ZHOHIA(T,Tl), PQZHOIHA(T,TQ), P3:I‘IOIIIA(T‘,T‘?,)7

Py =Homyu(T,Ty), and Ps = Homu(T,Ts),
form a complete set of pairwise non-isomorphic indecomposable projective
B-modules, the following two C-modules

Py = Homy (T, T1) = Homy (777, 1Y),
Py = Homyu (T, T2) = Homy (TP, T3),
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form a complete set of pairwise non-isomorphic indecomposable projective
C-modules, and there are isomorphisms of K-vector spaces

Homp(P;, P;) = Homa(T;,7;) and Home (Py, Py) = Homa(Ty, Tp)

for all 4,5 € {1,2,3,4,5} and a,b € {1,2}. Moreover, it is easy to see that
there exist isomorphisms of K-vector spaces
Enda(7T;) = K, for any j € {1,2,3,4,5},

[ ]

e Homu(T;,T;) = 0 for any 7 € {3,4,5} and j € {1,2,3,4,5} \ {i},

e Homu(T,T7) =

e Homy (T4, T5) %H a(P(1),P(2,1) 2K,

e Hom (7%, T3) =2 Hom(T1,7T3) = Homa(P(1), R ) K,

o Homu (T2, Ty) = Homy (T, T4) = Homa (P (1),R(0)) K, and

o Homu(Ty, T5) = Homa (T}, Ts) = Homyu (P(1), R\Y) = K, because

T3 = 2T3, T4 = T2T4, and T5 = T2T5
It follows that the algebra C' = EndT%4’ = Enda(Ty ® TQ) is isomor-
phic to the path algebra of the Kronecker quiver 10 §: 02,

B
where the vertex 1 corresponds to the module T} and the vertex 2 corre-
sponds to the module T;. Take for the basis {«, 3} of the K-vector space
Home (Py, Py) & Hom 4 (T3, T3) the following two linearly independent com-
positions of irreducible morphisms
fo = (Ti=P(1) —)TAlp(O) HTA1P(3) —)TAQP(O) —)TAQP( )=T),
fo = (Mi=PQ1) =71 P(0) == 7' P(4) = 73° P(0) = 71 P(1) =T3).
Because Hom 4 (R(A), P(A4)) = 0 then Hom (77,7, T%") = 0 and, in view of
the decomposition Ty = T4 & T)7 of Ta, the tilted algebra B = End T}y is
of the lower triangular matrix form
End 7% Hom (T, TAP)
B g =

Hom 4 (TH",T,7) End T7?

C 0
pMc D

where C' = EndT%", D = End T, and pM¢c = Homa (T4, T7) is viewed
as a D-C-bimodule in an obvious way. It follows from (3.5) that the algebra
B is a domestic tubular extension of the Kronecker algebra

=[]

K? K

of tubular type rZ = (2,2,2). It is clear that there are isomorphisms
of algebras

D = End4(Ts) x Enda(Ty) x Enda(Ts) 2 K x K x K.
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Hence, we easily conclude that the tilted algebra B is a tubular extension
B= O[E?n ‘C(S)v E47 £(4)7 E57 E(S)]a

where Fs3, Fy, E5 are the mouth C-modules of three rank one different tubes
TA, T4, TC of the Py(K)-family T = {TAC}Aepng) of standard stable
tubes in I'(mod C'), and each of the three branches £3), L) £() consists of
one vertex. Then, in the notation of (X1.4.3), we have E3 = 7;‘;‘, E,= 7}\‘3,
and F5 = T)f; Hence, we conclude that the ordinary quiver Qp of B is of

the form
03

o %y
lof——— —— 9 ¢ o4
B )\5

o5

If the points A3, A4, and A5 of the projective space P1(K) are of the form
A3 = (ag : b3), Ay = (aq : by), and A5 = (a5 : bs) then we have the
following relations: bgya = azyf3, byya = a4y3, and bsya = asy(5. Because
Homy (T3, T3), Hom 4 (T3, T4), and Hom 4 (T3, T5) are one-dimensional vector
spaces then

Homu (T>,T3) = K f,, Homa(T%,Ts) = K f,, and Homu (15, T5) = K fs,

for some non-zero homomorphisms f, : 1o — T3, fo : To — Ty, and
fs : To — T5. Because

Hom 4 (73 ' P(3), T3) = Hom 4 (P(3), 74Ts) = Hom 4 (P(3), R\>) = 0,
Hom (' P(4), Ty) = Hom (P(4), 7aTy) = Hom4 (P(4), RY)) = 0

then f,fo =0 and fsfg = 0, and the relations yo = 0 and o3 = 0 hold in
the algebra B. It follows that A3 = (0: 1) = 00, Ay = (1:0) = 1, under the
identification P (K) = K U {oo}, and we get

0

1
Es>¥FE.: K ; K, and E,¥Ey: K ; K.
1 0
Then the module Fs lies in the tube 7;\65', where A5 € P1(K) \ {0,00} is of

the form A5 = (1 : \), for some A € K \ {0}. Hence, the module F5 has the
form

1
Es~Ey: K & K.
A
It follows that the relation Af5fo = fs5fs holds in Homy4 (77, T5) and, con-
sequently, the relation Ada = §8 holds in the algebra B. This shows that
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the algebra B is isomorphic to an algebra B(\) given by the quiver

03
“ o
lof—— ——— 9 ¢«——— o4
B ’\5
05

and bound by the relations ya = 0, ¢ = 0, and AMda = §3, for some
A€ K\ {0}. It is easy to see that, for any A € K \ {0}, there is an
isomorphism of algebras ¢ : B(1) ——— B()) given on the basis vectors
of B(1) by p(a) = a, p(B) = A8, v(v) = 7, v(o) = 0, p(d) = 4,
p(v8) = A1, p(oa) = oa, and (38) = A~145.

It follows that the algebras B and B(1) are isomorphic and, hence, B is
isomorphic to the tubular extension

C[Eooa EO; El} - C[Eoov ﬁ(oc)’ EOv 'C(O)» Ela ‘C(l)]a

where £(), £ and £() are branches of capacity one. Throughout, we
make the identification B = B(1). The remaining part of the example is
split into four steps.

Step 1°. We determine the torsion-free part F(T') of mod A. It follows
from the description of the postprojective component P(A) of I'(mod A)
given in (XIIL.3.7) that Hom (71, X) = Hom4(P(1), X) # 0, for each in-
decomposable module X that is not isomorphic to one of the five modules

P(0), P(2), P(3), P(4), and 7,'P(1) = P(1,1).

In fact, these are just all indecomposable modules lying in P(A) N F(T),
because the modules T = ngP(l)7 Ts, Ty, and T lie in T4,

Hom4 (T#,P(A)) =0,

and the quiver P(A) is acyclic. Further, it follows from (XIL.3.6) that
Homy (71, X) = Homyu (P(1), X) # 0, for each indecomposable module X
lying in a tube 73! of regular length r£(X) > ry, where 7y is the rank of 7.
Because T2, T4, and T;A are the only tubes of I'(mod A) of rank greater
than one, then 74 N F (T') consists of the indecomposable modules

Rgoo) = TATg, Réo) = TAT4, and Rél) = T74T5.

Moreover, because TP = 0 then the preinjective component Q(A) is entirely
contained in the torsion class 7 (T'). Therefore the modules

P(0), P(2), P(3), P(4), P(1,1), R, RY and R{"
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form a complete list of pairwise non-isomorphic indecomposable A-modules
lying in F(T).

Step 2°. We determine the torsion part P(A) N T(T) of P(A). First
we note that P(A) N T(T) consists of all indecomposable A-modules X
satisfying the condition

Homa(X, P(1,1) & R @ RO @ YY) = 0,
1)

because Ext!, (T, X) & DHoma (X, 74T) and 74T = P(1,
RY.

Next, we recall that any indecomposable A-module in P(A) is of the form
TEjP(i), for some ¢ € {0,1,2,3,4} and j > 0, and there is an isomorphism

eR ™ oRrR @

Hom (77 P(i), R @R @ R(") = Homu (177 2P(i), R o RV o R{Y),

because Rgoc) = rﬁRY’o), R(O) = ZRéO), and R(l) = %Rél).
Finally, it is easy to see that

o Homy (P(0), RP™) # 0, Hom(P(2), R\°) # 0, Homa (P(3), RY") # 0,
and HomA( (4 ) R<°° ) #£0,

e Hom (75 P(4 7Réo)) =~ Hom 4

It follows that the torsion part P(A) N T(T') of P(A) consists of the
modules P(2m,1) = 7,%"P(1), with m > 0, constructed in (XIIL.3.6)(c).
Moreover, for each m > 0, there are isomorphisms

Hom (P(2m, 1), P(2m + 2,1))=Hom4 (P(1), 7;2P(1))
~Homy (T3, Tp) = K2
It follows that the image P(B) = Homa (T, P(A)NT(T)) of the torsion part
P(A)NT(T) of P(A) under the functor Homy4 (T, —) : mod A —— mod B
is indeed the postprojective component

of the Auslander-Reiten quiver I'(mod C) of the Kronecker algebra C =
End T%".
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Step 3°. We determine the torsion part
A
TANT(T) = {TANT(T }AePI(K)

of the Py (K)-family T4 = {’T)\A}AG]PH(K)' In the notation of the proof of
(3.5), the subset A(T) = {0,1,00} of the projective line P;(K) consists
of all A € P;(K) such that the tube 7! contains an indecomposable direct
summand of T'. Tt follows that the set P (K)\ A(T") consists of all A € P (K)
such that r{ = 1. Hence, each stable tube T, with A € Py(K) \ A(T), is
of rank one, is contained entirely in 7(7T'), and its image

T8 = Homu (T, T{)

under the functor Homy4 (7T, —) : mod A —— mod B is a standard stable
tube in I'(mod B) of rank r2 = r{{ = 1. Moreover, it follows from the
proof of (3.5) that the tubes 7,2, with A € P1(K) \ A(T), consist entirely of
C-modules, that is, they form the family

c B
{7 }Aepl(K NA(T ={7 }Aepl(K N\A(T)
of standard stable tubes in I'(mod C). On the other hand, it follows from
the proof of (2.3) that
e TANT(T) is formed by all modules of the coray

— [+ B — [fIESY — L — 2JES — [1]ES) = BPY)

of the tube 72 ending at the coray module E( ) = =1Tsj,
e 7 NT(T) is formed by all modules of the coray

— [j+1]EY — HIEY — . — 2B — B = Y

of the tube 77 ending at the coray module Eéo) =Ty, and
e TANT(T) is formed by all modules of the coray

— 11BN — BN — ... — 2B — EL = B

of the tube 74 ending at the coray module E;l) =Ts.
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Therefore
TE = Homa(T,T2), T = Homa (T, T5), and T;Z = Homu (T, T;)
are the ray tubes in I'(mod B) of rank 2, and they look as follows

Py[1]———Eo 1 Py[1]——— Eo[1] Ps[1)——— Eq[1]
N\ /1 | SN SN
Booll]——Pyl2}— | Bolt] ——Pyj2l— | 1] ——Fyf2) |
| N\ N7 N\ N N\
- 2] —— Py[3] - Eol2) —— Pufs] - B2 —— Pyls]
| | N N
Pal3] —— B (3 Puf3] —— Fol3l— Pyl3) —— B3]
NN\ NN N N\
- Pyt —— Bald] - Pale] —— Bol4] - Pole] —— Eud]
NG | | VARNY A
B 4]~ Paf3l——| Bold] —— Pal5}—| Bld] —— Pafsl—|
| L | | | L
T TP TP

where Ex[l] = Ew, Eg[l] = Ey, and E;[l] = E; are the mouth modules
from the homogeneous tubes 7, 7, and T,¢ of T'(mod C), and

P;[1] = P(3) = Homu (T, T3),

Py[1] = P(4) = Homx (T, Ty),

Ps[1] = P(5) = Homu (T, T5),
are the indecomposable projective B-modules at the vertices 3, 4, and 5
of QB-

Note that the tubes 7.2, 7%, and 7;Z are obtained from the tubes 7.,
760, and 7'10 by one ray insertions creating the rays starting from the pro-
jective modules P(3), P(4), and P(5).

Step 4°. Finally, we describe the preinjective component Q(B) of the
Auslander—Reiten quiver I'(mod B) of the algebra B = B(1). We recall
from (3.5) that Q(B) is a glueing of

Q(B) NY(T) = Homx(T, Q(A))

and the quiver T'(X(T)) of X(T) along the section ¥ formed by the im-
ages Ij = Homyu(T,1(j)) of the indecomposable injective A-modules I(j),
with j € {0,1,2,3,4}. A standard calculation technique shows that the
component Q(B) looks as follows
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019 121 =1
0 1
/12? / \ 1=3
§ i /, 1 /, \ /, \ 1_I/,oog T
724% \ 1 \ o/ \ 1/ ! \ 0
\12(1) \)1(1)/ \01(1]/ 00(1)—I4
12(%) 01§ 01(%] 00(1) =Is

where the indecomposable modules are represented by their dimension vec-
tors.

We note that the module T3 = P(1) is the unique indecomposable pro-
jective direct summand of T4 and I(1) is the injective envelope of the simple
module S(1) = P(1)/rad P(1) in mod A. Because T4 is a splitting tilting
A-module then, by applying (VI.5.8), we conclude that the B-modules
I =Homy (T, I(1)),

Ig = EXth(T, TATQ),

13 = EXth(T, TAT3),

I, = EXt}LX (T, TAT4),

.[5 = EthlL‘(T, TAT5),

form a complete set of indecomposable injective B-modules. Then the sec-
tion ¥ p of the connecting component Q(B) = Cr is of the form

12% =Hom (T, I(1))=1
4‘ mé =Homa (T,I1(2))
Hom A (7,1(0)) = 13]
i{ 01] =Hom (7,1(3))
01 = Hom A(T,1(4))

Further, by (VI.5.2), we have the following connecting almost split sequences
in mod B
0—Homy (T, 1(0)) — Homa (T, 1(0)/5(0)) & Extl (T, rad P(0))
— Ext! (T, P(0))—0,
0—Homy (T, 1(2)) — Homa (T, 1(2)/5(2)) & Extl (T, rad P(2))
— Ext! (T, P(2)) =0,
0—Homy (T, 1(3)) — Homa (T, 1(3)/S(3)) @ Extl (T, rad P(3))
— Ext4 (T, P(3))—0,
0—Homy (T, 1(4)) — Homa (T, 1(4)/S(4)) @ Extl (T, rad P(4))
(

— Ext! (T, P(4))—0.



XVII.4. DOMESTIC EXTENSIONS OF CONCEALED ALGEBRAS 163

It is easy to see that:

e I(0 )/5(0)g I ®1(2) @ I1(3)®1(4),
e rad P(0) =

e 1(2)/5(2)=0,1(3)/5(3) =0, and

o I(4)/5(4) =

It follows that the translation quiver I'(X(T)) = Q(B)NX(T) is of the form

Extl (T,P(2)) =01

/\/

008 =Ext! (T,R{*))=1I;

ExtA(TP(O))—(l?l —_— 010 001 =Ext! (T,R)=1I4
Exty ( TP(4)—011 ooo =Ext!y (T,R{")=1I;

where I, = Ext, (T, 7, P(1)) and 10101 = Ext!, (T, P(3)).
Finally, we remark that the simple injective B-modules I3, I, and I5
exhaust the image Extl (T, 7 N F(T)) of the torsion-free part

TANF(T) = (TANF(D) U (TANF(D) U (TANFT) = { R R, RSV}

of T under the functor Ext! (T, —) : mod A ———— mod B. This finishes
the example.

XVII.4. Domestic tubular extensions and
domestic tubular coextensions of concealed
algebras of Euclidean type

The main objective of this section is to prove a converse to Theorems
(3.5) and (3.6). We show that every domestic tubular (branch) extension
and every domestic tubular (branch) coextension of a concealed algebra of
Euclidean type is a representation-infinite tilted algebra of Euclidean type.

We begin with two preparatory propositions.

4.1. Proposition. Let C be a concealed algebra of Fuclidean type and let
B =C[E,, LY By £® . E,, 5(5)] be a domestic branch extension of C.
(a) The algebra B is isomorphic to a branch extension
B=C[E,, LY E, L? ... E. L)
of C such that rB = rB" and the modules E}, E}, ...
TEUTC UTE.

P
,EL lie in
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(b) If the algebra B is of tubular type (p,q), with 1 < p < q, then the
modules E, Eb, ... E. lic in TS UTL.

Proof. Because we assume that B = C[Ey, LM, Ey, L3, ... E,, £)]
is a domestic branch extension of C then the tubular type r® = 78 of B
is of one of the following five forms (p,q), with 1 < p < ¢, (2,2,m — 2),
with m >4, (2,3,3), (2,3,4), and (2, 3,5). It follows that the P (K)-family
T5 = {T:B} \ep, () of ray tubes of I'(mod B) admits at most 3 tubes of rank
bigger than 1. Hence, if C' is any of the concealed algebras C'(2,2,m — 2),
with m > 4, C(2,3,3), C(2,3,4), C(2,3,5) then, by (XI1.2.12), the three
tubes 7£, T,C, and T,¢ are all stable tubes of I'(mod C) of rank bigger than
1, and therefore the modules Ey, Es, ... , E, lie in T U T UTC. In this
case we set | = E1,FE, = Fs, ... ,E, = E; and we are done.

Assume that C = C(p,q), where (p,q) is a pair of integers such that
1 < p < g Then C is the path algebra C = KA(p,q) of the following
acyclic Euclidean quiver

Qg Qp—1
ay a9 e ap—1

bl AN
A(p,q) = A(&p,q) 0 w
g’l\b ) . N
! B2 ? T By ot
By (XIL.2.8), the Py (K)-family T = {7," }xcp, (k) of standard stable tubes
of I'(mod C) has the following properties:
(a) T< is a stable tube of rank r{ = p with the mouth modules
B B
(b) T is a stable tube of rank 7§ = ¢ with the mouth modules
EO . EY
(c) for each A € Py(K), TC is a stable tube of rank r{ = 1 and with
the unique mouth module E®) described in the tables (XI1.2.5).

Let E be a module lying on the mouth of a tube of the family 7. Let
D = C[E] be the one-point extension of C' by E, and let d be the extension
vertex of D. Then (XII.2.5) yields

(a) If £ = Ei(oo) is one of the modules E%Oo), e ,Ez(joo) then D is the
bound quiver algebra D = KQp/Ip, where Qp is the quiver ob-
tained from the quiver Q¢ = A(p, q) by adding one arrow d —— a;
and Ip is the ideal of KQp generated by the path o«;. Here we set
ap = w.

(b) HE = EJ(-O) is one of the modules E{O), . ,E,(IO) then D is the bound
quiver algebra D = KQp/Ip, where Qp is the quiver obtained from
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the quiver Q¢ = A(p, q) by adding one arrow d ——b; and Ip is
the ideal of KQp generated by the path o;. Here we set by = w.
(c) If E=E™ and A € K\{0} then D is the bound quiver algebra D =
KQp/Ip, where Qp is the quiver obtained from the quiver Q¢ =
A(p, q) by adding one arrow d —>— w and Ip is the ideal of KQp
generated by the commutativity relation Aoay, ... o1 — ;... 5.
Given k € {1,...,s}, we denote by £*) = (L(®) 1(®)) the branch, with
the germ di. Note that dj is the extension vertex of the algebra C[Ej].
Then the quiver @Qp is obtained from the quiver Q¢ = A(p,q) and the
quivers LW ... L) of the branches £V, ... | £®) by adding the arrows

dy Lul, do ‘12_%“2, ey dsiléus,
connecting each of the quivers L™, ..., L(*) with the quiver Q¢, where
UL, ..., Us € {a1,. . ,ap_1,b1,... ,bg_1,w =a, = by}
Given k € {1,... , s}, we choose an index i, € {1,...,p} such that ug, = a,,,

if Ey, lies in the tube 7.C, and an index jj, € {1,... ,q} such that uy = b;,,
if Ej lies in the tube 7.

Now we split the proof into several cases.

Case 1°. Assume that the tubular type r® = 7B of B is of one of the
four domestic types (2,2, m—2), with m > 4, (2,3,3), (2,3,4), and (2, 3,5).
We have three subcases to consider.

Case 1.1°. Assume that ¢ > p > 2. Then each of the tubes Tcg and 760
of I'(mod C) is of rank at least 2, and there is precisely one module E in
the set {Fy,... ,E} such that E does not belong to 7. U T,C. It follows
that the module F is the mouth module Eg’\) of a stable rank one tube 7,7,
with A € K\ {0}. Without loss of generality, we may assume that F = E.
Then the algebra

B = C[E17£(1)7E27‘C(2)7 ER) ESaE(S)]

is isomorphic to the bound quiver algebra KQpg/Ip, where I is an admis-
sible ideal of the path algebra KQp generated by the following elements:
e all the paths of length 2 that generate the ideals I, ..., I(*) of the
branches £V, ..., £(),
e the paths oy, , for all k € {1,... ;s — 1} such that Ej, € TS,
e the paths o43;,, for all k € {1,...,s — 1} such that E; € T, and
e the commutativity relation Aogsos ... a1 —0564... 0.
Now we define the surjective homomorphism of algebras

f:KQp——KQg/Ip

by setting f(a,) = Aap,+1Ip, and f(v) = v+ Ip, for all arrows v of Qg that
are different from the arrow ¢y,. Note that the ideal I; = Ker f is obtained
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from the ideal Ig by interchanging the commutativity relation Aoasg ... a3 —
008y ... 01 with the commutativity relation ogay ...010 — 048 ... 51. Then
f induces the isomorphism KQp /I — KQp/Ip and, consequently, B is
isomorphic to the bound quiver algebra B’ = KQp/I and B’ is the branch
extension

B =C[E|, LV E, £?, ... E. L),
where Ef = E1,Ey = Fy, ..., E/_; = E,_1, and E’ = E() is the unique
mouth module of the tube 7;¢. Note that the modules E}, ..., E’ lie in

TS UTE UTE, and we are done.

Case 1.2°. Assume that p =1 and ¢ > 2. Then 7 is the unique tube of
I'(mod C) of rank at least 2, and there are precisely two modules in the set
{E1,... ,Es} lying in different tubes of the family {7—/\0})\61{\{0} of stable

tubes of TC of rank 1. Without loss of generality, we may assume that
E € 7;\61' and E, € 7;62', for some A1, Ay € P1(K) \ {0} such that \; # As.

If Ay = 0o or Ay = o0, we proceed as in Case 1.1°. Indeed, if \; =
then o1y belongs to Iz and, as in case Case 1.1°, we show that B & B’ &
KQp/Ig, where the ideal I is obtained from the ideal I by interchanging
the commutativity relation Asoocq; — 0208, ... 51 with the commutativity
relation g1 — O'Qﬂq . 51.

Assume that A\, Ay € K\{0}. The algebra B = C[E;, L"), ... | E,, L]
is then isomorphic to the bound quiver algebra KQp/Ig, where I is an
admissible ideal of the path algebra K(Qp generated by the following ele-
ments:

e all the paths of length 2 that generate the ideals IV, ..., I() of the
branches £V, ..., L),
e the paths 040, forall k € {2,... s —1},
e Moo — 010 ... b,
[} )\20’20&1 - O'sﬂq SN 61.
We define the surjective homomorphism of algebras
f:KQp ——KQp/Ip

by setting f(a1) = a1 — A\ 8, ... 61+ 15, f(By) = Ayt = AT1)By + I, and
f(y) = v+ Ip, for all arrows v of Qp that are different from the arrows
oq and ;. The definition is correct, because the inequality A; # Ay yields
A=A #£0.

Moreover, the following equalities hold in KQp/Ip

florar) = f(o1)f(ar) = (o1 +1Ip) - (a1 = AT By... B1 + 1)
= (o101 — A\ 'o1By ... 1) + I
=\ (Moo — 01Bq...01) + Il =0+ Ip,
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flosar) = floo)f(ar) = (05 +1p) - (a1 = A" By ... Bu + Ip)
= (o501 = A 'oufBy - B1) + I
=X\ ' (A\eosar + Ig) — (A\['osBy... 01 + Ip)
= )\gl(O'Sﬁq...ﬁl +IB) — )\II(O'Sﬁq...,Bl +IB)
=0\ = A\ NBy. .. B+ I
= (05 +15)Ag " = AT (Bg + Ip) ... (B + 1)
= f(os)f(By) - [(B1)
= f(osfq...P1).
This shows that 011 € Ker f, 0,01 —0508, ... 61 € Ker f and, consequently,
the admissible ideal I; = Ker f of KQp is obtained from the ideal I by
interchanging
e the commutativity relation Ao — 0184 ... 41 with the zero rela-
tion o107,
e the commutativity relation Aposaq — o508y ... 81 with the commuta-
tivity relation os0q — 050, ... 51,
and keeping the remaining generators unchanged. Then f induces the iso-
morphism KQgp/Iz — KQp/Ip and, consequently, B is isomorphic to
the bound quiver algebra B’ = KQp/I and B’ is the branch extension
B =C[E}, LW, By, LP, .. EL LY,

where E} = Es, ..., E' | = E,; are modules in 7, Ef € T<, and
E' € TC. Hence, the modules E}, ..., E lie in TCUTLC UTC, and we are
done.

Case 1.3°. Assume that p = 1 and ¢ = 1, that is, C' = C(1,1) is the
Kronecker algebra. It follows from (XI.4.6) that s = 3, all stable tubes of
I'(mod C') are of rank 1, and there are pairwise different elements A1, A2, A3 €
P, (K) such that F; € T,\ , By € T, and B3 € T{.

1.3.1° Assume that the set {A1, A2, A3} contalns the elements 0 and oo;
say A1 = oo and Ay = 0. Then A3 € K'\ {0}, and by applying the arguments
used in Case 1.1°, we show that the algebra

B=ClE, LY By, P By, £O)]
is isomorphic to an algebra

B =C[E}, LW, By, £®), B, £LO)],
where B} = By € TS, By = B, € T, and Ej € TC.

1.3.2°  Assume that the set {A1, A2, A3} contains exactly one of the
elements 0 and oo; say Ay = co. Then, as in 1.2°, there is an isomorphism
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B = C[Elv [:(1)7 E2a £(2)7 E37 L(B)} =pB = C[Eia ‘C(l)7 Eév ‘C’(z)v Eév £(3)]7
where Ef = By € TS, Eb € TC, and Ef € T€. Similarly, if \; = 0 then,
as in 1.2°, there is an isomorphism

B=C[Ey, LM Fy, L?) B3 L3 = B' =C[E}, LY, E), L2 B} LO)],
where B} € TC, B}, = E;, € T, and E} € TC.

1.3.3°  Assume that Ay, A2, A3 € K \ {0}. Then B is isomorphic to the
bound quiver algebra KQp/Ip, where I is an admissible ideal of the path
algebra K(@Qp generated by the following elements:

e all paths of length 2 that generate the ideals I(}), 1) 13) of the
branches £, £2) £3) and
o \iojay — 0181, a0y — 0231, and A\zo3a — 030.
We define the surjective homomorphism of algebras
f:KQp ——KQgp/Ip
by setting

flen) = a1 =27 i, f(B1) = (Aa=A2) AT (M =X3) (Br— Az )+,
and f(y) = v+ Ip, for all arrows v of Qp that are different from the arrows
ap and 1. Observe that A\ — A3 # 0 and A3 — Ay # 0, because the elements

A1, A2, A3 are pairwise different. Moreover, the following equalities hold in
KQgp/Ip

floran) = f(o1)f(a1) = (o1 +1Ip) - (a1 — A[ 1 + Ip)

= (o100 — A 'ou ) + I

=\ [(Morar —0181) + 1] = 0+ I,
f(02ﬁ1) = f(@)f(ﬁl)

= (02 + Ip)((As — A2) TAT (M1 = A3)(B1 — Aean) + 1)

= (A3 = A2) AT (AL = As) (0281 — A2o201) + Ip) = 0+ I,
flosar) = f(o3)f(ar) = (o3 +1p) - (1 = AT Br + Ip)

= (o301 + Ip) — A\ *(0361 + Ip)

(ogoq +1p) — X3\ Hosar + I)
= (1 =M\ Y (o300 + 1) = A\ (A — A3) (0301 + 1)
= (X3 — >\2) AT = A8) (Mg — A2)osar + )
= (A3 = A2) AT (A1 = As)(Asosen + 1) — (A20301 + 1))
= (A3 — A2) T'ATT (A = A3) (0381 + 1) — (Aao30 + 1))
= (o3 + Ip)((As — A2) T'AT (A = X3))((B1 — Aeent) + I)

= f(o3)f(B1) = f(o3p1)-
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This shows that o117 € Ker f, 0201 € Ker f, osa; — 0381 € Ker f and,
consequently, the Iy, = Ker f of KQp is an admissible ideal of KQp gen-
erated by o1y, 0901, o3y — 0301, and by all paths of length 2 generating
the ideals 7™M, 1 and I® of the branches £, £2) and £(). Then
f induces the isomorphism KQpg/Ij —=s KQp/Ip and, consequently, B is
isomorphic to the branch extension

B =C[E;, LW, By, £®), By, £LO)],

where B € TS, Eb € T, and Ej € T,¢. This finish the proof in Case 1°.

Case 2°. Assume that r% = 78 = (p/,¢/), for some integers p’ and ¢
such that 1 < p’ < ¢'. Because we assume that C = C(p, q), where (p, q) is
a pair of integers such that 1 < p < ¢, then ¢ = 7% = (p, q), by (XI1.2.8).
We have three cases to consider.

Case 2.1°. Assume that ¢ > p > 2. Then 7¢ and 7,C are the unique
tubes of T'(mod C') of rank greater than or equal to 2. Then our assumption
on 7B forces that the modules Ey,... ,E belong to 75 U T, and we are
done.

Case 2.2°. Assume that p = 1 and ¢ > 2. Then 7,” is the unique tube
of I'(mod C) of rank greater than or equal to 2. Assume that there exists a
module F € {Ey, ..., E,} such that E does not belong to 7. UT,". By our
assumption on 2, E is a unique module in {E1, ... , Ey} with this property,
and E € T, for some A € K \ {0}. Without loss of generality, we may
assume that £ = F,. Observe that then the modules Fs, ... , E, also belong
to the tube 7,C. It follows that there is an isomorphism B = KQg/Ig,
where I is an admissible ideal of the path algebra K Qg generated by the
following elements:

e all the paths of length 2 that generate the ideals I, ..., I(*) of the
branches £V, ..., £,

e the paths o, , for all k € {2,...,s}, and

e the commutativity relation Ao1oy — 0184 ... 5.

Now we define the surjective homomorphism of algebras
f : KQB —)KQB/IB

by setting f(a1) = (1 — ABy ... 1)+ Ip, and f(y) = v+ Ip, for all arrows
~v of @ p that are different from the arrow 1. As in Case 1.2°, we show that
f(o1a1) = 0 and there is an isomorphism of algebras

B~ KQp/Ip =2 KQp/Ij,

where I, = Ker f is an admissible ideal of KQp obtained from the ideal
Ip by interchanging the commutativity relation Aojay — 015, ... 031 with
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the zero relation oja;, and keeping the remaining generators unchanged.
Therefore, B is isomorphic to the bound quiver algebra B’ = KQg/I}; and
B’ is the branch extension
B =C[E;, LV E), L?, ... E. L),

where Ej € TS, the modules Ej, ..., E’ belong to the tube 7.

Case 2.3°. Assume that p = ¢ = 1, that is, C = C(1, 1) is the Kronecker
algebra and s = 2, by (XI1.4.6).

If one of the modules E; or Fy belongs to 7.C U7 then, as in Case 2.2°,
the algebra

B=C|[E,, LY By, £?]

is isomorphic to an algebra
B =C[E;, LY, E), £?)],

the modules E and E} belong 7S U T, and E| = Fy, if By € TS UTS,
and By = By, if B, € TS UTE .

Assume that both modules E; and F5 do not belong to 7.€ U 760. Then
there exist elements A, Ay € K \ {0} such that A\y # Ao, E; € 7:\(f, and
Es5 € Tg Moreover, B is isomorphic to the bound quiver algebra KQpg/Ip,
where Ip is an admissible ideal of the path algebra K Qg generated by the
following elements:

e all the paths of length 2 that generate the ideals 1) I(?) of the
branches £V, £(?) | and
L] )\10’10&1 — Glﬁl and /\20’2041 — O'Qﬂl.

We define the surjective homomorphism of algebras
[:KQp— KQgp/Ip

by setting f(e1) = (a1 — A{'61) + I, f(B1) = (b1 — Asai) + Ip, and
f(y) =~ + Ip, for all arrows v of Qp that are different from the arrows ay
and ;. It is easy to check that the paths o1a; and o203, belong to Ker f
and, consequently, the ideal I; = Ker f of KQp is an admissible ideal
of KQp obtained from the ideal Ip by interchanging the commutativity
relations A\jo1a1 — o1 and Agoory — o931 with the zero relations o1 and
0931, respectively, and keeping the remaining relations unchanged. Then f
induces an isomorphism of algebras

KQp/Iy = KQp/Ip

and, consequently, the algebra B is isomorphic to the branch extension
B' = C[E}, LY, E), £P)], where B} € TS and Ey € TC. This finishes the
proof. a
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4.2. Proposition. Let A be a concealed algebra of Fuclidean type, B a
domestic tubular extension of A, and C' a canonical algebra of Euclidean type
such that r2 = r©. Then there exists a multiplicity-free tilting C-module
Te in the category add (P(C)UTC) and an isomorphism of algebras

B = EndTe.

Proof. Assume that A is a concealed algebra of Euclidean type. It fol-
lows from the structure theorem (XII.3.4) that the Auslander—Reiten quiver
I'(mod A) of A has a disjoint union decomposition

[(mod A) = P(A) U T4 U Q(A)

where P(A) is the unique postprojective component containing all the in-
decomposable projective A-modules, Q(A) is the unique preinjective com-
ponent containing all the indecomposable injective A-modules, and

T = {TAA},\GM(K)

is a P1(K)-family of pairwise orthogonal standard stable tubes 74, The
family T# separates the component P(A) from Q(A) in the sense
of (XII.3.3). Moreover, by (XII.2.8) and (XII.2.12), the mouth modules
of the tubes of 7% are described in Tables (XII.2.5) and (XII.2.9).

Assume that B is a domestic tubular extension of A. In view of (4.1) and
(XV.3.9), without loss of generality, we may assume that B is a domestic
branch extension

B=A[E, LY Ey, £P ... B, L")
of A, where Ey, Es, ... , E, are modules in 7€ UTLC, if B is of tubular type
(p',q), with 1 <p’ < ¢, and Ey, Es, ... , E, are modules in TS UTC UTC,
if B is of one of the tubular types (2,2, m—2), with m >4, (2,3,3), (2,3,4),
and (2,3,5).

We assume that A = C(p,q), with 1 < p < ¢, or A = C(p,q,r), where
(p,q,r) is a triple of integers such that r > ¢ > p > 2 and % + % + % > 1.
It is easy to check that (p, ¢, r) is such a triple if and only if it is one of the
following triples (2,2, m — 2), with m >4, (2,3,3), (2,3,4), and (2,3, 5).

We recall from (XII.1.1) that the canonical algebra C(p, q), with 1 < p <
g, is the path algebra K'A(p,q) of the following acyclic Euclidean quiver

(o) Qp—1
aq a9 e Gp—1

Alp,q) = A(A,,) o(y N
b,q) = p,q) * w
AN NG

b b by—
! B2 2 Bq—1 a1
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while C(p,q,r) is the bound quiver algebra KA(p,q,r)/I(p,q,r), where
A(p, q,r) is the quiver

Qg Qp—1

ai as ce ap—1
(e %1 Xp
% B2 Bg—1 ’\q
A(p,q,r): 0= by bo by1 - w
N o
C1 C2 . Cr_1
72 Tr—1

and I(p,q,r) is the two-sided ideal of the path K-algebra KA(p,q,r) gen-
erated by the element

op...o1+Bg... B+

Throughout this chapter, we set a, = b; = ¢, = w.
Given h € {1,..., s}, we denote by

£ = (L") 1)

the branch, with the germ Oy,. Note that Oy, is the extension vertex of the
one-point extension algebra B(") = A[E}] inside the algebra

B=AlE,, LY By, £? ... E, L)
We denote by Q") the ordinary quiver of the algebra B(") = A[E}].

The description of the mouth modules of the tubes 72, 7' and T;* of
I'(mod C) yields the following statement, for each h € {1,... ,s}.

e If the module Ej, belongs to 7.¢ then there is a vertex a;p) €
{a1,... ,a,} and one arrow O, —— a;(,) in @p such that B =
KQWM /I™  the quiver QM) is obtained from Q4 by adding the ar-
row Op Lmi(h), and 1" is the ideal generated by I4 and the
path OnQ(h)-

e If the module Ej, belongs to 7;” then there is a vertex b €
{b1,...,b,} and one arrow O, o, bjny in @p such that B(h) ~
KQ(h)/I(h)7 the quiver Q™ is obtained from Q4 by adding the ar-
row Op, L)bi(h), and I™ is the ideal generated by I4 and the
path o4 08i(n)-

e If the module Ej belongs to Tlc then there is a vertex cpp) €
{c1,..., ¢} and one arrow O, —— ¢y () in @p such that B =
KQWM /I™  the quiver QM is obtained from Q4 by adding the ar-
row Oy, Lﬂ:k(h), and 1" is the ideal generated by I4 and the
path onvk(n)-
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It then follows that the algebra
B=A[E, LY By P ... B, L®)

is isomorphic to the bound quiver algebra K@Qpg/Ip, where the quiver Qp
is obtained from the disjoint union L") U L) U ... U L) of the quivers
of the branches £, £2) .. £() and the quiver Q4 of the algebra A, by
adding the arrows o1,...,0s. The admissible ideal Ip of the path algebra
KQp is generated by the following elements:

e a,..ar+8y...00+%...m,if A=C(p,q,r),

e all paths of length 2 that generate the ideals IV, 12 . () of
the branches £V, £®2) . £,
e the path oo, for each h € {1,... s} such that £}, € TA,

e the path o1,3;), for each h € {1,... ,s} such that Ej € T4,
e the path oy, for each h € {1,... s} such that Ej, € TA,

Because B = A[E, LN, Ey, £BP) ... | E,, L] then, by (XV.4.3), the
Auslander—Reiten quiver I'(mod B) of B has a disjoint union decomposition

I'(mod B) = P(B)UT? U Q(B)

where

e P(B) =P(A) is the unique postprojective component of I'(mod B),

e Q(B) is a family of components of I'(mod B) consisting of all inde-
composable B-modules X such that the restriction res4(X) of X to
A is a module in the preinjective component Q(A) of I'(mod A), and

« T8 = {T:B}rer, (k) is a Py(K)-family of pairwise orthogonal
standard stable tubes T,B. It is obtained from the P;(K)-family
TA = {TA} AeP, (k) of pairwise orthogonal standard stable tubes
T4 of I'(mod A) by iterated rectangle insertions,

e for each A € P1(K), the rank £ of the ray tube TP is given by the
formula

B A
Ty =T\ + E Kh,
heS(N\)

where ¢! is the rank of the stable tube 74, kj, = |£(] is the number
of vertices of the branch £, and the sum is taken over the subset
S(A) of {1,2,..., s} consisting of all h such that the module E}, lies
on TA.

e The family 7 separates P(A) from Q(A) in the sense of (XII.3.3).
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Because we assume that
E\,Ey, ..., E,c TCUTCUTE

then rZ = r¢, for each A € P;(K) \ {0,1,00}. Moreover, we have r? = r{l,
if B is of the tubular type (p’,¢’). The assumption that the algebra B is
a domestic tubular extension of A yields that the tubular type 72 = 78 of
B is one of the five domestic types (p',¢’), with 1 <p’ < ¢/, (2,2,m' — 2),
with m’ >4, (2,3,3), (2,3,4), and (2,3,5).

Here we warn the reader that, in contrast to the tubular type 4 = 74 of
A, the inequalities r& > rZ and r# > rf > rZ are not necessarily satisfied.

Now we associate to our algebra B, that is a domestic tubular extension of
a concealed algebra A of Euclidean type, a canonical algebra C = KQ¢/Ic
of Euclidean type such that r¢ = rB.

First we construct the quiver Q¢ from the quiver Q4 of A as follows.
e for each h € §(c0), we replace the arrow

Xji(h)
Aj(n)—1 $— Q4(h)

of the quiver Q4 by the path

NO) MO af@’”ﬁ ar(eh)
Ai(h)—1 ° a(()h) agh) - a,(:;)q —— a,(!;) = Qi(h),
e for each h € §(0), we replace the arrow
[-}.
bjn)—1 " bj(n)
of the quiver Q4 by the path
"y B o L B
bjny—1 = by «=—}") bl b = by,

e if 74 = (p,q,r), we replace the arrow
Yk(h)
Cr(h)—1 * Cj(h)

of the quiver Q4 by the path
(h) (h) (h) (h)
ol h) Y h Viep, —1 h Ve
ety -1 42—y — ) ) = o,
for any h € S(1), and

e if 74 = (p, q), we insert into the quiver Q4 the path
Wy WY Tl (h)
0 ¢y a ——c —C, =W

with the unique element h € S(1). Note that in case 7 = (p,q),
T is a stable tube of rank one and, hence, the set S(1) consists
of one element. We recall that xj, = |[£("] is the capacity of the
branch £,
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It follows from the construction that the quiver Q¢ can be described as
follows.

o If 74 = (p/,¢), the quiver Q¢ consists of three parallel paths s,
ug, and w; with the common source w and the common target 0.
The path us is of length rZ = p/, and the path ug is of length
8 =q.

o If 74 = (p/, ¢, r"), the quiver Q¢ consists of three parallel paths s,
ug, and u; with the common source w and the common target 0.
The path uy, is of length 72 = p’, the path ug is of length rf = ¢/,
and the path wu; is of length 7 = r’.

Having constructed the quiver Q¢, we define the admissible ideal I of
KQ¢ by setting

o Ic = (0),if 72 = (p',¢'), and
o 1o = (usotug+uy) is the ideal generated by the element s, +ug+ug
of KQc, if 72 = (p', ¢, 7").

We define the algebra C' to be the bound quiver algebra C' = KQ¢/Ic. It
is easy to see that C = C(p',¢'), if 7% = (p/,¢), and C = C(p', ¢, 7"), if
78 = (p/,q',7"). Tt then follows that C is a canonical algebra of Euclidean
type such that r¢ = rZ. By the results of Chapter XII, the Auslander—
Reiten quiver I'(mod C') of C has a disjoint union decomposition

I'(mod C) = P(C)UTC U Q(C)

where P(C) is the unique postprojective component containing all the in-
decomposable projective C-modules, Q(C) is the unique preinjective com-
ponent containing all the indecomposable injective C-modules, and

TC = {7—)\0})\6?’1(1{)

is a P (K)-family of pairwise orthogonal standard stable tubes T," separat-
ing P(C) from Q(C). Moreover, the tube 7. is of rank r{ = rZ | the tube
TE is of rank r§ = r&, the tube T,C is of rank r{ = rf and r{ =r8 =1,
for all A € P1(K)\ {0,1,00}. We should stress here that the tubes 7.5, T,
and T,¢ correspond to the paths .., up, and u;.

To finish the proof of the proposition, we construct now a partial tilting
C-module T/? such that the algebra End T/ is isomorphic to the product
KLW x ... x KL£® of the branch algebras K£W) ..., K£®).

Fix an element h € {1,...,s}. We define a stone cone Cj, of TC, de-
pending on the position of the module E}, in T#. We do it in three steps.
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Step 1°. Assume that the module Ej, lies on the tube 74. Then T4

admits a cone of the form

(o0)
Eihy—1 1]

where

Sy s@Mp o sE@® o BG
2N N NS
2] Sag) S(ap1)12

B [mitl]  S(af”) k]

(h)—1
NS

B [kt

K2

S(agh))[l] = S(agh)) is the simple C-module at the vertex agh) of the
path wus, for each t € {0,1,... Kk, — 1},

Ef(o}j))fl[l] is the simple C-module S(a;)—1), at the vertex a;)—1,
if ayny—1 # 0,

El((c;j))[l} is the simple C-module S(a;s4)), at the vertex agp), if
Qi(h) 7é W,

E(()oo) = E(E,OO) is the unique non-simple C-module on the mouth of
the tube 7C.

Observe that the rank r$ of the standard stable tube 7. is bigger than xy,
because

B A
rocozroo:r/\—&— g Kh-

heS(0)

Therefore, by (1.6), the module M; = S(agh))[mh] is a stone and hence
the cone C(M) = C(Mp,) determined by M), is a stone cone. Because kj, =
loo(My,) is the depth of C(M},) then there is an equivalence of categories

F™ :add¢™ —— mod HM,

where H® = KA(A,,) is the path algebra of the equioriented quiver
A(A,,). Because L") = (L™ 1) is a branch of capacity j then, by
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(XVI1.2.2), there exists a multiplicity-free tilting H™-module U I(;L(),) such

that the branch algebra K £ is isomorphic to the tilted algebra End U fqh()h) .
It follows that there exists a multiplicity-free module Téh) in addC™ such
R) A h
that U, = FO(TM),
Note that Téh) is a partial tilting C-module, because the relation Téh) in

add C" yields pd Téh) < 1, and we get the isomorphisms

Exti(T™, T™M) =~ DHome(T™W 7o T™M)
= DHomgn) (U(h), T (h) U(h))
= Extl, o, (UM, UM) = 0.
The functor F") induces an isomorphism of the algebra End Téh) with the
algebra End U gl(),) =~ KL£M . Note also that the indecomposable projective
K £M-module at the germ Oy, of the branch £ corresponds to the direct
summand M, = S (agh))[nh] of Téh), because the unique indecomposable

projective-injective H")-module is a direct summand of the tilting H™-

module U(h)

17(m- Further, we observe that the cone

17cCM = C(re M)

is the cone C(S(aéh))[/@h]) determined by the module S(aéh))[mh], and the
simple composition factors of the modules in 7oC™ belong to the family

{5, s@"),... sl )}

Hence we conclude that Home (P(d), 7T™) = 0, for each indecomposable
projective C-module P(d) at any vertex d of Q¢, which is a vertex of Q4.
Step 2°. Assume that the module E}, lies on the tube 7;*. Then, similarly

as in Step 1°, we show that the tube 7 contains a stone cone C") = C(M,)

determined by the indecomposable module M; = § (bgh))[nh}. The mouth
modules of the cone C™ are the modules

)1 =S

I{h,fl

SO =50, @I =sm5M), ..., S

Iihfl

), B[],

where E\() [1] is the simple C-module S(b;)) at bjn), if bj(n) # w, and

E;((),)l) 1] = EY [1] is the unique non-simple C-module on the mouth of the
tube 7,C, if bjny = w. One shows that there exists a multiplicity-free partial
tilting C-module Téh) in addC™ such that

h o . .
° Té ) has Kp, pairwise non-isomorphic direct summands,
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e the module M), = S(bgh’))[/{h] is a direct summand of Téh),

e the algebra End Téh) is isomorphic to the branch algebra K £") and
the germ O}, of the branch £(" corresponds to the direct summand
My, of TS,

e the simple composition factors of the modules in the cone

7eC M = C(roMy) = C(S(bY")[kn])

belong to the family {S(bg’”), SeM), ... ,S(bff;)_l)}, and
e Home(P(d), 7¢T™) = 0, for each indecomposable projective C-
module P(d) at any vertex d of Q¢, which is a vertex of Q4.
Step 3°. Assume that the module Ej, lies on the tube 7;. Then T34
is of rank r{" > 2 and, similarly as in Step 1°, we show that the tube 7;*
contains a stone cone C") = C(M,) determined by the indecomposable

module M}, = S(cgh))[/{h}. The mouth modules of the cone C") are the
modules

S =S(™), (M =8(c5”), .., (el ) =S(ehl), By, [1],

I{hfl

where E&ZL) (1] is the simple C-module S(cyp)) at cyny, if cppy # w, and

E,%l) [1] = E‘(Ul)[l] is the unique non-simple C-module on the mouth of the
tube T,C, if ¢j(ny = w. One shows that there exists a multiplicity-free partial
tilting C-module Téh) in add C") such that

) Téh) has kp pairwise non-isomorphic direct summands,

e the module M}, = S(cgh))[ﬁh] is a direct summand of T((Jh)7

e the algebra End Téh) is isomorphic to the branch algebra K £ and
the germ O}, of the branch £(" corresponds to the direct summand
My, of TS,

e the simple composition factors of the modules in the cone

7eC M = C(7eMy) = C(S(cS") k)

. h h h
belong to the family {S(cé )), S(cg )), . ,S(c,(ﬁh)fl)}7
e Home (P(d), 7¢T™) = 0, for each indecomposable projective C-
module P(d) at any vertex d of Q¢, which is a vertex of Q4.

Define the multiplicity-free C-module T to be the direct sum

To=TFaTy, with T¢=Te. . o7 amd T2 = @ P),
de(Qa)
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where P(d) = e4C is the indecomposable projective C-module at the vertex
d, and d runs over the set (Q4)§ of the vertices of the quiver @ 4 that belong

to Qc.
First we prove that T/ is a partial tilting C-module. Because T/ €

add T then pd T} < 1. If two stone cones C") and ch) | with h, W €
{1,...,s} and h # I/, are in the same tube of T then (1.7) yields

cWne®) =0, cMnrc®) =0, and ¢ nrac™ =0.
Hence we get the isomorphisms
Ext&(TH, ) = DHome (T, ¢ TH) = 0,
because the tubes 7, 7., and T,¢ are pairwise orthogonal. Observe also
that
e EndT} = KLW x ... x KL by our choice of the direct sum-
mands Tél), . 7T((JS) of T/?,
e the module T2 belongs to addP(C) and pdT# < 1, because
the postprojective component P(C') contains all the indecomposable

projective C-modules and the module T/ is projective,
e there is an isomorphism of algebras A =~ End T2”.

Now we show that the multiplicity-free C-module T = TEF & T is
tilting. Let na = rk Ko(A), ng = rk Ko(B), and ngc = rk Ko(C) be the
ranks of the Grothendieck groups Ko(A), Ko(B), and Ko(C) of the algebras
A, B, and C, respectively. Then we haveS

ng =na + E Kh
h=1

and nc = npg, by the construction of the quiver Q¢. It follows that
the module T is a direct sum of ne pairwise non-isomorphic indecom-
posable C-modules. Moreover, Te: € add (P(C) U TC), pdTe < 1, and
Ext{ (TP, Te) = 0, because the module TZ” is projective. We recall that
Extl (TS, TH) = 0. Finally, it follows that

Extt (T, TE) = DHome (TE, 7c 1) = 0,

because T2 € add P(C), T € add T, and T € add Q(C). This shows
that T is a tilting module.

We note also that Home (T, T%) = 0. Hence, by applying (3.5) and
using the bound quiver presentation B = K@pg/Ip described earlier, we
get an isomorphism of algebras B = C[E;, LW Ey, L) ... E,, £®)] =
End T¢. This completes the proof of the proposition. O

Now we prove the sufficiency part of Theorem (3.5).
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4.3. Theorem. Let C be a concealed algebra of Fuclidean type, B a
domestic tubular extension of C' with the tubular type r® = ma, where A
is one of the quivers A(Ap,q), with 1 < p <gq, A(]]N)m), with m > 4, A(INEG),
A(IB)?), and A(ﬁg). Let A = KA be the path algebra of A. Then there exists
a multiplicity-free tilting A-module Ty such that Tgi =0 and B2 EndTj4.

Proof. Assume that B is a domestic tubular extension of C' with the
tubular type 7% = ma. Then, by (XV.3.9), B is a domestic branch exten-
sion

B=C[E, LY, By, P ... E,, LO)]
of C. By the structure theorem (XII.3.4), the Auslander—Reiten quiver
I'(mod B) of B has a disjoint union decomposition
I'(mod B) = P(B)UT? U Q(B),

where P(B) = P(C) is a unique postprojective component of I'(mod B),
Q(B) is a family of components of I'(mod B) consisting of all modules X
such that the restriction resc(X) to C belongs to add Q(C'), and the regular
part 77 of I'(mod B) is a Py (K)-family T = {T;® } xcr, (5 of pairwise or-
thogonal standard ray tubes 7,2 = Hom4 (T, 1), with 72 = r{ separating
P(B) from Q(B). Moreover, by our assumption, the tubular type r? of B
is domestic then it coincides with the tubular type 74 = ma of the hered-
itary algebra A = KA. It follows from (XII.3.1) that there are a uniquely
determined quiver A’ in the set

{A(&p,q), with1 < p < ¢, A(Dy,), withm > 4, A(Eg), A(Dy), A(ﬁ)s)}

and a multiplicity-free postprojective tilting module U4/ over the hereditary
algebra A’ = KA’ such that C = End U, . If we denote by A’ the canonical
algebra C(A’) of the type A’ then, according to (XII.1.5), (XIL.1.8), and
(XII.1.14), there are a multiplicity-free postprojective tilting A’-module V4
and an isomorphism of algebras
A =2 EndVy.
Thus, by (VIIL.4.5), there exist
(i) a full translation subquiver P’(A") = (—N)(A")°P of P(A’) closed
under successors,
(ii) a full translation subquiver P’(C)
under successors, and
(iii) a full translation subquiver P’(A’)
under successors,

such that the functors
Hom 4/ (U, —) : mod A" — mod C' and Hom 4 (V, —) : mod A’ — mod A’

induce equivalences of categories

I

(= N)(A")°P of P(C) closed

1%

(= N)(A")°P of P(A’) closed
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add(P'(A) UT*) —=— add(P'(C)UTC),
add(P'(A)UT?) —— add(P'(A)UT™).
Then, by the Brenner-Butler theorem (VI.3.8), the functor —®4/ V' induces
an equivalence of categories

~

add (P/(A) UTY) —=— add (P'(A) U T™).
Therefore, the composition of functors — ®a: V' and Homu/ (U, —) defines
an equivalence

F:add(P'(N)UTY) —=— add (P'(C) uTO).
of categories. Let BY be the direct sum of all indecomposable projective
B-modules in the component P(B) = P(C), and let By be the direct sum
of all indecomposable projective B-modules in TE. Then
Bp=BY®BY,C=EndBY,and D=End B 2 KL x ... x KL,
Because Homp (B}, BY) = 0, then B has the lower triangular matrix form
End BYY 0 C 0
B = ,
Homp(BY,B}Y) End B} pMc D
where pM¢c = Homp(BY, BY) is viewed as a D-C-bimodule in an obvious
way. Note also that there is an isomorphism of C-modules
Mc=EM"GER®...¢E™,
where ny, is the number of vertices on the maximal path in the quiver L®*)
with target at the germ Oy, of the branch £*), for each k € {1,...,s}.
Because all but at most three tubes of the family T¢ are of rank one, there
is a common multiple m of the To-periods of all indecomposable C-modules

in the family TC. Note also that there is an integer ¢ > 0 such that the
module 75" C¢ belongs to add P’(C). Then, we get isomorphisms

C 2 EndC¢c 2 End TEthC, and
Me = Home (Co, Me) gHomC(TEthC, Tc_thC) ’EHomc(Tathc, Me),
because 7 M Mo = M. Hence we conclude that there are algebra isomor-
phisms
Endp (75" Cc) 0
B = EndB(TCTth’c ® By ) =
Homp (75" Cc, BY) End BY

By applying the equivalence F:add (P'(A’) U ‘TA/) s add (P(C)uTOY),
we find a module Z in add P(A’) and indecomposable modules E7,... , F.
in T2 such that
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F(Z)=27;"Cc and F(E}) 2 Er, ... ,F(E.) 2 E,.
Consider the branch extension
B = N[E|, LMV E, LP) ... EL L)

of A/, and note that, by (XV.3.8), B’ is a tubular extension of A’, with
rB" = B and hence, B’ is a domestic tubular (branch) extension of A’.
Decompose the B’-module B as Bjz, = (B')P? & (B’)"9, where (B’)P? is the
direct sum of all indecomposable projective modules in P(B’) = P(A’) and
(B’)™ is the direct sum of all indecomposable projective B’-modules lying

in 77", Consider the algebra
B" = Endp (15" Cc & (B')").

Because the module 75" C¢ lies in the category add P(B’) then we have
Homp ((B')"9,75""Cc) = 0. Hence, there are isomorphisms of algebras

End p/ (TathC) 0 c 0

1%

B" =~ ~ B,

HomB’(TathCa (B/)rg) EndB/(BIY'g DMC D

because it is easy to see that there are isomorphisms of algebras
End B’(TgthC) =,
EHdB/(B/)Tg = EIldc(E‘Il1 SY E;Lz D...D E?S) =~ End Mo = D,
and, under these isomorphisms, there is an isomorphism of D-C-bimodules
HomB/(TCTth’C, (B/)Tg) = HOmB(TEthC, Mc) = DMC-
If A = C(A) is the canonical algebra C(A) of type A then, by (4.2), there
exist a multiplicity-free tilting A-module Sy € add (P(A) U T™) and an
isomorphism of algebras B’ = End Sy. Note that 7% = r¢ = ma = 4,
where A = KA is the path algebra of the quiver A. On the other hand, it
follows from (XII.1.5), (XII.1.8), (XII.1.11), and (XII.1.14) that there exist
a multiplicity-free postprojective tilting A-module W, and an isomorphism
of algebras A = End W4. Further, it follows from (VIII.4.5) that there exist
e a full translation subquiver P’(A) = (— N)A°P of P(A) closed under
successors, and
e a full translation subquiver P’'(A4) = (— N)A°P of P(A) closed under
SUCCEeSSOrs,

such that the functor Hom 4 (W, —) : mod A —— mod A induces an equiv-
alence

add (P'(A) UT?) =5 add (P'(A) UT™)
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of categories. Take now the common multiplicity r of ranks of the tubes in
the family T4 = {7;A}A6P1 (K) and an integer ¢ > 1 such that the module

74 "SRP lies in add P’(A). Then there are isomorphisms of A-modules
TSN 2T SR @ T Sy = SR @ S,
and hence we derive the isomorphisms of algebras
B’ = End Sy = End 7, " Sy = End (1, " S¥ © S}9)
Choose a module N5 € add P’(A) and a module N? € add T** such that
TXETSA &~ Homyu (W, NiP) and S}? = Homa (W, N?). Then the module
Na = N2 @ N9 is multiplicity-free and lies in add (P(A)UT*). Moreover,
there are isomorphisms
Ext!y(Na, Na) = Exty (Homa(W, Na), Homa (W, Na))
= EXt}\(TXZTSA, TX”SA)
= Ext}\(SA, Sp) =0,

because Sy is a tilting A-module. This shows that N4 is a tilting A-module.
Because there are isomorphisms of algebras
End N4 = End Hom (W, N4) = End 7, " Sy = B/
then B’ is a tilted algebra for a tilting module N, with Nﬁi = 0. Now, by
applying (3.5), we get
e P(A')=P(B') =Homa(N,T(N)NP(A)), and
o TB = Hom(N, T(N)NT™).
It follows that there exist A-modules
TP € add (T(N) NP(A)) and T4 € add (T(N) N T4)
such that Homa (N, T?P) = 75" Ce and Homa(N,T79) = (B')"9.
Consider the A-module
Ta=T"aT,?,
and observe that T4 is multiplicity-free.

Now we show that T4 is a tilting A-module. First, we note that, because
the module (B’)" is the direct sum of all indecomposable projective mod-
ules lying in T2 "and B’ is isomorphic to the tilted algebra End N4, then the
module 77,7 is the direct sum of all indecomposable direct summands of N4
lying in T4, that is, T4 = N?. Tt follows that Ext!(7%%, T%’) = 0 and
there are isomorphisms Exth (T4, T7?) = DHomu (T, 74aT5’) = 0, be-
cause Hom (T, P(A)) = 0. By the Brenner-Butler theorem (VI.3.8), the
functor Hom 4 (N, —) induces an equivalence of categories T (N) — Y(N),

the category T (N) is closed under extensions in mod A, and the category
Y(N) is closed under extensions in mod B’. Hence, we get isomorphisms
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Exth (T8, THP) = Exth, (15" Ce, 75" Cc) = Extl(Ce,Co) = 0,
and

Exth (T, TH) = Exth, (B9, 75" C¢) = 0,
because (B’)" is a projective B’-module.

Next, we note that the Grothendieck groups Ko(B), Ko(B'), and Ky(A)
are isomorphic and, hence, the number of pairwise non-isomorphic inde-
composable direct summands of T4 equals the rank of Ky(A). This shows
that T4 is a multiplicity-free tilting A-module with T° i’i = 0, in the notation
of (3.2). Moreover, B is a tilted algebra given by the module T4 over the
hereditary algebra A = KA, because of the isomorphisms of algebras

B~ B' ~Endp (TEthC D (B/)Tg) = EndB/(HOHlA(N, TA)) ~ EndTy.

Because the equalities r® = r4 = ma hold then the proof of the theorem

is complete. O

We finish this section by a coextension analogue of (4.3) proving the
sufficiency part of Theorem (3.6).

4.4. Theorem. Let C be a concealed algebra of Euclidean type, B a
domestic tubular coextension of C' with the tubular type rB = ma, where A
is one of the quivers A( q), with1 <p<gq, A(Dy,), with m > 4, A(Eg),
A(]D)7) and A(]D)g) see Sectzon XII.1. Let A = KA be the path algebra
of A. Then there exists a multiplicity-free tilting A-module T4 such that
T =0 and B = EndTjy.

Proof. Apply (XV.4.4) and the arguments given in the proof of (4.3).
The details are left to the reader. 0

XVIL.5. A classification of tilted algebras
of Euclidean type

The aim of this section is to summarise the results of the preceeding
sections concerning the structure of the representation-infinite algebras of
Euclidean type. In particular, we prove that the number of the isomorphism
classes of basic tilted algebras B of any fixed Euclidean type is finite.

The following theorem provides an important characterisation of repre-
sentation-infinite algebras of Euclidean type, due to Ringel [525].

5.1. Theorem. Let B be an arbitrary basic connected algebra. The fol-
lowing three statements are equivalent.

(a) B is a representation-infinite tilted algebra of Euclidean type.
(b) B is isomorphic to an algebra of one of the following two kinds:
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e o domestic tubular extension of a concealed algebra of Euclidean
type,

e o domestic tubular coextension of a concealed algebra of Eucli-
dean type,

(¢) The Auslander-Reiten quiver I'(mod B) of B admits a connected
component of the following two types:

e an infinite postprojective component P containing all indecom-
posable projective B-modules and a section of Fuclidean type,

e an infinite preinjective component Q containing all indecom-
posable injective B-modules and a section of Fuclidean type.

Proof. The implication (a)=(b) follows from (3.5) and (3.6), while the
converse implication (b)=-(a) follows from (4.3) and (4.4). Further, the
implication (a)=(c) is a consequence of (3.5) and (3.6).

It remains to prove that (c) implies (a). Assume that the Auslander—
Reiten translation quiver I'(mod B) of B admits an infinite postprojective
component P containing all indecomposable projective B-modules and a
section ¥ of the Euclidean type. Let Tz be the direct sum of all inde-
composable B-modules lying on ¥. Our assumptions on the component P
yield:

e Homp(T,75T) = 0, because the component P is directed and closed
under predecessors in mod B, see (VIIL.2.5),

e every indecomposable projective B-module is a predecessor of ¥ in
,P7

e P consists of the T7g-orbits of indecomposable projective B-modules
and, hence, there is no indecomposable injective B-module that is a
proper predecessor of 3 in P,

e the injective envelope f : Bp < FE(B) in mod B has a factorisa-
tion through a direct sum of modules lying on the section ¥, by
(IV.5.1)(a), and hence

e the module Bp is cogenerated by Tp and T is a faithful B-module,
see (V1.2.2).

Applying now the criterion (VIIL.5.6), we infer that T is a multiplicity-
free tilting B-module such that A = End T's is a hereditary algebra isomor-
phic to the path algebra K@ of the Euclidean quiver ¢ = ¥°P, and P is
the connecting component Cp+ determined by the multiplicity-free tilting
A-module T* = D(4T). It follows that B is a representation-infinite tilted
algebra of the Euclidean type @), because the component P is infinite. More-
over, by (3.5) and (3.6), P = Cr~ is a unique postprojective component of
I'(mod B) containing no indecomposable injective modules, and hence, the
tilting A-module T has no postprojective direct summand, see (VII1.4.2).
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Similarly, one shows that if I'(mod B) admits an infinite preinjective com-
ponent Q containing all indecomposable injective B-modules and a section
> of the Euclidean type then the direct sum Tg of all indecomposable B-
modules lying on ¥ is a multiplicity-free tilting B-module, A = EndTg
is a hereditary algebra isomorphic to the path algebra K@ of the Eu-
clidean quiver @ = X°P, T* = D(4T) is a multiplicity-free tilting A-module
and without indecomposable preinjective direct summands, B = End T}
is a representation-infinite tilted algebra of the Euclidean type @, and the
preinjective component Q is the connecting component Cp« of mod B deter-
mined by the tilting A-module T™. This finishes the proof of the implication
(¢)=>(a) and completes the proof of the theorem. O

We complete Theorem (4.1) with a description of the Auslander—Reiten
quiver of representation-infinite tilted algebras of the Euclidean type.

5.2. Theorem. Let Q) be an acyclic quiver whose underlying unoriented
graph Q is Euclidean, and let B be a representation-infinite algebra of Eu-
clidean type. The Auslander—Reiten quiver I'(mod B) of B has a disjoint
union decomposition

I'(mod B) = P(B)UT? U Q(B),
with the following properties.

e P(B) is a unique postprojective component of T'(mod B).

e Q(B) is a unique preinjective component of I'(mod B).

o TH = {RB}AE]pl(K) is a P1(K)-family of pairwise orthogonal stan-
dard ray tubes, or TP = {7;3},\@1»1(1() is a P1(K)-family of pairwise
orthogonal standard coray tubes.

e FEither P(B) contains all the indecomposable projective B-modules,
or Q(B) contains all the indecomposable injective B-modules.

o T% separates P(B) from Q(B) in the sense of (XI1.3.3).

o The tubular type rB of TP depends only on the Euclidean graph Q.

Proof. Apply (3.5), (3.6), and (5.1). O

5.3. Theorem. Let A be a Fuclidean graph. The number of the isomor-
phism classes of basic tilted algebras B of Euclidean types Q) such that the
underlying graph Q equals A is finite.

Proof. Assume that A is a Euclidean graph. First we note that the
number of quivers @ such that Q = A is finite.

Fix a Euclidean quiver Q with @ = A. Let A = KQ be the path
algebra of @, T a multiplicity-free tilting A-module, and B = End T4
the associated tilted algebra. We recall from (XI1.3.4) that the Auslander—
Reiten quiver I'(mod A) of A has a disjoint union decomposition
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I'(mod A) = P(A)UT* U Q(A),
where
e P(A) = (—N)Q°P is a postprojective component having the starting
section formed by all indecomposable projective A-modules,
e Q(A) = NQ°P is a preinjective component having the final section
formed by all indecomposable injective A-modules,.
o« T4 = {T:2} sep, (i) is a Py (K)-family of pairwise orthogonal stan-
dard stable tubes separating P(A) from Q(A).
For each \ € P;(K), we denote by 7§ the rank of the tube 7,4, and we set
A(4) = {X e P1(K); r{ > 2}.
It follows from (XII.3.4) that |A(A)| < 3.

For each A € Py(K), we denote by Cr(7,}) the stone crown of the tube
7j\A consisting of all indecomposable A-modules X in 7}\‘4 of regular length at
most Tf — 1, and we define the stone crown of A to be the full translation
subquiver

Cr(d)= U cr(T
AEA(A)
of T, Tt follows from (1.6) that Cr(A) consists of all stones in T, that
is, the indecomposable A-modules M of T* such that Extl, (M, M) = 0.

In the notation of (3.2), the tilting A-module T4 has a canonical decom-

position

Ta=TFoTYeTY,
where TP is a postprojective A-module, T'\? is a regular A-module, and
TA{” is a preinjective A-module. Observe that 7,7 € addCr(A), because all
indecomposable direct summands of T4 are stones.

It follows from (VII.5.10) and (XIV.2.4) that A is a minimal representa-
tion-infinite algebra, and hence the number of pairwise non-isomorphic non-
sincere indecomposable A-modules is finite. In particular, there exists a
minimal integer pa > 1 such that Hom4(P(a), 7, P(b)) # 0 for all i > py4
and all vertices a,b € Qq. It is clear that, if M = 7;'P(c) and N = 7,7 P(d)
are two modules in P(A) such that Homa(M,74N) = 0 then j —i < pa,
because the isomorphisms

0 = Hom4 (M, 74N) = Homa(7,"P(c), 7, T P(d))

> Hom(P(c), 7, V""" P(d))
and the choice of py yield j —i < pa.
Following the proof of (XIV.4.3), we define the concealed domain
DP(A) of P(A) to be the full translation subquiver of P(A) whose ver-
tices are the modules 7, P(a), with a € Q¢ and 7 € {0,1,2,... ,pa}.
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Similarly, we define a concealed domain of Q(A). Because A is a minimal
representation-infinite algebra and the number of pairwise non-isomorphic
non-sincere indecomposable A-modules is finite then there exists a minimal
integer ga > 1 such that Homa(I(a),74I(b)) # 0 for all i > g4 and all
vertices a,b € Q. It follows as above that if U = 741(c) and N = 7%1(d)
are two modules in Q(A) such that Hom4 (U, 74V) =0 then i —j < ga. We
define the concealed domain DQ(A) of Q(A) to be the full translation
subquiver of Q(A) whose vertices are the modules 7/, I(a), with a € Qo and
1€ {0, R ,qA}

Now we show that the tllted algebra B = End T, is isomorphic to a
tilted algebra End TA7 where Ty is a tilting A-module with a canonical
decomposition (3.2)

Ta=TV T aTh
such that 7% € addDP(A), T € addCr(A), and T2 € add DQ(A).
Because DP(A) U Cr(A) UDQ(A) has a finite number of indecomposable
modules, this will imply that the number of the isomorphism classes of basic
tilted algebras B of the Euclidean type @ is finite, and will finish the proof
of the theorem. To construct such a tilting module ZA“A, we consider two
cases.

Case 1°. Assume that the tilted algebra B = End T4 is representation-
finite, and we show that the tilting module T4 has the required properties.

It follows from (VIIL.4.3) that T%” # 0 and T%" # 0. Now we show that
T € addDP(A), and T%' € add DQ(A). Assume, to the contrary, that
THP ¢ add DP(A), that is, there exists an indecomposable direct summand
X of TH such that X € P(A) \ DP(A). Let Y be an arbitrary module in
Q(A). Then there exists a vertex b € Qo and s > 0 such that Y = 751(b).
Because, by the construction of DP(A), the module 7,°X is sincere then
we get

Homy (X,Y) = Homa (X, 751(b)) = Homu (7, ° X, I(b)) # 0.

On the other hand, because the algebra A is hereditary and the modules T4,
T ﬁi are direct summands of the tilting module 74 then Hom 4 (T4, TATgi) =}
DExt!, (TH  T?) = 0. Tt follows that Hom(X,Y) = 0, for any indecom-
posable direct summand Y of TATzi, and we get a contradiction with the
choice of X. This shows that every indecomposable direct summand X
of TH lies in DP(A), that is, TH" € add DP(A). Because the relation
Tﬁi € add DQ(A) follows in a similar way, then the tilting module Ta=Ty
has the required properties, and the proof is complete in this case.

Case 2°. Assume that the tilted algebra B = End T4 is representation-
infinite. We know from (3.3) that T4 = 0 or T%' = 0.
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First we consider the case when T% = 0. Tt follows from (3.5)(a) that

THP #0. Let
Ta=TPoT, =T1&..0Tn®Tn1®...0T,,
where 1 < m < n, the modules T1,...,Tn, Tim+t1,-.. , 1 are indecom-
posable, T =T & ... ® Ty, and T = Tpp1 @ ... 0 T,. I T)7 =0,
we set n = m. Because the algebra A is hereditary and the modules
Ty,...,Ty are in P(A) then, for each i € {1,...,m}, there exist a ver-
tex a; € Qo and an integer s; > 0 such that T; = 7,°P(a;). With-
out loss of generality, we may assume that s = s; is the minimal inte-
ger in the set {s1,...,8,}. Then the tilting vanishing condition yields
Homy (T, 74T;) = 0, for all ¢ € {1,...,m}, and the choice of ps yields
$; — 8 < pa, for each i € {1,... ,m}. Consider the A-module
Ta=T1&.. T ®Thi1®...0T,,

where ﬁ = 7,°T; is an indecomposable module, for each i € {1,... ,n}.
Note that

HOHlA(fA, TAfA) = HOmA(TZSTA, T;‘s+1TA) = HomA(TA, TATA) =0.
It follows that fA is a multiplicity-free tilting A-module such that
o THP = 7758 € add DP(A), T = 7°T4 € add Cr(A),

o T, € add (DP(A) UCr(A)), and
e there are isomorphisms of algebras

End T4 = End7;°T4 = End Ty = B.

This finishes the proof in case Th = 0. Similarly, if Th” = 0 then T%' # 0,
by (3.6), and we find a multiplicity-free tilting A-module

Ta € add (Cr(4) UDQ(A))

such that End T’ "W =End T4 =B. This completes the proof of the theorem.[]

5.4. Corollary. Given an integer d > 1, the number of the isomorphism
classes of basic tilted algebras B of Euclidean type with dimg B = d is finite.

Proof. It is easy to see that the rank of the Grothendieck group Ky(A)
of any algebra A of K-dimension d is less than or equal to d. It follows that
the number of Euclidean type quivers @ such that there is a tilted algebra
B of the type @ is finite. Then the corollary is a consequence of (5.3). O

We recall from (VIII.3.2) that every tilted algebra B satisfies the following
distinguished homological conditions:
(a) gl.dim B <2, and
(b) pd Xp <1orid Xp <1, for any indecomposable module in mod B.
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In particular, this is the case for any tilted algebra B of Euclidean type.

We end this section with an example showing that the class of algebras A
satisfying the homological conditions (a) and (b) is larger than the class of
tilted algebras of Euclidean type. However, for each algebra A constructed
in our example, the structure of the module category mod A is very similar
to the structure of the module category mod A for a representation-infinite
tilted algebra B of Euclidean type. As a consequence, it shows that the
finiteness of the number of the isomorphism classes of basic tilted algebras
of Euclidean type of a fixed dimension d > 1, established in (5.4), is a very
exclusive property of tilted algebras of Euclidean type.

5.5. Example. Let ) be the quiver

3
o
0% o
3 2/ \5 n
10&é——o0 04<——o06
NG
4

For each a € K \ {0, 1}, we consider the algebra
Ala) — KQ/](G)7
where I(®) is the ideal of the path algebra KQ of @ generated by the com-
mutativity relations Sa& — ov§ and nBa — anoy. It is easy to see that

e dimgA@ =21, for each a € K \ {0,1},
e (1—a)noyé € I, and hence
o noyé € I and npag € 1@,

Now we show that
A@) 22 A®) | for all a,b € K \ {0,1} such that a # b.

Assume, to the contrary, that there is an isomorphism of algebras f :
A@ =5 A®) for some a,b € K \ {0,1}. We show that a = b. First,
we note that if there is an arrow ¢ — j in the quiver @ and e;, e; are the
primitive idempotents of the algebra K () corresponding to the vertices 7, j
of @, then

e;(rad KQ)e; 2 K and  e;(rad?KQ)e; = 0.
Hence, there exist elements cq, cg, ¢y, ¢e, ¢y € K \ {0} such that

fla+I®) = coa+I®, f(B+I@) = cﬁﬂ+[(b)’ fy+I1@) = 677+[(b),
fo4+ID) = coo+I0) f(E4+T()) = 0554_[(17)7 fn+1®) = Cn77+1(b)-

It follows that cgco = csc,, because of the following equalities
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(cgta — coty)ce ol + IO = (cgeqceBas + TV — (cocycefal + I
= (cgcacefal + IW) = (cyeyceorye + 1)
= (caB+ 1) (cac + 1) (cet + 1)
= (coo + I (cyy + T®M)(ce& + 1)
= fB+ I fa+ 1) f(E+1')
— fle+ Iy + I fE+ 1)
= f((Bag +1'9) = (o7& + 1))
= f0+19) =0.
Hence, invoking the commutativity relation nfa = anoy in A®, we get
(b —a)cycocynoy + 10 = (bepcocymory + Iy — (acpcocynoy + 1®)
= ¢y CoCy(bnoy + I®)y) — (acpcocynoy + 1®)
= eycpca(nfa + 1V) — acyepey (noy + 1)
= (eqn + 1) (esB + 1) (cacr + 1P
—aleyn 4+ IO (coo + TO) (cyy 4+ IP)
= FO+ T F(B+ 1) fla+ 1)
—af(n+ 1) f(o+ 1) [y + 1)
= [((nBa + I'V) — (anory + 1))
= f(0+ 1) =0.

It follows that b = a, as we required.
Given a fixed element a € K \ {0, 1}, we describe the Auslander-Reiten
quiver I'(mod A(®)) of the algebra A(®). Denote by C' the path algebra KA

/\
\/

By (XII.1.1), C is the canonical algebra C(2.2) and it follows from (XII.2.8)
and (XII.3.4) that the Auslander—Reiten quiver I'(mod C) of C has a disjoint

union decomposition

I(mod C) = P(C)UTC U Q(C),
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where P(C) is a unique postprojective component containing all the inde-
composable projective C-modules, Q(C) is a unique preinjective component
containing all the indecomposable injective C-modules, and T is a Py (K)-
family 7¢ = {7;0} AeP, (k) of pairwise orthogonal standard stable tubes
such that

. TOS is the stable tube of rank 2 with the mouth modules

B Z 8(3): 0 v ’\ B = / N

*‘\ S N /1
° 760 is the stable tube of rank 2 with the mouth modules

AN EEVALN

B = S(4): o Wi

e for each A € K\ {0}, 7.C is the stable tube of rank 1 with the unique
mouth module

K
. Nk
N A
K
Given a € K \ {0, 1}, we consider the following two quotient algebras

_=KQ /I and AW =KQ, /1"

of the algebra A(®, where Q~ and Q™ are the following subquivers

N N
\/ \/

of the quiver @ of A(®) I_ is the ideal of the path algebra KQ_ of Q_

generated by the commutativity relation faé — o€, and IJ(ra) is the ideal
of the path algebra KQ; of @+ generated by the commutativity relation

npa — anoy.
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Observe that the algebra A_ is the domestic tubular (branch) coextension
A_ = [EM cM)C
of C of tubular type r*~ = 7~ = (2,2,2), where £() is the branch con-
sisting of one vertex. Then, it follows from (3.6) and (4.4) that A_ is
a representation-infinite tilted algebra of the Euclidean type D4 and the
Auslander-Reiten quiver T'(mod A_) of A_ has a disjoint union decomposi-
tion
F(modA_) = P(A_)UT™ UQ(A),

where

e P(A_) is a unique postprojective component containing all the in-
decomposable projective A_-modules,

e Q(A_) = Q(C) is a unique preinjective component,

o T2 isaPy(K)-family T4~ = {7}\/\’ }aep, (k) of pairwise orthogonal
standard coray tubes such that 7'>\A‘ = TY, for each A € Py (K)\{1},

and 7'1A’ is a coray tube of rank 2 obtained from the stable tube 7;“
by insertion of one coray ending at the injective A_-module I(1)5_.

o T2~ separates P(A_) from Q(A_).
The algebra Agf) is the domestic tubular (branch) extension
A<+a> = C[E@, £@)]
of C of tubular type r*+ = 7P = (2,2,2), where £(® is the branch con-
sisting of one vertex. Then, it follows from (3.5) and (4.3) that Af) is

a representation-infinite tilted algebra of the Euclidean type Dy and the

Auslander—Reiten quiver I'(mod A(f)) of Af) has a disjoint union decom-
position
P(mod AY) = P(AY) U T2 U Q(A®),
where
. P(Af)) = P(C) is a unique postprojective component,
° Q(Af)) is a unique preinjective component containing all the inde-

composable injective A(f)—modules,
Al . Al TA$> o
o T7+ is a Py(K)-family T+ = {7, }iep, (k) of pairwise or-
(a)
thogonal standard ray tubes such that 7;\[\* = T, for each X €

(a)
Pi(K) \ {a}, and 7ZA+ is a ray tube of rank 2 obtained from the
stable tube 7.¢ by insertion of one ray starting from the projective

(a)
AY (—)module P(G)A$)’
o TAY separates ?(Af)) from Q(Af)).
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It follows that the algebra A(®) is both
e the branch extension A_[E(®), £(®)] of A_ using the tube T = T7C,

and
(@)
e the branch coextension [E(!), L’(l)]Agf) of A(f) using the tube 7; * =
T

Consequently, for each a € K \ {0,1}, the algebra A(*) has the branch
coextension-extension form
Ala) — [E(l),g(l)]C[E(a)7£(a)].
By applying (XV.4.3) and (XV.4.4), we conclude that, for a fixed element
a € K\{0,1}, the Auslander-Reiten quiver I'(mod A(®)) of the algebra A(®)
has a disjoint union decomposition
D(mod A@) = P(A@) U T2 U Q(A@),
where
(i) P(A@) = P(A_) is a unique postprojective component containing
all the indecomposable projective A_-modules, except the module
P(6) = P(6) (), and the left hand part of P(A(®)) looks as follows

P(3):11300 01(1)00 12?10
P(1) =110 /0130(\ 11%0 /;110\ /‘
DN SN N
P(2)=1100 12100 13310 1420 o
\ /! \ . /! \ . /r \\t‘
P(4):11(1)00 01,00 \\32210/
P(5):12110 01100

where we set P(j) = P(j)aw, for each j € {1,2,3,4,5,6}, and
the indecomposable A(®-modules are represented by their dimension
vectors,

(i) Q(A@) = Q(AS‘_I)) is a unique preinjective component containing
all the indecomposable injective Af)-modules, except the module
I(6) = I(6) pw), and the right hand part of Q(A(®)) looks as follows

2
0121 00,10 00(1)11 —1(3)

1 0
01,20 0011 000 0001 =1(6)

0

A Y,
. 00011:1(5)

3 \ . /f \ ) /’ . /Y
\01221 0001(/ 0011 =I(4)

=I(2
00110 01121 (2)
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where we set I(j) = I(j)aw, for each j € {1,2,3,4,5,6}, and the
indecomposable A(®)-modules are represented by their dimension

vectors,

(iii) TAY = {7:\/\(“)})\6@1([() is a Py (K)-family of pairwise orthogonal
standard tubes separating P(A(®) from Q(A(®)) and such that
. ng(“) =T7E and 76A(a) = T are stable tubes of rank 2,
° ’7'>\A<a) = TC is a stable tube of rank 1, for each A € Py(K) \

{07 17 a, 00}7 (a)
. 7'1A<a) = 7'1A’ is a coray tube of rank 2, 7;1\(“) =T, ' isaray
tube of rank 2, and the tubes 7-1A<“> and ’TA(Q) have the forms
EM —— 1(1) P(6)——— E®
NN SN
- 1220 _ M E@ — 022k7|

lf\/‘\

13 30 —— 0222077\

l\/‘\m

+ 033077 1330

l/‘\/\

44 __144 ——
040 0——|

l\/\\

- 1550—— 0440

|/‘\/\

\
Ala) A
= Tl

1
where E(M) = ot10, I(1)

\\/‘\l

- 0232077 03331

\f\fl

0331 ——0330 —

\\/\l

+— 0441—— 0440

\f\/l

0440 —— 0555177|

\\/\l

(a)
+

TA(@) _
a

, P(6) = 01 1, B@ —0110 and

the indecomposable A(®)-modules are represented by their dunension

vectors,

(IV HOmA(a) (D(A(a)),’P(A(a)) U (TA(a> \ {7—1A(a)})) -0,
(v) Hompew (A (T2 \{TA ) U Q(A®)) =0,

(vii) idY <1, for any module Y in (TA(G) \ {7;A(a>}) U Q(A®),

)
)
(vi) pd X < 1, for any module X in P(A@) U (TA“\ {TA ),
i)
)

(viii) pd X <1 orid X <1, for any indecomposable module X in mod A@)

and
(ix) gl.dim Al < 2.

The statements (vi) and (vii) follow from (IV.2.7), because we assume that
a # 1. The statement (ix) follows from (vi), (vii), and the fact that the
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radical of any indecomposable projective A(®-module lies in
PADY U TN\,

see (XV.4.3).

Finally, we note that the algebra A(® is representation-infinite, but it is
not a tilted algebra of the Euclidean type, because TlA(a) is a coray tube,
7;A(a> is a ray tube, and (5.2) applies. This finishes the example.

XVII.6. A controlled property of the Euler form
of tilted algebras of Euclidean type

It was shown in (XII.4.2) that the category mod B over a concealed al-
gebra B of Euclidean type is link controlled by the Euler quadratic form
qp : Ko(B) — Z of B, that is, the following three conditions are satisfied.

e ga(dim X) € {0, 1}, for any indecomposable B-module X.

e For any connected positive vector x € Ky(B), with gg(x) = 1, there
is precisely one indecomposable A-module X, up to isomorphism,
such that dim X = x.

e For any connected positive vector x € K(B), with ¢g(x) = 0, there
is an infinite family {X)}xea of pairwise non-isomorphic indecom-
posable modules X in mod B such that dim X, = x, for any A € A.

The aim of this section is to show that the result remains valid, for any
tilted algebra B of Euclidean type.

6.1. Theorem. If B is a tilted algebra of Fuclidean type then the mod-
ule category mod B is link controlled by the FEuler quadratic form qp :
Ko(B) —— Z of B.

Proof. Let @ be an acyclic Euclidean quiver and let A = K@ be the
path algebra of (). Assume that B is a tilted algebra of the Euclidean type
Q. Then B = End T4, where Ty is a multiplicity-free tilting A-module. It
follows from (VI.3.5) that the algebra B is connected. We also recall from
(VIIL.3.2) that gl.dim B < 2. Now we split the proof into two cases.

Case 1°. Assume that the tilted algebra B is representation-finite. By
(IV.5.4) and (VIII1.4.3), the Auslander-Reiten quiver I'(mod B) of B is both
postprojective and preinjective, and consequently, B is a representation-
directed algebra. Because gl.dim B < 2 then (IX.3.3) applies. Hence,
the Euler quadratic form ¢p : Ko(B) —— Z of B is weakly positive
and the correspondence X +— dim X defines a bijection between the in-
decomposable modules in mod B and the positive roots of gg. Observe
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also that the Grothendieck group Ko(B) = Ky(A) has no positive vec-
tor x such that ¢gg(x) = 0, although ¢p is Z-congruent to the positive
semidefinite Euler quadratic form ¢4 : Ko(A) —— Z of A, see (VL.4.7)
and (VIL.4.2). It follows that ¢p(dim X) = 1, for any indecomposable
module X in mod B, and hence, the category mod B is link controlled by
the Euler quadratic form ¢p.

Case 2°. Assume that the tilted algebra B = End T4 is representation-
infinite. In the notation of (3.2), the tilting A-module T4 has a canonical
decomposition

Ta=TFoTYaTy,

where T is a postprojective A-module, T,? is a regular A-module, and
T ﬁi is a preinjective A-module. Because B is representation-infinite then
T = 0or T%" = 0, by (VIIL4.3) and (VIIL.4.4). Without loss of generality,
we may assume that 7% = 0. Then, by (3.5), C = End T is a concealed
algebra of Euclidean type and B is a domestic tubular extension of C. In
case T, = 0, we have B = C and (XIL.4.2) applies. It follows that the
category mod B = mod C is link controlled (and is even controlled) by the
Euler quadratic form ¢p.

Assume that 7,7 # 0. Then B is a proper domestic tubular extension of
C and, by (XV.3.9), B is a domestic branch extension

B = C[Fla‘c(l)vFQwC(z)a LR Fsa'c(s)]

of C' and the ordinary quiver @Qp of B has the form

where

o F1, Fy, ..., Fyare pairwise different C-modules lying on the mouths
of the tubes of the Py(K)-family T = {T.C}xep, (1) of pairwise
orthogonal standard stable tubes of I'(mod C'),
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o £ = (LW [W) £@) — (L@ [@) . £6) = (1O [4)) are
branches with the germs O1,Os, ... ,Oq,

e for each j C {1,...,s}, the vertex O; is the extension vertex of the
one-point extension algebra C[F}], and

e the quivers Q¢, LW, L3 ... L) are full convex subquivers of Q.

On the other hand, the algebra B has the lower triangular matrix form
p~[ € o
~ | pMc D |

where C' = EndT%", D = End T, and pM¢c = Hom (T4, T,7) is viewed
as a D-C-bimodule in an obvious way. Moreover, the algebra D is the

product
D =Dy x Dy x...xDg

of the branch algebras D; = K£M) Dy = K£® ..., D, = KL£®). Hence
we easily conclude that the Cartan matrix Cpg of B has the upper triangular
matrix form

~ | Cc =*
CB:[O CD}’

there is a canonical embedding
Ko(C) = 7(Qc)o y 7(QB)o — Ko(B)

of the Grothendieck groups of C' and B, and the Euler quadratic form
go : Ko(C) — Z is the restriction of qp : Ko(B) — Z to the subgroup
K()(C) of Ko(B)

By (3.5), the Auslander-Reiten quiver I'(mod B) of B has a disjoint union
decomposition T'(mod B) = P(B) U T? U Q(B), where

e P(B) = Homu (T, T(T)NP(A)) = P(C) is a unique postprojective
component of I'(mod B),

e Q(B) is a unique preinjective component of I'(mod B) containing all
the indecomposable injective B-modules,

o T =Homu (T, T(T)NT*) is a Py (K)-family T% = {T;P}rep, (k) of
pairwise orthogonal standard ray tubes T,® = Hom (T, T{), with r& = r{!
obtained from the Py (K )-family 7¢ = {T.C} xePy (k) of pairwise orthogonal
standard stable tubes of I'(mod C) by iterated rectangle insertions, and

e TP is of the tubular type mg (see (XVI.4.7)), and separates P(B)

from Q(B).

Because B = End Ty is a tilted algebra then, by (VI.4.3) and (VI.4.5),
there exists a group isomorphism f : Kq(A) —= K, (B) of the Grothen-
dieck groups of A and B such that, for any A-module M, the following two
equalities hold

e f(dim M) = dim Homx (T, M) — dim Ext}, (T, M), and
e gp(f(dim M)) = ga(dim M).
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Now we show that ¢g(dim X) € {0,1}, for any indecomposable B-
module X. If X is an indecomposable module in P(B) U Q(B) then X
is directing and, according to (IX.1.5), we have gp(dimX) = 1. As-
sume that X is an indecomposable module in 7. Then X has the form
X = Homu (T, M), where M is an indecomposable module in 7(7") N T4
Because A = K@ is a concealed algebra of Euclidean type then, by(X11.4.2),
the category mod A is link controlled by the Euler quadratic form g4 of A
and, hence, g4(dim M) € {0,1}. Thus, we get

gp(dim X) = gp(dim Hom 4 (T, M))

= qp(f(dim M))
=qga(dim M) € {0,1}.

We recall from (VI.4.7) and (VIL.4.2) that the form ¢p is semidefinite of
corank one and
rad qB = Z - hB,

for a vector hp € Ko(B). On the other hand, because C is a concealed
algebra of Euclidean type then, by (XI.3.7), there exists a unique positive
vector he € Ko(C) such that radge = Z - he and all coordinates of he
are positive. It follows that rad gz = rad qc and hy = h¢, because g¢ is
the restriction of g to Ko(C), under the canonical embedding Ko(C) —
Ky(B).

We recall from (XII.4.2) that if X is an indecomposable module in a
tube 7;() of rank rf > 1 then dim X = m - h¢g, for some m > 1, if and
only if r(X) =m - rf. Hence we conclude that any positive vector x €
Ky(B), with gg(x) = 0, belongs to the subgroup Ky(C) — Ky(B) of Ky(B)
and there exists a Py (K)-family {Xx}xep, (k) of pairwise non-isomorphic
indecomposable C-modules (hence, B-modules) such that dim X, = x, for
each A € P;(K). Moreover, each indecomposable B-module X such that
gp(dim X) = 0 is a C-module.

Consequently, to prove that the module category mod B is link controlled
by the Euler quadratic form ¢p : Ko(B) —— Z, it is sufficient to show
that, for every connected positive vector x € Ky(B) with gp(x) = 1, there
is precisely one indecomposable B-module X, up to isomorphism, such that
dim X = x.

To show this, assume that x € Ky(B) is a connected positive vector
such that ¢p(x) = 1. We make the identification Ky(B) = Z(24)0 and we
consider the support

supp4 (x) = {j € (Qa)o; z; # 0}
of the vector x € K((B) in the group Ko(A). Assume that supp 4(x) is con-
tained in (Q¢)o. Then, by (XI1.4.2), there exists a unique indecomposable
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C-module X, up to isomorphism, such that dim X = x. It follows that any
indecomposable B-module Y such that dimY = x is a C-module and there
is an isomorphism Y = X.

Assume now that supp,(x) is not contained in (Qp,)o, for some
je€A{l,...,s}. Because the algebra D = EndT")? is the product

D=Dy XDy x...xDg

of the branch algebras

Di2KLY Dy=KL® ... D,2KL®,
then the Cartan matrix Cp of D has the diagonal form
Cp, 0 0o ... 0
0 Cp, 0 ... 0
Cp= ) . . ,
0 0 eee ... Cp,

and, for each j € {1,...,s},

e the Buler quadratic form ¢p, : Ko(D;j) — Z is the restriction of the
form gp : Ko(B) — Z to the subgroup Ky(D,) of K(B) under a canonical
embedding

Ko(D;) = 790 — 7(@8)0 — K (B)

of the Grothendieck groups of D; and B, and hence

e the restriction x19) of the vector x € Ko(B) to the subgroup Ko(D;) of
Ko(B) is a positive vector of Ko(D;) and the equality gp, (x\9)) = 1 holds.

It follows from (XVI.2.2) that, for each ¢ € {1,...,s}, D; is a tilted
algebra of the equioriented Dynkin type A(A,,,), where n; is the capacity of
the branch £(?), and hence, Dj is representation-directed. Applying (IX.3.3)
again, we conclude there exists a unique indecomposable D;-module X,
up to isomorphism, such that dim X = x. Clearly, then X is a unique
indecomposable B-module, up to isomorphism, such that dim X = x.

Assume that supp 4 (x) is contained neither in (Q¢)o nor in (Qp)o. Let X
be a B-module with dim X = x such that dimgEndp(X) is minimal, and
X = X16...06X; adecomposition of X into a direct sum of indecomposable
B-modules.

If £t =1 then x = dim X = dim X;, and there is nothing to show.
Assume that ¢ > 2. Then Ext! (X;, X;) # 0, for all i # j, by (XIV.2.3).
Because gl.dim B < 2 then we have the following equalities
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1 =gp(x)

= (4B (dim X)
= XB (X7 X)
= dimgEndp(X) — dimgExth (X, X) + dimgExt% (X, X)
= [dimgHomp(X;, X;) + dimgx Ext} (X;, X;)]

i#7

+ ) [dimgEndp(X;) — dimgExt(X;, X;) + dim g Ext (X5, X;)]

i=1

t
= [dimgHomp(X;, X;) + dimg Ext3 (X, X;)] + > x5(Xi, X))

i#£j i=1
t
=Y [dimgHomp(X;, X;) + dimcBxt} (X, X;)] + Y gp(dim X;).
i#£j i=1

Now we show that there exists ¢ € {1,... ,t} such that ¢g(dim X;) = 1.
Suppose, to the contrary, that ¢p(dim X;) = 0, for any ¢ € {1,...,t}.
Because rad gg = radgc = Z - h¢o then the B-modules Xq,... ,X; are C-
modules. Hence, the equalities X = X7 & ... ® X; and x = dim X imply
that the support supp 4 (x) is contained in (Q¢)o and we get a contradiction.
This shows that there exists ¢ € {1,...,t} such that ¢p(dim X;) = 1.

Without loss of generality, we may suppose that ¢p(dim X;) = 1. Then

o ¢p(dimX;)=0, forie{2,...,t}, and

e Y [dimgHomp(X;, X;) + dimgExt% (X;, X;)] = 0.

i#£j

In particular, if 2 < i < t, then X; € TC; = Tf, for some \; € P;(K), and
(XI1.4.2) yields dim X; = m; - h¢, where m; '2 1 is an integer such that
m; - ri is the regular length r¢(X;) of X; in T)\C On the other hand, it
follows from our assumption on x that the indecomposable B-module X7 is
not a C-module and, hence, supp 4 (dim X;) contains a vertex of a branch
L% for some k € {1,...,s}. Because

x=dimX =dimX; + ... +dim X;

and the vectors dim Xo, ... ,dim X; are contained in (Q¢)o then the set
supp 4 (dim X;) contains the germ Oy, of the branch £(*), because the vector
x is connected. Note also that X7 is not a postprojective B-module, because
P(B) = P(C) consists of C-modules.

Assume that the module X; belongs to the preinjective component Q(B)
of the Auslander—Reiten quiver I'(mod B) of B. We prove that the restric-
tion resc X7 of X7 to C is zero. Assume, to the contrary, that the module
Y1 = res¢X; is non-zero. Then (XV.4.3) yields Y7 € add Q(C) and, ap-
plying (XII.3.6), we conclude that Homp(Xs3,Y7) # 0, because X5 is an
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indecomposable C-module of regular length
rl(Xo) =my 1§, > 15
in 7;6; Hence we get the contradiction
0 = Homp (X2, X7) &2 Homp(Xa, Y1) # 0.

It follows that if Xy belongs to Q(B) then X; is an indecomposable module
over the branch algebra Dy, of the branch £*) with the germ Oy, that belongs
to the support of dim X;.

Let T2 be the ray tube of I'(mod B) containing the indecomposable
projective B-module P(Oy)p = ep, B at the vertex Or. We know from
(XVI.2.2) and (XVI.2.3) that the branch algebra Dy is a tilted algebra
Dy = End Ha, (Ry), where H,, is the path algebra of the equioriented quiver

A(A,,) : VRN

Ry, is a multiplicity-free tilting H,, -module, and ny is the capacity of the
branch £*). The finite Auslander-Reiten quiver T'(mod H,, ) admits pre-
cisely one section X isomorphic to the equioriented linear quiver A(A,, ),
the source of X, is the indecomposable projective Dg-module

P(O}C)B,€ = eOkBk

at the germ Oy, of L) and the sink of ¥, is the indecomposable injective
Dy-module I(Oy)p, at the germ Oy of L£F) . Tt follows that section X
consists of all indecomposable Dg-modules M such that the support of
dim M contains the germ Oy.

On the other hand, the ray tube T is the image of Hom (T, T (T') ﬂ’TA‘?)
of the torsion part 7 (T) ﬂ’TA‘? of the stable tube ’7}\“1‘ of I'(mod A) containing
the indecomposable summand Vj, of T)? creating the indecomposable pro-
jective B-module P(Oy)p at the vertex O. Moreover, the cone C(V}) of
the tube 7;? determined by Vj is of depth ny and there is an equivalence of
categories Gy : mod H,, —— addC(V}) such that the image Gy (Rk)
of the tilting H,,-module Ry via the functor Gy is the direct sum of all
indecomposable direct summands of 7%, contained in the cone C(Vy). It
follows that the tube 7}\“1‘ of T'(mod A) admits a coray containing a sectional
path

[nk+1}Ek — [nk]Ek — [nk—l]Ek —_— ... [Q]Ek — [1]Ek
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entirely contained in 7(T') such that Vi = [ng]Ek, E) lies on the mouth of
7;‘?, and the image of this path via the functor Gy is a sectional path

(*) Zpptl — Ly —> Zpp-1— ... — Lo — 73

of the ray tube 7,2 of I'(mod B) such that Z,, 41 is the B-module F}, and the
direct summand of the radical of the indecomposable projective B-module
Ly = HOHIA(T7 Vk) = P(Ok)B
at the vertex Oy, by the construction of the ray tube
T8 = Homa (T, T(T) N T5)
given in the proof of (2.3).
On the other hand, the ray tube T)f is obtained from the stable tube

TS of I'(mod C) by iterated rectangle insertions. Hence we conclude that
by applying the restriction functor

resp, : mod B —— mod Dy,
to the sectional path (%) we get the unique section
Eki P(Ok)Dk:Nnk—>Nnk71—>~-~—>N2—>N1:I(Ok)Dk;
of type A(A,,,) in I'(mod Dy), where
Ny, =resp, (Zn,),... , N1 =resp, (Z7).

Hence we conclude that every indecomposable Di-module M such that
Homp, (P(Ok)p,, M) # 0 is isomorphic to a module N, for some ¢ €
{1,...,nx}. Because 7;? is aray tube then, foreach £ € {1,... ,ng,ng + 1},
there exists a unique infinite sectional path

(Sg) Ly = Zg[l] — ng] — .. Zg[j] — Zg[j-&-l] — ...

in the tube 7;]? . We note also that the infinite path (S, +1) starting from

the C-module F}, = Z,, 11 consists entirely of C-modules and (S, +1) is
the ray

of the stable tube 'T)\C: of T'(mod C) starting from the mouth module Fy. It
follows from the rectangle insertion procedure described in (XV.2.5) that
every indecomposable B-module Y in TZ such that Homp(P(Oy)p,Y) # 0
is isomorphic to a module Z;[j], for some ¢ € {1,... ,n;} and some j > 1.
Moreover, for each t € {1,... ,n;} and j > 1, we have

dim Z,[j] = dim N; + dim Fy[j].
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Now we define an indecomposable B-module M in Tf such that
dim M = x. We recall that dim X; = m,; - he, for each i € {2,... ,t},
where m; - hg = rf(X;) is the regular length of X; in Tf Let r = rfl be
the rank of the tube ’TACI, and we set m = mgy + ...+ my. Then (XI11.4.2)
yields

dim Fi[m-r] =m-he =dim X5 + ... + dim X;.
Because the support of the vector dim X; contains the vertex Oy then
Homp(P(O)p,X1) # 0 and, consequently, the Dj-module resp, (X) is
isomorphic to a module Ny = resp, (Z;), for some ¢ € {1,... ,nx} . To
construct the indecomposable B-module M, we have two cases to consider.

If resp, (X1) = 0 then we set M = Zy[m - r]. Obviously, M is an inde-
composable B-module in the ray tube 7;1? and

dim M = dim N;+dim Fi[m-r] = dim X; +dim X5+...+dim X; = x.
This shows that M is a required indecomposable B-module such that
dim M = x.

If resp, (X1) # 0 then X7 = Z,[j], for some j > 1, and we set M =
Zg[j+m - r]. Then

dim M = dim N, + dim Fj,[j+m - 7]
= (dim Ny + dim F[j]) + dim Fy[m - 7]
=dimX; +dim X5 + ... + dim X; = x.

It follows that M is a required indecomposable B-module such that
dim M = x.

To finish the proof, it suffices to show that if X and Y are indecomposable
B-modules such that

x=dimX =dimY, ¢px)=1,

and supppg(x) is contained neither in (Q¢)o nor in (Qp)o, then X =Y.

Assume that X and Y satisfy the preceding conditions. If X belongs to
the preinjective component Q(B) then X is directing and (IX.3.1) yields
XY,

Because P(B) = P(C) consists of C-modules then, without loss of gen-
erality, we may suppose that X belongs to TE. We recall that the P, (K)-
family

T = {TAB}AeJPl(K)

of pairwise orthogonal standard ray tubes of the Auslander—Reiten quiver
I'(mod B) of B is obtained from the P (K)-family

T = {T aer, )



XVII.6. A CONTROLLED PROPERTY OF THE EULER FORM 205

of pairwise orthogonal standard stable tubes of I'(mod C) by iterated ray
insertions created by the branch extension

B=C[F, LW F,£® ... F, LY

of C. By our assumption on x, there is exactly one branch £*) such that
the support suppg(x) of x contains the germ Oy of £*). Tt follows that
Hompg(P(Or)p,X) # 0 and Homp(P(Ok)p,Y) # 0 and, in the notation
introduced earlier, there are isomorphisms X = Z;[j] and YV = Z,[¢], for
some j,¢ > 1 and t,u € {1,...,nk}. Hence, there exist isomorphisms
resp, X = N; and resp, Y = N, of Di-modules and the dimension vectors
dim N; and dim N,, coincide, because they are restrictions of the vector
x =dimX = dimY to (Qp,)o. Thus (IX.3.3) yields N; = N, because
the algebra Dy is representation-directed. It follows that ¢ = w. On the
other hand, the equalities

dim X = dim N, +dim Fi[j] and dimY = dim N,, + dim F}[{]

yield dim Fy[j] = dim F[¢], and hence, there is an isomorphism

Fyl5] = Fy[4],

because the modules F[j] and Fi[¢] lie on a common ray of a stable tube
of the family 7¢. Tt follows that j = ¢ and, consequently, there is an
isomorphism X = Y. This finishes the proof of the theorem. O

Now we give an example of a tilted algebra B of Euclidean type such
that the module category mod B is link controlled by the FEuler quadratic
form ¢p : Ko(B) —Z, but the category mod B is not controlled by ¢p in
the sense of (4.1).

6.2. Example. Let B be the path algebra given by the quiver

1 o 2 3 4
o o 7 o 7 o

B
bound by one zero relation ya« = 0. Let A be the path algebra of the

Kronecker quiver
«

éﬁ:%.
B
In the notation of (XI.4.3), B is a tubular extension B = A[E.,, £L(>)] of A

of domestic tubular type 7% =78 = (rf,r2) = (1, 3), where

0
Ey = (K K )
1
is the mouth A-module of the tube 72 and £(°) is the branch 3 0 —— 0 4
of capacity 2, with the germ vertex 3. The Cartan matrix Cp of B and its
inverse Cgl are of the forms
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0010

1210 1-2 10
_lo110 ~1_|01-10
cB_[ ] and 03_0010],

0011 0 0-11

with respect to the canonical ordering P(1), P(2), P(3), and P(4) of the
indecomposable projective B-modules. Then Ky(B) = Z* and the Euler
quadratic form ¢p : Z* ———— Z is defined by the formula

-1
qp(x) =x'-(Cxh)tx = 2¥+ad+a3+ai — 20120 — 2ow3 — 2324 + 7173,

for x = [v1 w2 23 24]' € Z* = Ko(B).

Then, for the vector y = [1 1 0 1]* € Z*, we have ¢g(y) = 1, that is, y is
a non-connected root of ¢g, and obviously, y is not the dimension vector of
any indecomposable B-module. This shows that the category mod B is not
controlled by ¢p, whereas mod B is link controlled by ¢g, by (6.1).

We end this section with an interesting example of a representation-finite
tilted algebra of Euclidean type.

6.3. Example. Let A = KA be the path algebra given by the Euclidean
quiver

10 04
A =A(Dy): >g<
20 05

The standard calculation technique shows that the left hand part of the
component P(A) of T'(mod A) looks as follows

o 1,0 2,2
P=1, 121 2%
1.0 0.0 2,1 1,1

=0 ~ T T T —77— 1 I A 2 I U A
P1)=40 /1 0&&, /1 1¥ /231

1.0
B N NN N

0,07 __________N__ 107 __/  N__C1,17 __/  N__72,
P2)=9 0o 2?1 131
O L 2,1
P(5):111 120 232

and the right hand part of the component Q(A) of I'(mod A) looks as follows



XVII.6. A CONTROLLED PROPERTY OF THE EULER FORM 207

where the indecomposable modules are represented by their dimension
vectors.

It follows from (XII.2.6) and (XII.2.9) that I'(mod A) admits a stable
tube 7T;* of rank 2 with the mouth formed by the modules

Y O\K,/O
o o‘/\o

Consider the indecomposable A-modules

K K
N N
and Fy /K\
11
K

K

Ty = P(1), Ty = P(2), Ts = F\"), Ty = I(4), and Ts = I(5),
A simple checking shows that the tilting vanishing condition
Homy (T, 74T;) =0 is satisfied, for all ¢, j € {1,2,3,4,5}, and consequently
Ta=Th T I3 Ty B T5,

is a multiplicity-free tilting A-module such that the summand
T = Ty @ Ty of T4 is postprojective, the summand T4 = Ty & T5 is
preinjective, and the summand 7,7 = Tj is a regular module. Hence, by
(VIIL.4.3), B = End T4 is a representation-finite tilted algebra of the Eu-

clidean type A(]I~))4). It is easy to see that B is given by the quiver
10 04

y y

3

[¢]

)

20/ \05
bound by the zero relations ya = 0, 78 = 0, da = 0, and §3 = 0, where the
ordering 1,2,3,4,5 of the vertices of Qg corresponds to the ordering
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Ty, T, T3, Ty, Ty of direct summands of T)4. The standard calculation tech-
nique shows that the finite Auslander-Reiten quiver I'(mod B) of B is of
the form

PA)=gly ~7 7T 30? =I(5)
1.0 0.0
P / \
\p(g,)_l 0{___>010 __________ 011 1(3)
1o 070 0717~
P(Q):OOO/_— —————— —\110/ \ /
1% 00
P(s)=g1) ——===—==-- Jog=1(a)

where the indecomposable modules are represented by their dimension
vectors. It follows that B is a representation-directed algebra and, according
to (IX.3.3), the eleven dimension vectors presented in the quiver I'(mod B)
are just all positive roots of the Euler quadratic form ¢p : Z> ——— Z of
B, where Z® = Ky(B) is the Grothendieck group of B. The Cartan matrix
Cp of B and its inverse C' are of the forms

10100 10-1 1 1
01100 01-11 1
Cp= 00111 and Cpz'= |00 1-1-1
00010 00010
00001 0000 1

Then the Euler quadratic form ¢g : Z* ———— Z is defined by the formula
gp(x) =x"- (Cz")" - x
= x% —|—x§ +CE§ + xi + x% — T1T3 — TaT3 — T3T4 — T3L5
+T1T4 + T2Ta + T1T5 + T2y,
for x = [v1 @2 23 74 x5)" € Z° = Ko(B). Note that
4qp(x) = (221 —23+T4+75)% + (200 — 23+ T4 +75) 2 + 225 +2(24 —15) .
It follows that

e (p is positive semidefinite,

e radgp = Z - h, where h =41 01—1, and

e ¢p is weakly positive, that is, ¢gg(x) > 0, for any positive vector
X € Ko(B)

This finishes the example.
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XVII.7. Exercises

1. Assume that A is an algebra and 7, is a hereditary standard stable
tube of T'(mod A) of rank 7y > 1, and M is an indecomposable A-module
in 7y such that £5(M) = ry. Prove that

(a) the module M is a brick,

(b) M is not a stone, and

(c) there is an isomorphism Ext!y (M, M) = K.

2. Let B = K@ be the algebra given by the quiver
(e]
13 =
o \ (o]
"
£

bound by the relations poy = pBa, uy =0, &n =0, vo = 0, wd = 0, and
pp = 0.
(a) Prove that there exists a tilting module T4 over the path algebra
A = KA(Dy3) of the quiver A(Dy3) (XIL.1.5) such that B = End T}.
(b) Describe the Auslander-Reiten quiver I'(mod B) of B.

3. Let B = K@ be the algebra given by the quiver
o o (o] (o]
‘\o ;% . /
o/ xo No
e

(o]
bound by the zero relations oyp =0, 8§ =0, 0 =0, and un = 0.
(a) Prove that there exists a tilting module T4 over the path algebra
A = KA(Eg) of the quiver A(Eg) (XII.1.14) such that B = End Ty4.
(b) Describe the Auslander-Reiten quiver I'(mod B) of B.

4. Let B = K@ be the algebra given by the quiver
RYARY;
pl w w \e
K\/ / %
o o
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bound by three commutativity relations pa = wg, €6 = 1y, and py = €o.
(a) Prove that there exists a tilting module T4 over the path algebra
A = KA(E7) of the quiver A(E7) (XIL.1.8) such that B = End Ty.
(b) Describe the Auslander-Reiten quiver I'(mod B) of B.

5. Let B be the algebra given by the quiver
o

o——o0
B
u [
€ ) 3 n
o o

bound by the commutativity relations op = afy and py = uné.
(a) Prove that there exists a tilting module T4 over the path algebra

A = KA(Eg) of the quiver A(Eg) (XII.1.14) such that B = End T4.
(b) Describe the Auslander-Reiten quiver I'(mod B) of B.

6. Let B be the algebra given by the quiver
o

o
bound by the zero relations a8 = 0, yo = 0, o = 0, and n§ = 0.
(a) Prove that B is a representation-finite tilted algebra of the Euclidean
type A(E7) (XI1.1.11).
(b) Find a tilting module T4 over the path algebra A = KA(E7) of the
quiver A(E7) such that B =~ End Ty.
(c) Describe the Auslander—Reiten quiver I'(mod B) of B.
(d) Describe the Euler quadratic form qp : Z8——Z of the algebra B.
)

(e) Describe the radical rad gp of the Euler quadratic form ¢p : Z8—Z
of B.

(f) Describe the positive roots of the quadratic form ¢p : Z8—7Z.
7. Let B be the algebra given by the quiver

o] o

O, o
€ n P @ Y
\H/ Ll \l/ c o‘/ \o/ @ o) ¥
Nt l"
o
bound by the relations yo = af, £&u = 0, nu = 0, pe = 0, o = 0, and
Yv = 0.

(a) Prove that B is a representation-finite tilted algebra of the Euclidean
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(b) Find a tilting module T4 over the path algebra A = KA(Dy;) of
the quiver A(HNDH) such that B = EndT}y.

(c) Describe the Auslander—Reiten quiver I'(mod B) of B.

(d) Describe the Euler quadratic form ¢p : Z'2———Z of B.

(e) Describe the radical rad ¢ of the quadratic form ¢p : Z'2——7Z.

(f) Describe the positive roots of the quadratic form ¢p : Z'2——Z.

8. Let B be the algebra given by the quiver

[e] (o]

e
N &N
/\/\ N
e
N

/k?\

9

bound by the zero relations a5 = 0, n§ = 0, e = 0, pd = 0, LA = 0, and
wr = 0.
(a) Prove that B is a representation-finite tilted algebra of the Euclidean
type A(Ag 1) (XIL1.1).
(b) Find a tilting module T4 over the path algebra A = KA(:&G’H) of
the quiver A(:&&u) such that B = EndT4.
(c) Describe the Auslander—Reiten quiver I'(mod B) of B.
(d) Describe the Euler quadratic form ¢p : Z'8———7Z of B.
(e) Describe the radical rad g of the quadratic form ¢p : Z'* ——7Z.
(f) Describe the positive roots of the quadratic form ¢p : Z'8——Z.

9. Let C' = B/(07) be the quotient algebra of the algebra B of Exercise
8 by the ideal (o) of B generated by the path ov. Prove that C is not a
tilted algebra.

10. Let p > 1 and ¢ > 1 be integers such that 1 < p < g. Describe

all representation-infinite tilted algebras of the Euclidean type A(A'%q)
(XII.1.1).

11. Classify all tilted algebras of the Euclidean type A(]ﬁ)4) (XII.1.5).
12. Classify all tilted algebras of the Euclidean type A(Ds) (XIL1.5).
13. Classify all tilted algebras of the Euclidean type A(Eg) (XIL1.8).
14. Let A® | with a € K \ {0,1}, be the algebra given by the quiver
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0% o
3 21/ \5 n
10&é——0 o4&——06
X%

[e]
4

bound by the commutativity relations faé = o7 and nfa = anovy,
see (5.5).
(a) Describe the Euler quadratic form g, : Z5———Z of the algebra
Ale),
(b) Describe the radical rad g () of gz and show that g, () is positive
semidefinite of corank two.
(¢) Show that mod A® is link controlled by the Euler quadratic form
IO ZGHZ.

15. Let A = A() be the algebra of Exercise 14, with a = 1, given by the
quiver

¥ o
3 2/ \5 n
10&é——o0 o4&——06
ra\%

[e]
4

bound by the commutativity relations faf = ov¢ and nfa = noy.

(i) Prove that the algebra A is representation-infinite and describe the

Auslander—Reiten quiver I'(mod A) of A.

(ii) Prove that gl.dim A = 3.

(iii) Prove that pd X, < 2 and id X < 2, for any indecomposable
A-module X4 in mod A.

(iv Describe the Euler quadratic form g : Z6———7 of A.

(v) Prove that ga is positive semidefinite of corank one, describe the
radical rad gs of ga, and show that the group rad g is generated by
a positive vector.

(vi) Prove that the quadratic form guw@) : Z°®———7Z is Z-congruent
to the Euler quadratic form ¢4 : Z®———Z of the path algebra
A = KA(Ds) of the quiver A(Ds) (XILL.5).



Chapter XVIII

Wild hereditary algebras and
tilted algebras of wild type

Throughout, we let @ be a connected and acyclic quiver ) with n vertices,
that is, n = |Qo|. We assume that K is an algebraically closed field and we
denote by A the hereditary path K-algebra KQ of Q.

We have seen in Chapters VII and XIII that, for any hereditary alge-
bra A = KQ such that the underlying graph @ of @Q is Dynkin or Eu-
clidean, there exists an explicit description of the isomorphism classes of
the indecomposable A-modules and a description of the components of the
Auslander—Reiten quiver I'(mod A) of A. Moreover, the structure of the
quiver I'(mod A) is presented.

One of our objectives in the present chapter is to describe the quiver
I'(mod A) and its components in case A = K@ is the path algebra of a wild
quiver @ in the following sense.

Definition. (a) A wild quiver (or a representation-wild quiver) is
a finite, connected and acyclic quiver Q whose underlying graph @ is neither
Dynkin nor Euclidean.

(b) A hereditary K-algebra A is wild (or a representation-wild alge-
bra) if A is isomorphic to the path K-algebra K@ of a representation-wild
quiver Q.

We show in Section 4 that any representation-wild quiver () is wild in the
sense of Drozd [201] and [202], that is, the classification of indecomposable
K-linear representations of @) ‘contains’ the classification of all indecompos-
able modules over any finite dimensional algebra A. Because there is a lot
of finite dimensional algebras A with very complicated module categories
mod A, this justifies why we call such a quiver @) representation-wild.

In the first half of the chapter we study the components in the regular
part R(A) of I'(mod A) in case A = K(Q is the path algebra of a wild

quiver Q.

213
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We recall from Chapter VIII that, for any representation-wild algebra
A = KQ, the Auslander—Reiten quiver I'(mod A) of A has the shape

Q(A)

where P(A) is the unique postprojective component containing all the in-
decomposable projective A-modules, Q(A) is the unique preinjective com-
ponent containing all the indecomposable injective A-modules, and R(A) is
the regular part consisting of the remaining components.

In Section 1, we show that the regular A-modules are not 7-periodic, the
regular part R(A) contains no tube and any component C of R(A) is of the
following type

ONCNNNN
NSNCANN NS
Zhei SN NN
NSNANN NS

Moreover, each component C in R(A) contains at most finitely many non-
sincere indecomposable modules, any indecomposable module M in a reg-
ular component C is uniquely determined in C by the dimension vector
dim M of M, and the set of components in R(A) is of cardinality card(kK),
the cardinality of the field K.

In Section 2, we describe the basic properties of homomorphisms between
regular A-modules over wild hereditary algebras A = KQ.

In Section 3, we associate to a given algebra A and a given module X in
mod A a pair of subcategories X+ and +X of mod A, called the right and
the left perpendicular category of X. This gives a new reduction technique,
that is converse to the one-point extension procedure X — A[X] and the
one-point coextension procedure X — [X]A studied in Section XV.1. We
prove that if A = KQ is a hereditary algebra and T is a partial tilting
A-module then the right perpendicular category T of T is equivalent to a
module category mod B of a hereditary algebra B and

tk Ko(A) = r + rk Ko(B),
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where rk Ko(A) and rk Ko(B) are the ranks of the Grothendieck groups
Ky(A) and Ky(B) of A and B, and r > 1 is the number of pairwise non-
isomorphic indecomposable direct summands of the module T'. This is ap-
plied in Section 4, where the wild behaviour of the module category mod A
of a wild hereditary algebra A = K@ is discussed.

In the final section of the chapter, we describe basic properties of the
module category mod B of any concealed algebra B of wild type @, that is,
the algebra of the form B = End T}y, where T4 is a postprojective tilting
module over a connected representation-wild hereditary algebra A = KQ.
We also exhibit other classes of tilted algebras of wild type and we discuss
the structure of their module categories. In particular, we prove a theorem
of Ringel [527] asserting that, given a finite connected quiver @), there exists
a regular tilting A-module over the path algebra A = K@ if and only if @Q
is a wild quiver with at least three vertices. We also present an effective
procedure of Baer [35] and [36], for constructing regular tilting modules over
wild hereditary algebras A = KQ.

XVIII.1. Regular components

Throughout this section, we let A be the path algebra K@ of a wild
quiver (@ with n vertices and A = K@ is a wild hereditary algebra.

Without loss of generality we may assume that Qo = {1,...,n}. It
follows from (I11.3.5) that the Grothendieck group Ky(A) of A is isomorphic
to ZIQl = 7", As usual, we denote by ey, ... ,e, the canonical basis of the
free abelian group Z".

It follows from (VII.4.5) that the algebra A = K (@ is representation-wild
if and only if the Euler quadratic form g4 : Z" —— Z of A is not positive
semidefinite or, equivalently, there exists a non-zero vector y € Z" such that
qa(y) <0.

We recall from Section VII.1 that, for any pair of vectors x,y € Z", we
have qa(y) = qo(y) = (¥,¥)q, where (—, —)g : Z" x Z" —— Z is the
bilinear (non-symmetric) form of the quiver @ defined by the formula

<X7 Y>Q = Z TiYi — Z Ts(a)Yt(a)-
i€Qo a€Q
We denote by (—, —)q : Z" x Z™ ————— -7 the symmetric bilinear form
associated to (—, —)¢, that is,
1
(X7 y)Q = §(<XaY>Q + <y7X>Q)7

for all x,y € Z™. The bilinear form (—, —)¢g equals the Euler bilinear form
(—, —)a of A defined in terms of the Cartan matrix C4 of A by the formula
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(x,y)a = x*(C "y, for x,y € Z". We recall from (I11.3.14) that the
Coxeter matrix ® 4 of A is the matrix
b, =-C,C .
The Coxeter transformation of A is the group homomorphism ® 4 : Z"—7Z"
defined by the formula ®4(x) = ®4 - x, for all x = [z ... z,]" € Z". Tt
follows from (IV.2.9) that, for any regular A-module M, we have
dim7M = & 4(dim M).

We recall from (VII.1.9) that, because A is hereditary, the Auslander—
Reiten translation 7 = DTr is isomorphic to DExtY (—, A), hence the func-
tor

72 DExth (-, A) : mod A ———— mod A
is a left exact and defines an equivalence from the full subcategory of mod A
formed by the modules without non-zero projective direct summands to the
full subcategory of mod A formed by the modules without non-zero injective
direct summands. Dually, there is a functorial isomorphism

~l=Tr D = Exty(D(-), A)

and therefore 771 is a right exact functor. Moreover, the functors = and

77! restrict to the mutually inverse exact self-equivalences
TA
add R(A) <7—1> addR(A)
TA

of the category add R(A) of all regular A-modules. The equivalences pre-
serve the irreducibility and carry almost split sequences to almost split se-
quences.

The main objective of this section is to describe the shape of all regular
components of I'(mod A). We start with the following three technical results
on regular modules.

1.1. Proposition. Let A = KQ be a wild hereditary algebra, X an
indecomposable reqular A-module and m > 1 an integer. Then dim X #
dim 7" X.

Proof. Suppose, to the contrary, that dim X = dim7™X. We may
assume that m > 0. Consider the vector d = Z:nol dim 7' X. It follows
from (IV.2.9) that dim7M = ®4(dim M), for any regular A-module M,

where ® 4 : Z" —— Z™ is the Coxeter transformation of A. Therefore,
we get the equalities

d :Zdimﬁxzi@;(dim){)
i=1 i=1

_QA(ZQW 1d1mX> (ZdlmT ):<I’A(d).

i=1
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Applying now (II1.3.16) we conclude that (d, —)g + (—,d)g = 0. We recall
from (VIL4) that the symmetric bilinear form (—, —)¢g : Z" x Z" —— 1. Z

associated to (—, —)a = (—, —)¢ is given by the formula
(x%,¥)q = Z Ty = 5 Z (Ts(a)Yt(a) T Ti(a)Ys(a))s
1€Qo aEQq

for any x,y € Z". Then 0 = (d, —)g + (—,d)g = 2(d, —)¢ leads to the
equalities

0= 2(d7eZ>Q = 2d; — Z ds(a) - Z dt(a)7
a€Q1,t(a)=i a€Q1,s(a)=i
for all 1 € Q. We claim that d; > 0, for any i € y. Suppose that it is
not the case. Because () is connected, then there exist two vertices ¢ and
J connected by an arrow such that d; = 0 and d; > 0, and clearly then
(d,e;)g <0, a contradiction.
The above equalities can be written as F - d = 0, where F = Fg = (fi;)

is the symmetric n X n-matrix defined as follows:

e fi;, =2, for any i € Qy and,

e —f;; is the number of arrows in @ between the vertices ¢ and j, for

each pair i, j € @ such that i # j.

Because ) is a wild quiver, it contains a proper subquiver @' whose
underlying graph is Euclidean. Denote by d’ Z/@0l the restriction of d €
7@l = 7" to @), and by F/ = Fg = ( ;;) the corresponding symmetric
matrix associated to @’. Then, for each i € Qf, we have

(Fd)i= > fidj=2di— > dyy— D diy

JEQ) a€Q t(a)=1i acQl,s(a)=i
22~ > dwy = Y, e =0,
a€Qq,t(a)=1 a€Q1,s(a)=1

and hence F’ - d’ € NIQl. Moreover, because @’ is a proper subquiver of
@, we conclude that either there exist i € Qf and j € Qo such that f;; # 0
and j is not in @, or there exist 7, j € Q such that |fj;| < |fi;|. Because
d; > 0, for any i € Qy, we then conclude that (F/-d’); > 0, for some i € Qo,
and consequently, F' - d’ # 0.

Let A = KQ@Q'. Because the underlying graph of Q' is Euclidean then
(VIL4.2) yields rad g4 = Z - h’, for a vector h' € ZI! whose coordinates
are all positive. Then @ 4/ - h’ = h’, and consequently

Z(h/7 7)Q' = <h/7 7>Q' + <7a h/>Q/ =0.
But then (h',e;)g =0, for any i € @, and hence F' - h’ = 0. Then

(F/ . d/)t . h/ — (d/)t . (F/)t . h/ — (d/)t . (Fl . h/) — 0’
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because the matrix F/ is symmetric. On the other hand, F’ - d’ is a non-
zero vector from NI@ol and h’ has all coordinates positive. Therefore, the
obtained contradiction shows that in fact dim X # dim 7™ X. O

1.2. Lemma. Let A = KQ be a wild hereditary algebra, M a mon-
zero regular A-module, m a positive integer, and f: M —— 7™M a
homomorphism. Then f is neither a monomorphism nor an epimorphism.

Proof. Observe first that f is not an isomorphism. Indeed, if f is an
isomorphism, then there is an indecomposable direct summand X of M
such that X & 775X for some s > 1; a contradiction with (1.1). Suppose
now that f is a proper monomorphism. Because the functor 7 is left exact,
we then get a sequence of proper monomorphisms

(r+1)m 2m m
T T T
oy g T em ey T mp T g

a contradiction, because M is finite dimensional. Similarly, if f is a proper
epimorphism, invoking the fact that 7! is right exact, we obtain a sequence
of proper epimorphisms

MLy ey T empy e T i mpy
again a contradiction. O

1.3. Theorem. Let A = KQ be a wild hereditary algebra, X be an
indecomposable regular A-module and

0 X @Y A 0
=1

an almost split sequence, with Y1,...,Y, indecomposable. Then
(a) r <2, and
(b) if r =2 and dimgY; < dimgYs then dimgY) < dimg X < dimgYs
and dimgY; < dimgZ < dimgYs.

Proof. (a) We divide the proof into several steps.
T
Step 1° First we show that if @Y; = Y’ @ Y” is a decomposition
i=1
such that dimg X < dimgY’, then dimg X > dimgY”. Suppose, to the
contrary, that dimgX < dimgY’ and dimgX < dimgY”. It follows
that Y' # 0, Y” # 0 and the induced irreducible morphisms X — Y,
X — Y are monomorphisms. Because X is finite dimensional then there
exists a positive integer m such that dimg7™X < dimg7™ 1 X. Moreover,
there is an almost split sequence

0 — 7Y — 7Y @ Y X — 0,
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where the induced irreducible morphisms 7™t'X —— 7™y’ and
rmlX 5 mHlY”  are  non-bijective monomorphisms, because
the functor 7 is left exact. Then

dimpr™ MY + dimger™ MY = dimpr™ X + dimg ™ X

< 2dimg ™Y

: +1vy/ . 1y 1
< dimg 7™ Y + dimgrm Y,

and we get a contradiction.

Step 2° Next we show that dimg X < dimgY; + dimgYj, for each pair
i,7 € {1,...,r} such that i # j. Suppose, to the contrary, that there exists
a pair 4,7 € {1,...,r} such that ¢ # j and dimg X > dimgV; + dimgYj.
Then the induced irreducible morphism X —— Y; @Y/ is an epimorphism.

Choose a positive integer s > 1 such that dimg7 °X < dimg7 571 X.
Because the functor 7—! carries epimorphisms to epimorphisms then we
derive two irreducible epimorphisms

75X —— 7Y, @ %Y and 75X —— 7Y, P oY
Consider the almost split sequences

0—7Y,—XV,—,Y;—0 and 0— 7Y;, — X V;—Y;—0

Ss—

ending at Y; and Y;. By applying the functor 77571, we get the almost split

sequences
0 T75Y; T IX PV, —— 75y, —— 0,
0 7% T7571X®77871W —_— T’Sflyj — 0.

Altogether this yields the inequalities

2dimp 7 * X < dimg7 %Y + dimgr 7Y
+ dimp7 %Y + dimg 7Y
< dimp7*X + dimpr 571X
< 2dimp7T 57X,

and we get a contradiction.
Step 3° The inequality » < 3 holds. Indeed, otherwise » > 4 and it
follows from Step 2° that

dimg X < dimK(Y1 ) YQ) and dimg X < dlmK(Yj &) Y4)

But this is a contradiction with Step 1°.
Step 4° The inequality r» < 2 holds. Assume, to the contrary, that r = 3.
We claim that dimgY; < dimg X, for all i« € {1,2,3}. Suppose, to the
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contrary, that there exists an i € {1,2,3} such that dimgx X < dimgY;. We
may assume that ¢ = 1. It follows from Step 2° that

But this contradicts again Step 1°. Therefore, for each i € {1,2,3}, there
exists an irreducible epimorphism X — Y;. Hence, the composite homo-
morphism

72017072 XXX — V1090 — > 7

is surjective. By the same type of arguments applied to the regular module
717, there exists an epimorphism Tt Z @t Z @t Z ——— 7t Z, for
any t > 1.

Now we define inductively a chain of homomorphisms

ety ety e, Y LR S [Ny

such that g; = f1...ft # 0, for any t > 1. We take for f; : 72 — Z
a non-zero restriction of the epimorphism 72 & 72 & 7177 —— Z to a
direct summand 7Z.

Assume that, for each p € {1,... ¢}, we have defined a homomorphism

fp:™Z —— P17 such that g, = f1... fi # 0. To define the required
homomorphism f;;1 : 7**1Z —— 7tZ, we consider an epimorphism

h=(hi,ha,hs) T Z@r Mzt — 5 17

It follows that g:h # 0 and, hence, there exists i € {1,2,3} such that

gthi # 0. Letting fi11 = h; we have gi11 = f1... fifiy1 = gehi # 0. If, for
each t > 1, we denote by L; the image of g;, then we get a decreasing chain

LiDLyD...0OL DL D ...

of submodules of Z. Because dimg L, is finite, then there exists a positive
integer mg such that Ly = L, for all s,t > mg. Let L = L,,,. Thus,
g: 1 7' Z — L is an epimorphism, for any ¢t > mg. We note also that L is a
regular module, because the category add R(A) of regular modules is closed
under images. Applying now the right exact functor 7%, for each t > my,
we obtain an epimorphism 77 tg; : Z —— 77!L. In particular, for each
t > mg, we get dim 77 'L < dim Z.

If U is an indecomposable direct summand of L then dim 77!U < dim Z,
for all ¢ > mg, and consequently, dim 7=°U = dim 7~!U, for some s > ¢ >
my. It follows that, for the indecomposable regular module M = 77°U and
m = s—t, we have dim M = dim 7™M, contrary to (1.1). This shows that
r < 2, and proves the statement (a) of the theorem.
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To prove (b), we assume that » = 2 and that dimgY; < dimgYs. Be-
cause each of the irreducible morphisms X — Y7 and X — Y5 is a proper
monomorphism or a proper epimorphism then, by Step 1°,

e cither dimgY; < dimgYs < dimg X, or

e dimgY; < dimgX < dimgYs.
Dually, we have

e cither dimgY; < dimgYs < dimg Z, or

e dimgY; < dimgZ < dimgYs.
Moreover, in view of the equality

dimg X +dimg Z = dimg Y7 + dimg Yo,

the inequalities

e dimgY; <dimgYs < dimg X and
e dimgY; <dimgY; < dimgZ

do not hold simultaneously. It follows also that the inequalities
dimgY; < dimpg X < dimgYs

hold if and only if the inequalities
dimgY; < dimgZ < dimgYs

hold. This finishes the proof. O

1.4. Definition. Let A = K@ be a wild hereditary algebra. An inde-
composable regular A-module X is said to be quasi-simple if the middle
term F in the almost split sequence 0 — X — E — 771X — 0is in-
decomposable.

1.5. Corollary. Assume that A = KQ is a connected wild hereditary
algebra and let X be a quasi-simple reqular A-module.

(a) For any integer r € Z, the reqular module 7" X is quasi-simple.
(b) There exist an infinite chain of irreducible monomorphisms

X=X[1] — X[2] — X[3] — -+ — X[r] — ---
and an infinite chain of irreducible epimorphisms
= X — - = BX — [1]X =X,

where X[i] and [r]X are indecomposable regular modules, for all
i,7 > 1. The chains are uniquely determined by X, up to isomor-
phism.

(¢c) For each integer m € Z, there exist isomorphisms 7™ X [i] = (7™ X)[]
and T[] X 2[i|(7™ X)) of A-modules.
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Proof. We recall that the functors 7, 77! : add R(4) ———— add R(A)
are equivalences of categories inverse to each other. Because the functors
preserve the irreducibility and carry almost split sequences to almost split
sequences then the corollary is an immediate consequence of (1.3) and the
Definition 1.4. O

Let X be a quasi-simple regular A-module and let Y = X[i], Z = [i]X
be as in (1.5). Following Ringel [515], we call the number ¢ > 1 the quasi-
length of the regular modules Y and Z, respectively.

We usually consider the irreducible monomorphisms X [n] —— X[n+1]
in (1.5) as inclusions. If we think of the infinite chains in (1.5) as a part
of the Auslander—Reiten quiver I'(mod A) of A, we view them as the upper
peak angle

We show in the next section that, in contrast to the situation for regular
modules over hereditary algebras of Euclidean type, the quasi-simple mod-
ules over wild hereditary algebras may contain proper regular submodules.

We may now describe the shape of the regular components of T'(mod A).
The result was independently established by Ringel in [515] and Auslander,
Bautista, Platzeck, Reiten, and Smalg in [28].

1.6. Theorem. Let A = KQ be a wild hereditary algebra and C be a
regular component of T'(mod A). Then C is of type

INNNNN
NNNANN S
Zhoi NN N
NNNANN S
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(see (X.1)) and consists of the modules T X [i] defined in (1.5), where X is
a quasi-simple reqular A-module in C, m € Z and i > 1.

Proof. Let X be an indecomposable module in C of minimal K-dimen-
sion among all indecomposable modules from C. It follows from (1.3) that
X is quasi-simple and, according to (1.5), all modules 7™ X, with m € Z,
are quasi-simple. Moreover, applying (1.1), we conclude that the modules
7™ X, with m € Z, are pairwise non-isomorphic. Further, it follows from
(1.3), that every indecomposable module Z in C has exactly two direct
predecessors and two direct successors, or it is quasi-simple. It follows that
Z is quasi-simple, or Z contains a quasi-simple module X connected with Z
by a finite chain X — ... — Z of irreducible monomorphisms. Hence,
in view of (1.5), if

X=X[1] - X2 — -+ — X[r] — ---

is a chain of irreducible monomorphisms shown in (1.5), then Z = X[r|, for
some r > 1, and we derive the chain

X =7r"X[1l] — "X[]2] — - — 7" X[r] — -+
of irreducible monomorphisms, for any m € Z. Similarly, for a chain
X — s — 21X — [1]X =X
of irreducible epimorphisms shown in (1.5), we derive the chain
o= )X — s — T2 X — 1] X =X
of irreducible epimorphisms, for any m € Z. Therefore, the component C
is of type ZA, consists of the modules 7 X|[i], where m € Z and i > 1,

and is formed by the 7™-shifts of the upper peak angle shown above, for all
m € Z. g

We prove now the following interesting fact, due to Y. Zhang [688], as-
serting that, for a hereditary wild algebra A = K@, there is no pair of
non-isomorphic indecomposable modules M and N, lying in the same reg-
ular component, with dim M = dim N.

1.7. Theorem. Let A = KQ be a wild hereditary algebra and C be
a regular component of T'(mod A). If M and N are two non-isomorphic
indecomposable modules in C, then dim M # dim N.

Proof. Suppose, to the contrary, that M and N are non-isomorphic
indecomposable modules in C such that dim M = dim N. Let X be the
quasi-simple module in C such that M = X|[r], for some r > 1. Then
N = 7™ X[r 4 i], for some integer m and —r < i. Clearly, m # 0 and,
without loss of generality, we may assume that m > 0. Moreover, it follows
from (1.1) that 7 # 0. We have two cases to consider.
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Case 1° Assume that ¢ > 0. Let ®4 : Z™ — Z" be the Coxeter trans-
formation of A (see (I11.3.14)). In view of (IV.2.9), the equality dim X[r] =
dim 7™ X [r + 7] yields the equalities

dim 7°" X [r] = ®5"(dim X[r])
= &5 (dim 7" X[r + i))
= dim 7YX [ 4],

for all s > 0. Because dim 7*" X [r] < dim 7*" X [r + ¢], for any s > 0, we
get a strictly decreasing infinite chain

dim X[r] > dim 7" X[r] > dim7?"X[r] > dim 7" X[r] > ...,

and we get a contradiction.
Case 2° Assume that ¢ < 0. By (IV.2.9), the equality dim X[r] =
dim 7 X [r + 4] yields the equalities

dim 7" X [r 4 i] = &, (dim X[r +1]) = &~ V™S (dim X[r + 1))
=&, "™ Aim " X[r +4]) = &,V (dim X[r])
= dim 7~ TUm X[,

for all s >0. Together with the inequality dim 7" X [r+i] < dim 7™ X [r],
for any s > 0, this yields a strictly decreasing infinite chain

dim X[r +i¢] >dim7 " X[r +1]
> dim 772" X [r + 4]
>dim 73X [r 4] > L,

and we get a contradiction. Consequently, dim M # dim N, and we are
done. g

1.8. Corollary. If A = KQ is a connected wild hereditary K -algebra,
then the Auslander—Reiten quiver I'(mod A) of A has exactly card(K)
reqular components, where card(K) is the cardinality of the field K.

Proof. By our hypothesis, A is the path algebra K@ of a connected,
acyclic and wild quiver Q). It follows that there exists a two-sided ideal
Z in K@ generated by some arrows of ) and some idempotents of K@
such that the quotient algebra A’ = KQ/Z is the path algebra KQ' of a
quiver @', whose underlying graph @’ is Euclidean. By (XI1.3.5), (XIL.3.4),
and (XII.4.2), there exists a Py(K)-family {Rx}xep,(x), of pairwise non-
isomorphic indecomposable regular A’-modules R) such that

L EndA/(R,\) = K,
° Exth/(R,\,R)\) =~ K, and
o dim Ry =dimR,, for all A\, u € P, (K).



XVIII.1. REGULAR COMPONENTS 225

Clearly, each Ry is an indecomposable A-module and there are isomor-
phisms
Exth (Ry, Ry) = Extl, (Ry, R)) 2 K

Hence, the module Ry is neither in the postprojective component P(A)
nor in the preinjective component Q(A), because both consist of modules
without self-extensions. Consequently, R is a regular module. It follows
now from (1.7) that, for A # p, the modules Ry and R, lie in different
regular components of I'(mod A), because dim Ry = dim R, and Ry 2 R,,.
This shows that the cardinality of the set of components in R(A) is greater
than or equal to the cardinality of P;(K) = K U {oc0}.

On the other hand, because there are only countably many dimension
vectors of indecomposable A-modules then I'(mod A) has exactly card(K)
regular components. g

1.9. Example. Let A be the path algebra of the enlarged Kronecker
quiver

a1
a

Kpm: 10&—2 02
A,

with m > 3 arrows. Then A is isomorphic to the triangular matrix algebra

K 0
Yy
Ko(A) of A is isomorphic to Z?, the Cartan matrix Cy € Mz(Z) of A and

its inverse C';' € My(Z) are of the forms

} , called an enlarged Kronecker algebra, the Grothendieck group

_ 1 m- -1 _ _1 —m
C“_[o 1] CA__o 1}’
and the Coxeter matrix ®4 = —C4C;' € My(Z) of A and its inverse are
the matrices
-1 m 4 [m2-1 —-m
(I)A_[—m m?—1]’ (I)A__ m —1]
Moreover,

o dim P(1) = [g], dimP(2) =[{"], dimI(1) = [}], dim(2)={],
e the postprojective component P(A) of A is of the form

i [ =]

I I

B [m*-1] [ )
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e the preinjective component Q(A) of A is of the form

[y ] 0
P N N,
R AN \*H <%

where the indecomposable modules are represented by their dimen-
sion vectors.

We recall from (IV.2.9) that dim7"X = ®7(dimX), for any non-
postprojective indecomposable module X, and dim7~"Y = &, (dimY),
for any non-preinjective indecomposable module Y and any m > 0. For each
m-tuple

A=A, ) € K™\{(0,...,0)},

we denote by E™) the K-linear representation of the quiver K,, given by

Am

Clearly, each E®) is a brick and, therefore, it is indecomposable.

By (III.2.12), (III.3.13), and (VII.4.1), the Euler quadratic form
qa : Z?> — Z of A is given by the formula qa(x) = 2% + 23 — ma1 29,
for any x = [31] € Z2.

It follows that dim E® = [1], and ga(dim EN) = —m +2 < —1,
because we assume that m > 3. Hence, according to (VIIL.2.7), the A-
module EM) is neither postprojective nor preinjective. Thus, F™) is reg-
ular. Note also that the A-module E®) is quasi-simple. Moreover, for
A= (A1, A ) and = (g1, ..., ) in K™\ {(0,...,0)}, we have

e EXN = E(W if and only if there exists a € K\ {0} such that p = a,
or equivalently,

e EWN =~ EW if and only if A and p define the same point of the
projective space P, _1(K).

For each A € P,,_1(K), we denote by C5! the component in R(A) con-
taining the module EM. Tt follows from (1.6) and (1.7) that each regular
component of I'(mod A) admits at most one indecomposable module of di-
mension vector (1,1). Because

EXN 2 EW  and dim EW = dim EW,
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for A # p in P,,,_1(K), then the P,,_; (K)-family

! ={C{rer, . (x)

consists of pairwise different regular components. By applying the Cox-
eter transformations ® 4, @21 : 72 ———— 72, we show that the regular
component C;f‘ is of the form

[ ] H
N SN

mi—m?—m [m2 ]
mt—m3—2m24+m mo—m

/!
SN S \[f

m37m27m+1
m4—m3—2m2+m+1

where the indecomposable modules are represented by their dimension
vectors.
Observe also that

dimgExth (EN, EM)y =m —1> 2,

for any A € P,,,_1(K). Indeed, because q4(x) = x% + 23 — mx1z2, for any

vector x = [3] € Z?, then we get the equalities

2 —m = ga(dim EW)
= (dim EW, dim EM) 4
- XA(E(/\)7E()‘))
= dimgEnd o (EM) — dimg Ext! (EW, EW)
=1 — dimgExty (E®, EV),
and, consequently, dim xExt} (BN, EN) =m — 1.

Finally, we note that, by the Auslander—Reiten formulae (IV.2.14), there
are isomorphisms of K-vector spaces

Extk(E(A), E(A)) o HomA(EW, TE(*)) v HomA(TﬂE(A)’ E(/\))'

It follows that there is a lot of A-homomorphisms from 7 *E®X to EX),
and from EX) to 7EW.
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1.10. Example. Let A = K@ be the path algebra of the quiver

Q: 15#2#3.

K 00
Then A is isomorphic to the triangular matrix algebra [Kz KO0 ] with the
K*K K
obvious multiplication, Kq(A) = Z3, and
122 1-2 0
C'A_[on}7 021_[0 11},
001 00 1
—120 30 -2
‘I’A[—231}’ {)21{20—1}
-230 01 -1

Moreover, we have

(i) dim P(1) = [é} dim P(2) = [ﬂ dim P(3) = m and

(i) dimI(1) = @ dimI(2) = m dimI(3) = m
Therefore, the postprojective component P(A) and the preinjective compo-
nent Q(A) of I'(mod A) are of the forms

2:| 4 12

/[\ fH\ f \ f
%‘ %Hﬁ %Hﬁ %Hﬁ &

0 0 2 4

P(A) :

Q(A) 4 2 0 0
¢ K H ]
Sl N S S

respectively, where the indecomposable modules are represented by their
dimension vectors.
Consider the P;(K)-family

A = {EW}ep, (i)
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of the indecomposable A-modules E) defined as follows

EW . K%K%O, for Ae K, and

E0) . Ké% K+—0, for \=oo,
where P (K) = K U {oo} is the projective line with co = (0: 1). It is clear
that the family £4 = {EWM},cp, (k) is induced from the P (K)-family of
pairwise non-isomorphic simple homogeneous modules over the Kronecker

algebra described in Section XI.4, that is, the path algebra of the Kronecker
quiver o# 0.

We note that, for each A € Py (K), the A-module E?) is indecomposable
and regular. To see this, we apply the explicit description of P(A) and
Q(A) presented above, or we use (VIII.2.7) and the isomorphism

Exty(EXN EMN) >~ K

of vector spaces. It is easy to check that, for each A € P;(K), the A-module
EW is quasi-simple.

For each A € P;(K), we denote by C{! the connected component in R(A)
containing the module EX). Tt follows from (1.6) and (1.7) that the Py (K)-
family

¢ = {C{ hrer, ()
consists of pairwise different regular components.

By applying the Coxeter transformations ® 4 : Z3 —— Z3 and its in-
verse ® ;' : Z3 —— 73, we show that the regular component C{ is of the
form

/[%}\Q/E}\Q/[ﬂ\l f@\w/ﬂ\
NN AN AN AN
AN N N N AN
AN AN AN TN

where the indecomposable modules are represented by their dimension
vectors.
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We also note that there are isomorphisms
Extl(rmEWN 1M EW) ~ Exty (BN, EWV) > K,

for any m € Z and A € P;(K); hence all quasi-simple modules in the
component C/(‘ have self-extensions.
Consider now the indecomposable A-module X of the form

(0,1) 9
K&—&—/— K"« 0,

(1,0)

induced by the indecomposable injective module over the Kronecker algebra.
It is clear that

1
dim X = [1,2,0]" = [2] ,
0

and X is the unique indecomposable A-module of dimension vector [1, 2, 0].
It follows also from the above description of the postprojective compo-
nent P(A) of I'(mod A) and the preinjective component Q(A) of I'(mod A)
that X is a regular A-module. Hence, by applying (1.6), (1.7), and the Cox-
eter transformations ® 4, @Zl : 73 —— 73, we conclude that the regular
component C4 of I'(mod A) containing the module X is of the form

R R I R | .
AN AN AN AN AN

\f\f\f\f\/

c: o B B B ¥
f\f\/\/\/\

\f\f\f\f\f

We also note that, for each m € Z, there exist isomorphisms
Enda(7"X)=Ends(X)=2K and Exth(r™X,7™X)~Ext) (X, X) =0,

of vector spaces. Consequently, the quasi-simple modules in the component
C4 are bricks, have no self-extensions and, hence, are stones, by (XV.1.2).
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XVIII.2. Homomorphisms between regular
modules

Throughout this section, @ is a connected wild quiver and A = K@ the
associated connected wild hereditary K-algebra. The main objective of this
section is to describe basic properties of homomorphisms between regular
A-modules. We start with the following lemma showing that the category
add R(A) of regular A-modules is not closed under kernels and cokernels,
and consequently is not abelian (in contrast to the Euclidean case).

2.1. Lemma. Let A= KQ be a connected wild hereditary K-algebra.

(i) Let X be a non-zero regular A-module without non-trivial regular
quotient modules. Then there exist a positive integer m > 1 and a
short exact sequence

0 X T X 1 0

in mod A, with a preinjective module I.

(ii) Let Y be a non-zero regular A-module without non-trivial regular
submodules. Then there exist a positive integer m > 1 and a short
exact sequence

0 P T Y Y 0

in mod A, with a postprojective module P.

Proof. We prove only (i), because the proof of (ii) is dual.
Let n > 1 be the rank of the Grothendieck group Ky(A) of A. Consider

the module Z = @ 72°X. It follows from our assumption that X is an
i=0

indecomposable regular module. By (1.6), X lies in a component of type

ZA . Hence, in view of (1.7) we conclude that Z is a direct sum of n +

1 pairwise non-isomorphic indecomposable regular modules, and therefore

Homy(Z,7Z) # 0, by (VIIL5.3). Hence we conclude that

Hom (X, 720791 X) = Hom, (12 X, 7271 X) £ 0,
for some ¢ # j. Let m =2(j —i) + 1 and let f: X — 7™ X be a non-zero
homomorphism. Observe that f has to be injective, because Im f is regular
and X has no non-trivial regular quotient modules. Hence, by applying

(1.2), we conclude that m > 1. We then get a short exact sequence

0—x Lrmx 21 o,
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where [ is the cokernel of f. Clearly, I # 0, because f is not an isomorphism,
by (1.7). Because the functor 7= is right exact, we infer that 7™ X has no
non-trivial regular quotient modules. Therefore, I is preinjective, and the
proof is complete. O

We note that if R is an arbitrary non-zero regular A-module and X is a
non-zero regular quotient module of R of minimal dimension, then X has no
non-trivial regular quotient modules. Dually, a non-zero regular submodule
Y of R of minimal dimension, has no non-trivial regular submodules.

2.2. Lemma. Let A = KQ be a wild hereditary algebra and X a non-
zero reqular A-module. Then there exists a natural number mg such that, for
any regular A-module R and any m > mg, all homomorphisms
f 7™ X — R have regular kernel and all homomorphisms g: R— 177X
have reqular cokernel.

Proof. We prove only the first claim, because the proof of the second
one is similar. We know from (IX.5.4) that there exists a natural number mq
such that dimg7~™P > dimg X, for all non-zero postprojective A-modules
P and all m > mg. Let R be a regular A-module and f : 7" X — R a
homomorphism. Denote by I the image of f and by L the kernel of f. We
have a short exact sequence

0—L—71"X—1—0.

Observe that I is regular and L has no preinjective direct summands. Thus,
applying the functor 77, we get a short exact sequence

0— 7 "L—X—7™1—0,

and hence dimg7 ™L < dimgX. Then, by our choice of m, L has no
non-zero postprojective direct summands, and so L is regular. O

We know from (IX.5.6) and its dual that all but finitely many modules
from the postprojective (respectively, preinjective) component of I'(mod A)
are sincere. We prove now that all regular components of I'(mod A) have
the same property. First we prove the following technical fact.

2.3. Lemma. Let A = KQ be a wild hereditary algebra and X an in-
decomposable regular A-module. Then all but finitely many modules T'X,
with i € 7., are sincere.

Proof. Assume first that X has no non-trivial regular quotient modules.
Then, by (2.1), there exists a short exact sequence

0—X—7"X—T—0,
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with m > 1 and I non-zero preinjective. Because the modules in the se-
quence have no non-zero postprojective direct summands then, for each
t > 0, we have the induced exact sequence

0— X — X — 7T —0.

On the other hand, by (IX.5.6), there is a natural number ng > 0 such
that all modules 7¢I, with ¢ > ng, are sincere. Clearly, then all modules
T X | with t > ng, are also sincere.

Now, let X be an arbitrary indecomposable regular A-module. By ap-
plying (2.2), we conclude that there is a natural number n > 1 such that
all homomorphisms f : 7" X — R, with R regular, have regular kernel.

Let Y be a regular quotient module of 7 X having no non-trivial regular
quotient modules. Then we have a short exact sequence

0—L—71"X—Y —0,
with L regular. Then, for each s > 0, we have the induced exact sequence
0—7°L—71""X — 7Y — 0.

It follows from the first part of our proof that all but finitely many modules
79Y, with s > 0, are sincere. Therefore, we have proved that all but finitely
many modules 7¢X, with ¢ > 0, are sincere. Invoking the functor 7! we
prove similarly that all but finitely many modules 7' X, with i < 0, are also

sincere. O

2.4. Corollary. Let A = KQ be a wild hereditary algebra and C be a
reqular component of I'(mod A). Then all but finitely many modules in C
are sincere.

Proof. Let X be a quasi-simple module from C. It follows from (1.6)
that, for any m € Z, there exist a chain of irreducible monomorphisms
™X =71"X[1] — X2 — - — 1" X[r] — -
and a chain of irreducible epimorphisms
= )X — - — 2| X — T[] X = 77X,
such that C consists of the modules 7" X[i] = 7™ [{]X, with m € Z and
i > 1. From (2.3) we know that all but finitely many modules 7™ X, with

m € Z, are sincere. This clearly implies that all but finitely many modules
from C are also sincere. O

We have also the following interesting fact.
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2.5. Corollary. Let A = KQ be a wild hereditary algebra, C be a reqular
component of T'(mod A), P an indecomposable postprojective A-module, and

I an indecomposable preinjective A-module. Then, for all but finitely many
modules X from C, we have Hom (P, X) # 0 and Homy4 (X, ) # 0.

Proof. Because P is an indecomposable postprojective module, then
there exist an m > 0 and an indecomposable projective A-module P(7),
with i € Qo, such that P = 77™P(i). Then, for each module X from
C, we have Homx (P, X) = Homa(P(i),7™X). It follows from (2.4) that
Homy (P(4), Z) # 0, for all but finitely many modules Z from C, and con-
sequently, Hom4 (P, X) # 0, for all but finitely many modules X from C.
The second statement follows from the first one by applying the standard
duality functor D : mod A — mod A°P, or by the dual arguments. O

We are now in position to prove the following important facts on homo-
morphisms between regular modules, due to Baer [35] and Kerner [343].

2.6. Theorem. Let A = KQ be a wild hereditary algebra and X, Y be
non-zero reqular A-modules. Then there exists a natural number mqg such
that

Homyu (7"X,Y) =0 and Homa(X,7™Y) #0,
for all m > my.

Proof. We recall from (IV.2.9) that

dim7r™"Z = ®,"dim Z,

for each regular A-module Z and any natural number m € N, where
P4 : Ko(A) —— Ky(A) is the Coxeter transformation of A.

Let X and Y be non-zero regular A-modules. Let {xM), ... x(")} be the
set of the dimension vectors x(*) of all regular A-modules such that ||x®|| <
dimg Y, where ||z]| = 3 z;, for any vector z € Ky(A) = ZI%!. We recall

1€Qo
from (1.7) that two non-isomorphic modules from the same regular compo-
nent of I'(mod A) have different dimension vectors. Altogether this implies
that there exists an integer m; > 1 such that |[|®~(x(®)|| > dimg X, for
allm>m;andi=1,...,r.

Suppose now that there exists a non-zero homomorphism f : 7" X — Y,
for some m > m;. Consider the exact sequence

0—L—7"X —7—0,

where L is the kernel of f and Z is the image of f. Because Z is a regular
submodule of Y then dim Z = x| for some j € {1,...,r}. Hence, by
applying the functor 7=™, we get the induced short exact sequence

0—7 "L—X—71"Z—0.
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Because, on the other hand, we have
dimgr="Z =||dim 7" Z||=||®;"dim Z||=||® ;x| > dimgX,

we get a contradiction. It follows that Hom4 (7™ X,Y) = 0, for all m > m;.

To prove the second claim, we may assume without loss of general-
ity that the module X has no non-trivial regular quotient modules. In-
deed, there is an epimorphism X — X', where X’ is a regular module
without non-trivial regular quotient modules, and clearly Hom 4 (X', Z) #
0 implies Homa(X,Z) # 0. By (2.1), there exists an exact sequence
0— X —7"X —T—0, with m > 0 and I non-zero preinjective. Be-
cause Y is a regular A-module then, by applying (2.5) and the Auslander—
Reiten formulae (IV.2.14), we conclude that there is a natural number mq
such that

Exth (I,7°Y) = DHoma(7°7'Y, I) # 0,

for all s > ms. Further, it follows from the first part of the proof that there
exists a natural number mg such that

Extl (7™ X, 7°Y) = DHom (7°Y, 7" X) = 0,

for all s > ms. Let my = max{mso, ms}. By applying Homyu(—,7°Y),
with s > my, to the exact sequence 0 — X — 7" X — I — 0 we get the
induced long exact sequence

oo ——Homyu (X, 7°Y)——Exth (I, 7°Y) —— BExt} (t™ X, 7°Y) =0.

It follows that Hom4 (X, 7°Y) # 0. Therefore, if my = max{m1,m4} then
Homy4 (7™ X,Y) = 0 and Homu4 (X, 7™Y") # 0, for all m > my. O

We have also the following interesting fact.

2.7. Lemma. Let A = KQ be a wild hereditary algebra. Let X be an
indecomposable regular A-module and assume that Hom (X, 77™X) # 0,
for some m > 1. Then Homa(X,77'X) # 0, for alli € {1,... ,m}.

Proof. Suppose, to the contrary, that Hom(X,77°X) = 0, for some
index ¢ € {1,...,m}. Then m > 2 and there exists a j € {1,...,m}
such that Hom4(X,7U=DX) = 0 and Homu(X,77°X) # 0, for any
s€{j,... ,m}. Then the Auslander—Reiten formulae (IV.2.13) yields

Ext}y (79X, X) = DHom(X, =01 X) = 0.

Then, it follows from (VIIL.3.3) that any non-zero homomorphism from X
to 779X is a monomorphism or an epimorphism. But this contradicts (1.2).
O
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It follows from (XI.2.8) and (XII.3.4) that the regular part R(A) of the
Auslander—Reiten quiver I'(mod A) of a hereditary algebra A = KQ of
Euclidean type is a disjoint union of a P; (K )-family

T = {TAA}AEM(K)

of pairwise orthogonal standard stable tubes TAA, and hence consists entirely
of nondirecting indecomposable A-modules.

2.8. Lemma. Let A= KQ be a wild hereditary algebra.

(a) For every pair of indecomposable regular A-modules M and N, there
exists a path M = Zoy—Z1—Zy — ... — Zip-1—Zm = N
in mod A.

(b) Ewvery indecomposable regular A-module is nondirecting.

Proof. (a) Assume that M and N are indecomposable regular A-modules.
It follows from (1.6) that N belongs to a component C of I'(mod A) of type
ZA . Then there exists a quasi-simple module X in C and an integer n > 1
such that N 2 X[n]. On the other hand, by (2.6), there exists an integer
m > 1 such that Hom4(M,7™X) # 0. Hence (a) follows, because there
exists a path of irreducible morphisms

X =71"X[1l]— ... - X[1] — ... = X[n]=N

in mod A.
The statement (b) is a direct consequence of (a). O

We recall that a brick in mod A is an indecomposable A-module X such
that End4(X) = K. A stone is an indecomposable A-module X such that
Extl (X, X) =0, see (XV.1.2).

We know from (VIII.3.3) that every stone in mod A is a brick. On the
other hand, we have seen in (1.9) that for enlarged Kronecker algebras
there are bricks (even quasi-simple regular) which are not stones. We also
recall from (VIII.2.7) that all indecomposable postprojective modules and
all indecomposable preinjective modules are stones.

The following proposition characterises the quasi-simple regular bricks.

2.9. Proposition. Let A = KQ be a wild hereditary algebra and X a
reqular brick in mod A. Then X is quasi-simple if and only if
Hom (X, 771X) = 0.

Proof. Because X is a regular brick then Ext) (771X, X) = DEnd4(X)
is a one-dimensional vector space over K generated by an almost split se-
quence

0—X —Y —71'X —0.
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Moreover, Y is indecomposable if and only if X is quasi-simple, because X
lies in a component of the form ZA ., by (1.6).

Assume that Hom(X,771X) # 0, and let f : X — 771X be a non-
zero homomorphism. We know from (1.2), that f is neither a monomor-
phism nor an epimorphism. Letting M = Im f we get a short exact sequence

00— Kerf — X -4 M —0,

where Ker f # 0 and M is a proper submodule of 77'X. Applying the
functor Homa (771 X/M, —) we get an epimorphism

Exth (t7'X/M,g) : Extly(r7' X/M, X) ——— Extl(t7'X/M, M),

because A is hereditary. Therefore there is a commutative diagram

I

0 X N —— XM —— 0

/| /| !

0 M s X XM —— 0

with exact rows. It follows that the exact sequence

g/ ) ’
0 X [—h] M@N [h 9] T—IX 0

is non-split, because dimgx M < dimg X and dimgM < dimg7~'X. Hence
there exists a non-split exact sequence

0—X —FE—711'X—0,

with E decomposable. But then Y = E is decomposable, and consequently
X is not quasi-simple. On the other hand, if X is not quasi-simple then there
is a non-zero homomorphism from X to 771X, which is the composition of
an irreducible epimorphism and an irreducible monomorphism, because X
lies in a component of type ZA . O

2.10. Corollary. Let A = KQ be a wild hereditary algebra and X be a
quasi-simple brick in mod A. Then Homa (X, 7~ ™X) =0, for all m > 1.

Proof. Apply (2.7) and (2.9). O

2.11. Lemma. Let A = KQ be a wild hereditary algebra and X an inde-
composable regular A-module which is not a stone. Then Homu (X, 7™ X) #
0, for allm > 1.

Proof. Because ExtY (X, X) # 0, we have
Homa(X,7X)#0 and Homa(r 'X,X) # 0.
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To show the claim, suppose to the contrary, that there is an integer m > 1
such that Hom4 (X, 7™ X) = 0 and Hom4 (X, 7™X) # 0. Then

Extl (7™ X, X) = DHom4 (X, 7" X) = 0.

Take a non-zero homomorphism f : X — 7 X. It follows from (VIIL.3.3)
that f is a monomorphism or an epimorphism. If f is a monomorphism,
then composing it with a non-zero homomorphism g € Hom (771X, X) we
get a non-zero homomorphism fg: 7 'X — 7™X and, consequently,

Hom (X, 7" X) = Hom (771X, 7™ X) # 0.
Similarly, if f is an epimorphism then, for a non-zero homomorphism
h € Homa (™ X, 7™M X) = Homa (X, 7X),

the composite homomorphism hf € Homa(X,7™T'X) is non-zero, and
hence Hom 4 (X, 7™*1X) # 0. This finishes the proof. O

To establish a further relationship between regular bricks and stones over
wild hereditary algebras A = K@Q we need the following lemma.

2.12. Lemma. Let Y be an indecomposable A-module, X be a quasi-
simple reqular A-module,

X=X[1] - X2) - X8 — -+ — X[r] — ---

an infinite sequence of irreducible monomorphisms (1.5), andi > 1 a natural
number.

(@) If Y 2 X[i|/X[j], for 1 < j < i, then each homomorphism
f: X[i] — Y factors through the canonical irreducible monomor-
phism € : X[i] = X[i+1].

(b) If Y 2 X[j], for 1 < j <, then each homomorphism g : Y — X]|i]
factors  through  the  canonical  irreducible  epimorphism
7w (7 X)[i+1] — X[d].

Proof. We prove only (a), because the proof of (b) is dual. If i = 1,
then the irreducible monomorphism e : X — X[2] is a minimal left almost
split morphism, and consequently any homomorphism f : X — Y with
X #Y factors through e.

Assume that ¢ > 2. Consider the canonical almost split sequence

0 — X[ 2% Xl @7 tx[i-1) Tk 1x) — o,
Then each homomorphism f : X[i] — Y, with Y 2 X[i]/X[j], 1 < j < 1,
factors through [, %, that is, f = ge + hm, for some homomorphisms
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g:X[i+1]] — Y and h:7'X[i-1] — Y.

By induction, we have h = h'¢’, for some homomorphism A : 771X [i] — Y.
Hence
f=ge+hn=ge+hen=ge—h'ne=(9—hn')e,

as required. O

Throughout this chapter we freely use the terminology and notation
introduced in Section XVI.1. In particular, given an indecomposable A-
module M in a component C of the Auslander-Reiten quiver I'(mod A) of
an algebra A, by a cone determined by M we mean a full translation sub-
quiver C(M) of C of the form

Ml,l M2,2 MSS Mm72,m72 Mmfl,mfl Mm,m
NSNS N NSNS
M1,2 M2,3 cee Mm72,m71 Mmfl,m
NN / e

\1
M173 Mm—2m
Vs

The module M = M ,, is called the germ of the cone C(M), see (XVI.1.4).
It is easy to see that, for a wild hereditary algebra A = K@, the definition
of cone coincides with the following one.

2.13. Definition. Let A = K(Q be a wild hereditary algebra.

(a) A full translation subquiver C of I'(mod A) is said to be mesh-
closed if any mesh of I'(mod A) with source and target in C is
contained in C.

(b) Let A = KQ be a wild hereditary algebra, let C be a regular com-
ponent of I'(mod A), X a quasi-simple module in C, and m > 1 a
natural number.

(b1) The mesh-closed full subquiverof C formed by the modules
77X [j] (1.5), with 1 < i+ j < m, is called the cone with germ
X[m], and denoted by C(X[m]).
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(b2) The cone C([X[m]) is called standard if the full subcat-
egory of mod A formed by the modules from C(X[m]) is equivalent
to the mesh subcategory KC(X[m]) of C(X[m]).

We recall that a pair of A-modules X and Y in mod A is said to be
orthogonal if Homy4(X,Y) =0 and Homu4 (Y, X) = 0.

2.14. Proposition. Let A = KQ be a wild hereditary algebra, X a
quasi-simple reqular A-module,

X=X[1] - X[2] — -+ — X[r] — -

be a chain of irreducible monomorphisms (1.5) and m > 2 be a natural
number. The following conditions are equivalent.

(a) The cone C(X[m]) is standard.

(b) The module X[m] is a brick.

(¢) The module X[m-1] is a stone.

(d) The modules X, 771X, ... , 7~ m=DX are pairwise orthogonal stones.

Proof. The implication (a) implies (b) is obvious.
To prove that (b) implies (c), we assume that the module X [m] is a brick
and X[m-1] is not a stone. Then

DHom 4 (7' X[m-1], X[m-1]) = Ext}y (X[m-1], X[m-1]) # 0,

and so there exists a non-zero homomorphism f : 771 X [m-1] — X[m-1].
Moreover, there are

e an irreducible epimorphism 7 : X[m] —— 771 X[m-1], and

e an irreducible monomorphism ¢ : X[m-1] —— X[m)].
Hence e fr is a non-zero homomorphism in rad End 4 (X [m]). This is a con-
tradiction, because X[m] is a brick.

To prove that (c) implies (d), we recall from (VIII.3.3) that every stone
in mod A is a brick. Assume that X[m-1] is a stone. It follows that X [m-1]
is a brick, and, by the implication (b)=(c) applied to the brick X[m-1],
the module X[m-2] is a stone. An easy induction shows that the modules

X[m-1], X[m-2], ..., X[2], X[1]=X
are stones and bricks. In particular, it follows from (2.10) that, for each

t > 1, we have Hom4(X,77¢X) = 0 and, hence, Hom4 (77X, 777 X) = 0,
for all 0 < i < 7 <m — 1. Moreover, the modules

X, r X, r X, e Y

geeey
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are stones. It remains to show that Homa(77'X,777X) = 0, for all
0 <j<i<m-—1. Assume, to the contrary, that this is not the case,
that is, Hom4 (77*X,777X) # 0, for some j < i such that 0 < j,i < m — 1.
Then, for r = (m — 1) — ¢ and s = j + r, we have

HomA(T_(m_l)Xﬂ'_sX) >~ Homu (77X, 777 X) # 0.

Let h : 7= (™ VX — 775X be a non-zero homomorphism. Applying
(2.12)(b) to h, we conclude that h has a factorisation h = hohq, where

hy:7r=(m=DX — X[s +1] and hy : X[s +1] — 77°X.

Note that s + 1 < m — 1 and, hence, there exists a monomorphism
w : X[s + 1] —— X[m-1]. Clearly, there exists also an epimorphism
p:7 1 X[m-1] —— 7= (m=D X Consequently, the composite homomor-
phism whyp : 771X [m-1] —— X[m-1] is non-zero and, hence,

Exth(X[m—l], X[m-1]) = DHomA(T_lX[m—l},X[m—l]) #£0,

which is a contradiction. Hence, the modules X, 771X, ... , 7= (m=1X are
pairwise orthogonal.

To prove that (d) implies (a), we assume, to the contrary, that (d)
holds and there exists a non-zero homomorphism f : U — V, for some

U=7""X[l] and V =71"°X]t],

withr+1<mand s+t <m.

We show, by applying the induction on [ > 1, that f is either an isomor-
phism and a scalar multiple of the identity map 1y on U, or a composition
of irreducible morphisms corresponding to arrows of the cone C(X[m]).

Step 1° We assume that [ = 1. Because the module U = 77" X[1] is a
brick, we may assume that f is not an isomorphism. Then the assumption
(d) forces t > 2. For each ¢ € {0,1,...,¢t — 2}, we look at the canonical
short exact sequences

0 — 7 X — 5 7= X[ 4) 2y = GHED X 1) — 0,

with 7q,...,m_1 irreducible morphisms. Observe that
rad (U, 77 CH=2D X)) = rad (r7" X, 7~ =2 X) =0,

because the modules X,77'X,...,7~(""DX are pairwise orthogonal
stones and, hence, bricks. In particular, we have m;_1 - ... 7w -7 - f = 0.
By considering the composite homomorphism

W1 T - momy f: U ———— 7'7(5J”'+1)X[t7121]7
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for each 7 € {0,1,... ,t—2}, we conclude that there exists exactly one index
1 €{0,1,...,t— 2} such that m;41...mf =0 but m;...m f # 0 (we put
mo = id). Then Hom (7 "X,7- ) X) £ 0, or equivalently r = s + i.
Hence s <r and t — (r — s) > 2, because 7 € {0,1,... ,t — 2}.

We claim that s = r. Suppose, to the contrary, that s < r. Consider the
composite epimorphism

T=Tpg...m T X[f] ——— 7" X[t—(r-s)] = 7T ") X[t—(r-s)]
and the canonical exact sequence

Tr—s41

0 — 77X —— 7" X[t-(r-s)] == 7= X[t—(r-s5)-1] — 0.

Because wf = m; ... mom1 f # 0 and mp_sy1(7f) = mip1mi...mem f =0,
then the image of

wf i7" X —— 7" X[t—(r-s)]

is contained in the submodule 77" X of 77" X[t—(r-s)] and, consequently,
radEnda(77"X) # 0. This is a contradiction, because 77" X is a brick.
Therefore 7 = s, and f is a composition of irreducible monomorphisms
corresponding to the arrows of a path from 777X to 7" X[t] in C(X[m]).

Step 2° Now we assume that [ > 2, and we consider the restriction of f to
77" X. If this restriction is non-zero, it follows from the assumption (d) and
the earlier considerations that r = s, I < ¢, and f : 77" X[l] — 77" X[¢]
is either an isomorphism and a scalar multiple of the identity map 1y on
U (if I = t), or is a composition of irreducible morphisms corresponding to
the arrows of a path from 7= " X[I] to 77" X[t] in C(X[m]). Assume that the
restriction of f to 777X is zero. Then f = gm, where

e g:7 " 1X[l - 1] —— 775X][t] is a homomorphism , and
o m:7 "X[l]] ——— 7 "1 X[l—1] is the canonical irreducible epimor-
phism.

By the inductive hypothesis, g is either an isomorphism and a scalar multi-
ple of the identity map on X [I-1], or a composition of irreducible morphisms
corresponding to some arrows of the cone C(X[m]). Hence, the homomor-
phism f has also this property. Therefore we have proved that the cone
C(X[m]) is standard. This finishes the proof. O

2.15. Proposition. Let A = KQ be a wild hereditary algebra and let X
be a quasi-simple reqular A-module such that the chain

X=X[1] — X[2] — -+ — X[r] — -+,
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see (1.5), of irreducible monomorphisms contains a brick X[m], for some
m > 2.
(a) The module T = X[1]® ... ® X[m-1] is a partial tilting A-module,
(b) m <n—1, where n is the rank of Ko(A),
(¢) The cone C(X[m)) is standard and consists of bricks,
(d) All modules in the cone C(X[m]), except the module X[m], are
stones.

Proof. (a) By (2.14), the cone C(X[m]) is standard. Because the mod-
ules X[i] and 771 X[i], for 1 <4 < m — 1, lie in the standard cone C(X[m]),
we have Ext! (T, T) = DHom (77'T,T) = 0, and so T is a partial tilting
A-module.

(b) Let n = rk Ko(A) = |Qo| be the rank of the Grothendieck group
Ky(A) of A. Because, by (a), T4 = X[1] & ... X[m-1] is a multiplicity-
free partial tilting A-module then applying (VI1.2.4) and (VI.4.4) yields
m — 1 < n, that is, m < n + 1. To prove that m < n — 1, we need to
exclude the equalities m =n + 1 and m = n.

First, assume to the contrary, that m — 1 = n. Then T is a direct sum
of n pairwise non-isomorphic indecomposable A-modules and, hence, is a
tilting A-module, by (VI.4.4). Because the cone C(X[m]) is standard then
the tilted algebra B = End T4 is isomorphic to the hereditary path algebra
KA(A,,—1) of the equioriented quiver

A(Ay—1): b b T
Then, by (VI.5.6), T4 is a separating tilting module. Because B is represen-
tation-finite, the algebra A = K@ is representation-finite. This is a contra-
diction, because we assume that @ is not a Dynkin quiver, see (VIL.5.10).

Finally, assume to the contrary, that m = n. Because T4 is a multiplicity-
free partial tilting A-module and T4 is a direct sum of n—1 = m—1 pairwise
non-isomorphic indecomposable A-modules then, by (VI.2.4) and (V1.4.4),
there exists an indecomposable A-module N such that 7% = T4 @®N is a tilt-
ing A-module and the tilting vanishing condition yields Hom 4 (T, 741" ) =
DExt!, (T, T',) = 0. Moreover, we have the torsion pair (7(7"), F(T")) in
mod A, where

T(T/) = {XA; Eth(TCX) = 0} = {XA; Hom 4 (X, TAT/) = 0}7 and

T(T") = {Y4; Homu(T',Y) = 0}.

We set M = X[m-1]. We prove that the module N does not belong to
the cone C(M) determined by M. Assume, to the contrary, that N belongs
to C(M). Because N % XJi], for any ¢ € {1,...,m — 1}, then m > 3
and N belongs to the cone C(7, ' X[m-2]) determined by 7' X[m-2]. But
then there is an epimorphism X[j] — 74N, for some j € {1,... ,m — 2}.
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Hence, Hom 4 (T, 747" ) # 0 and we get a contradiction. This shows that
N ¢ C(M).
Now we note that, to finish the proof of (b), it is sufficient to show that
(i) the tilted algebra B’ = End 7" is hereditary,

(ii) T7 is a separating tilting A-module, and hence

(iii) any indecomposable module in mod A belongs to 7 (T”) or to F(T").
Indeed, if (i) holds then (VI.5.6) yields (ii) and, hence, we get (iii). It follows
that any successor of an indecomposable A-module from 7 (7”) in mod A lies
in T(T"). Because, by (2.8), there is a path in mod A from the module X[1]
to 74X [1] then 74 X [1] liesin 7 (7). On the other hand, Hom 4 (T, 74T ) =
0 implies that 74 X[1] lies in F(T") and we get a contradiction. This shows
that m < n — 1 and finishes the proof of (b).

Then, to complete the proof, it remains to show that (i) holds. We recall
from the first part of the proof that the algebra B = End T is isomorphic
to the hereditary path algebra H,,_1 = KA(A,,_1) of the equioriented
quiver A(A,,—1) : oo . o Further, by (VIIL.3.3), the equality
Ext! (N, N) =0 yields End Ny & K.

Now we show that Homa (N, M) = 0 or Homu(M,N) = 0. Indeed,
because the tilting vanishing condition yields

Extl (M, N) = 0 and Ext! (N, M) =0
then (VIIIL.3.3) yields

e any non-zero homomorphism N — M is a monomorphism or an
epimorphism, and
e any non-zero homomorphism M — N is a monomorphism or an
epimorphism,
because the algebra A = K@ is hereditary. It follows that Hom 4 (N, M) =0
or Homyu (M, N) = 0, because the modules M and N are non-isomorphic
bricks.

Assume that m > 3. We prove that Hom4(N,Y) = 0, for any inde-
composable module Y in the cone C(X[m-2]). Assume, to the contrary,
that there is a non-zero homomorphism f : N —Y in mod A, with Y €
C(X[m-2]). Because C(X[m-2]) C C(X[m-1]) = C(M) and N ¢ C(M)
then, by (IV.5.1), there exist 7 € {1,... ,m — 1} and a chain of irreducible
morphisms

X[ =25y, 5y, — vy, =Y.
and a homomorphism h : N —Y; in mod A such that g - ... - g; - h # 0.

This shows that DExtl (X[i], N) & Homa(N,74X[i]) # 0 and we get a
contradiction. Consequently, Hom4(N,Y) = 0, for any indecomposable
module Y € C(X[m-2]).
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Because the cone C(M) is standard then the additive category add C(M)
is equivalent to the module category mod H,,,—1, where H,,_1 = KA(A,,_1).
Hence, for each j € {2,... ,m — 1}, there exists a short exact sequence

0—X[j-1]-5X[j] — E; —0,

where u; is a canonical irreducible monomorphism and E; = Tg(j x [1].
By applying the functor Hom4(—, N), we derive an exact sequence

0—Homy(Ej, N) — Homyu(X[j], N) — Hom (X [j-1], N)
— Extly(E;, N)—0.

Because 7, Y X[1] € C(X[m-2]) then

Exty(E;, N) & DHomu(N, 74E;) = DHom (N, 7, 2 X[1]) = 0.

Moreover, because there exists an epimorphism Tng [j-1] — E; then the
isomorphisms

Hom4 (1, X[j-1], N) = DExtY (N, X[j-1]) =0

force Homa(Ej, N) = 0 and, for each j € {2,...,m — 1}, we derive an
isomorphism
Hom(uj, N) : Homa(X[j], N) ———— Homa (X[j—1], N).

Assume that Hom4 (N, M) = 0. Then Hom4 (N, T) = 0. Moreover, there
is an isomorphism Hom 4 (X [i], N) & Homa (M, N), for eachi € {1,... ,m—
1}. Further, by (VI.3.5), the tilted algebra B’ = End 7" = Enda(T & N)
is connected. It follows that Hom 4 (M, N) # 0 and B’ is isomorphic to the
path algebra of the quiver

A o] ¢ < o = Oow

where r = dimg Hom 4 (M, N).
Now assume that Hom4 (M, N) = 0. Then Homa (7, N) = 0, because
there is an isomorphism

Homy (X [i], N) = Homyu (M, N),

o~

foranyi € {1,... ,m—1}. Moreover there is an isomorphism Hom 4 (N, T")
Homy (N, M), for each i € {1,...,m — 1}. Further, by (VIL.3.5), the
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tilted algebra B’ = End T’ = Enda(T & N) is connected. It follows that
Homy (N, M) # 0 and B’ is isomorphic to the path algebra of the quiver

A o o ow'

where 1’ = dimgHom 4 (N, M). It follows that, in each of the two cases, the
tilted algebra B’ is hereditary. This finishes the proof of (b).

Because the statements (c¢) and (d) are direct consequences of the stan-
dardness of C(X[m]), the proof of the proposition is complete. O

2.16. Corollary. Let A = KQ be a wild hereditary algebra and X be a
quasi-simple reqular A-module such that the chain
X=X[1] - X[2)] — -+ — X[r] — -+,

see (1.5), of irreducible monomorphisms contains a stone X|r|, for some
r > 1. If n is the rank of Ko(A), then r <n —2.

Proof. Apply (2.14) and (2.15). O

It follows from (2.16) that if A is a wild hereditary algebra with two
simple modules (that is, A is an enlarged Kronecker algebra) then every
stone is either postprojective or preinjective. The same holds for the tame
hereditary algebra with two simple modules (that is, for the Kronecker
algebra).

The following example shows that, for n > 3, the upper bound n — 2 on
the positions of regular stones given in (2.14) is the best possible.

2.17. Example. Let n > 3 be a positive integer. Consider the wild

quiver
w
[e3% Yn
/

n—1

| N )

Q: 0

Denote by A = A(1,n) the subquiver of @ obtained from @ by deleting the

arrow (3, and by ¥ the subquiver
0 1 3 n—2 n—1
A(A,): o——o0¢——0¢— - ¢—oé—o.
71 Y2 Tn—1
of @ obtained from @ by removing the vertex w and the arrows «, 5, v,.

The path algebras of the quivers @, A and X have the forms
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rK 0 .. 0-
KK .. o0
A=KQ= R
LK3 K ... K4
rK 0 0 7
K K 0
A=KA= R
LK? K ... K-
rK 0 .. 0
KK .. 0
H=KY% ..
LK K ... K

Clearly, there are canonical algebra surjections A —— A —— H, A is
the hereditary canonical algebra C(1,n) of the Euclidean type &n, and H
is a hereditary algebra of the Dynkin type A,. Note also that A is the
one-point extension A = H[M] of H by the projective H-module

M = P(0) & P(0) & P(n-1).

We know from (XI1.2.8) that I'(mod A) contains a standard stable tube
T of rank n > 1 such that the simple modules S(1),...,S(n-1) are mouth
modules in 7. Moreover, it follows from the standardness of T that, for
each i € {1,...,n — 1}, the module S(i)[n—1] (respectively, S(i)[n]) is a
stone (respectively, brick), and clearly n — 1 = (n+ 1) — 2, where n + 1 is
the rank of the Grothendieck group Ko(A) of A.

Observe now that the simple modules S(1),...,S(n-1) are also regu-
lar A-modules. Indeed, these modules are non-directing modules in mod A,
hence in mod A and, consequently, they are neither postprojective nor prein-

jective.
Further, the Auslander—Reiten quiver I'(mod H) of H is of the form
P(0)=5(0) 5(1) S5(2) S(n-2)  S(n-1)
pP(1) P == p(1)

NN /
P(2)
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Let X = S(1), Y = 771P(n-2), and denote by C the full translation
subquiver of I'(mod H) formed by all modules except P(0),...,P(n — 1),
that is, by all non-projective modules.

Observe that Hompy (M, Z) = 0, for any indecomposable H-module Z in
the cone C(7~'P(n-3)). Then, by (XV.1.7), C is a mesh-closed translation
subquiver of I'(mod A). Moreover, X = S(1) is a quasi-simple regular A-
module, because S(1) is simple. Therefore, C is a mesh-closed translation
subquiver of the cone C(X|[n]) of a component of type ZA, in I'(mod A),
and Y = X[n-1]. Clearly, there are isomorphisms Ext} (X[n-1], X [n-1]) =
ExtL(Y,Y) =0, and so X[n-1] is a stone in mod A and n—1 = (n+1) — 2,
with n + 1, being the rank of Ky(A). Moreover, by (2.14), X[n] is a brick.

Finally, we note that, although X|[n-1] is not a sincere A-module, by
(2.3), all but finitely many modules from the family 7" X [n-1] = (7" X)[n],
with r € Z, are sincere stones.

We have also the following consequence of (2.14).

2.18. Lemma. Let A = KQ be a wild hereditary algebra, X be a quasi-
simple regular A-module and Y = X[m], for some m > 2. ThenY is a
brick if and only if Homa (Y, X) = 0.

Proof. If Y is a brick, then it follows from (2.14) that the cone C(Y) =
C(X|[m)]) is standard, and consequently Hom 4 (Y, X) = 0.

To prove the inverse implication, we assume that Homa (Y, X) = 0. We
prove that the A-modules X, 7 'X,... , 7~ (™~DX are pairwise orthogonal
stones. This implies, by (2.14), that ¥ = X[m)] is a brick.

It follows from (2.12)(a) that any non-zero non-isomorphism f : X — X
factors through Y = X[m], and so our assumption implies that X is a brick.
Because X is quasi-simple, by (2.10), we obtain that Homyu (X, 77"X) =
0, for all » > 1. Clearly, this implies that Homa (7~ ‘X, 777 X) = 0, for
0<i<j<m-—1.

We prove now that

Homa(77°X,X) =0, forall 1 <s<m — 1.

Suppose, to the contrary, that there exists a non-zero homomorphism
g:7 X ——— X, for some 1 <t < m—1. Applying (2.13)(a), we
deduce that g factors through (77¢X)[m-t], and hence there is a non-zero
homomorphism h : (77t X)[m-t] ———— X. Composing now h with the
canonical epimorphism 7 : Y ————— (77/X)[m—t] we obtain a non-zero
homomorphism hw : Y — X, a contradiction.

Hence, we get Homa(77°X,X) = 0, for all 1 < s < m — 1. But this
implies that Hom (77X, 77X) = 0, forall 0 < j <i < m—1. In
particular, Extl (X, X) = DHom (7 1X X) =0, that is, the module X is
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a stone. Consequently, the modules X,771X,... 7= (m=DX are pairwise
orthogonal stones. This finishes the proof. a

We end our discussion on the distribution of regular stones with the
following proposition.

2.19. Proposition. Assume that A = KQ, where Q is an acyclic con-
nected wild quiver with at least three vertices. Then T'(mod A) admits infin-
itely many pairwise different regular components containing sincere quasi-
simple stones.

Proof. Observe first that, if an indecomposable regular A-module X is
a stone then its whole 7-orbit 7™ X, with m € Z, consists of stones and, by
(2.3), infinitely many of them are sincere. Moreover, it follows from (2.15)
that if a regular component C of I'(mod A) contains a stone then C contains
a quasi-simple stone.

Therefore, it remains to show that I'(mod A) admits infinitely many pair-
wise different regular components containing stones. Because Q has at least
three vertices and the underlying graph @ of @ is neither Dynkin nor Eu-
clidean, there exists a full connected proper subquiver Q" of @ such that
A’ = K@’ is representation-infinite. Consider the postprojective compo-
nent P(A’) of I'(mod A”). We know that P(A’) consists of directing mod-
ules, and hence of stones. Obviously, these indecomposable A’-modules are
non-sincere stones in the category of A-modules.

On the other hand, it follows from (IX.5.6) and its dual that all but
finitely many indecomposable postprojective A-modules are sincere and
all but finitely many indecomposable preinjective A-modules are sincere.
Hence, all but finitely many modules from P(A’) are regular stones.

Finally, note that, by (2.4), all but finitely many modules of any given
regular component of I'(mod A) are sincere. Clearly, then the required claim
follows. O

XVIIIL.3. Perpendicular categories

In Chapter XV we have associated to a given K-algebra A and an A-
module X the one-point extension algebra A[X] and the one-point coex-
tension algebra [X]A having one more simple module than the algebra A
has. Here, we associate to X two subcategories X+ and - X of mod 4, and
we show that under some assumptions they are again module categories of
some algebras having less simple modules than the algebra A has.

3.1. Definition. Let A be an arbitrary (not necessarily hereditary) K-
algebra and X an A-module. Then the full subcategory of mod A

X+ ={M4 | Homa (X, M) = 0 = Extl (X, M)}
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is said to be the right perpendicular subcategory of X, and the full
subcategory of mod A

LX = {M, | Homu (M, X) =0 = Ext'(M, X)}
is said to be the left perpendicular category of X.

3.2. Example. Let A be an algebra, e an idempotent of A, P = eA
the corresponding projective A-module and I = D(Ae) the corresponding
injective A-module. Then clearly we have P+ = mod A/AeA = 1I. In
particular, if P is the new indecomposable projective module over the one-
point extension algebra B[X] then P+ = mod B. Similarly, if I is the new
indecomposable injective module over the one-point coextension algebra
[X]B then +I = mod B.

3.3. Example. Let A be a hereditary algebra and X an A-module
without non-zero projective direct summands. Then X+ = +(7X). This
follows from the functorial isomorphisms

Hom4 (M, 7X) = DExth (X, M) and ExtY(M,7X)=DHoma(X, M)
established in (IV.2.14).

3.4. Example. Let A = K@ be the path algebra of the quiver
1

Q: 3 4 5 6

2
of Dynkin type Dg. Then I'(mod A) is of the form

O»—A

_____ 0 S 11111 S 01110 —

\/‘\f\f\f\

OOOO—>11000—> 1000—) 2111—) 1111—> 2221—) 1110—> 2210—) 1100—) 1100

\f\f\/‘\f\

1111 77777 2110 77777 2211 77777 1110 77777 0100

/‘\f\/\f\f

Joit - ———— 1110 _____ 100 _____ 1111 _____ 0110

/\/‘\/\f\f

0
Q0oL ————— O0010 77777 11100 7777777777 Y0111

where the indecomposable modules are replaced by their dimension vectors.
Now we describe the categories X and - X, for three particular choices
of the module X.
Case 1° We take for X the indecomposable A-module with dim X = 12221.
Because the algebra A is hereditary, we have
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Ext!(X,—) =2 DHomu(—,7X) and Extl(—, X) = DHoma(r X, ).

Then a direct calculation shows that X~ consists of direct sums of the
following indecomposable modules

1
01111
1111

12110

/\

1110

f\ /‘\

O0010 11100 O1000

while +X consists of direct sums of indecomposable modules

0
11110
1
01110
12211
1111
11 0 OO 00111

Observe that there exist equivalences of categories X+ = mod KQ' = 1+ X,
where @' is the (non-connected) quiver

1 2 3¢—— 4 <+—— 5.

Case 2° Now take for X the simple A-module S(3) at the vertex 3. Then
the category S(3)* consists of direct sums of all indecomposable A-modules
except those of dimension vectors

1 0 1 1 1 1 0 0 0 0

0000, 0000, 1000, 1111, 1110, 1100, 1000, 1111, ‘1110, 1100
(IS Rt IS Sttt I e A A Rtk | et NV e A ¢

Hence, we get an equivalence of categories S(3) = repg (A) = mod KA,

where A is the quiver
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1

N

3¢——4 —— 5.

Ve

2
Similarly, the category +.5(3) consists of direct sums of all indecompos-
able A-modules except those of dimension vectors

11000, (1)1000, (1)10007 12111, }2110, 121007 81000, 80111, 80110, 801007

and again we have an equivalence of categories -5 (3)~repx (A)=mod KA.
Case 3° Finally, take for X the injective A-module I = I(1)®I(2)®I(3).
We already know that
LI ~2mod KQ",

where Q" is the full subquiver of @ formed by the vertices 4, 5 and 6.
On the other hand, a direct calculation shows that the category I+ con-
sists of direct sums of indecomposable modules of dimension vectors

800017 81000, 81111, 811107 80111, 80110,

and that I+ = repg (T), where I is the quiver 1+—2—3.
Note that, in this case, the category It is not equivalent to -1, and the
category I+ is not the dual category of +1.

3.5. Example. Let A be the path algebra K@ of the four subspace

quiver
1 2 3 4
0

The indecomposable A-modules have been described in Chapter XIII. In
particular, it was shown that I'(mod A) consists of the following components:

e the postprojective component P(A) is of the form

10 00 01 11 21,11
1 2
/)110\ /021\ /2 11\
/' \l
00,00 11 11 22 22 33 ss
00,10 11,01 11,21

00 01 11 10 11 12
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e the preinjective component Q(A) is of the form

12 22 21 11 01 11 10 00
3 2 1 0
\ /‘21‘;22 12211 10111 01 00
\44744/{ \33 ‘33/{ \22322/ \11111/
[ <
/r/ Y A N N N
22 12 11 21 11 01 00 10
3 2 1
22 21 11 12 11.10 00 01
3 2 1 0

e the stable standard tubes 77, 774, T2 of rank 2 are of the forms,
see (XIIL.3.17),

1001 0110 1001 11,00 0011 1100 1010 01,01 1010
|\/(\‘/“ ‘\/‘\/“ ‘\/‘\/“
(IR S 111 (IR
|/‘\(/(\H ‘/‘\1/‘\“ ‘/‘\‘/‘\‘

12,21 2112 1221 122 2201 1122 12,12 2121 1212
|\/‘\/“ ‘\’1/‘\/“ ‘\/‘\/“
2222 2222 29222 2222 9222 2222

|/\/\m \/\/\\ \/\/\\

76“‘ Tf“ To‘é‘

where the indecomposable modules are represented by their dimen-
sion vectors.

e For each A € K \ {0,1}, the tube T4 of rank one whose simple
regular module has the dimension vector hg = 11,11,

Now we describe the categories X+ and +X, for two particular choices
of the module X.

Case 1° We take for X the direct sum of three indecomposable modules
U, V, W of dimension vectors 10,01 11.00" and 10,10 respectively, lying
in different tubes of rank 2. Then the right perpendicular subcategory

L = {M | Homa(X, M) = 0 = Ext!, (X, M)}
= {M | Homu (X, M) = 0 = Hom (M, 7X)}

to X consists of direct sums of the following indecomposable modules:

e the postprojective modules 7=2" P(1), with m > 0,
e the preinjective modules 7211 (1), with m > 0,
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e the modules (7U)[2m], (7V)[2m], (W)[2m], with m > 1, from the
tubes 751, T4, T2, respectively, and
e all modules from the tubes T, with A € K \ {0, 1}.

It follows that there exist equivalences of categories

X+ ~mod {é{z IO{] > repi (A),

where A is the Kronecker quiver 1 o $———"" o 2. Similarly, one can show
that there exist equivalences of categories

X = mod {KQ K} > repg (A).
Case 2° Take now Y = P(1) ® I(2). A simple analysis shows that the
right perpendicular subcategory Y+ to Y consists of direct sums of six
indecomposable modules with the dimension vectors
01.00 0010 0001 0111 0110 0101
1 0 0 1 1 > 1 -
One can easily show that there exist equivalences of categories
Y+ = mod KQ 2 repg (),
where 2 is the Dynkin quiver 2 — 1 +— 3 of type Aj.
Similarly, the left perpendicular subcategory ~Y to Y consists of direct
sums of indecomposable modules of the dimension vectors
0010 0001 1011 1001 1010 10 00
1 > 1 > 2 1 > 1 > 0 »
and, consequently, there exist equivalences of categories
1Y 2 mod KQ°P = repg (Q2°P).

3.6. Lemma. Let A be an arbitrary (not necessarily hereditary) algebra,
X an A-module and 0 — M' — M — M" — 0 an exact sequence in
mod A.

(a) If pdaX <1 then X+ is an abelian subcategory of mod A which is
closed under extensions. Moreover, if two of the modules M', M,
M" belong to X+, the third one also belongs to X=*.

(b) IfidsX <1 then +X is an abelian subcategory of mod A which is
closed under extensions. Moreover, if two of the modules M', M,
M" belong to +X, the third one also belongs to +X.

Proof. We prove only (a), because the proof of (b) is dual. Assume that
pdaX < 1. Then, for any short exact sequence

0— M —M-—M' —0
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in mod A, we get the exact sequence

0 — Homu (X, M’) — Homyu (X, M) — Homu (X, M")
— BExt! (X, M) — Ext!(X, M)
— Exth (X, M") — Ext}(X,M’) = 0.

Hence, if two of the modules M’, M, M" belong to X, the third one also
belongs to X+. Let f : M — N be a homomorphism in mod A with M
and N from X1. Then we have two exact sequences

0— Kerf — M —Imf—0
00— Imf — N — Coker f — 0.

The equalities Hom 4 (X, M) = 0 = Homy4 (X, N) yield Homy4 (X, Ker f) =0
and Hom (X, Im f) = 0. But then from the above long exact sequence
applied to M’ = Ker f and M"” = Im f we get Exty(X,Kerf) = 0 =
Ext! (X, Im f), because Extl (X, M) = 0. Hence, we conclude that Ker f,
Im f, and hence also Coker f, belong to X . This finishes the proof. O

3.7. Proposition. Let A be an arbitrary (not necessarily hereditary) al-
gebra and T a partial tilting A-module.  Then the inclusion functor
T+ < mod A admits a canonical left adjoint functor pr : mod A — T,
that is, for each module N € T+ and each module M in mod A, there is a
Sfunctorial isomorphism of K -vector spaces

Hom 4 (pr(M), N) = Homyu (M, N).
In particular, pr(N) = N, for each module N in T+.

Proof. Consider the torsion class Gen(T') in mod A consisting of all A-
modules generated by T' (VI.2.3), and denote by ¢ the associated idempotent
radical such that Gen(T) = {M | tM = M}, see (VI.1.4). Let M be an
A-module and dimgExt!, (T, M) = d. We show that there exists a universal
exact sequence

0— M — Up(M) — T4— 0

with Ext!y (T, Ur(M)) = 0. If d = 0 we put Up(M) = M. For d > 1 we get
the sequence by a slight generalisation of the Bongartz lemma (VI.2.4) as
follows. Let €1,...,e4 be a basis of the K-vector space Ext! (T, M), and
represent each €; by a short exact sequence

fi

0 M E,—% T 0.
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Consider the commutative diagram
d
0 — Mt L ®E L5 T4 — 0
i=1
| g !
(%) 0 — M —— UrM) —— T* —— 0,

with exact rows, where

f1 0 g1 0
le ] g{ ]
0 fa 0 9d

and k = [1,...,1] is the codiagonal homomorphism. Denote by & the el-
ement of Extl (79, M) represented by the lower sequence (). Moreover,
for each i € {1,...,d}, let u; : T — T be the inclusion homomorphism
in the ith coordinate. Then ¢; = eu;, for each ¢ € {1,...,d}. Applying
Homy4 (T, —) to (x) we derive an exact sequence

- o Homu (T, T -5 Exct (T, M) — Ext (T, Ur (M) — Ext}, (T, T%) =0.

Because ¢; = eu; = §(u;), each basis element of ExtY (T, M) lies in the image
of the connecting homomorphism §, which is therefore surjective. Hence,
we get Ext!y (T, Ur(M)) = 0, as required. For each M in mod A, we put
pr(M) = Up(M)/t(Ur(M)).
Because t(pr(M)) = 0, then we get Hom (T, pr(M)) = 0. Moreover,
{X |tX = X} =Gen(T) C T(T) = {X | Ext} (T, X) = 0},
by (V1.2.3), and Exth (T,t(Ur(M))) = 0. Hence, Extl (T,Ur(M)) = 0
forces ExtYy (T, pr(M)) = 0, and consequently pr(M) € T+.
Denote by fas : M — pr(M) the composite homomorphism
M —— Up(M) —— pp(M),

where 7 is the canonical epimorphism. Let X be a module in 7. Observe
that the canonical exact sequence

0 —— t({Up(M)) —— Up(M) —"— pr(M) —— 0
induces an exact sequence

0 — Homu (pr (M), X)—sHoma (Up (M), X)—Hom (LU (M)), X) =0.
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Applying Hom 4 (—, X) to the exact sequence () we get an exact sequence

0=Hom4 (T¢ X)—Hom4(Ur(M), X)—Hom4 (M, X ) — Ext’y (T4, X)=0.

Therefore, the homomorphism fy; : M — ppr(M) induces an isomorphism
Hom 4 (far, X) : Hom 4 (pr(M), X) — Hom (M, X).

In particular, for each A-module N, we have a commutative diagram

HomA (f]u,N)

Homy (pr (M), N) Hom4 (M, N)

HomA(pT(M),fN){ﬂ HomA(M,fN)|f¥

Hom a(pr(M), pr(N)) —2matheer@) - gom 4 (M, pr(N)),
where the lower horizontal map is an isomorphism. Then we may assign
to each homomorphism g : M — N in mod A the unique homomorphism
pr(9) : pr(M) ——— pr(NV) such that pr(g) fu = fng. Clearly, then pr
becomes a K-linear functor from mod A to 7. Moreover, for each N € T,
we have a natural isomorphism of K-vector spaces

Hom 4 (pr(M), N) —— Homa (M, N),
and consequently pr is left adjoint to the inclusion functor T+ < mod A. O

3.8. Corollary. Let A be an arbitrary (not necessarily hereditary) alge-
bra, T be a partial tilting A-module, and let pr : mod A ———— T be as
in (3.7). Then the functor

Hom 4 (pr(A), =) : T+ ——— mod End s (pr(A))
18 an equivalence of categories.

Proof. For any A-module N, the vector space Hom4(pr(A), N) has a
natural structure of a right module over End 4 (pr(A4)). We know from (3.6)
that T is an abelian subcategory of mod A which is closed under exten-
sions. Further, by (3.7), the functor Hom4(pr(4),—) : T+ —— mod K
is equivalent to the restriction of Hom4 (A, —) to T-+. It follows that pr(A)
is a projective object of the category T-.

We claim that, for any module N in T, there is an epimorphism

pT (A)T —_— N,
with » > 0. To see this, we choose an integer » > 0 and an epimorphism
f: A" —— N. Because the module N lies in T, it follows from (3.7) that
pr(N) = N. Moreover, the functor pr : mod A —— T+ is right exact and,
hence, the homomorphism pr(f) : pr(A”) ——— pr(N) is surjective.
This proves our claim, because pr(A") = pr(A)" and pr(N) = N.

Now, by applying the next result to the category A = T, we conclude
that the functor Homa (pr(A), —) : T+ ———— mod End a(pr(A)) is an
equivalence of categories. O
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3.9. Proposition. Let A be a K-algebra and let A be an abelian full
subcategory of mod A containing a projective object P such that, for any
module N of A, there exist an s > 0 and an epimorphism P® — N in
mod A. Then the K-linear exact functor

Homa (P, —): A ———— mod End4(P)

s an equivalence of categories.

Proof. Let B = End4(P). For any right A-module M, the K-vector
space Hom 4 (P, M) has a structure of right B-module defined by the formula
(f : 90)([7) = f(%o(p))v for f € HomA(PvM)v ZS EndA(P)a and p € p.
In view of (A.2.5) in [11, Appendix], it suffices to prove that the functor
Hom 4 (P, —) is full, faithful, and dense.

To show that the functor Hom 4 (P, —) is faithful, assume that ¢ : M— N
is a homomorphism in A such that the induced B-module homomorphism
Homa (P, ) : Homa(P, M) — Homu (P, N) is zero. By our assumption,
there is an epimorphism h : P®* — Im ¢ of A-modules, where s > 1. By
the projectivity of P, there is an A-module homomorphism k' : P$ — M
such that h = ph/. This shows that h = ph’ = Homa(P,¢)(h') = 0. It
follows that Im ¢ = 0 and therefore ¢ = 0. Consequently, the functor
Hom 4 (P, —) is faithful.

To show that the functor Hom4 (P, —) is full, we prove that the K-linear
map

Hpy oy : Homy (M, N) ——— Homp(Hom4 (P, M), Hom4 (P, N)),

given by ¢ — Homa (P, ), is surjective, for all modules M and N in A.
We note that the map Hys n is injective, because Hom 4 (P, —) is faithful.
The surjectivity of Hps n is obvious when M is a direct sum of finitely
many copies of P, because then the dimensions of both sides are equal.
Assume that M and N are arbitrary modules in A and let f be an element
of Homp(Hom 4 (P, M), Hom (P, N)). By our assumption, there are exact
sequences

pr—My ps e gy 0 and P* i, pv_M N 0

in mod A (and in A). It follows that there is a commutative diagram

Hom (P, Pr) %A oy (P, psy 20 o (P M) — 0

O

Hom (P, P*) 24P o, (P, pr) AP0 gon (PN) — 0
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with exact rows in mod B. The B-module homomorphisms fo and f; do
exist, because the B-modules of the form Hom 4 (P, P%) on the left of the
diagram are free. Because the map Hs y is bijective, for any A-module M
in add P, then there exist A-homomorphisms ¢; : P" — P* and g :
P — PV such that f; = Homa (P, ¢1) and fo = Homa (P, ¢o). Because
the above diagram is commutative and the functor Hom 4 (P, —) is faithful,
then the diagram

pr il ps ho M 0
lﬂpl thpo
pu M pv fo N 0

with exact rows is commutative, and there is an A-module homomorphism
@ : M — N such that phg = h{po. Hence it easily follows that f =
Homy (P, ¢) and consequently that the functor Hom 4 (P, —) is full.

Finally, we show that the functor Hom4 (P, —) is dense. Assume that X
is a module in mod B and fix an exact sequence

h

B" B?® Xp 0

in mod B. Because the map Hys n is bijective, for any pair of A-modules
M and N in A, then the composite B-module homomorphism

Homy (P, P") = B" — 5 B* =~ Homy (P, P¥)

is of the form Homyu (P, d’), where d’ € Homyu(P", P¥). By our assump-
tion on A, the image Imd’ of d' belongs to A and, hence, the module

M = P?/Im d also belongs to A. Moreover, there is a commutative
diagram
BT —r B — Xp — 0

| |

Homa(P,P) 2% Hom,(P,PY) — Homua(P,M) — 0

in mod B, with exact rows and bijective vertical homomorphisms, because
P is projective in A. It follows that there is a B-module isomorphism

g: Xp ———Homu (P, M)

completing the above diagram to a commutative right hand square. This
finishes the proof. O

For hereditary algebras we have even more precise information on the
right perpendicular categories induced by partial tilting modules.
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3.10. Theorem. Let A be a hereditary algebra and T be a partial tilting
module.

(i) There exist a hereditary algebra B and o K-linear equivalence of
categories T+ —=— mod B.

(ii) rk Ko(A) =1k Ko(B)+r, where r > 1 is the number of pairwise non-
isomorphic indecomposable direct summands of T and tk Ko(A),
rk Ko(B) are the ranks of the Grothendieck groups Ko(A) and Ko(B)
of A and B.

Proof. It follows from (3.8) that there exists an equivalence of categories
T+ =5 mod B, where B = End4(pr(A)). We claim that B is hereditary.
Because T is an abelian category, the notions of an Ext-projective object
in T and a relative projective object in T coincide. Let X be a submodule
of pr(A). Then, for each module N from T, we have an exact sequence

0 = Exth (pr(A), N) —— BExt! (X, N) —— Ext%(pr(4)/X,N) =0,

because A is hereditary and pr(A) is projective in T+, Hence X is Ext -
projective in T*. Therefore, any submodule of pr(A) is a projective object
of T+, and so B = Enda(pr(A)) is hereditary.

To prove the second statement, we may assume that T =T, & ... ® T,
where T; % Tj, for i # j. Moreover, because Exty (T,T) = 0 and A is
hereditary, we may also assume that T4,...,T, are ordered in such a way
that Homu(T;,T;) # 0 implies ¢ < j, see (VIIL.3.3) and (VIIL.3.4). We
apply induction on r > 1.

First we assume that » = 1, that is, 7" is indecomposable. If T' = e A, for
some primitive idempotent e of A, then there is an equivalence of categories

T+ =2 mod A/AeA

and our claim follows.
Next we assume that T is not projective and consider the universal exact
sequence
0 —— A —— Ur(4) T 0,

where d = dimgExtY (T, A). We know from (V1.2.4) that T @® Ur(A) is a
tilting A-module and there exists an exact sequence

0 —Hom (T, A)— Hom (T, Ur(A)) = Hom (T, %)~ Ext, (T, A) —0.

Because T is an indecomposable module and Ext!, (T, T') =0, then (VIIL.3.3)
yields a K-algebra isomorphism End 4(7') & K, and so 0 is an isomorphism.
Moreover, we have Homu4 (T, A) = 0, because A is hereditary and T is
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not projective. Therefore, we get Hom (T, Ur(A)) = 0, and so Ur(A) =
pr(A) € T+. Clearly, then K(B) has rank n — 1, where n = rk K(A).

Now we assume that r > 2. From the first part of the proof we know that
there is an equivalence of categories T = mod H, where H is a hereditary
algebra such that Ko(H) = Z" 1. Ifwetake V =Ty @ ... T !, then V
is a partial tilting module belonging to T:-. Observe also that

{X € T+; Homu(V, X) =0=Exth(V,X)} =0}
={X € mod A | Homu (T, X) = 0 = Ext} (T, X)}
=T+ =~ modB.

Therefore, by induction, the rank rk Ko(B) of the Grothendieck group
Ky(B) equals

tkKog(B)=(n—1)—(r—1)=n—r =1k Ko(A) —r,
and (ii) follows. O

We have seen in (3.4) that the right perpendicular category X+ of a
stone X over a hereditary algebra is a module category of not necessarily
connected (hereditary) algebra. Further, as the example (3.5) shows, the
right perpendicular category of a partial tilting module over a hereditary
algebra of Euclidean type can be a module category of a representation-finite
algebra.

We show later that this cannot happen for the perpendicular categories of
quasi-simple regular stones over connected representation-infinite hereditary
algebras.

From now on we assume that A is a representation-infinite connected
hereditary algebra, n is the rank of Ky(A4), and X is a quasi-simple regular
stone in mod A.

Clearly, then n > 3, by (2.16). Our main objective is to prove that X~
has the same representation type as mod A. We know from (3.10) that X+
is equivalent to a module category mod C, where C' is a hereditary algebra
with Ko(C) of rank n — 1. Moreover, there are pairwise non-isomorphic
indecomposable modules Yi,... ,Y,_1 such that

Y=Y1...0Y, 1
is a projective object of X+, C' = End(Y), and the functor Hom (Y, —)

induces an equivalence of categories
Homy (Y, —) : X+ —=— mod C.

We identify X+ with mod C. Then the Auslander-Reiten translations 7¢
and 7o ! induce functors ¢, To Loxt — xL.
We have the following lemma.
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3.11. Lemma. Let A be a representation-infinite connected hereditary
algebra, X be a quasi-simple reqular stone in mod A,

00— 71X —-27—X—0

an almost split sequence in mod A, and Y the module defined above. Then

(a) the module Z is an object of X+, and
(b) the module Ta = X @Y is a tilting A-module.

Proof. (a) Applying Hom4 (X, —) to the given almost split sequence
ending at X, we obtain the exact sequence

0 — Homa(X,74X) — Homyu(X,Z) — Homa (X, X)
= Exth(X,74X) — Ext(X,Z) — Ext}{(X,X) =0,

where Hom4 (X, 74X) = DExtY (X, X) = 0 and Ext!y (X, 74X) =~ DEnd(X)
=~ K, because X is a stone and, hence, a brick. Therefore, we have
Homy (X, Z) =0 and ExtL(X,Z) =0, and so Z € X+.

(b) First observe that the module T = X @Y is a direct sum of n
pairwise non-isomorphic indecomposable A-modules. By our assumption
Ext! (X, X) = 0. Next we note that Ext}(Y,Y) = 0 and Ext} (Y, Z) = 0,
because Y is a projective object of X+ and Z € X*.

Because Y € X1, then Extl(X,Y) = 0. Finally, the given almost split
sequence 0 — 74X — Z — X — 0 induces an exact sequence

0=Exty(V,Z) —— Exty (Y, X) —— Ext} (Y, 74X) =0

and, therefore, ExtL (Y, X) = 0. It follows that Exty(T,7) = 0 and
T=XaY is a tilting A-module. O

The tilting A-module T'= X @Y in (3.11) induces the torsion pair (F,T)

in mod A with

F =F(T)={M; Homa (T, M) =0} = Cogen (7T) and

T =T(T) = {M; Ext!\(T, M) =0} = Gen(T),
see (VI.2.5). Denote by gr the torsion radical such that T = {M | gr M =
M}. We may then define a functor 7 : 7 — T which assigns to each
module M in 7 the module gr7aM. The following lemma shows that
X1 C 7 and so we may investigate the relationship between 7¢, 77 and
TA-

3.12. Lemma. Let A be a representation-infinite connected hereditary
algebra, M be an A-module, T = X @Y the tilting module in (3.11) and
(F,T) the torsion pair in mod A defined above. Then M € T if and only if
ExtY (X, M) = 0. In particular, X+ is a full subcategory of T .
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Proof. If M is a module in 7 = {N | Ext!, (T, N) = 0} then obviously
Extl (X, M) = 0. Conversely, assume that ExtY (X, M) = 0. Denote by
gx M the largest submodule of M generated by X. Because pdaX < 1
then, by applying Hom 4 (X, —) to the exact sequence

0— gxM — M — M/gxM — 0,
we derive an exact sequence

0 — Homa(X,gxM) - Homa (X, M) — Homa(X, M/gx M)
—Exth (X, gx M) — Bxt} (X, M) — Ext)y (X, M/gxM) — 0,

where « is an isomorphism, Extl (X, gx M)=0, by (V1.2.3) (because gx M
is in Gen(X)) and Ext! (X, M) = 0, by our assumption. Hence we obtain

Homa (X, M/gx M) = 0 = Ext} (X, M/gx M),

and so M/gxM € X*+. Because Y is a projective object in X we then
have Ext!, (Y, M/gx M) = Ext, (Y, M/gx M) = 0. Moreover, there exists
an epimorphism X" — gx M, for some r > 1, and hence we get an exact
sequence
Exty (Y, X") —— Exty(Y,gx M) —— 0.
Because X @ Y is a tilting module then ExtL(Y,X) = 0 and we get
Ext4 (Y,gxM) = 0. This, together with Ext! (Y, M/gxM) = 0, implies
Extl (Y, M) = 0. Therefore, Ext! (T, M) = Ext}4(X ® Y, M) = 0, and the
module M belongs to T = T(T). O
For M and N from X, we have the following chain of natural isomorphisms
Home (N, 7 M) — DExt}: (M, N) —» DExtY (M, N) — Hom (N, 74 M)
of K-vector spaces. Hence there exists a natural homomorphism of A-
modules
Or T M ———— 74 M

inducing an isomorphism Home (N, 70 M) — Hom 4 (N, 74 M) of K-vector
spaces, for any A-module N € X,

3.13. Lemma. LetT=X®Y and (F,T) be as in (3.11). If M € X+

then the image of the natural homomorphism ©y; : T M — 7o M is the
module T M, and the kernel of © )y is isomorphic to

74X ®x DExth (M, X) = (14X)",

where r = dim g Ext} (M, X).
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Proof. Because 7cM € X+ C T then we have Imn©y; C gpraM =
7M. Conversely, for each N € X+, we have an isomorphism

Home (N, 7¢ M) ———— Homu (N, 74 M)

induced by Oy, and so any homomorphism from N to 74 M factors through
Im©),. Because T'= X @Y is an epimorphic image of the module Z &Y
in X+, we easily conclude that Im©; = gp7aM = 77 M.

To prove the second claim, consider the universal exact sequence

M 20— (TaX)T =25 B 2 oM 0,

where 7 = dimgExtYy (17 M, 74 X) = dimg DExt!y (17 M, 74 X).
We recall that if the exact sequences

fi

7;: 0 TaX E; g M — 0,

viewed as elements of ExtYy (17 M, 74 X), form a K-basis of Ext!, (7 M, 74 X)
then the sequence 1, is the upper sequence in the following commutative
diagram

0 — (uX)) —— E —— 1M —— 0

R

0 —— (X)) —— OE —— (M) — 0,
i=1

with exact rows, where

f1 0 g1 0
0 fa 0 ga

and v = [1,...,1]" is the diagonal homomorphism. Applying Hom4 (X, —),
we obtain the exact sequence
0 — Homa (X, (74X)") — Homyu (X, E) — Homu (X, 77 M)

25 Ext! (X, (raX)") — Exty (X, E) — Ext! (X, 7M) — 0,

where

Hom4 (X, (14 X)") — DExt} (X, X)" =0,
dimgHom (X, 77 M) = dimg DExtY (t7 M, 74 X) =7,
dim g Ext) (X, (14X)") = dimg DHom (X, X") = 7,
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because X is a brick (being a stone), and Ext! (X, 77M) = 0, because
TrM isin T = T(X @Y). Moreover, it follows from the construction of
Ny that O is an isomorphism. Therefore, we obtain Hom (X, E) = 0 and
ExtY (X, E) = 0, that is, E is an object of X*. Let N € Xt. Applying
Hom 4 (N, —) to the sequence 1 yields the exact sequence

0= HOIDA(]\/'7 (TAX)T) — I{OIDA(]V7 E)
— Homu (N, 77 M) — Ext!y (N, (14 X)") =0,

because Extl (N, 74X) = DHom (X, N) = 0. This gives a sequence
Hom (N, E)—sHom (N, 7 M) — Hom (N, 74 M)—Home (N, 7¢ M),

of isomorphisms, which is moreover functorial in N € X+. Consequently,
there is an isomorphism £ 2 7o M in X+ = mod C whose composition with
Oy is the homomorphism gy : E — 77 M occurring in the exact sequence
ny. Hence we get an isomorphism Ker ©; & (74X)". To finish the proof
we observe that there are isomorphisms

DExtY (77 M,74X) = Hom (X, 77 M) = Hom (X, 7aM) = DExtY (M, X)

and, consequently, Ker O = (14 X)" 2 74X ®x DExt! (M, X). O
3.14. Lemma. Let T =X ®Y and (F,T) be as in (3.11).
(a) For any module M € T with Homu (M, X) = 0, we have 77 M =
TAM.
(b) For any module M € X+ with ExtY(M,Z) = 0, the epimorphism
O : TcM —— M induced by Op 1 Tc M —— TAM is an
isomorphism.

Proof. (a) By applying the Auslander—Reiten formulae (IV.2.14), we
get the isomorphisms

Ext! (X, 7aM) = DHoma(14AM,74X) = DHom4(M,X) =0

and, hence, TAM € T, by (3.12). Hence 77 M = grmaM = 174 M.
(b) By (3.13), there is an exact sequence

’

0— (TAX)T “ oM O TTM — 0.

We show that u = 0. By applying the functor Hom 4 (—, 7¢ M) to the almost
split sequence 0 — 74 X — Z — X — 0, we derive the exact sequence

0 — Homu (X, 7¢ M) — Homyu (Z, ¢ M)
— Homu (14X, 7¢ M) — BExt!y (X, ¢ M).
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Because M € X+ = mod C then 7 M € X+ and, hence, Hom (X, 7c M) =
0 and Exth (X, 7¢ M) = 0. Thus the above exact sequence yields

Homy (14X, 7¢ M) 2 Homuy(Z, 7¢ M) = Home(Z, 76 M)
~ DExt& (M, Z) = DExtY (M, Z) = 0.

It follows that the homomorphism u is zero, and therefore the epimorphism
©", is an isomorphism. O

We are now in position to prove the following important fact on the right
perpendicular categories of quasi-simple regular stones.

3.15. Theorem. Let A be a representation-infinite connected hereditary
algebra, X a quasi-simple reqular stone in mod A, and C' a basic hereditary
algebra such that X+ = mod C. Then

(a) the algebra C is connected and representation-infinite,
(b) C is of Euclidean type if and only if A is of Fuclidean type,
(¢c) the module [2)X is a quasi-simple regular brick in mod C.

Proof. (a)It follows from (XI.3.5) and (2.15) that there exists r > 2 such
that X[r—1] is a stone, but X[r] is not a stone in mod A. Then X|r] is a brick
and the cone C(X[r]) in the regular component of I'(mod A) containing X
is standard, see (XI.3.4), (XVIIL.1.6) and (2.14). Then the module [r-1]X =
772X [r-1] is a stone and the module [r]X = 7' X[r] is a brick but not
a stone. There is a chain

X — [r-1]X — -+ — [1]X =X

of irreducible epimorphisms in mod A, and these modules, as well as 74X,
belong to the standard cone C([r]X) = C((7"~1X)[r]). Hence, we conclude
that

Homa(X,[t]X) =0 and Extl(X,[t]X)= DHomu([t]X,7X) =0,
for any ¢t € {2,...,r}, and consequently, we have the chain

X — [r-1]X — -+ — [2]X

of irreducible epimorphisms in the category X+ = mod C.

Further, because Ext ([r]X, [r]X) = Extl([r] X, [r]X) # 0, we deduce

that C' is representation-infinite and [2]X, [3]X, ..., [r-1]X, [r]X are inde-
composable regular C-modules.



XVIII.3. PERPENDICULAR CATEGORIES 267

We prove now that the algebra C' is connected. Without loss of gener-
ality, we may assume that C' = Enda(Y), where Y is a projective object
of the category X+ and Y is a direct sum of pairwise non-isomorphic inde-
composable modules.

Suppose, to the contrary, that C' has a non-trivial K-algebra decomposi-
tion C' = C" x C”. Tt follows that there exists a decomposition Y =Y’ @Y
of Y into a direct sum of two orthogonal non-zero submodules Y’ and Y
such that

C' 2 End4(Y')and C” = Enda(Y").

Because the module [2]X is indecomposable, we may assume that [2]XC" =
0. We know from (3.11) that T = X @Y is a tilting A-module. In view
of (V1.3.5), the assumption that A is connected implies that the associated
tilted algebra B = End4(T) is also connected.
On the other hand, by applying the functor Hom4 (Y, —) to the almost
split sequence
0 — 74X — 2] X — X —0,

we derive an exact sequence
Hom 4 (Y”,[2]X) ——— Homu(Y", X) —— Exth (Y, 74 X).

Because [2)XC"” = 0 and X is an epimorphic image of [2] X then also XC" =
0, and consequently

Homa(Y”,[2]1X) =0 and Extl(Y"”,74X) = DHom(X,Y") = 0.

It follows that the middle term of the preceding sequence is also zero, that
is, Hom4 (Y, X) = 0.

On the other hand, ¥ € X%t yields Y” € X1 and therefore
Hom 4 (X,Y”) = 0. Consequently, the decomposition Y =Y’ @& Y"” induces
a non-trivial K-algebra direct product decomposition

B =End4(T) =Enda(X®Y) 2Ends(X @Y’) x Enda(Y")

of a connected algebra B, a contradiction. This proves that the algebra C
is connected.

(b) First we observe that if A is of Euclidean type then I'(mod A) admits
a stable tube T which is orthogonal to the tube containing the module X.
Clearly, then all modules from the tube 7 belong to X+, and consequently
T is a connected component of I'(mod C). Because C is hereditary and
connected, we then deduce that C is of Euclidean type.
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Conversely, assume that A is not of Euclidean type, that is, A is wild
hereditary. We claim that C' is also wild hereditary. Suppose, to the con-
trary, that C is of Euclidean type. Take a module M from a stable tube of
rank one in I'(mod C) which does not contain the module [2]X. Then we
get

e Homu (M, [2]X) = Home (M, [2]X) = 0, and
e Extl (M, [2]X) = Ext& (M, [2]X) = DHome (2] X, 7 M) = 0,
because different tubes in I'(mod C') are orthogonal. Note that the equality
Hom 4 (M, [2]X) = 0 implies Hom 4 (M, X) = 0, because [2]X is the unique
immediate predecessor of X in I'(mod A). By applying (3.14), we then
conclude that
M=17cM Z 7 M = 714M

and we get a contradiction, because A is wild hereditary, see (1.6), (VII1.2.3),
and (VIIL.2.7). This finishes the proof of the statement (b).

(c) Assume first that A is of Euclidean type. Then X lies in a standard
stable tube C of I'(mod A) and, in view of (X1.3.5), it follows from the choice
of r that C is of rank r.

By passing from mod A to X+, we remove from C all modules lying on the
ray of C starting from X and all modules lying on the coray of C ending at
7X, and, by shrinking the corresponding paths of length 2 to single arrows,
we obtain a tube C’ of rank r — 1 in I'(mod C) whose quasi-simple modules
are

21X, 72X, ..., 77X,

see the construction of the stable tube 7{" in (XVII.2.3), with V, T and
X, C interchanged. In particular, the module [2]X is a quasi-simple regular
brick in mod C'.

Assume now that A is a wild hereditary algebra. We know that [2]X is
a regular C-module and also a brick, because » > 2. Hence, to show that
[2] X is quasi-simple in mod C, it is sufficient to prove that

HOHIC'(Tc[Z]AX7 [2]X) = 0,

by (2.9). Because X is a quasi-simple brick in mod A, by applying (2.9) and
(2.10), we conclude that Hom (74X, X) = 0, for all n > 1. In particular,

Extl (X, 75X) = DHomu (14X, X) = 0,

and hence 75X € T = T(T), by (3.12). Moreover, because Ty = X @Y is
a tilting A-module then

Hom 4 (T, 74X) = DExt} (T, X) = 0,
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and, consequently, the module 74X belongs to the torsion-free part F =
F(T). Because there exists an almost split sequence

0 — 73X — 74[2]X — 74X — 0,

we get 77[2]X = g77a[2]X = 72X, Thus, in view of (3.13), there exists a
short exact sequence

0 — (T4X)® — 70[2]X — 73X — 0.

It follows that Hom4((74X)%, X) = 0. Hence, Hom4 (72X, X) = 0 yields
HOInA(Tc[Q]X,X) =0.

We also recall that Hom 4 (1¢[2] X, 74X) & DExth (X, 7¢[2]X) = 0, be-
cause 7¢([2]X) € X*+. Thus, by applying Hom 4 (7¢[2]X, —) to the exact
sequence

0 — 714X — 21X — X — 0,

we get Home (7¢[2]X, [2]X) = Homy(7¢[2]X, [2]X) = 0. It follows that
the module [2] X is a quasi-simple regular brick in mod C'. This finishes the
proof. O

XVIII.4. Wild behaviour of the module
category

We have seen in Chapters VII and XIII that for any hereditary algebra of
Dynkin or Euclidean type there exists an explicit description of the isomor-
phism classes of indecomposable modules, and consequently of all modules.
One of our objectives in this section is to show that, if @} is a connected
acyclic quiver whose underlying graph @ of @ is neither Dynkin nor Eu-
clidean and A = K@, then a classification of indecomposable A-modules
‘contains’ the classification of all indecomposable modules over any finite
dimensional algebra A. Because there is a lot of finite dimensional algebras
A with very complicated module categories mod A, this justifies why we call
such hereditary algebras A = K@ (respectively, quivers Q) wild or, equiva-
lently, representation-wild. More precisely, we prove the following theorem
(see [104] and [235]).

We recall that a connected acyclic quiver @ is called wild if the underlying
graph Q of @ is neither Dynkin nor Euclidean.

4.1. Theorem. Let Q be a finite connected acyclic quiver with n = |Qo|
points, qq : Z" —— Z be the quadratic form of Q, and let A = KQ. The
following four conditions are equivalent.

(a) Q is a wild quiver.
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(b) There exists a full, faithful, exact, K-linear functor
F:mod Ay ——— mod A4,

where Aq is the local algebra Kt1,t2]/(t1,t2)? of dimension three.
(¢c) For any (finite dimensional) K-algebra A, there exists a full, faith-
ful, exact, and K-linear functor F : mod A —— mod A.
(d) For any (finite dimensional) K-algebra A, there exists a full, faith-
ful, exact, and K-linear functor F' : mod A —— mod A such that

go(dim F'(M)) < —1,
for all non-zero modules M in mod A.

Proof. We recall from (VIL.4.1) that the quadratic form ¢qg : Z" — Z
of @ coincides with the Euler quadratic form g4 of the algebra A = KQ.

It is obvious that (d) implies (c), and (c) implies (b). To prove that
(b) implies (a), we assume that there exists a full, faithful, exact, and
a K-linear functor F : mod Ay — mod A, where Aq is the local alge-
bra Klti,ta]/(t1,t2)?. We claim that then @ is a wild quiver. Indeed,
denote by S = Ag/rad Ay the unique simple Ap-module, up to isomor-
phism. Then the Grothendieck group Ko(Ag) of Ag is infinite cyclic, (that
is Ko(Ag = Z), dimgEndp, S = 1 and, according to (II1.2.12), we get
dimgExt) (S, S) = 2, because

Ao = KQ'/T,

O

consisting of one vertex and two loops a and 3, and Z is the ideal of KQ’
generated by the four paths a3, Ba, 2, and 32 of Q’.
Because the functor F'is full, faithful, exact, and K-linear, we then obtain

dimgEnd4(F(S)) =1 and dimgExth (F(S), F(9)) > 2.

where @’ is the quiver

Therefore, in view of (II1.3.13), we get
qa(dim F(S)) = dimgEnd 4 (F(S)) — dimg Ext) (F(S), F(5)) < 0,

that is, the Euler quadratic form ¢4 : Ko(A) — Z of A is indefinite. Be-
cause g4 = qq, by (VIL.4.1), then, according to (VIL.4.5), the quiver @ is
wild.

To prove that (a) implies (d), we assume that @ is a wild quiver and
A= KQ. Let A be an arbitrary finite dimensional K-algebra. We show by



XVIII.4. WILD BEHAVIOUR OF THE MODULE CATEGORY 271

induction on the number |Qg| of vertices of the quiver @) that there exists
a full, faithful, exact and K-linear functor F' : mod A — mod A such that
ga(dim F(M)) < 0, for all non-zero modules M in mod A.

Because @ is wild and acyclic then |Qg| > 2. Consider first the case when
@ has only two vertices, that is, @ is the enlarged Kronecker quiver

with » > 3 arrows. Let m = dimgA and bq,...,b,, be a K-basis of A. We
identify mod A with repg (K,), according to (II1.1.6). We define a K-linear
functor F': mod A — mod A by associating to each module M from mod A
the representation

F(M) = (M™2 M™2 for, oo fa)s

where fo,, fa, : M™% — M™%2 are K-linear maps defined by the matri-
ces

00 0 000
10 0 000
8(1)(1).“8 b1 0 .. 000
0bs 1 .. 000
for =0, foo=1 .
000 1 e
000 ... 0 000 - 100
00 0 .. byl0
and foy, ... fa, @ M™T2 —— M™F2 are the identity maps. Here
bj : M — M is the K-linear map defined by m — m-b;. For any homomor-
phism ¢ : M — N in modA, we define the homomorphism
F(g): F(M) — F(N) to be the diagonal K-linear map
g0 ... 0
Og ... 0
Fg) =
00 ... g

from M™*2 to M™*2. Tt is clear that F is a K-linear, exact and faithful
functor.

We claim that F' is also full. Let M, N be A-modules. Assume that
© = (¢1,p2) is a homomorphism from F(M) to F(N) in the category
mod A = repx (K,.). Then ¢, py : M™ 2 — N™+2 are K-linear maps
such that ¢1fa, = fa;p2, for any i € {1,...,r}. Because r > 3 and
fas =1d, we get 1 = 2. From the equalities 1 fo, = fa 02 = fa, 01 We
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easily conclude that ¢; : M™T2 —s N™*2 is given by a matrix

h1 h2 hs ... hm hmir higo
0 Ry ho oo honer hum hmit
0 0 hl h'm72 h'mfl h'm

h: . )
00 0 .. hi hy hs
000 ... 0 hy hy
000 .. O 0 h
where hy,... ,hyyo : M — N are K-linear maps.

The equalities ¢ fo, = fa,2 = fay 1 yield

° ilgihg :N...:hm+1:hm+2:0and
e bjhy = hibj, for any j € {1,... ,m}.

Because by, ... b, is a K-basis of A, we conclude that g = hy : M — N
is a A-homomorphism such that ¢ = F(g), that is, the functor F' is full, see
also (XIX.1.7).

By (II1.3.13) and (VIL.4.1), the Euler form g4 : Z? — Z of the algebra
A is given by the formula

qa(x) = 22 + 23 — rayxy, for any x = [31] € Z2.
Because dim F(M) = (dimg M) - {Zﬁ} and r > 3 then
ga(dim F(M)) = (dimg M)?(m + 2)%(2 —r) <0,
for any non-zero module M in modA. This finishes the proof in case
Q| = 2.

Assume now that n > 2, A = K@, |Qo| = n + 1 and, for each con-
nected wild hereditary algebra A’ = KQ', with 2 < |Q| < n, there exists
a full, faithful, exact, and K-linear functor F’ : mod A — mod A’ such
that ga/(dim F'(M)) < 0, for all non-zero modules M in mod A.

It follows from (2.19) that mod A contains a quasi-simple regular stone X.
Then, by (3.10) and (3.15), the right perpendicular category X is equiva-
lent to a module category mod C, where C is a connected wild hereditary
algebra whose quiver has n vertices. For simplicity, we identify X+ with
mod C. Hence, by our inductive assumption applied to A’ = C, there exists
a full, faithful, exact and K-linear functor

G:modA —— X+ =modC

such that go(dim G(M)) < 0, for all non-zero modules M in mod A. Then
the composition of G with the canonical embedding

modC' = X+ < mod A
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gives the required full, faithful, exact and K-linear functor
F :mod A — mod A.

By (3.6), the category X is closed under extensions. Then the canonical
embedding X1 < mod A induces a K-algebra isomorphism

Ende(G(M)) = Enda (F(M))
and a K-linear isomorphism
Extt(G(M),G(M)) = Exty (F(M), F(M)),

for any non-zero module M in mod A. Hence, in view of (II1.3.13) and
(VIL.4.1), for any non-zero module M in mod A, we get

qa(dim F(M)) = dimgEnda(F(M)) — dimgExtYy (F(M), F(M))
= dimgEndc(G(M)) — dimgExts (G(M), G(M))
= qc(dim G(M)) < 0.
This finishes the proof. O

Following Drozd [201] and [202], a finite dimensional K-algebra R is
called strictly representation-wild if, for every finite dimensional
K-algebra A, there exists a full, faithful, exact, and K-linear functor
F :mod A — mod R.

It follows from the definition that the functor F' induces a K-linear iso-
morphism

Homy (M, N) = Hompg(F(M), F(N)),

given by f +— F(f), for any M and N in mod A. In particular, F reflects
isomorphisms and carries indecomposable A-modules to indecomposable R-
modules, because the algebra homomorphism

Endy (M)-3Endg(F(M)),

given by f — F(f), is an isomorphism, see (I.4.8). This shows that a
classification of indecomposable A-modules contains a corresponding clas-
sification of indecomposable A-modules (via the functor F'), where A is an
arbitrary finite dimensional K-algebra.

It follows from (4.1) that the path K-algebra A = K@ of a finite, acyclic
and connected wild quiver @ is strictly representation-wild. We also have
the following important improvement of (4.1).
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4.2. Corollary. Let Q be a finite connected acyclic wild quiver and let
A= KQ. Then, for any finite dimensional K-algebra A, there exists a full,
faithful, exact and a K-linear functor

F:mod A — addR(A),

where add R(A) is the category of all reqular A-modules.

Proof. Let A be an arbitrary finite dimensional K-algebra. By (4.1),
there exists a full, faithful, exact and K-linear functor F' : mod A — mod A
such that g4 (dim F(M)) < 0, for any indecomposable A-module M. Hence,
according to (VIIL.2.7), the indecomposable module F(M) is regular. It
follows that the image of F' is contained in the category add R(A) of all
regular A-modules. a

Recall that if A is a hereditary algebra of Dynkin type then every fi-
nite dimensional indecomposable A-module is a brick. Recall also from
(VIIL.2.7) that all indecomposable postprojective modules and all indecom-
posable preinjective modules over any algebra are bricks. Moreover, if A is
a hereditary algebra of Euclidean type then according to (X.2.7) (see also
(XI.3.5)) the endomorphism algebra of any finite dimensional indecompos-
able A-module is isomorphic to a truncated polynomial algebra K[t]/(t"),
for some r > 1. It follows that not all finite dimensional local K-algebras
are of the form End4 (M), where M is a finite dimensional indecomposable
A-module.

Our second objective in this section is to prove that, if A is a wild heredi-
tary algebra then, for any finite dimensional local K-algebra A, there exists
a quasi-simple regular A-module M such that End 4 (M) is isomorphic to A.
We need some preliminary facts.

Let A be a connected wild hereditary algebra and X a family of pairwise
orthogonal bricks which are not stones. Consider the full subcategory

EA(X) = EXTA(X)

of mod A formed by all modules Y in mod A having a chain of submodules
0=YyCchhcCc...cY,1CY,=Y,

for some m > 1, such that Y;/Y;_; € X, for each i € {1,... ,m}.

It follows from (X.2.1) that £4(X) is an exact abelian subcategory of
mod A which is closed under extensions, and X is the family of all simple
objects in £4(X). We then have the following useful fact.
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4.3. Lemma. Let A be a connected wild hereditary algebra and X a
family of pairwise orthogonal bricks which are not stones.
(a) For each non-zero module Y in the category E4(X) = EXTA(X), we

have ExtY (Y,Y) # 0. In particular, the category Ea(X) consists of
reqular A-modules.

(b) Every t-orbit in mod A of an indecomposable regular module con-
tains at most one module from E4(X), up to isomorphism.

Proof. (a) Let Y be a non-zero module from £4(X) = EXT4(X). Then
there exist modules X,... , X, in X and positive integers my, ... ,m, such
that dimY = XT: m;dim X;. Because X1,...,X, are bricks and they are
not stones, therll_éimKEndA(Xi) =1, dimgExt} (X;, X;) > 1 and, hence,

qa(dim X;) = dimgEnd 4 (X;) — dimg Ext! (X;, X;) <0,
for any ¢ € {1,...,r}. Then, in view of (II1.3.13) and (VIL.4.1), we get
dim g End 4 (Y) —TdimKExti,(Y, Y) = qa(dimY) = (dimY,dimY)q
=Y mi({dim X;,dim X;)q + > _ m;m;(dim X;, dim X;)q
i=1 i#]

= Z quA(dim Xi) + Z mimjdimKHomA(Xi, Xj)
i=1 i#j
=) mim;dimgBxtly (X;, X;)
, i)
=S mlqa(dim X;) - Y mymydimg Extl (X;, X;) < 0,
i=1 i#£j
because the bricks Xi,...,X, are pairwise orthogonal. It follows that

ExtY (Y,Y) # 0. Hence, in view of (VIIL.2.7), every indecomposable module
in £4(X) is neither postprojective nor preinjective and, therefore, is regular.
Consequently, the category £4(X) consists of regular modules.

(b) Suppose, to the contrary, that there exist an indecomposable regular
A-module Y in £4(X) and an integer n > 1 such that the module 7Y
also belongs to £4(X). Because Y is a non-zero module from £4(X), then
there exists a monomorphism X — Y, for some X € X, which induces a
monomorphism f : 7" X — 7"Y by applying the left exact functor 7.

Further, because X is not a stone then

Exty(X,X)#0 and Homa(X,7"X) # 0,

by (2.11). Clearly, then the composition fg : X — 7Y of f with any
non-zero homomorphism g : X — 7" X is non-zero. Because X is a simple
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object of £4(X) and 7"Y belongs to £4(X), we then conclude that all
non-zero homomorphisms from X to 7" X are proper monomorphisms, by
(1.1). Take a non-zero homomorphism h : X — 77 X. Then h is a proper
monomorphism and we obtain a commutative diagram

0 — X 5 mx S M o— 0

S A
0o — x & vy 5 N — 0
with exact rows, where M = Coker h and N = Coker fh. Observe that w is
a monomorphism, because so is f. Because £4(X) is an abelian category we
conclude that N belongs to £4(X), and consequently N is a regular module.
This implies that M is also a regular module. We know also that the re-
striction of the functor 7! to the category of regular A-modules is an exact

functor. Thus, applying the exact functors 7, 7727, 773" ... 775" ...

to the proper monomorphism h, we derive a chain of proper monomorphisms
= T — s X X — X

a contradiction. This finishes the proof. O

4.4. Lemma. Let A be a connected wild hereditary algebra and X a
family of pairwise orthogonal bricks in mod A which are not stones. Let
Z be a quasi-simple regqular A-module and X a module in X such that
Homy (X, Z) # 0 and the module Y = Z[r| belongs to E4(X) = EXTa(X),
for some 7 > 2. Then the modules Z and 7= Z[r-1] also belong to Ea(X).

Proof. It follows from (1.5) that there exists an infinite chain of irre-
ducible monomorphisms

Z=Z1—Z2] — Z38]| — -+ — Z[r] — -+

between indecomposable regular modules in mod A. Let ¢ : Z — Y = Z|[r]
be the composed embedding and f : X — Z a non-zero homomorphism.
Clearly, ef : X — Y is non-zero. Because X and Y belong to the abelian
category E4(X) = EXTa(X) and X is simple in E4(X), we conclude that
in fact ef is a monomorphism. If f is an isomorphism then Z belongs to
X C E4(X), and hence 771 Z[r-1] 2 Y/Z also belongs to £4(X).

Assume that f is not an isomorphism. Denote by 7 : ¥ — Y/Z the
irreducible epimorphism Y = Z[r] — 771Z[r-1] 2 Y/Z. Then  has the
factorisation m = hg with

Y L v/f(X) vz
The irreducibility of 7 implies that A is a split epimorphism, and so

Y/ [(X)2Y/Z® Z/f(X).
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Because £4(X) is an abelian full subcategory of mod A and ef : X — Y
is a morphism between two objects of £4(X'), we conclude that the module
Y/f(X) =2 Y/ef(X) is an object of £4(X), and consequently Y/Z and
Z/f(X) also belong to £4(X). Finally, Z is an object of £4(X), because
it is the kernel of the epimorphism 7 : Y — Y/Z between two objects of
E4(X). Consequently, Z and 771 Z[r-1] belong to £4(X). O

We may present now the following important properties of the category

Ea(X).

4.5. Proposition. Let A be a connected wild hereditary algebra and X
a family of pairwise orthogonal bricks in mod A which are not stones.

(a) Ewery indecomposable non-brick in E4(X) = EXTa(X) is a quasi-
simple reqular A-module.
(b) PEwvery regular component in I'(mod A) contains at most one module

Ong(X),

Proof. (a) Let Y be an indecomposable module in £4(X) = EXT4(X)
and assume that Y is not a brick. According to (1.5) and (1.6), there exist
a quasi-simple regular A-module Z and an infinite chain

Z=Z[1—Z2] — Z[8] — -+ — Z[r] — -+~
of irreducible monomorphisms between indecomposable regular modules in
mod A such that Y = Z]r|, for some r > 1.

Assume, to the contrary, that Y = Z[r] is not quasi-simple, that is,
r > 2. Then it follows from (2.18) that Hom4 (Y, Z) # 0, and consequently
Homy (X, Z) # 0, for some X € X. Applying now (4.4), we conclude that
the modules Z and 771 Z[r—1] belong to £4(X). We know from (4.3) that all
modules in £4(X) are not stones, and hence Z and 771 Z[r—1] are not stones.
In particular, it follows from (2.16) that the modules Z[2],... , Z[r] =Y are
not bricks.

If » > 3, repeating the preceding arguments for Y/ = 771Z[r-1], we
conclude that the modules

7717 and 772Z[r-2] = 7 Y (v 2)[r-2])

belong to £4(X). Applying the above arguments again (if r > 4), we
finally show that all modules Z,7=*Z,... ,7~("=Y Z belong to £4(X), and
consequently the cone C(Y) = C([Z[r]) is contained in E4(X). Because
r > 2, this contradicts (4.3)(b). Therefore, each indecomposable non-brick
Y in £4(X) is a quasi-simple regular A-module.

(b) Let C be a component of T'(mod A) containing a module Y from
E4(X). By (1.6), C is of the form ZA., presented in (1.6). We have two
cases to consider.
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Assume first that Y is not a brick. Then it follows from the part (a)
that Y is quasi-simple. Note that C does not contain any brick, because
otherwise, in view of (1.6), C contains a brick X[r], where r > 1 and X is
a quasi-simple module. By (2.16), X is a brick and therefore Y is a brick,
because C is of the form ZA,, and Y = 7°X, for some s € Z. Recall that 7
carries regular bricks to bricks. This is a contradiction which shows that C
does not contain any brick.

Hence we easily conclude that any common module of £4(X) and C has
to be quasi-simple. Then (b) follows from (4.3)(b).

Finally, assume that Y is a brick. In view of (1.6), Y = Z]r], for some
r > 1 and a quasi-simple regular A-module Z. We know from (4.3)(a) that
Y is not a stone. Then, by (2.16), the modules Z[1],..., Z[r-1] (if r > 2)
are stones but the modules Z[i], with ¢ > r, are not bricks. Hence the
common modules of £4(X) and C can be only contained in the 7-orbit of
Y. Our claim follows from (4.3)(b). O

As an application of our considerations we obtain the following already
announced fact.

4.6. Theorem. Let A = KQ be a connected wild hereditary K-algebra
and let A be an arbitrary finite dimensional local K-algebra. Then there
exists a full, faithful, exact and K-linear functor

F:mod A — addR(A)

such that the A-module M = F(A) is quasi-simple and End 4 (M) = A.

Proof. Assume that rad A = 0, that is, A =2 K. It follows from (1.9)
and (2.19) that mod A admits many quasi-simple regular bricks. Take a
quasi-simple brick X in mod A and consider the full subcategory add X of
mod A formed by all A-modules which are isomorphic to finite direct sums
of the module X. Because EndsX = K = A, it follows from (VI.3.1) that
the exact K-linear functor

Homy (X, —) : add X ——— mod End 4 X 2 mod A

is an equivalence of categories. It is obvious that the quasi-inverse
F :mod A — add X of Hom4 (X, —) is a full, faithful, exact and K-linear
functor such that X 2 F(A), and we are done.

Assume now that rad A # 0, and let S = A/rad A. Tt follows from (4.2)
that there exists a full, faithful, exact, K-linear functor

F :mod A — addR(4),
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and therefore A = End4 M, where M = F(A). Observe that the A-module
X = F(S) is a brick, but X is not a stone, because F' induces a K-linear
monomorphism

0 # Ext} (S, 5) — Ext}(F(S), F(S)).

Weset X = {X}. It follows from (X.2.1) and (4.3)(a) that £4(X) is an exact
abelian subcategory of add R(A) C mod A which is closed under extensions.
Because A is a local algebra and S is a unique simple A-module, up to
isomorphism, then F has a factorisation F' : mod A — £4(X) through
Ea(X) CaddR(A). By our assumption, the A-module A is not a brick and,
consequently, F'(A) is not a brick in mod A. Because F'(A) belongs to £4(X)
we conclude from (4.5) that M = F(A) is a quasi-simple regular A-module
and obviously End4 (M) = Enda(A) = A. This finishes the proof. O

4.7. Corollary. Let A = KQ, where Q is a finite, acyclic and connected
quiver. The algebra A is strictly representation-wild if and only if Q is a
wild quiver.

Proof. First assume that @ is a wild quiver. It follows from (4.1) that
the path K-algebra A = K@ is strictly representation-wild.

Conversely, assume, to the contrary, that @ is not a wild quiver and
the algebra A = K(Q is strictly representation-wild. It follows that @ is
either Dynkin or Euclidean and, for the finite dimensional local K-algebra
A = K[t1,t2]/(t1,t2)?, there exists a full, faithful, exact and K-linear func-
tor F': mod A — mod A. Therefore the A-module F(A) is indecomposable
and F induces a K-algebra isomorphism End4(F(A)) 2 A. This is a con-
tradiction, because A is hereditary algebra of Dynkin or Euclidean type
and, according to (VI1.5.14), (X.2.7), and (XI.3.5), the endomorphism al-
gebra of any finite dimensional indecomposable A-module is isomorphic to
a truncated polynomial algebra K|[t]/(¢"), for some r > 1. O

XVIIIL.5. Tilted algebras of wild type

The main objective of this section is to describe basic properties of the
module categories mod B of concealed algebras B of wild type and exhibit
some other classes of tilted algebras of wild type.

Throughout this section, we let A = KQ be the path K-algebra of a
connected, acyclic, wild quiver @ with n vertices, that is, n = |Qg|. Then,
for any (multiplicity-free) tilting A-module T, the associated tilted algebra

B =Endx(T)
is called a tilted K-algebra of wild type Q). Recall that by the tilting

theorem (VI.3.8) the functor Hom4 (7, —) : mod A — mod B induces an
equivalence from the category
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T(T) ={M € mod A; Ext! (T, M) =0}
of torsion modules in mod A to the category
Y(T) = {N € mod B; Tor? (N,T) = 0}

of torsion-free modules in mod B, and the functor
ExtY (T, —): mod A — mod B

induces an equivalence from the category

F(T)={M € mod A; Homu (T, M) = 0}
of torsion-free modules in mod A to the category

X(T)={N €modB; N@pT =0}
of torsion modules in mod B. Moreover, the torsion theory (V(T),X(T))
in mod B is splitting, and so every indecomposable B-module belongs ei-
ther to Y(T') or X(T). Further, B is a basic connected algebra of global
dimension at most 2, with the acyclic connected quiver ), and there is an

isomorphism f : Ko(A) — Ko(B) of the Grothendieck groups of A and B
such that

f(dim M) = dim Hom (T, M) — dim Ext!y (T, M),

for any module M in mod A. In particular, if T" is postprojective, then the
functor
Homy (T, —) : add R(A) ———— add R(B)

is an equivalence of the categories of regular modules over A and over the
concealed algebra B = End4(T) such that dim Homu (T, M) = f(dim M),
for any M in add R(A). We then obtain the following important information
on the module category mod B of an arbitrary concealed algebra B of wild

type.

5.1. Theorem. Let A = KQ be a connected wild hereditary K -algebra.
Let T be a postprojective tilting A-module and B = Endu(T). Then the
following hold.

(a) The Auslander—Reiten quiver T'(mod B) of B consists of a postpro-
jective component P(B) containing all indecomposable projective B-
modules, a preinjective component Q(B) containing all indecompos-
able injective B-modules, and card(K) many regular components of
type ZA .

(b) IfC is a component of I'(mod B) then all but finitely many modules
in C are sincere.

(¢) If C is a component of T'(mod B) and M, N is a pair of non-
isomorphic indecomposable modules in C then dim M # dim N.
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Proof. (a) In view of the K-linear equivalence of categories
Hom4 (T, —) : add R(A) —— add R(B),

the statement (a) is a consequence of (1.6), (1.8) and (VIII1.4.5).

(b) Observe that if 77 is an indecomposable direct summand of T' then
T" = 7,°P, for some s > 0 and some indecomposable projective A-module
P. Therefore,

Hom (77, M) =2 Hom (P, 75 M),
for any module M in R(A), and (2.5) implies that all but finitely many
modules in any regular component of I'(mod B) are sincere. Moreover, by
(IX.5.7) and its dual, all but finitely many modules in P(B) and in Q(B)
are also sincere. Hence (b) follows.

(c) For the components P(B) and Q(B), the statement (c) follows from
the fact that the directing modules are uniquely determined by their com-
position factors (see (IX.3.1)). For the regular components in I'(mod B),
the statement (c) is a direct consequence of (1.7) and the equality

f(dim M) = dim Hom 4 (T, M),

for any M from R(A), where f : Ko(A) — Ko(B) is the group isomor-
phism defined above. O

5.2. Theorem. Let A = KQ be a connected wild hereditary K -algebra.
Let T be a postprojective tilting A-module, B = EndA(T), and M, N inde-
composable reqular B-modules. Then the following hold.

(a) There exists a natural number mg such that Hompg(M,7"™N) =0
and Homp (M, 7FN) # 0, for all m > my.

(b) If Homp(M,75"M) =0, for some r > 1, then Homp(M,75°M) =
0, for all s > r.

(c) If Exth(M, M) # 0, then Homp(M,75M) # 0, for all v > 1.

(d) The B-module M is a quasi-simple brick if and only if
Homp(M, 75 M) = 0.

(e) There exist paths

M—...—N and N—...— M

in mod B.
(f) M and N are non-directing B-modules.

Proof. In view of the K-linear equivalence of categories
Hom (T, —) : add R(A) —— add R(B)
the statements (a)—(d) are direct consequences of (2.6)—(2.9) and (2.11). O
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5.3. Proposition. Let A = KQ be a connected wild hereditary K-
algebra. Let T be a tilting A-module and

B =End4(T).
Then every stone in mod B s a brick.

Proof. By (VIIIL.3.3), every stone in mod A is a brick. Then the same
holds in mod B, because (Y(T), X(T)) is a splitting torsion theory in mod B
and the functors

Hom (T, —) : T(T) — Y(T) and Ext!,(T,—) : F(T) — X(T)

are equivalences of categories inducing isomorphisms between the corre-
sponding extension vector spaces and homomorphism vector spaces. O

The following theorem describes properties of regular bricks and stones
over concealed algebras of wild type. Note that the rank of the Grothendieck
group Ko(B) of any tilted algebra B of type @ is equal to n = |Qq|, the
rank of Ky(A).

5.4. Theorem. Let A = KQ be a connected wild hereditary K -algebra.
Let T be a postprojective tilting A-module, B = End4(T), M a quasi-simple
reqular B-module, and r > 1 a natural number. Then, in the notation of
(1.5), we have:

(a) M{r] is a stone if and only if M[r + 1] is a brick;

(b) if M[r] is a brick then v <n —1; and

(c) if M[r] is a stone then r <n — 2.

Proof. In view of the equivalence Hom 4(7T, —) : add R(A) — add R(B)
the statements (a)—(c) follow directly from (2.14) and (2.15). O

The following theorem shows the strict wildness of the category of regular
modules, hence all modules, over concealed algebras of a wild type Q.

5.5. Theorem. Let A = KQ be a connected wild hereditary K -algebra.
Let T be a postprojective tilting A-module,

B = End(T),

and A an arbitrary finite dimensional K-algebra. Then there exists a full,
faithful, exact and K -linear functor

F:mod A — add R(B).

If, in addition, A is a local algebra, then F(A) is a quasi-simple reqular

~

module and there is a K-algebra isomorphism Endg(F(A)) = A.
Proof. Note that the equivalence Hom 4 (T, —) : add R(A) — add R(B)
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is a full, faithful, exact and K-linear functor preserving the quasi-simplicity.
Then our claim is a direct consequence of (4.1), (4.2) and (4.6). O

5.6. Example. Let A = K(Q be the path algebra of the wild quiver

o 3
~ N v
Q= A(Ds) : o¢——o0
'3 EON
2 AN

The standard calculation technique shows that the left hand part of the
postprojective component P(A) of T'(mod A) looks as follows

0

O/x/x

T BE 210

A

\

P(6)_111 —— =32, ————34310 -
Ao AN AN A
P4) 11180—> i éo—>23210—>121 O—>§54 1—>§33 1—>§76 L
1 0 1, 0 /‘ \ /‘ 0 \é /; 1 \4‘1 /; 1 \I
P(l)o 004) 10 *) 0 — 121 *}111004)2330%11110*)454 14)34321*>
/P(s \ 4 \ SN /‘
P@)2000, ———— 00 ———— 10 — C R 7S S

OO 0 00 0 00 10 2 21

and the indecomposable modules are represented by their dimension vectors.
Case 1° Consider the A-module

TA:Tl@TQ@T3@T4@T5@TG@T77

where

Ty =7"1P(1), Ta =772P(2), T3 = 7 'P(4), Ty = 773P(1),
Ts = P(5), Te = 7-LP(6), and T = 77 LP(7).

It is easy to check that T4 is a multiplicity-free tilting A-module and

the concealed algebra B = End T4 of wild type Q = A(]ﬁ;) is given by the
quiver
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bound by the commutativity relation a8 = o, where the ordering of the
vertices of @Qp corresponds to the ordering Ty,T5,T5, Ty, T5, T, T7 of the
indecomposable direct summands of T4.

Case 2° Consider the A-module

T)y=TieT,oeTyoT &T;dTy® Ty,
where
Ti = P(5), T; =771P(6),
T, =172P(3), T,=712P(4),
T: =772P(1), T§=73P(2), and
7 = P(7).
It is easy to check that T is a multiplicity-free tilting A—HBdule and the

concealed tilted algebra B’ = End T of wild type Q = A(]I’)g) is given by
the quiver

4 6
o o
QB’ . 70%3 g
NO/ \o
1 5

bound by the commutativity relation af = ~vo.

It follows from (5.5) that any concealed K-algebra B of wild type @ is
strictly representation-wild, and therefore a classification of all indecompos-
able B-modules leads to corresponding classifications of the indecomposable
modules over all finite dimensional K-algebras, which is an impossible task.
On the other hand, the following examples show that there are tilted alge-
bras of wild type @ for which all indecomposable modules can be described
explicitly.

5.7. Example. Let B be given by the quiver

1o o4
a ¥
\3/
A Og&—05
% 5
20 6

[e]
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bound by the zero relations ya = 0, v =0, ca =0, o = 0, dao = 0 and
0 = 0. Then I'(mod B) is of the form

P(1) 1(2) P(4) M/P(4) S(4)
N\ SN S NS N\ a

P(3) S(3) = P(5) = M — M/P(5) = I(3) —=S(5)
N SN 7N e e

P() 1) P(6) M/P@©) ()

where M is the indecomposable module with dim M = 02%. Note that the
modules
I(1), 1(2), S(3), P(4), P(5), and P(6)

form a faithful section ¥ such that Hom4 (U, 75V) = 0, for all modules
U,V € X. Then, by (VIIL.5.6), B is a representation-finite tilted algebra
of the wild type A = X°P = @Qp, and obviously C = T'(mod B) is the
unique connecting component of I'(mod B). Moreover, because this com-
ponent contains projective modules and injective modules, then it follows
from (VIIL.4.1) that, if B = Endga(T), for a tilting K A-module T, then
T contains at least one postprojective and at least one preinjective direct
summand.

We also notice that the Euler quadratic form ¢p : Z% — Z of the
algebra B is indefinite, because ¢p is Z-congruent to the Euler quadratic
form gxa = qa : Z° — Z of KA, see (V1.4.7) and (VIL4.5). On the

other hand, ¢qp is weakly positive, because B is representation-directed and
(IX.3.3) applies.

5.8. Example. Let B be given by the quiver

2
o 8l
A: 10§ 03 o3,
o

bound by the zero relations ya = 0, 3 = 0, caw = 0, and 08 = 0. Then
I'(mod B) has a component C of the form

P3) ———77P(3)—— ...
2N 2 N
- 72 ——— 75(2) ——— S(2) ———771S(2)———7725(2) ——-
AW A

and obv10usly the modules I(1), S(2), P(3) form a faithful section ¥ in
C such that Homp(U,7V) = 0, for all modules U,V € ¥. Hence, B is a
representation-infinite tilted algebra of wild type

A=3"=Qp

and, according to (VIIL.5.6), C is the connecting component Cr in I'(mod B)
determined by a tilting module T over KA such that B = Endga (7).
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Moreover, if H and H” denote the Kronecker algebras given respectively
by the vertices 1 and 2, and 2 and 3 then, according to (VIII.3.5), the quiver
I'(mod B) is of the form

I'(mod B) = P(H') UR(H') UCr UR(H") U Q(H"),

and C = Cr is a glueing of Q(H') with P(H") using the simple module S(2).
In particular, B is a representation-infinite tilted algebra of wild type A for
which all indecomposable modules can be described explicitly. Finally, we
note also that the tilting K A-module T" has both a postprojective and a
preinjective direct summand, because the connecting component C = Cp
contains a projective module and an injective module (see (VIII.4.1)).

It follows from (V1.4.7) that Ko(B) = Z* and the Euler quadratic form
gp : Z3 — 7 of the algebra B is indefinite, because ¢p is Z-congruent to
the indefinite Euler quadratic form

qra =qa: 7> — 7

of KA, see (VIL4.5).

Now we show that ¢ : Z3 — Z is weakly non-negative, that is, ¢g(x) >0,
for any non-negative vector x € Z3. To see this we note that the Cartan
matrix Cp of B and its inverse Cgl are of the forms

120 1 1-2 4
Cp=|o012|and Cyz = |0 1-2].
001 00 1

Then the Euler quadratic form ¢p : Z3> — Z of the algebra B is defined by
the formula
qp(x) =x'- (Cg,l)t x =23 + 23 + 23 — 22119 — 2003 + 47123
= (z1 — x2 + x3)* + 221 23,

for x = [z1 29 x3]" € Z® = Ko(B). It follows easily that q(x) > 0, for each
vector x € Z3, with z; > 0, zo > 0, and z3 > 0, that is, g : Z°> — Z is
weakly non-negative. Because qgp(y) = —1, for y = [1 1 -1} € Z3, then ¢p
is indefinite.

Our next aim is to describe the regular components of tilted algebras
of wild type @ given by tilting modules without preinjective (respectively,
postprojective) direct summands. We need the following technical lemma.

5.9. Lemma. Let A = KQ be a connected representation-infinite hered-
itary algebra, T be a tilting A-module without preinjective direct summands,
T =T(T) be the associated torsion class and B = End4(T).

(a) If Z € T is an indecomposable module then there exists a short exact
sequence

0 — 71772 — 742 — F — 0,
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where 777 is the largest submodule of TAZ from T and F € add(74T).

(b) If Z € T s an indecomposable module with TFZ # 0, for some
positive integer m, then, for each 1 < i < m, there exists a short
exact sequence

0— T;iT;—Z — T;i*'lré_lZ — TZiF(i) — 0,
with F € add(74T).

Proof. (a) It follows from (VI.1.5) that there exists a canonical exact
sequence 0 — 7772 — 74Z — F — 0, with F € F = F(T). Because
D(A) € T =T(T), F has no injective direct summands, and applying the
functor 7';1 we obtain a short exact sequence

0 — 7 '17Z2 — Z — 7,'F — 0.

Observe that Z € T implies 7, ' F € T. Therefore 7,'F € T, 7a(7,'F) =
F € F, and invoking (VI.1.11) we conclude that TZIF is an Ext-projective
module in 7. Applying now (VI.2.5) we obtain 7, ' F € add(T'), and hence
F € add(7aT).

(b) Assume that Z is an indecomposable module in 7 with 77°Z # 0,
for some m > 1. For i = 1, we may take F(!) = F and the above sequence
ending at TZIF satisfies the required conditions. Assume that there exists
a short exact sequence

0— TZiT%-Z — Tgi+1T,§-_1Z — TZiF(i) — 0,
with £ € add (74T), and i < m. Applying now (a) to the module 7+-Z €
T we obtain a short exact sequence
0 — 78172 — 7arhZ — FOHD 0,
with FO+) € add (74T). Because FU+1) € F = F(T) and all preinjective
A-modules belong to 7 = T(T'), applying the functor T;(Hl) to the above
exact sequence, we obtain the required exact sequence

0— T;(i+1)TI§-+1Z — Tziﬁi—Z — T;(i+1)F(i+1) — 0.
Therefore our claim follows by induction on ¢ € {1,... ,m}. O
Given a component C of I'(mod A) and a module X in C, we denote

e by C(—X) the full translation subquiver of C formed by all pre-
decessors of X in C, and

e by C(X—) the full translation subquiver of C formed by all succes-
sors of X in C.
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5.10. Proposition. Let A = KQ be a connected wild hereditary K-
algebra. Let T be a tilting A-module without preinjective direct summands
and B = End4(T).

(a) For each regular component C in I'(mod A), there exists a quasi-
simple module X in C such that C(—X) is contained in T (T'), and
the image of C(—X) via the functor

Homy (T, —) : mod A —— mod B

is the full translation subquiver D(—Hom4 (T, X)) of I'(mod B),
where D = Homy (T, C).

(b) For each regular component D of I'(mod B) completely contained in
Y(T), there exists a module Y = Homu (T, X) in D such that X is
a quasi-simple module of a regqular component C of T'(mod A) and
D(—Y) is the image of C(—X) via the functor

Homy (T, —) : mod A —— mod B.

In particular, D is of type ZA.
(¢) The quiver I'(mod B) contains a card(K)-family of regular compo-
nents of type ZA o, that is, a family of cardinality card(K).

Proof. If T is postprojective, then
Homy (T, —) : add R(A) —— add R(B)

is an equivalence of categories, and the statements (a)—(c) follow from the
corresponding results proved for A = K@ in previous sections.

Then, we may assume that T is not postprojective. Suppose that T =
TPP T, where TPP is postprojective and T"9 ## 0 is regular.

(a) Let C be a regular component of T'(mod A). First note that, in view of
(VII1.2.3) and (VIII.2.5), we have Ext (TP, M) = DHom (M, 7AT?P) = 0,
for any regular A-module M. By applying (2.6) to the regular module 79
we conclude that Hom4 (77" X, 74T79) = 0, for some quasi-simple module
X in C and all m > 0.

Then Exthy(T,77X) = DHoma (77X, 74T) = 0, for all m > 0. Ob-
serve also that if Homu(Z,74T) # 0, for some Z in C( — X), then
Homy (73X, 74T) # 0, for some r > 0. Therefore

Ext} (T, Z) = DHom(Z,74T) = 0,

for any module Z in C(—X), and so C(—X) is contained in 7(T).
Hence the image of C(—X) via Homu (T, —) is a full translation sub-
quiver of T'(mod B) which is closed under predecessors, and so is equal to
D(—Homy (T, X)), where D = Homyu (T, C), see (V1.5.2).



XVIII.5. TILTED ALGEBRAS OF WILD TYPE 289

(b) Let D be a regular component of I'(mod B) which is contained in
Y(T). Let M be a module in D. Then there exists an indecomposable
regular A-module Z € T(T') such that M = Homu(T, Z).

Let C be the regular component of I'(mod A) containing Z. Because D
is a regular component and Y(T') is closed under predecessors, for all ¢ > 0,
we have 0 # 75 M = Homy(T,74Z), and hence 742 # 0. By applying
(5.9)(b), we construct an infinite chain of monomorphisms

- — Tgi71’7'17;-+1Z — TZiT%—Z _— s —> TX2’7'72—Z — TngTZ — Z.
It follows that there exists an m > 0 such that T;m_TT;?JFTZ =, "rZ,
for all » > 0. For N = 7#Z, we then have 7,7 "7 N = 7, N, and
hence 77N = 7} N, for all » > 0. In particular, the module N is not
postprojective.

Because T' has no preinjective direct summands, the whole preinjective
component Q(A) of I'(mod A) is mapped by the functor Hom 4 (T, —) to the
connecting component Cr of I'(mod B) determined by the tilting module 7.
Moreover, Cr is not a regular component contained in Y(7T'). Therefore, N
is a regular A-module.

Finally, because the modules 7) N = 77N, with r > 0, belong to 7 =
T(T) we conclude that C(—N) is entirely contained in 7. Take now a
quasi-simple module X in C(—N), and set

Y = Homp(T, X).

Then X is a quasi-simple module of the regular component C, Y belongs to
D and D(—Y) is the image of C(— X)) via the functor Homy (7T, —). In
particular, D is type ZA .

(c) In view of (a) and (b), the statement (c) is a consequence of (1.8) and
(5.1). This completes the proof. O

We have also the following fact that is dual to (5.10).

5.11. Proposition. Let A = KQ be a connected wild hereditary K-
algebra, T a tilting A-module without postprojective direct summands, and
B =End4(T).

(a) For each regular component C in I'(mod A), there exists a quasi-

simple module X in C such that C(X —) is contained in F(T'), and
the image of C(X—) via the functor

Ext} (T, —) : mod A —— mod B

is the full translation subquiver D(ExtY (T, X)—) in T'(mod B),
where D = Ext! (T, C).
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(b) For each regular component D of T'(mod B) completely contained in
X(T), there exists a module Y = Ext! (T, X) in D such that X is
a quasi-simple module of a regular component C of I'(mod A) and
D(Y —) is the image of C(X—) via the functor
Ext} (T, -) : mod A —— mod B.

In particular, D is of type ZA.
(¢) The quiver T'(mod B) contains a card(K)-family of regular compo-
nents of type ZA .

Proof. Modify the arguments given in the proof of (5.10). d

5.12. Corollary. Let A = KQ be a connected wild hereditary K -algebra,

T a regular tilting A-module, and B = End 4 (T).

(a) For each reqular component C of I'(mod A), there exists a quasi-
simple module X in C and a natural number m such that C(—X)
is contained in T(T) and C(1~™X—>) is contained in F(T). The
image of C(—X) via Hom 4 (T, —) is a full translation subquiver of
I'(mod B), and the image of C(1™™X —) via ExtY (T, —) is a full
translation subquiver of T'(mod B).

(b) Every regular component D of T'(mod B) different from the con-
necting component Cr is of type ZA,, and is contained either in
Y(T) or in X(T). In particular, there exists a regular component
C of T(mod A) and a quasi-simple module X in C such that either
X € T(T) and D(—Homa (T, X)) is a full translation subquiver
of D or X € F(T) and D(ExtY (T, X)—) is a full translation sub-
quiver of D.

(¢) The quiver T'(mod A) contains two different card(K)-families of reg-
ular components of type ZA .

Proof. The statement (a) follows from (5.10) and (5.11). To prove (b),

observe that every regular component of I'(mod B) different from Cr lies
entirely in Y(T) or in X(T"). Then, in view of (a) and (b), the statement

()

jec

is a consequence of (5.10) and (5.11). O

We also note that if a tilting A-module T' contains a non-zero postpro-
tive (respectively, preinjective) direct summand then, for each regular

component C of I'(mod A), the set F(T) NC (respectively, T(T) NC) has at
most finitely many modules. Indeed, it is a direct consequence of the fact
(2.4) that all but finitely many modules in C are sincere.
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5.13. Example. Let A be a connected wild hereditary algebra and as-
sume that X is a quasi-simple regular stone in mod A.

It follows from (3.10), (3.11), and (3.15) that there exists a multiplicity-
free tilting A-module T'= X @& Y such that Y is a projective generator of
X+, and Hom (Y, —) establishes an equivalence

Xt —= 5 modC,

where
C= EndA (Y)

is a connected wild hereditary algebra. The Grothendieck group Ko(C) of
C' is of rank n — 1, where n is the rank of Ky(A). Moreover, the module
R = [2]X is a quasi-simple regular brick in mod C.
Because Homy (Y, 74X) = DExt!(X,Y) = 0, then the irreducible epi-
morphism R — X induces the isomorphism Hom4 (Y, R) 2 Hom4 (Y, X).
Consider the tilted algebra

B = End(T).

Because Homy4 (X,Y) = 0, then B is the one-point extension C[R] of C' by
the quasi-simple regular C-module R, that is,

B = C[R].

Denote by w the extension vertex of C[R]. Because Homg (R, M) = 0,
for any postprojective C-module M, then (XV.1.7) implies that the post-
projective component P(C) of T'(mod C') is a postprojective component of
I'(mod B) containing all indecomposable projective B-modules, except the
module P(w).

Now we describe the shape of the component of I'(mod B) containing the
projective module P(w).

Because R is a quasi-simple regular brick in mod C, we know by (2.10)
that

Homg (R, 7™ R) =0, forallm > 1.

Consequently, the full translation subquiver D of I'(mod C) formed by all
successors of the module 7, 'R in T(mod C) remains a full translation sub-
quiver (of type (—N)A,) of I'(mod B), and clearly is closed under successors
in I'(mod B). Applying the notation of (1.5) and the formula (XV.1.6) on
the lifting of almost split sequences for the one-point extension B = C[R],
we deduce that there are almost split sequences of the forms

0 — R[i] — R[i+1] ® R[i] — R[i+1] — 0,
0 — R[i+1] —— 7' R[i] ® R[i+2] —— 75'R[i+1]] — 0,
0 — 7R[i+1] —— R[i] ® 7pR[i+2] — RJ[i+1] — 0,
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in mod B, for all ¢ > 1, and almost split sequences

0 — R[1] R[2] 7o' R[1] — 0,
0 — 7R[1] —— 7R[2] ——R[1] — 0,

where R = R[1], and P(w) = R[1]. Because B is a tilted algebra, then
the only component of I'(mod B) containing both a projective module and
an injective module is the connecting one. Therefore, the component of
I'(mod B) containing P(w) is of the form

P(w)= R[] 7g'RO]  7c*R[1]  75°R[1]

NN SN SN

3R[1] 1R[] R=R[l] R[2] 5 'R2)  T57R[2]

NN AN AN AN SN

3R[2]  TR[2] R[2] R[3] 75 R[3]
ANSANCAN SN N
3R[3]  TBR[3 R[3] R[4]
NN N SN
T%R[Zl] T R[4] R[4]

NSNS N

T3 R[5] T R[5]

NS N

and consists of the 7p-orbits of the modules R[i], ¢ > 1. From (2.6) we also
know that if C is a regular component on I'(mod C') then there exists a quasi-
simple module Z in C such that Hom¢(R,7,™Z) = 0, for all m > 0, and
consequently, by (XV.1.7), the full translation subquiver of C formed by all
successors of Z in C is a full translation subquiver of I'(mod B) closed under
successors in I'(mod B). Therefore, T'(mod B) admits a card(K)-family of
regular components of type ZA .

5.14. Example. Let n > 1 and let H = KA, where A is the wild
quiver
0= 1+—2+— - +—n= w.

For i,j € {1,...,n} with ¢ < j, denote by [i,j] the indecomposable H-
module
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[(,7]: 0E= 0+ ...+ 0+ K<+ ...« K+ 0+ ...<00

whose support is the subquiver ¢ <— (i + 1) «— ...+ j of A.
Let ¥ be the full subquiver of A given by the vertices 0,... ,n and € the
full Dynkin subquiver of A formed by the vertices 1,... ,n. We set

D=K¥Y and A=KQ.
Then the Auslander—Reiten quiver I'(mod A) of the algebra A is finite of
the form

[1,1] (2,2] 3, 3] [n—1,n—1] [n, n]

NN N /\/

N
[1.3]
pN

[2,n—1]
NSNS
[1,n—1] [2,n]

N/

[1,n].

Calculating the end of the preinjective component Q(D) of D, we con-
clude that T'(mod A) is a full translation subquiver of Q(D) which is closed
under successors.

Observe now that H = D[Ip(0) @ Ip(0)] that is, the algebra H is a one-
point extension of D by the direct sum of two copies of the injective module
Ip(0). Because

Ip(0)/socIp(0) = [1,n] @ [1,n] and Homy([1,n],[i,5]) =0,
for each [i,j] € {[1,n], [2,n], ..., [n,n]}, then from the formula (XV.1.6)
on the lifting of almost split sequences for one-point extensions, we conclude
that I'(mod A) is a full translation subquiver of I'(mod H).

Moreover, a direct analysis of the beginning of the postprojective compo-
nent P(H) and the end of the preinjective component Q(H) shows that the
simple A-modules S(1) = [1,1],...,S(n) = [n,n] are neither in P(H) nor
in Q(H). Therefore, I'(mod A) is the cone C([1,n]) of a regular component
of I'(mod H). Let

M=[1n®2,n]®...®[n-1,n]® [n,n] and N:TElM.
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Because the A-module M is injective, then Extk (N, N) = Ext} (M, M) = 0,
and therefore N is a partial tilting H-module. It then follows from (3.10)
that there exists a basic hereditary algebra C such that N+ = mod C, and
the Grothendieck group Ko(C) of C is of rank 2 = (n 4 2) — n. Moreover,
e Extl (N, P(0)® P(w)) = DHomp (P(0) ® P(w), 7y N) = 0, and
e Hompy (N, P(0) ® P(w)) =0,
because Ty N = M is a A-module, N is a regular H-module, and P(0)®P(w)
lies in P(H). Hence the H-module P(0) @ P(w) is a minimal projective
generator in N+, and there is a K-algebra isomorphism

C = Endg (P(0) ® P(w)).

It follows that C' is the path algebra of the wild quiver

Further,
T=P0)® Pw)® N
is a tilting H-module without preinjective direct summands. The torsion-
free class F(T) in mod H determined by T is of the form
F(T) ={X emod H | Homu (T, H) = 0} = Cogen (14T) = Cogen (M)
= Cogen (D(A)) = mod A = add(C([1,n]).

It is clear that the torsion class
T(T) ={X € mod H | Ext (T, X) =0}

contains the category N+ = mod C.

Consider the tilted algebra B = Endy (7). We describe the shape of all
connected components in I'(mod B).

First we prove that the connecting component Cr of I'(mod B) deter-
mined by T is a preinjective component containing all indecomposable in-
jective B-modules, and all but finitely many modules in Cr are sincere
B-module. Because T' has no preinjective direct summands, we know from
(VIIL.4.1) that Cr does not contain projective modules.

Moreover, by (VIIL.3.5), the modules

Hompy (T, Iy (i), with i€{0,1,...,n,w},

form a section X = A°P of Cr such that the set of all predecessors of modules
from ¥ in Cr is exactly the set Y(T') NCr of all torsion-free modules in Cr.
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Further, the fact that T" has no preinjective direct summands implies that
the whole preinjective component Q(H) is contained in 7 (7). Therefore,
we infer that Y(T') N Cr is the image of Q(H) via Hompy (T, —).

Finally, because the category F(T') = mod A has only finitely many iso-
morphism classes of indecomposable objects, the functor Extl (T, —) re-
stricts to an equivalence of categories

Ext} (T, —) : F(T) —— X(T),

and every indecomposable B-module belongs either to Y(T") or X (T'), we
conclude from (VI.5.2) that Cr is a preinjective component consisting of
the indecomposable modules from Y(T) N Cr and X(T). Moreover, all
indecomposable injective B-modules belong to Cr, because the section ¥ of
Cr consists of n + 2 modules. Let

To=P(0),Ty=715'[1,n], To=75"12,n-1],... , T,=75"[n,n], T, = P(w),
and we set

T=TyoTi®.. T, ®T,.
Then the modules

Homyu (T, Ty), Homa (T, Ty), ..., Homa(T, T),), Homa(T,T,,)

form a complete set of indecomposable projective B-modules. Hence, to
show that all but finitely many modules in Cr are sincere (equivalently, in

V(T)NCr =Cr \ X(T)

are sincere) it is sufficient to prove that Hompg(T;, X) # 0, for each
i€{0,1,...,n,w} and all but finitely many modules X in Q(H).
Because all but finitely many modules in Q(H) are sincere H-modules,

in view of (VIIL.5.6), we infer that

e Homp(To, X) = Hompy (P(0), X) # 0, and

e Hompy(T,,X) = Hompy(P(w),X) # 0, for all but finitely many

modules X from Q(H).

Fixnow ¢ € {1,... ,n}. It follows from (2.3) that all but finitely many mod-
ules in the 74-orbit {r37T;, r € Z} are sincere, and consequently
Homy (7515, 1(j)) # 0, for all j € {0,1,... ,n,w} and all but finitely many
r € Z. Because there is an isomorphism

Homu (T, 74 1(j)) = Homp (75,13, 1(4)),

for any s > 0, and any module in Q(H) is of the form 75 I(j), for some
s>0and je€ {0,1,... ,n,w}, then Hompg(T;, X) # 0, for all but finitely
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many modules X in Q(H). Therefore, all but finitely many modules in Cp
are sincere B-modules.
Observe also that, in the notation of (1.5), we have

T, =T, Tno1=12T,, ..., To=[n—-1|T,, Th = [n|T,.

Our next objective is to show that the module R = [n + 1]T;, is a quasi-
simple regular brick in the category

(T ®...0T,)" = Nt =modC.

Because the modules N = TglM and M belong to the standard cones
75 C([1,n]) and C([1,n]), respectively, then T; € (Tj11 ... @ T,)*, for any
i€ {l,...,n—1}. Hence, by applying (3.15), we deduce that
e the module T},_; is a quasi-simple regular brick in T+,
e the module T},_» is a quasi-simple regular brick in (T,,_; @ T},)*,
e the module 7} is a quasi-simple regular brick in (Tj41 ®...®T,)*,
for each j € {2,... ,n — 3},
e the module 7} is a quasi-simple regular brick in (T, @ ... ® T),)*,
and finally
e Ris a quasi-simple regular brick in (T} ®...®T,)* = N* = mod C.

Observe also that we have canonical irreducible epimorphisms (see (1.5))
R—Th — Ty — - — T, 1 —T,
which induce the sequence of isomorphisms of vector spaces

Homy (P(0) & P(w), R) — Hompy (P(0) & P(w),T})
= ... = Hompy(P(0) ® P(w),T}).

Therefore, we get a sequence of isomorphisms

Hompy (T, R) = rad Homy (T, Th),
Hompy (T,T1) = rad Hompy (T, T5),

Hompy (T, T,—1) & radHomy (T, T,,),
and
Hompy (T, R) = Hompg (P(0) ® P(w), R) & R¢

is the largest C-module among the projective B-modules Homg (T, T;), with
1< <n.
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It follows that the algebra B = End g (T) is obtained from the one-point
extension C[R] by identifying the extension vertex of C[R] with the vertex
1 of the equioriented quiver

1+—2¢— -+ <—n—-1+—mn,
and without extra relations. Because R is a quasi-simple brick in mod C
then, by applying (2.10), we get Hom¢ (R, 7™ R) = 0, for all integers m >
1, and, consequently, Hom¢(R, X) = 0, for any successor X of 75 'R in
I'(mod C).

Thus, by (XV.1.7), the full translation subquiver of I'(mod C) formed
by all successors of 7' R remains a full translation subquiver of T'(mod B).
Moreover, we know that all injective B-modules lie in the connecting com-
ponent Cr.

Then, similarly as in Example 5.13, we deduce that I'(mod B) contains
a component of the form

PB( ) g R 757 R[]
RN VAN
SN NN

SN

SN

Pg(2)

e
/‘\/‘\f

TR 78R R=RJ[1l

f\/\f\f\f\
/\f\f\f\
AN N
NN
7N

By (XV.1.7), the postprojective component P(C) of T'(mod C) remains
a complete component in I'(mod B), because Hom¢(R,Y) = 0, for any
postprojective C-module Y.
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Therefore, all indecomposable projective B-modules lie either in the post-
projective component P(C') or in the component described above. We know
also that all indecomposable injective B-modules lie in the preinjective con-
necting component Cr. Because X (T) is finite we also conclude that every
regular component D of I'(mod B) is entirely contained in Y(7T).

Then, by (5.10), for each regular component D of I'(mod B), there exists
a regular component C of I'(mod H) and a quasi-simple module X in C such
that Y = Homp (T, X) belongs to D and ( — Y) is the image of ( — X)
via the functor Hompg (T, —). In particular, D is of the type ZA.

Conversely, for every regular component C of I'(mod H), there exists a
quasi-simple module X in C such that the image of C(— X)) via the functor
Homp (T, —) is a full translation subquiver of a component D of I'(mod B)
which is closed under predecessors. Therefore, there is a bijection between
the components of I'(mod H) and I'(mod B).

Now we prove that there is also a bijection between the set of regular
components of I'(mod H) and I'(mod C).

Let T be a regular component of I'(mod C'). Then there is a quasi-simple
module Z in I" such that Homg (R, W) = 0, for any module W in (Z — ),
and consequently I'(Z—) remains a full translation subquiver of I'(mod B)
under the consecutive one-point extensions creating the projective modules
Pg(1),...,Pg(n). Clearly, I'(Z—) is then a full translation subquiver of
a component D of I'(mod B).

Conversely, let D be a regular component of I'(mod B). Because all
injective modules lie in the preinjective component Cr, then Hompg (U, V) =
Homp (U, V), for all B-modules U and V lying outside Cr. For each 1 <14 <
n, there is an isomorphism 7 "' Pp(i) 2 75" R[n+1—i]. Then, for a quasi-
simple module Z in D and each ¢ € {1,... ,n}, we get the isomorphisms

Homp(Pg(i), Z)= Homp(Pgs(i), Z)
= Homp(Pp(i), m8(15'2))
~ DExth (75" Z, Pg(i))
= DExth (15" Z, 75(15"' Ps(i)))
>~ Homp(t5 ' Pr(i), 75" Z) = ......
= Homp ("~ Pp(i), 75 "' Z)

(
@B(TclR[n+l —i],TfB_”_lZ).

1%

Note that, for each i € {1,... ,n}, the module 7' R[n+1—i] and all modules
lying in D are images of regular H-modules via the functor Homg (7', —).
Hence, we conclude that there is a quasi-simple module Y in D such that
Homp(Pp(i),V) = 0, for any module V in D(Y —) and any 7 € {1,... ,n}.
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Therefore, D(Y —) is a full translation subquiver of D consisting entirely
of regular C-modules. This shows our claim, and finishes the example.

5.15. Remarks. Assume that A is a hereditary algebra, T a tilting
A-module, and B = End Ty the associated tilted algebra.

(i) The connecting component Cr of TI'(mod B) determined by T is
regqular (without projective and injective modules) if and only if T
is a regular module, see (VII1.4.2).

(ii) If Ta is a regular tilting A-module, then

e the postprojective component P(A) is contained in the torsion-
free part F(T') of T'(mod A),

e the preinjective component Q(A) is contained in the torsion part
T(T) of T'(mod A), and

e the connecting component Cr of I'(mod B) determined by T is
the glueing of the torsion-free part

V(T)NCr =Homu (T, Q(A))
of Cr with the torsion part
X(T)NCr = Extly (T, P(A))
of Cr wia the connecting almost split sequences
0 — Homa (T, I) — Homy (T, I /soc I) & Ext! (T,rad P) — Ext!, (T, P) — 0,

where I = I(a), P = P(a), and a runs over all vertices of Q 4, see

(VL5.2).

Now we prove a theorem on the existence of regular tilting modules over
hereditary algebras, due to Baer [35] and [36].

5.16. Proposition. Let A be a wild hereditary algebra and X a reqular
stone in mod A. Then there exists a regular tilting A-module T =X @Y.

Proof. We know that X is a brick (VIII.3.3) and all but finitely many
modules in the 74-orbit of X are sincere (2.3), and clearly all of them are
stones. Moreover, if T'= X @Y is a regular tilting A-module then 7T is
a regular tilting A-module, for any m € Z.

Therefore, without loss of generality, we may assume that the modules
THX, m > 1 are sincere. From the Bongartz lemma (VI.2.4) we know
that there exists an exact sequence 0 — A — E — X9 — 0, where
d = dimgExtL(T,A) and X @ E is a tilting A-module. Moreover, by
applying Hom 4 (X, —) to the sequence we derive an exact sequence

0 — Homa (X, A) — Homa(X, E) — Homa (X, X%) % Ext} (X, A) — 0.



300 CHAPTER XVIII. WILD HEREDITARY ALGEBRAS

Because X is a brick then dimygHoma(X, X9) = d = dimgExt} (X, A),
and hence 9 is an isomorphism. Further, Hom4 (X, A) = 0, because X
is a regular module. Consequently, we get Homa (X, E) = 0, and hence
Ee X+t

Let Y be the direct sum of a complete set of pairwise non-isomorphic in-
decomposable direct summands of E. Then T'= X @Y is a multiplicity-free
tilting A-module and Y € X*. Because Hom(Y’, X) # 0, for any inde-
composable direct summand Y’ of Y, we conclude that T has no preinjective
direct summands.

We claim that T has no indecomposable postprojective modules. It is
enough to show that X1 has no postprojective direct summands. Let Z
be an indecomposable postprojective A-module. Then Z = 77 "P, for
some indecomposable projective A-module P and some r > 0. By our
assumption, the module 7" X is sincere. It follows that Hom(Z, 74 X) =
Hom 4 (P, 7,71 X) # 0, and hence Ext}, (X, Z) # 0. This shows that Z ¢ X+
and, hence, T = X @Y is a regular tilting A-module. g

As a consequence of our main results of this chapter we get the following
important fact proved by Ringel [527].

5.17. Theorem. Let @ be a finite connected acyclic quiver and A = KQ.
There exists a reqular tilting module in mod A if and only if Q is neither a
Dynkin quiver nor a Euclidean quiver, and Q) has at least three vertices.

Proof. The sufficiency follows from (2.19) and (5.16). To prove the
necessity, assume that there exists a regular tilting module in mod A. Then
A is representation-infinite and @ is not a Dynkin quiver. Moreover, it
follows from (XVIL.3.5) and (XVII.3.6) that @ is not a Euclidean quiver.

It remains to show that ) has at least three vertices. Assume, to the
contrary, that @ is a wild quiver with two vertices, that is, @ has the form

[e5%
v @ O\
Kpm: 10&——2—02
(62202

with m > 3 arrows. Then, according to (2.16), every stone in mod A is either
postprojective or preinjective. Consequently, the category mod A does not
contain regular tilting modules, and we get a contradiction. This finishes
the proof. O

The following example illustrates the procedure of finding regular tilting
modules described in the proof of (5.16).
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5.18. Example. Let A = K@ be the path algebra of the quiver
2

Q: lof—2—0¢ T o3
Let X be the indecomposable A-module of the form

(1,0)

K& — K>+ 0.

(0,1)

It was shown in (1.10) that X is a quasi-simple regular A-module, and the
component of I'(mod A) containing X was described there. In particular,
it follows that dim7X = [3,4,4]" and the module 777"X is sincere, for any
m > 1.

Note that X is a stone, because it is an injective module over the Kro-
necker algebra H given by the full subquiver of () consisting of the vertices
1 and 2. Therefore, the procedure described in the proof of (5.16) applies
to X.

Because A = P(1) ® P(2) ® P(3), where

dim P(1) = [1,0,0], dim P(2) = [2,1,0]" and dim P(3) = [2, 1, 1],
then the Auslander—Reiten formulae (IV.2.13) yields

dimgExtY (X, P(1)) = dimg DHom(P(1),7X) = 3,
dimgExt! (X, P(2)) = dimg DHom4(P(2),7X) = 4,
dimgExtYy (X, P(3)) = dimg DHom(P(3),7X) = 4.
The universal exact sequence 0 — A — E — X% — 0, described in
the Bongartz lemma (VI.2.4), is the direct sum of the following three uni-

versal exact sequences
0— P

(
0 — P(

0 — P(3) — V3 — X* — 0,

1) — 1V — X2 —0,

2) — Vo — X' — 0,

and therefore d = 3 + 4 + 4 = 11. Moreover, we have

e dimV; =3 -dim X + dim P(1) = [4,6,0]",

e dimV; =4-dim X + dim P(2) = [6,9, 0],

e dim Vs =4 -dim X + dim P(3) = [6,9,1]".
By (5.16), the A-modules Vi, Vo, and V3 are regular and belong to X*.
In (1.10), we have exhibited the dimension vectors of the modules in the
postprojective component P(A) of A, and in the preinjective component
Q(A) of A. Hence, we easily deduce that V; = Z2 and Vo = Z3, where Z is
an indecomposable regular A-module with dim Z = [2,3,0]. It is easy to
see that the module Z is of the form
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KQ[

098]
K3 «——0,
(669

]

and there is an almost split sequence 0 — Z — X2 — S(2) — 0 in
mod H. We describe now the module V3. Note that

_ _ .2 2 2
qa(z1, 2, x3) = qo(x1, 2, x3) = 7 + x5 + x5 — 20122 — T2T3.

In view of (II1.3.13) and (VIL.4.1), we get ga(dimV3) = 1. Because
Extl (V3,V3) = 0, we get Enda(V3) & K. It follows that the module V3
is indecomposable. Further, the restriction of V3 to H is isomorphic to
Vo 22 Z3. Then a simple analysis shows that V3, viewed as a representation
of ), is of the form

‘KGt:%::Iﬁ’eiL—](

where ®, ¥ and ) are given in the canonical bases by the matrices

1
100000000 010000000 0
010000000 001000000 0

1
_|oo0o0100000 _loooo10000 _

®= 1500010000/ ¥=000001000]° = i
000000100 000000010 0
000000010 000000001 ?

Then it follows from (5.16) that T' = X ®Z@ V3 is a regular tilting A-module.
Let Ty = Z, To = V3 and T3 = X. Then End4(T;) = K, for i € {1,2, 3},

and Homy (7;,7;) = 0, for all ¢,j € {1,2,3} such that ¢ > j. Moreover, a

simple analysis shows that

dimgHom 4 (71, T») =3, dimgHom 4 (1%, T3) =4, and dimgHom 4 (T}, T3) =2,

and the tilted algebra
B = EndA(T) = EndA(T1 D TQ S¥) T3)

is given by the quiver

bound by the relations
o a1 =13 =B = aufe =0,
o —fl = B = —a3fr = —a3f = auf3, and
o a0 = —ayfl3 = azfle = —a3fs.
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We also note that the regular connecting component Cr of I'(mod B) deter-
mined by T has a section
Hom 4 (T,14(3))

/!

Hom (T,14(2))

7

Hom (T,14(1))
of type Q°P with
e dimHoma(T,14(1)) = [2,6,1],
e dim Hom (T, 14(2)) = [3,9,2],
e dim Homa(T,14(3)) =[0,1,0]".

Denote by C the path algebra of the full subquiver of Qg given by the
vertices 1 and 2, and by D the path algebra of the full subquiver of Qp
given by the vertices 2 and 3. Then

e B = C[R], where R = rad Pg(3), and

e B =[S]C, where S = Ip(1)/socIp(1).
Note that dim Pg(3) = [2,4,1]" and dim I5(1) = [1,3,2]*. Invoking now
the descriptions of the postprojective components and preinjective compo-
nents of enlarged Kronecker algebras given in (1.9), we conclude that R is
a regular C-module and S is a regular D-module.

Together with (XV.1.7) and its dual, this shows that the postprojective
component P(C) of T'(mod C) is also the unique postprojective component
in T'(mod B) and the preinjective component Q(D) of I'(mod D) is also the
unique preinjective component of I'(mod B).

Moreover, we note that, by (5.12), each regular component of I'(mod B)
that is different from Crp is of type ZA .

Finally, the Auslander—Reiten quiver I'(mod B) of B contains a compo-
nent containing the projective module Pg(3) and a component containing
the injective module I5(1). This finishes the example.

We end this section with an example showing that the Auslander—Reiten
quiver I'(mod B) of a tilted algebra B of wild type @ may have both stable
tubes and components of type ZA .

5.19. Example. Let B be the algebra given by the quiver
04

O$O<+g
1 &
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bound by the four zero relations oy = 0, &y = 0, ny = 0, and py = 0.
Consider

e the full subquiver )

A m#wLm
of @, and

e the full subquiver 2 of ) given by the vertices 3, 4, 5, 6, and 7,
and consider the three path algebras

A=KQ, H=KA, and A = KQ.
Obviously, there are fully faithful exact embeddings
mod H < mod B <> mod A

induced by the algebra surjections H+—— B ——A. The strong zero re-
lations defining the algebra B force that every indecomposable B-module
belongs to the subcategory mod H of mod B, or to the subcategory mod A of
mod B. The simple B-module S(3) = e3B at the vertex 3 is a unique inde-
composable B-module that belongs to the intersection (mod H) N (mod A).

Then the Auslander—Reiten quiver I'(mod B) of B has a disjoint union
decomposition

I'(mod B) =P(H)UR(H)UCUR(A)UQ(A),
where

e P(H) is the postprojective component of I'(mod H),

e R(H) is the regular part of I'(mod H) consisting of components of
type ZAx,

e R(A) is a Py (K)-family 7" = {T2}\ep (k) of pairwise orthogonal
standard stable tubes of the tubular type 7 = 7 = (2,2,2),

e O(A) is the preinjective component of I'(mod A), and

e C is an acyclic component of I'(mod B) obtained from the preinjec-
tive component Q(H) of I'(mod H) and the postprojective compo-
nent P(A) of I'(mod A) by glueing at the simple B-module S(3) as

follows
P4) ———————— P4 ——————
/)(5) ****** TlP(S)\l
| AN e B //’
- 7283) ——— 7808) ——— S(8) —————— r18(3) —————— T725(3)
SN SN SN A N N \\
212)  ——— rI(2) ———  I(2) P(G)// \ P(6)

\\“ // \\\,\‘ //‘ P(7)y —— T~ iy T
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see also (1.10) and (XIII.3.6) for a classification of indecomposable modules
in this component.

Then C admits a unique section ¥ 2 Q°P of the form
P(4)

4)(&
"

P(7)

I(1)
with the property Homa(U,74V) = 0, for each pair of modules U and V
lying on 3. Note also that the section ¥ is faithful, because the module
I(1) ® I(2) ® S(3) = D(H) is a faithful H-module and the module S(3) @
P(4)® P(5) @ P(6) @ P(7) = A, is a faithful A-module.

Hence, by applying (VIII.5.6), we conclude that B is a tilted algebra
of the wild type @@ = X°P, because there are isomorphisms of algebras
B 2 EndT} and EndTp = A = KQ, where T% = D(47T) and T is the
direct sum of all modules lying on the section X.

XVIII.6. Exercises

1. Let A be the path algebra K@ of a connected acyclic quiver @ with
n points. Let qg : Z" —— Z be the quadratic form of (). Show that the
algebra A is representation-wild if and only if there exists a non-zero vector
y € Z™ such that go(y) < 0.
2. Let A = KQ be the path algebra of the quiver
O

(¢]

Find a tilting A-module T4 such that the tilted algebra B = End T4 is given
by the same quiver @ and bound by the six zero relations ya = 0, y6 = 0,
ca=0,08=0,5a=0and 68 =0, see (5.7).

3. Let A = K@ be the path algebra of the quiver
2
Q D lo2 ; P Z o 3.
Find a tilting A-module T4 such that the tilted algebra B = EndTy is
given by the same quiver @ and bound by the four zero relations ya = 0,

8 =0,ca=0,08=0, see (5.8).
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4. Prove that the algebra C' given by the quiver

o
al a9

Aroc B2

o [©]

ok
o1 g2

O

bound by the relation asay 4 B261 + 7271 + 0201 = 0 is a concealed algebra
of the wild type A, where

o o o o o
o
Show that every basic concealed algebra of type A is isomorphic either to

C' or to the path algebra KQ of a quiver such that the underlying graphs
() and A coincide.

5. Prove that the algebra B given by the quiver

[¢]

|
e N
N
|

[e]

bound by the commutativity relation oy = Ba is a concealed algebra of the
wild type

A(Es) :

<—0<—0

0—30—304—0¢—0¢—o0,
6. Prove that the algebra B given by the quiver

[e]
x
o O
)
< o]
o

bound by the zero relation a8y = 0 is a concealed algebra of the wild type




XVIII.6. EXERCISES 307

~ @]
A(E7) :
( 7) O——>0——>0——>04—04(—04(—0<¢—0.
7. Prove that the algebra B given by the quiver
o) 5 O
S
o / \O
Nt
)

bound by the relations a8 = yo and £ = 0 is a concealed algebra of the
wild type

) ‘o) o o

= o
A Eg :
( ) O——>0——>0<4{—04—0¢—0—0—0<—o0.

8. Prove that the algebra B given by the quiver
o
Ve ix
o
o \L o
RN
o

and bound by the commutativity relation Sa = o+ is a concealed algebra
of the wild type

A(&I.A) :
04—0&—0

9. Prove that the algebra given by the quiver

bound by the relation agasagasaza; + G201 + 271 = 0 is a concealed
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algebra of the wild type

o o
A(Ds) : >o<—o<—o<—o<—o
o 0<—o0
10. Let B be the algebra given by the quiver
10 11

130

o
|

8 120

| [ 5

o v 4 l¢]

EN w G

0O &———— o o7

a/ 3 4 ’\u )j
o o
2

6
bound by the relations v3 =0, ya =0, £ = 0, and dw = 0.

(i) Prove that there exists a tilting module T4 over the path algebra A
of the wild quiver
) ()

Ve

o Oo<—o.
(ii) Describe the shape of the component C of I'(mod B) containing the
simple B-module S(3) at the vertex 3.

Hint: Consult (5.14) and Examples (XV.4.8) and (XVII.2.5).

A(Dy,) 04— 04— 04— 04— 04— 04—04—0

11. Let A = KA be the path algebra of the wild quiver

S

of type fD4 and let X be the indecomposable A-module of the form

K K 0 0 0
. \\l //
K
(a) Prove that X is a quasi-simple regular stone in mod A.

(b) Find a regular tilting module of the form Ty = X @& Y.

Hint: Consult (XII1.3) and apply the procedure described in the
proof of (5.16).



Chapter XIX

Tame and wild representation
type of algebras

Throughout, we let Q be a connected and acyclic quiver () with n vertices,
that is, n = |Qp|. We assume that K is an algebraically closed field and we
denote by K@ the (hereditary) path K-algebra of Q.

We have seen in Chapters VII and XIII that, for any hereditary algebra
K@ such that the underlying graph Q of @ is Dynkin or Euclidean, there ex-
ists an explicit description of the isomorphism classes of the indecomposable
A-modules and a description of the components of the Auslander—Reiten
quiver T'(mod K@) of KQ. On the other hand, we have seen in Chapter
XVIII that, for any connected hereditary algebra K@ such that @ is acyclic
and the underlying graph Q of @ contains a Euclidean graph as proper sub-
graph, then the module category mod K@ is very complicated and if we
are able to classify the indecomposable modules in mod K@ then, for any
finite dimensional algebra B, we are also able to classify the indecomposable
modules in mod B. Such a behaviour of the module category mod K@ is
called wild.

In the present chapter, following Drozd [201] and [202], we split all finite
dimensional K-algebras A over an algebraically closed field K in two classes:
those having tame representation type and those having wild representation
type. Precise definitions of tameness and wildness are given below.

Intuitively, the tameness of A means that there is a classification of the
isomorphism classes of the indecomposable modules in mod A in the sense
that, for each integer d > 1, the indecomposable modules in mod A of di-
mension d form at most finitely many one-parameter families. The wildness
of A means that the category mod A has a wild behaviour mentioned above.
Moreover, any algebra of finite representation type is of tame representation
type.

We prove that concealed algebras of Euclidean type are of tame
representation type and, in particular, that any hereditary algebra K@ such

309
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that the underlying graph @ of Q is Dynkin or Euclidean, is of tame repre-
sentation type. The converse implication is proved by applying the tame-
wild dichotomy of Drozd, see Theorem (3.4). It follows that if @) is a finite
connected and acyclic quiver such that the path algebra A = KQ is of
tame representation type then A is not wild and hence we conclude that
the underlying graph @ of @ is Dynkin or Euclidean. We also present a
characterisation of the group algebras K G of finite groups GG that are of
tame representation type.

Although we are dealing in this book with finite dimensional K-algebras,
in the context of the wild representation type and of the tame representation
type we use also infinite dimensional K-algebras and, in particular, the
infinite dimensional free associative K-algebra K (t1,... ,t,) of polynomials
of the non-commuting indeterminates ¢y, ... ,t,, where n > 1.

Throughout, given an arbitrary (not necessarily finite dimensional) K-
algebra A, we denote by mod A the category of finitely generated right
A-modules, and by fin A the full exact subcategory of mod A whose objects
are the finite dimensional modules.

XIX.1. Wild representation type

Throughout this section, we let A be a finite dimensional K-algebra.

1.1. Definition. Let A and A’ be arbitrary (not necessarily finite di-
mensional) K-algebras and assume that A C Mod A and A" C Mod A’ are
additive full exact subcategories of Mod A and Mod A’, respectively, that
are closed under direct summands. Let T : A — A’ be a K-linear functor.

(a) The functor T respects the isomorphism classes if, for each
pair of modules X and Y in A, the existence of an isomorphism
T(X)2T(Y) in A implies the existence of an isomorphism X =Y
in A.

(b) The functor T is defined to be a representation embedding if T is
exact, respects the isomorphism classes, and carries indecomposable
modules to indecomposable ones.

(¢) A functor T : A — A’ is defined to be a representation equiva-
lence if T is full, dense, and respects the isomorphisms, that is,
a homomorphism f : X — Y in A is an isomorphism if and only
if the induced homomorphism F(f) : F(X) — F(Y) in A’ is an
isomorphism.

It is easy to prove that a representation equivalence respects the isomor-
phism classes and carries indecomposable modules to indecomposable ones.
The following simple observation is also of importance.
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1.2. Lemma. Let A, A’ be arbitrary (not necessarily finite dimensional)
K-algebras and assume that A is an additive full exact subcategory of Mod A
that is closed under direct summands. Let T : A ——— ModA’ be a
K-linear functor. If T is full, faithful, and exact then T is a representation
embedding.

Proof. Assume that the functor T is full, faithful and exact. It follows
that, for each module X in A, the K-linear map End X — End T'(X) de-
fined by the formula ¢ — T'(p) is a K-algebra isomorphism. Hence, if X
is an indecomposable module, then the algebra End X has no non-trivial
idempotents. Therefore, also the algebra End T'(X) has no non-trivial idem-
potents and, hence, the module T(X) is indecomposable. This shows that
the functor T carries indecomposable modules to indecomposable ones.

It remains to prove that T respects the isomorphism classes. For this
purpose, assume that X, Y are modules in A and f : T(X) — T(Y) is
an isomorphism of A’-modules. Because the functor T is full then there
exist ¢ € Homp(X,Y) and ¢ € Homy (Y, X) such that f = T(p) and
f~1=T(). It follows that

T(pp) =T(P)T () = ff~! = 1rry = T(1y),

T(pe) =TW)T(p) = f~1f = Lpx) = T(1x).
Because T is faithful then the equalities yield ¢ = 1y and ¥¢ = 1x.
Consequently, ¢ is an isomorphism. This finishes the proof. O

Note that if A and B are finite dimensional K-algebras such that there
exists a representation embedding functor T : mod B ——— mod A then T
induces an injection from the set of the isomorphism classes of the inde-
composable modules in mod B to the set of the isomorphism classes of the
indecomposable modules in mod A, and T reduces the classification of the
indecomposable modules in mod B to the classification of some indecom-
posable modules in mod A. O

1.3. Definition. Let A be a finite dimensional K-algebra.

(a) Ais of wild representation type (or representation-wild; shor-
tly wild) if, for each finite dimensional K-algebra B, there exists a
representation embedding functor 7' : mod B ——— mod A. In this
case we also say that the category mod A is of wild representation
type.

(b) If, for each finite dimensional K-algebra B, there exists a fully faith-
ful exact K-linear functor 7" : mod B ——— mod A then the alge-
bra A is called of strictly wild representation type (or strictly
representation-wild; shortly strictly wild) and the category
mod A is called of strictly wild representation type; shortly
strictly wild.
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It is clear that any algebra of strictly wild representation type is of wild
representation type. It follows from the definition that the classification of
the indecomposable modules in mod A, where A is a representation-wild
algebra, is very complicated and, for each finite dimensional algebra B, it
contains the classification of the indecomposable modules in mod B.

The next lemma shows that the preceding definitions are right-left sym-
metric.

1.4. Lemma. Let A be a finite dimensional K-algebra. If A is of wild
representation type (or of strictly wild representation type) then the algebra
A°P opposite to A is also of wild representation type (or of strictly wild
representation type, respectively).

Proof. Assume that A is of wild representation type. Then, for each
finite dimensional K-algebra B, there exists a representation embedding
functor 7" : mod B°? ——— mod A. It follows that the composite functor

mod B % mod B?? —X 4 mod A %) mod A°P

is a representation embedding, where D is the standard duality. This shows
that the algebra A°P opposite to A is also of wild representation type. The
remaining statement follows in a similar way. g

The results below show that, for any finite dimensional representation-
wild algebra A, the classification of the indecomposable modules in mod A is
much more complicated than can be expected directly from the definition,
because we show that, for each algebra quotient A (not necessarily finite
dimensional) of the free asscociative algebra K(t1,...,t,), with n > 1,
the classification of the indecomposable modules in mod A contains the
classification of the indecomposable modules in the category fin A of finite
dimensional right A-modules. In particular it contains the classification of
the indecomposable modules in fin K[t1, ... ,t,] and in fin K(¢1,... ,t,) for
any n > 1.

The following lemma due to S. Eilenberg [210] and C.E. Watts [672] shows
that the representation embedding functors between module categories that
commute with arbitrary direct sums can be viewed as a tensoring by a
bimodule. We recall that an additive functor 7" : Mod A —— Mod B
commutes with arbitrary direct sums if, for each family {M;},c; of right A-
modules M;, with the direct summand embeddings uj: M; — @
the sections T'(u;) : T(M;) —— T(P
isomorphism of B-modules

s @T —>T@M
JjeJ JjeJ

JEJ

ies Mj), with j € J, induce the
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The following lemma shows that the class of strictly wild algebras coin-
cides with the class of fully wild algebras in the sense of [591], see also [6],
[327], [577], and [593].

1.5. Lemma. Assume that R and A are arbitrary (not necessarily
finite dimensional) K -algebras.

(a) If T : Mod A—Mod R is a right ezact additive functor that com-
mutes with arbitrary direct sums then there exists a functorial iso-
morphism — @x Mg = T, where A\Mgr = T(A) is viewed as a A-R-
bimodule in a natural way.

(b) If A is a right noetherian K-algebra and T : mod A — mod R is
a right exact additive functor then there exists a functorial isomor-
phism — ®@x Mg = T, where a\Mgr = T(A) is viewed as a A-R-
bimodule in a natural way.

(¢) If T is a functor as in (a) or in (b), and the left A-module \M =
T(A) is free then T is a faithful functor.

Proof. (a) First we note that the right R-module T(A) has a natural
left A-module structure defined by the formula A -y = T (X)(y), for any
A€ Aand any y € T(A), where XAy — Ay is the homomorphism of
right A-modules defined by the formula X(w) = A-x, for any z € A. Tt is
easy to check that we have defined a A-R-bimodule structure on the vector
space AMpr =T (A).

Now, for each module X in Mod A, we define a homomorphism

Ox : X @\ Mrp——T(X)

of right R-modules as follows. Given v € X, we denote by 4 : A — X the
unique A-homomorphism such that @(1) = u. For any m € T(A), we set
Ox(u®@m)=T(u)(m). It is clear that ®x is functorial at X. Let

) N LN QN

be an exact sequence in mod A, where Fy and Fi are free A-modules. We
derive the commutative diagram

FLoaT(A) 2249 FieaT(n) 229 Xxe,7(0) —— 0

o | *r | o |

Ty 2 Ry I ) —— o

and, by our hypothesis, the rows are exact. Because T commutes with
arbitrary direct sums then the functorial homomorphisms ®r, and ®p, are
isomorphisms. Hence ® x is an isomorphism too. It is easy to see that the
family ® = {®x }x defines an isomorphism of functors — ®y Mr = T and
(a) follows.
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(b) The arguments given in the proof of (a) apply. Note only that, given a
module X in mod A, the free modules Fyy and F} in a free presentation of X
can be chosen to be finitely generated. Moreover, because T is assumed to
be additive then T' commutes with finite direct sums. Hence we conclude,
as in (a), that the family ® = {®x}x defines a functorial isomorphism
— @A Mgr =2 T and (b) follows.

(¢) By (a) (or (b), respectively), there is a functorial isomorphism
— Qr Mp = T. Because the left A-module T'(A) is free then the right
R-module T'(X) 2 X @, T(A) is a direct sum of ranksT'(A) copies of X,
for any non-zero A-module X. Hence (c) easily follows and the proof is
complete. O

1.6. Corollary. Let A be a finite dimensional K-algebra.

(a) The algebra A is representation-wild if and only if, for any finite di-
mensional K -algebra B, there exists a B-A-bimodule g M 4 such that
the left B-module g M is finitely generated projective and the induced
functor — ®g M4 : mod B ————mod A respects the isomorphism
classes and carries indecomposable modules to indecomposable ones.

(b) The algebra A is strictly representation-wild if and only if, for any
finite dimensional K -algebra B, there exists a B-A-bimodule g M4
such that the left B-module g M is finitely generated projective and
the induced functor — @ M4 : mod B———mod A full, faithful
and ezxact.

Proof. (a) Because the sufficiency is obvious, we prove the necessity.
Assume that, for any finite dimensional K-algebra B, there exists a repre-
sentation embedding K-linear functor

T : mod B——— mod A.
By (1.5), there exists a finite dimensional B-A-bimodule pMy4 and an iso-
morphism of functors — ®p M4 = T. Because T is exact, then the functor
—®p M4 is exact and, hence, the left B-module g M is flat in the sense that
TorP(—, M) = 0. Because B is a finite dimensional K-algebra then B is
a perfect ring and, according to the well-known result of H. Bass (see [2,
28.4] and [102, Exercise 1.15]) the left B-module M is finitely generated
and projective. This finishes the proof of (a). The proof of (b) is similar
and we leave it to the reader. 0

The following theorem shows that the category fin K (t1,t5) of finite di-
mensional right modules over the infinite dimensional algebra K(t1,ts) is
strictly representation-wild. To formulate it, we recall that an arbitrary
(not necessarily finite dimensional) K-algebra A is finitely generated as
an algebra if there exist an integer m > 1 and a K-algebra surjection

p:K{t1,... jtym)—— A
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or, equivalently, if there exist elements aj,...,a, € A (called K-algebra
generators of A) such that any element of A is a K-linear combination of fi-
nite products of the elements of the form aj',a3?,...,a’m, where
s1 20,89 >0,...,8, > 0 are integers.

A correspondence between the K-algebra surjections ¢ and the sets of
K-algebra generators aq, ... ,a, of A is given by the formula

so(tl) =Aar,... 7%0(tn) = Qnp-

1.7. Theorem. Let A be an arbitrary K-algebra which is finitely gen-
erated as an algebra over K. Then there exists a A-K(t1,t2)-bimodule
AMc (4, 4,y such that

(a) the left A-module A M 1is finitely generated and free,
(b) the induced functor

(=) ®a M : Mod A —— Mod K (t1, t)

is full, faithful, exact and restricts to the full and faithful represen-
tation embedding

(=) @A M : fin A ———— fin K (t1, ta2).

Proof. Let L3 be the two loop quiver

]L(Q) : [e%1 @o@a}

We know from (II.1.3) that the path algebra K L is isomorphic to the free
associative algebra K (t1,t2) of polynomials in two non-commuting indeter-
minates ¢; and t,. The isomorphism KL() 2 K (t;,t,) is defined by setting
e1— 1, a; — t1, as — ts.

We recall that the category Rep K(L(Q)) of all K-linear representations of
the quiver L(?) consists of the triples

X= (X;(POL17<)0042 X — X)v
where X is a K-vector space and ¢q,,¥q, are K-linear endomorphisms.
Let

F : Mod K (t;,t5) — Repg (L)

be the functor that associates to each module X in mod K (¢1,t3) the rep-
resentation F(X) = (X; Qa,sPay : X — X) of L&) where ¢, () =z -1,
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and @, () = @ - tg, for any x € X. Moreover, F associates to each homo-
morphism f : X —Y of K(t1,t3)-modules the underlying K-linear map
F(fy=f:X—Y.

It follows from (III.1.6) that F' is a K-linear equivalence of categories and
restricts to the equivalence

F': fin K (t1,ty) —— repg (L),

Throughout, we identify Mod K (t1,t,) with the category Repy (IL(?)) along
the functor F.

To prove the theorem, we assume that A is a finitely generated K-algebra
and we define a K-linear fully faithful embedding functor

G : Mod A ———— Rep g (L) = Mod K (ty, t5)

by applying the arguments used in the proof of (XVIIL.4.1) as follows. We
fix a set {a1,...,a,} of K-algebra generators of A. Given a module X in
Mod A, we put

G(X) = (X""2% of pa, : X"T2— X",

where X2 is the direct sum of n + 2 copies of X and the K-linear endo-
morphisms gpfl , <p§2 of X™*2 are defined by the matrices

010 -~ 00 00 -« 000
001 - 00 10 -« 000
Do G 1 - 000
Ay =| - and A = a
"7 looo 10 2 0@ -~ 0004
000 - 01 N
000 - 00 00 « @, 10
where ai,...,a, : X — X are K-linear endomorphisms defined by the
formula @;(z) = z - a;, for x € X and j = 1,...,n. This means that

the K-linear endomorphisms ¢ , pX : X""? — X"*2 are defined by the
formulae

902(1 (X) = ($27 s ,$n+1,$n+2,0) = (Al 'Xt)tv
X (%) = (0, 21, T1 - a1 + T2, Ta - 2 + T3, ..., T+ A + Tpp1) = (Ag - x")T,
where x = (21,... ,%p12) € X" 2 and 71,... ,7,42 € X.

Given a homomorphism f : X — Y of A-modules, we define the K-linear
map G(f) : X"2 —— Y"*+2 by the formula

G(f)(xh s ,[I?n+2) = (f(xl)’ e 7f(1'n+2))7

for x1,... ,Tp42 € X.
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It is easy to check, using the formulae above, that G(f) is a morphism
of quiver representations, that is, the following equalities hold

G(f) 0w, = vh, 0 G(f) and G(f) 0 3, = @, 0 G(f).
It follows immediately from the definition that the functor G is exact
and faithful. To show that the functor G is full, we take a homomorphism

h:G(X)— G(Y) of right K(t1,t2)-modules. Then h can be viewed as a
K-linear map X"*t2 — Y"*2 such that

hogy, =@n, ohand hogl, =y, oh.
Assume that h is given by an (n 4+ 2) x (n + 2)-matrix

hii ... hing2

>
|

hn_;_21 hw,+;n,+2
where h;; : X —Y is a K-linear map. Then h(x) = (h - x")t, for any

x € X" 2 and the equalities h o <p§1 = %Yl ohand ho ¢§2 = @52 oh are
equivalent to the matrix equalities

A -h=h-A;, and Ay-h=h-As.

Because
0 hit . hing: ha1 ha2 ... hang2
h-Ay=|: © . : and A;-h= : . :
0 hng21 oo hng2nit hn+21 hnt22 - hnyanyo
) 0 0 0

then the equality h- A=A -h yields
e hy; =0, for all i > j,
e hiy=-=hpyont2, hio=hez =+ =hpy1ny2, and
® hij=hojt1="=hn_j43nso, forany j <n+1.

It follows that the matrix A is of the form

hi1 hi2 hiz -+ hiny1 hing2

0 hi1 hiz "+ hin hint1
h = . . .

0 0 0 '+ hi2 his

0 0 0o - h11 his

o o0 0 -- 0 hi1

On the other hand, we have
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0 0 0
hi1 hi2 hiny2
7 ayh h airh h ... aih h
A2~h: arhii+ha arhiz+haz arhinto2t+hania ’ and
Anhpi+hnti1 Gnhnothniie ... Gnhnniothniinge
hi2+hisa; hiz+hisao hint1+h1ni2ln hint2 O
~ haa+haza ha3+hosaz h2nt1+h2ni2@n hant2 O
h-Ay =
hnt22+hnt2301 hny23+hni24@2 ... hpnyont1+hnt2n42@n Pngang2 0
Then the equality h - Ay = Ay - h yields
o hig=hiz="-=hipt2 =0, and
Ld 6jh11 = hn&j, fOI"j = 1,. .o, n.
It follows that hii(xz - A) = (hy1(x)) - A, for all x € X and A € A, because
the elements ay, ... ,a, generate the algebra A. Consequently, hi; is a
A-homomorphism and h has the diagonal form
hi1 0 - O
-~ 0 h11 0
h=1| . .
0 0 - hi1

This shows that h = G(h11) and that the functor G is full, as we required.
Because the functor G is faithful and it is easy to check that G commutes
with arbitrary direct sums then the composition

G/ : Mod A —)MOdK<t1,t2>

of the functor G : Mod A ——— Repg (L) with the equivalence
Repy (L)) —s Mod K (t1, t5) is full, faithful, and exact. Hence, according
to (1.2), the restriction

G" : fin A ——— fin K(ty,t2)

of G’ to fin A is a fully faithful representation embedding functor. It follows
from (1.5) that there is a functorial isomorphism

Gl = - A M7
where
AMg 4y 10y = G(A) = (A" @ @l - AmF2— Am2)
is viewed as a A-K(t1,ts)-bimodule in a natural way. Because the left A-

module A M is finitely generated free of rank n + 2, then the theorem is
proved. O
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1.8. Corollary. The category fin K (t1,t2) of finite dimensional right
K (t1,t2)-modules is strictly representation-wild.

Proof. Apply (1.7) and the definition of strictly wild representation
type. O

1.9. Corollary. Let B = [;fg Ig} be the enlarged Kronecker K -algebra
of dimension 5.
(a) There exists a K(t1,to)-B-bimodule 4, +,)Np such that
(i) the left K(t1,ta)-module g, +,)IN is finitely generated free,
(ii) the induced functor

- ®K<t1»t2> Np: MOdK<t17t2> — Mod B

is full, faithful, exact and restricts to the full and faithful represen-
tation embedding

— @K (ty to) Np  in K(t1,t2) ——— mod B.
(b) The algebra B is strictly representation-wild.

Proof. (a) First we note that there is a K-algebra isomorphism B 22
K3, where K3 is the enlarged Kronecker quiver
B1

Ks: loc—P2 oy

Bs

It follows from (II1.1.6) that there is a K-linear equivalence of categories
Repy (K3) = Mod B, that restricts to the equivalence repg (K3) = mod B.
On the other hand, we have observed in the proof of (1.7) that there ex-
ists a K-linear equivalence of categories Mod K (t1,t5) — Rep (IL(?)), that
restricts to the equivalence of categories fin K (t,t5) — repg (L(?)), where
L® is the two loop quiver

Then, to prove (a), we construct a K-linear functor
R : Repg (L?) — Repy (Ks)
as follows. Let
X = (X;0a;,Pay : X — X)

be an object in Repy (L), where X is a K-vector space and Pays Pas aAre
K-linear endomorphisms. We set
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R(X) = (X17X2; goﬁu(pﬁQ?@ﬁg)a

where X7 =X, Xo =X, 03, = ©a,) 8, = Pay, and g, = 1x.

If f:X — Y is a morphism in Rep(L?), we set R(f) = (f1, f2),
where f; = f and fo = f.

It is clear that R is an exact K-linear functor. A simple calculation shows
that R is full, faithful and commutes with arbitrary direct sums.

We denote by R’ the composite functor

Mod K (t1, ) ——=— Repy (L) —E— Repy (K3) ——=— Mod B.

It follows that R’ is a full, faithful, K-linear functor and it commutes with
arbitrary direct sums. Hence, by (1.5), there exists a functorial isomorphism
— @K (t1,t,) Np = R', where

K(ti,)N = R/ (K (t1,t2)) = K(t1,ta) ® K (t1,12)

is viewed as a K(tj,t2)-B-bimodule, with the right B-module structure
given by the formula

x 0

(£.9)- 2101 + 222 + 303

= (f2' + g(w1t1 + @2to + x3), g2”),

for f,g € K{t1,t2) and o', 2", 21, 29,23 € K. This means that the right
B-module Ng, viewed as a representation of K3, has the form

NB = (K<t1vt2>aK<t17t2>a410517()03275053)7

where @g,, g, : K(t1,t2) — K(t1,t2) are the K-linear maps defined by
formulae @g, (f) = f - t1, pp,(f) = f-ta, and g, : K(t1,t2)—K(t1,t2) is
the identity map. The left K ({1, t2)-module structure on N4 is the obvious
one. This finishes the proof of (a).

(b) By (ii) of the statement (a), there is a full, faithful, exact and K-
linear functor fin K (¢1,t2) ———— mod B. On the other hand, it follows
from (1.8) that the category fin K (t1,t2) is of strictly wild representation
type, that is, for any finite dimensional K-algebra A, there is a full, faithful,
exact and K-linear functor mod A —— fin K(¢1,t2). Consequently, for
any finite dimensional K-algebra A, there is a full, faithful, exact and K-
linear functor mod A — mod B. This shows that the algebra B is strictly
representation-wild. O

Following [577], we prove the following useful result.
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1.10. Proposition. Let A be a finite dimensional K -algebra.
(a) There exists a representation embedding functor
fin K<t1, t2> ——mod A
if and only if there exists a K(t1,t2)-A-bimodule g, 1,y Ma such
that the left K(t1,t2)-module 1, 1,y M is finitely generated free and
the functor
- ®K(t1,t2>MA : ﬁnK(tl,t2> ———modA
respects isomorphism classes and carries indecomposable modules to
indecomposable ones.
(b) There exists a full, faithful, and exact functor
fin K (t1,to) ——mod A,
that is K-linear, if and only if there exists a K(t1,t2)-A-bimodule
K (t1,t)Ma such that the left K(ty,t2)-module g, ,)M is finitely
generated free and the functor

— OK(t1,t2) My :fin K(t;,t3) ———— mod A

is full.

Proof. (a) The sufficiency is obvious, because we know from (1.5) that
the functor — ® g (4, ¢,y Ma : fin K (t1,ta) ———mod A is exact and faith-
ful if the left K (ty,t2)-module M is free.

To prove the necessity, we assume that there exists a representation em-
bedding functor fin K (t1,t2) — mod A. Let

K 0
B =
K?* K

be the enlarged Kronecker K-algebra of dimension 5. It follows from (1.2)
and (1.7) that there exists a representation embedding functor
mod B — fin K (t1,t2), and, hence, there exists a representation embedding
functor T : mod B — mod A.

By (1.6), there exists an B-A-bimodule gL and an isomorphism of
functors — ®p L4 = T such that the left B-module gL is finitely gen-
erated projective and the functor — ® g L4 : mod B— mod A is a repre-
sentation embedding. Further, by (1.9), there exists a K (t1, t2)-B-bimodule
K (t1,t-) N B such that the left K (t1,tz)-module g (4, 4,)V is finitely generated
free and the induced functor

— @K (t;,t,) NB : fin K (t1,to) ————mod B

is full. Consider the K (t,t2)-A-bimodule g, 1,y Ma = g4, 4,)N @ BLA.
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Because the left B-module gL is finitely generated projective and the
left K(ti,tz)-module g, 4, )N is finitely generated free then the left
K (t1,t2)-module g4, 1,y M is finitely generated projective. It follows that
the K (t1,tz)-module g, 4,y M is a finitely generated free module, because,
by a well-known result of P. M. Cohn, every submodule of a free left
K (t1,t3)-module is a free module (see [146]). This finishes the proof of (a),
because the functor — ®g (4, ¢,y Ma : fin K(t1,t2) ——mod A is a com-
position of two representation embedding functors and therefore respects
isomorphism classes and carries indecomposable modules to indecompos-
able ones. The proof of (b) is similar. O

Now we present a characterisation of representation-wild algebras.

1.11. Theorem. Let A be a finite dimensional K -algebra. The following
conditions are equivalent.

(a) The algebra A is representation-wild.

(b) There exists a representation embedding functor

mod [ /% 2] —— mod A.

(¢) There exists a representation embedding functor
fin K<t17 t2> —— mod A.
(d) There exists a K(ti,t2)-A-bimodule g, 1,yMa such that the left
K (t1,t2)-module g, 1,y M is finitely generated free and the functor
— ®K(t1,t2>MA : ﬁHK<t1,t2> —— mod A
respects the isomorphism classes and carries indecomposable mod-
ules to indecomposable ones.
(e) For every finitely generated K -algebra A there exists a representation
embedding functor fin A —— mod A.
(f) There exists a representation embedding functor
fin K[t1,t2] —— mod A.
(g) There exists a representation embedding functor
H :mod R——mod A,

where C' = K|t1,t2,t3]/(t1,t2,t3)? is a commutative local K -algebra
of dimension four.

Proof. It follows from the definition that (a) implies (b). By (1.9) and
(1.7), (b) implies (c) and (c) implies (e), respectively. The equivalence of the
statements (c) and (d) is a consequence of (1.10). Because the implications
(e)=(a), (e)=(f), (e)=(g) are obvious, then the statements (a)—(e) are
equivalent and it remains to prove the implications (g)=(c) and (f)=-(c).

(g)=(c) In Remark 1.13 and Example 1.17, we construct a faithful rep-
resentation embedding functor
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F:fin K(t;,ts) —— mod C’,
see also [104] and [202]. Hence, if H : mod C' — mod A is a representation
embedding functor, then the composite functor
HoF :fin K(t1,ts) —— mod A
is a representation embedding functor and (c) follows.
(f)=(c) Assume that there exists a representation embedding functor
T ﬁnK[tl, tg] —— mod A.

We construct a representation embedding

T// : ﬁnK(tl,t2> e ﬁnK[tl,tg]. (1.113)
Hence T" o T" : fin K (t1,t3) — fin A is a representation embedding and
(c) follows.

To construct the functor T”, we note that there is a K-algebra iso-
morphism K[tq,ta] = K(t1,t2)/(t1ta — tat1) and the algebra surjection
K({ty,t3) — K|[t1,t2] induces the embedding fin K[t1,t2] — fin K (t1,ts).
Moreover, we make the identifications

fin K (t1, t5) = repg (L) and fin K[t1, ] = repx (L, ) C repg (L),

where L3 is the two loop quiver

QO

and 7 is the two-sided ideal of KL =~ K (t1,t2) generated by the commu-
tativity relation a8 — Ga.
We construct a K-linear representation embedding endofunctor

R : Repy (L?®) ——— Repg (LP) (1.11b)
as follows. Let
X=(X; @arpp: X — X)

be an object in Repy (L(?)), where X is a K-vector space and ¢,, ps are
K-linear endomorphisms. We set

R(X) = (X4; @a»@ﬁ : X4 i X4)7
where 3, p5 : X* —— X* are K-linear endomorphisms of the vector
space X* defined by the matrices

0 0 0 0 0 0 0 0

o 0o o0 o0 Clix 0 0 o0
®a=11. 0 o o ™ ®=17 o o o
0 Pa Pp 0 0 Ix ¢a 0
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If f: X — Y is a morphism in Repy (L), we set R(f) = (f, ., f, f)-

It is clear that R is an exact additive faithful K-linear functor. A simple
calculation shows (as in the proof of (1.7)) that R is a representation embed-
ding (but is not full), see [147, p. 479]. Because the equality ®,-®g = P3-P,
yields the equality @, © g = P © Do, then the representation R(X) be-
longs to the subcategory Mod K[t,ts] = Repy (L, Z) C Repg(L?) of
Mod K (t1,t5) = Repg (IL®). Tt follows that R has a factorisation through
a representation embedding Rep g (L)) — Repy (L), Z) = Mod Kt1, to]
that restricts to a representation embedding

T" : fin K (t1, t5) = repg (L) ——— rep (LP), ) = fin K[ty t5].

This finishes the proof of the implication (f)=-(c) and of the theorem. O
We also have a strictly representation-wild version of (1.11).

1.12. Theorem. Let A be a finite dimensional K -algebra. The following
conditions are equivalent.

(a) The algebra A is strictly representation-wild.

(b) There exists a full faithful and exact functor

mod [Ilfa IO(] —— mod A.
(¢) There exists a full faithful and exact functor
fin K<t1, t2> ——mod A.
(d) There exists a K(ti,t2)-A-bimodule g, 1,yMa such that the left
K (tq,t2)-module g4, 1,y M is finitely generated free and the functor
— ®K(t1,t2>MA : fin f(<1§17 to) ———— mod 4
is full.
(e) For every finitely generated K-algebra A there exists a a full faithful
and exact functor fin A ———— mod A.

Proof. In view of (1.2) and (1.5), the proof of (1.11) modifies almost
verbatim. O

1.13. Remark. The reader might observe that, by (XVIIIL.4.1), a path
algebra A = KQ of an acyclic quiver @ is representation-wild if and only if
there exists a full, faithful, exact, K-linear functor

H :modC ——mod A,

where C' = K|[t1,t2]/(t1,t2)? is a commutative local K-algebra of dimension
three. This equivalence is somewhat surprising, because the local K-algebra
C' has rather simple structure of the module category and mod C is close
to the category of Kronecker modules studied in detail in Section XI.4,
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compare with (1.14) and the proof of the implication (a)=-(d) in (1.14). It
follows that the wildness of A = K@ is a consequence of the fact that the
functor H is full, faithful, exact, and the structure of mod C' described later
is a special one. To see this, we make the following observations.
e The radical J = rad C of the algebra C' is the unique maximal ideal
of C' and is isomorphic to K2, as a K-vector space,
e J? = 0, the quotient algebra C/J of C is isomorphic to the field
K, and the C//J-module structure on J coincides with the K-vector
space structure on K2, under the algebra isomorphism C/J = K.

e The matrix algebra C; = [Clé‘] C(} J} is hereditary and there is an

isomorphism
~ | K
=[]

of C; with the Kronecker algebra | /% 1.

e There is a K-linear equivalence of categories mod Cy = repg (Ks2),
where

Ko: 10 ﬁ# o2

is the Kronecker quiver.

e There exists a full K-linear reduction functor

F;: mod C ———mod C; X repg (K2)

that establishes a bijection between the isomorphism classes of the
indecomposable modules in mod C' and the isomorphism classes of
the indecomposable Kronecker modules in repg (K2) = mod C that
are not isomorphic to the simple injective Kronecker module
I(2) = (0=—=K), and hence

e the reduction functor F; : mod C ——mod Cy = repg (K2) estab-
lishes a representation equivalence between mod C' and the image
subcategory ImF; of mod C'y.

The reduction functor F; is defined by attaching to any module X in
mod C' the triple

Fs(X) = (X/vX”vsp)a
where X' = X/XJ, X" = XJ are viewed as right C//J-modules and
p: X’ QcyJg JC/J~———)X'C/V/J

is a homomorphism of C'/J-modules defined by the formula (T ®b) = x - b,
for the coset T =2+ XJ and b € J. The details can be found in [234], see
also [34, Section X.2].

It follows from the properties of the reduction functor F; that the classi-
fication of the indecomposable modules in mod C' is known and is very close
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to that for Kronecker modules established in Section XI.4. The Auslander—
Reiten quiver I'(mod C') of C'is obtained from the Auslander-Reiten quiver

T'(mod Cy) = P(Cy) U{TY "’ brer, (i) U Q(Cy)
of Cy = [ K 2] by keeping unchanged the Py (K')-family
T = {T" ber, )
of standard stable tubes and by making the identification of the simple pro-
jective Kronecker module P(1) = (K&——=0), that is the source vertex
of the postprojective component P(Cy) of C;, with the simple injective
Kronecker module I(2) = (0&——=K), that is the sink vertex of the prein-
jective component Q(Cy) of Cj.
Note that the functor F; admits a partial section

F$ : repx (K2) —— mod C
defined by attaching to any V = (V1€::1‘/'2) in repg (K2) the C-module
2

F$(V) = V41 & V5 with the action of the cosets t1,t2 € C on V; & Vs given
by the K-linear endomorphisms El = [hol 8] and Eg = [,?2 8] of Vi @ Vs.
The linear maps 711,712 V1 & Vo— V) @V, are defined by the formulae
(111,1}2) — (hl(vz),O) and (1}1,112) — (hz(Uz),O), for (”U1,112) S ‘/1 D VQ
It is easy to see that IF§ restricts to the exact representation embedding
of the full subcategory of repg(K2) whose objects are representations V
having no summand isomorphic to the simple injective representation I(2),
see [581, 1.8].

Similarly, for the commutative local algebra C" = K|[t1,t2,t3]/(t1, t2, t3)?
of (1.11)(g), we can construct a K-linear functor

F$ : repg (K3) —— mod C’

such that IF§ restricts to the exact representation embedding of the full
subcategory of repg (K3) whose objects are representations V having no
summand isomorphic to the simple injective representation I(2), where K3
is the enlarged Kronecker quiver 1 o E o 2, see also (1.17). Because
I(2) does not lie in the image of the representation embedding functor

R:fin K{t1,ts) — repr (K3)
constructed in the proof of (1.9) then the composite functor
FfoR:fin K(t;,ts) — mod C’
is a representation embedding and, in view of (1.8), the algebra
C' = K|t1,ta,t3]/(t1,t2,t3)? is representation-wild.

We recall from (1.2) that any strictly representation-wild algebra is
representation-wild. The following characterisation of wild concealed al-
gebras shows that the inverse implication holds for concealed algebras of
acyclic quivers.
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1.14. Theorem. Let B be a concealed algebra of type Q, where @ is
a finite, connected, and acyclic quiver that is not a Dynkin quiver. The
following conditions are equivalent.

(a) The algebra B is representation-wild.

(b) The algebra B s strictly representation-wild.

(¢) The Euler quadratic form qp : Ko(B) —— Z of B is indefinite.
(d) Q is a wild quiver.

Proof. Assume that
B =EndTy

is a tilted algebra of type @), where @ is a finite, connected, and acyclic
quiver that is not of Dynkin type, and T4 is a multiplicity-free postprojective
tilting module over the path algebra A = KQ of Q. Let n = |Qq| be the
number of vertices of Q.

It follows from (VI.4.5) and (VI.4.7) that there are abelian group isomor-

phisms

Ko(B) 272" = Ky(A)
and the Euler quadratic form ¢p : Ko(B) —— Z of B is Z-congruent with
the Euler quadratic form g4 : Ko(A) —— Z of A. Moreover, by (VII.4.1),
the quadratic form g4 coincides with the quadratic form ¢ : Z" ——Z
of Q. Then the equivalence of (¢) and (d) follows from (VIL.4.5).

The implication (b)=-(a) follows from (1.2).

(d)=(b) Assume that @ is a wild quiver, that is, @ is not a Dynkin
quiver nor a Euclidean quiver. Hence, by (XVIIL.5.5), for an arbitrary
algebra A of finite K-dimension, there exists a fully faithful exact functor
F : mod A ———— mod B. Then the algebra B is strictly representation-
wild and (b) follows.

(a)=(d) Assume, to the contrary, that the algebra B is representation-
wild and @ is not a wild quiver. Because @) is not a Dynkin quiver, then @
is a Euclidean quiver and B is a concealed algebra of the Euclidean type Q.
It follows from the structure theorem (XI1.3.4) that every component of the
Auslander-Reiten quiver I'(mod B) of B is generalised standard, that is,
rad®% (X, X) = 0, for every indecomposable B-module X in mod B, where
rad is the infinite radical of the category mod B.

Because the algebra B is representation-wild then, by (1.11), there ex-
ists a K (t1,t2)-B-bimodule g, +,yMp such that the left K(t;,ts)-module
K(t1,t2) M is finitely generated free and the functor

G=— ®K(t1,t2)MB : ﬁnK<t1,t2> ———s mod B

respects the isomorphism classes and carries indecomposable modules to
indecomposable ones. Then G is exact and faithful, by (1.5).
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Let
A = Kty ta]/(t1,t2)>.

We recall that A is a commutative local K-algebra of dimension three and,
by (1.7), there exists a fully faithful embedding H : mod A — fin K (t1, t2).
Hence, the functor

F=GoH:mod\ ——modB

is a faithful exact functor that respects the isomorphism classes and carries
indecomposable A-modules to indecomposable B-modules. Clearly, A is
isomorphic to the algebra given by the two loop quiver

O

bound by the relations a3 = 0, fa = 0, o2 = 0, and $% = 0. It follows
from (X.4.8) that the Auslander—Reiten quiver I'(mod A) of A admits a
homogeneous tube 7 with the mouth module E of the form

o1 (e ).

Denote by S = A/rad A the unique simple A-module, up to isomorphism.
The module S does not belong to the tube 7%, because dimgS = 1
and dimg E[m] = 2m, for any A-module E[m] lying on the unique ray
of T starting from E = E[1]. Note that S = F/rad E and S = socE.
Let v: F — S be a canonical surjection and w : S — E a canonical em-
bedding. Because S does not lie on the tube 73" then, according to (IV.5.1),
for each ¢ > 1, there exists a path of irreducible morphisms
E=U 50, 0,— ... —U_1—U,

between indecomposable modules in 7 and a non-isomorphism
gt : Uy — S such that g; - fy ... fo- f1 # 0. By applying the func-

tor F', we get the induced path

F 1 F 2 F t
F(E) = F(U) " ru)) "3 ruy) — ... — FU_) ™Y Py

of non-isomorphisms between indecomposable B-modules and a non-isomor-
phism F(g;) : F(U;) — F(S) such that

F(ge) - F(fe) .- F(f2) - F(f1)=F(gt- fr--..- fa- f1) #0,
because F' is faithful, respects isomorphism classes, and carries indecompos-
able A-modules to indecomposable B-modules. Moreover, for each ¢t > 1,

we have the induced non-zero homomorphism F(w) : F(S) — F(E) such
that

pr = F(w)-F(ge)-F(fe) .- F(f2) - F(f1) = F(w-ge- fi .- fa- 1) # 0.
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It follows that the right B-module X = F(FE) is indecomposable and
¢ € rad’y (X, X), for each t > 1. Hence, we get the contradiction

0 = rad¥ (X, X) =radB (X, X) #0,
for some m > 0, see (X.1.5). This finishes the proof of the implication
(a)=-(d) and completes the proof of the theorem. O

1.15. Corollary. Let QQ be a finite connected acyclic quiver with
n = |Qo| points and let qo : Z" —— Z be the quadratic form of Q.
The following four conditions are equivalent.

(a) The path algebra KQ is representation-wild.

(b) The path algebra KQ is strictly representation-wild.
(c) There exists a positive vector v € Z™ such that gg(v) < 0.
(d) Q is a wild quiver.

Proof. The equivalence of (a), (b), and (d) follows from (1.14).

(¢)=(d) If (c) holds then g is not positive semidefinite, and it follows
from (VIL4.5) that the underlying graph @ of @ is neither a Dynkin dia-
gram, nor @ is Euclidean. Thus @ is a wild quiver and (d) follows.

(d)=(c) Assume that @ is a wild quiver. By (XVIIL4.1), for any finite
dimensional K-algebra A, there exists a full, faithful, exact, K-linear functor
F : modA — mod K@ such that go(dim F(M)) < 0, for all non-zero
modules M in mod A. Hence, there exists a positive vector v € Z™ such
that go(v) < 0 and (c) follows. There is also a simple direct proof of the
implication (d)=-(c). O

In relation to the study of representation-wild algebras, except of the
notion of strictly wildness, there are various concepts that are close to wild-
ness. Here we only mention the following:

(i) controlled wildness (see [271] and [542]),

(ii) wildness mod p (see [5]),

(iii) Corner type Endo-Wildness (see [544] and [590]), and

(iv) endo-wildness (see [590] and [6]).
The reader is referred to [542], [544], [591], and [593] for a discussion of
these concepts.

The wildness for coalgebras is introduced in [588]-[589], and is discussed
in [316], [317], [592]-[599].

Following [590], an algebra A is defined to be endo-wild if any finite
dimensional K-algebra C' is of the form

C = Ends (M),
where M is a module in mod A. In other words, A is endo-wild if any finite

dimensional K-algebra C can be realised as the endomorphism algebra of
some finite dimensional A-module.
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Now we show that any strictly representation-wild algebra is endo-wild,
and that local algebras and commutative algebras are not strictly represen-
tation-wild.

1.16. Proposition. Assume that A is a strictly representation-wild K -
algebra.

(i) For each integer d > 1, there exists an indecomposable finite dimen-
stonal A-module N such that dimg N > d and End N =2 K.
(ii) The algebra A is endo-wild.
(iii) The algebra A is not local and is not commutative.

Proof. (i) Given an integer d > 1, we define a K (t;,t3)-module Uy of
dimension d to be the vector space K¢ equipped with the right K (ty,t2)-
module structure defined by the action of ¢; and t2 on Uy by the formulae
x-t; =x-J4(0) and x - t5 = x - J4(0)!, where x = [z1 ... 74) € K¢ and

0.. 00
Ja(0)= |1 | €My(Z)
0. 10
is the d x d Jordan block with the eigenvalue 0 and J4(0)! is the transpose
of Jd(O).

It is easy to see that the endomorphism algebra End Uy of the K (t1,t2)-
module Uy is isomorphic to K. Because the algebra A is assumed to
be strictly representation-wild then, according to (1.11), there exists a
K(t1,t2)-A-bimodule g, +,yMa such that the left K(t,t2)-module
K(t1,t) M is finitely generated free and the exact K-linear functor

T=— ®K<t17t2)MA : ﬁnK(tl,t2> — s modA
is full and faithful. It follows that there is an isomorphism
K= EndK(tl,t2> Uq =2 Ends T(Uy)

of K-algebras and dimx T (Uy) = dimgUy QK (t,,t)Ma = d -y > d, where
ras is the rank of the free left K (tq,ts)-module M.

(ii) Let C be an arbitrary algebra of finite K-dimension. Because the alge-
bra A is assumed to be strictly representation-wild then, according to (1.11),
there exists a fully faithful exact K-linear functor 7' : mod C'— mod A. The
right A-module M = T(C¢) is of finite K-dimension and the K-algebra ho-
momorphism C' = End Cc —— End 4 M, given by assigning to each endo-
morphism h : Co — C¢ of C the endomorphism T'(h) : M — M of right
A-modules, is an isomorphism of algebras. Hence, C' = EndaM and (ii)
follows.
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(iii) Because A is assumed to be strictly representation-wild then, accord-
ing to (i), there exists a non-simple indecomposable module X in mod A such
that Endg X = K. Then, to prove (iii), it is sufficient to show that if A is
a commutative algebra or a local algebra and X is an A-module in mod A
such that End4 X = K then dimxg X = 1 and X is simple.

Assume that A is commutative and let X be an A-module in mod A such
that End 4 X = K. Because the elements of A act on X as A-endomorphisms
then there is a K-algebra surjection

p: A— Fndy X 2K

such that L = Ker ¢ annihilates X. It follows that A/L = K and there is a
K-algebra isomorphism End4 X = End,,;, X = K and, hence, dimg X =1
and X is a simple module.

Finally, assume that A is a local algebra and let X be a module in mod A
such that End4 X = K. We prove by induction on the K-dimension of A
that X = A/rad A, where rad A is the Jacobson radical of A. Because
A is local and K is an algebraically closed field then rad A is the unique
maximal ideal of A, every simple A-module is isomorphic to A/rad A and
dimg (A/rad A) = 1.

If dimg A = 1 then there is nothing to prove. Assume that dimgA =
n > 2 and that the claim is proved for all algebras of K-dimension smaller
than n.

Let Z(A) be the centre of A and let m > 1 be the integer such that
rad™A # 0 and rad™ A = 0. We claim that rad™A C Z(A). By the
assumption that the field K is algebraically closed, each element a € A has
the form

a=A-14+ ai,

where A\ € K and a; € rad A. Because, for each element s € rad™A,
we have s-a; = 0 and a1 - s = 0, and then s- X = X\ -s. This shows
that rad™A C Z(A). Moreover, the ideal rad™A annihilates the A-module
X, because the elements of Z(A) act on X as A-endomorphisms and the
algebra End X = K has no non-zero nilpotent elements. Consequently,
X is a module over the quotient algebra A = A/rad™A. In view of
the assumption End X = K, the induction hypothesis implies that X is
simple when viewed as an A-module, that is, X = A/rad A. Because
rad A = rad A/rad™A, then

X = A/rad A= Ajrad A.
This finishes the proof. |

Now we present an example of a representation-wild algebra that is not
strictly representation-wild.
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1.17. Example. Consider the K-algebra
C' = Klt1,t2,t3]/(t1, 2, 13)°

of dimension four. Because the algebra C’ is commutative and local then
C’ is not strictly representation-wild, by (1.16).

Now we show that C’ is representation-wild by constructing a faithful
representation embedding

F:fin K(t;,ts) — mod C".

Given a right K (t1,t2)-module X, we define the C’-module F(X) to be the
K-vector space X @ X equipped with the right C’-module structure given
by the formulae

I'E:[MIQ]' [28}7 x~5:[z1xg]~ [28}7 13'5:[171%2]' [1(; 8},

where z = [z122] € X @ X, 11, fa, t3 are cosets in R of the elements
t1,ta,t3 € Klt1,to,t3], respectively. Given a homomorphism f: X —Y of
K (t1,ts)-modules, we set

F(f) = [gg} XoX ——YaY.

It is obvious that F' is an exact, faithful and K-linear functor. A rou-
tine matrix calculation shows that F' carries indecomposable modules to
indecomposable ones, and F(X) = F(X) implies X 2 Y, for any pair of
indecomposable K (t1,?2)-modules X and Y, see the proof of (1.7). This
means that F' is a representation embedding functor and, by (1.11), the
algebra R is representation-wild.

To see that F' carries indecomposable modules to indecomposable ones
we show, by applying the matrix calculation used in the proof of (1.7) that,
given an indecomposable module X in fin K(t1,t2), the algebra End F'(X)
has no non-trivial idempotents.

XIX.2. Indecomposable modules over
the polynomial algebra ki

In the next section various equivalent forms of the definition of a represen-
tation-tame K-algebra are given. Here we collect elementary facts on the
category fin K[t] of finite dimensional modules over the polynomial algebra
K[t] in one indeterminate ¢ with coefficients in the field K we need later.
Here we follow [575, Section 14.3].
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One of the main results of this section asserts that

e for every indecomposable module M in fin K|t], there exist almost
split sequences in fin K[t]:

0 M N M 0,
o the Auslander—Reiten quiver of fin K[t] has the form
P(fin K[f) = T,

where 7K = {T/\Km} rek 1s a K-family of standard stable rank
one tubes.

As usual, we assume that K is an algebraically closed field, and we denote
by

A 00
In(N) = |1 L] € Mp(K)
S

the canonical Jordan n x n matrix with the eigenvalue A € K.
Following the results of Chapter II, the modules over K[t] can be viewed
as K-linear representations of the one loop quiver

LM . 1o©ﬂ,

under the equivalence of categories fin K[t] 2 repx (L(1).

For any A € K and m > 1, we consider the K[t]-module

K3 = K[/t =)™
of dimension m and note that K{* can be viewed as the K-linear represen-
tation
KV = (K™, pg: K™ — K™)

of the loop L™, where K™ = K" and ¢g is the K-linear map correspond-
ing, via the isomorphism K™ = K*, to the K-linear map - : K" — KY'
given by the multiplication by t. It is clear that the matrix of the map
¢ in the basis of K", given by the cosets 1,t — A,..., (t — )\)'”_1 of the
elements 1,¢t — A,...,(t — /\)m_l, is just the canonical Jordan form J,,()).
Note that the module K" is simple if and only if m = 1.

For any m > 1 and X\ € K, consider the exact sequences in fin Kt]

0— K —" s )t K} —0,

0—K} Kyt T s K0,
where 7, is the natural epimorphism and wu,,(1) = t —X. We often de-
note m,, and u,, simply by 7 and u, respectively. Note that Ker m,, =

(t— )" t=K].
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2.1. Lemma. Given j > 1 and A € K, we set
(t =N =Kt (t-N) /K[ (-2

(a) The chain

O cE-—N"tcE-N"?cC---C(t—)\) K]

of K[t]-submodules of K is a unique composition series of K* and
there is an isomorphism (t — \)7/(t — A\)ITt 2 K} of K[t]-modules,
forj=0,1,... ,m.

(b) There exists a commutative diagram

t—xNm1tc t-N"2 c .- C (t-A <C Ky
ETCH %TU2 %Tam—l 1T
K/{ uy Ki Uz . K/T\n—l Um—1 KT?

where o01,...,0m—1 are isomorphisms of K[t]-modules and

(T Kf\HKiH is the canonical embedding, for j € {1,... ,m—1}.

Proof. (a) Let L C K" be a K|[t]-submodule of K}*. Because K[t] is a
principal ideal domain then L = (g), for some g € K|[t], where g is the coset
in the algebra KJt]/(t — A)™ represented by g. If ¢ — A does not divide g
then 1 = gh + r(t — \)™, for some h,r € K[t]. Hence g is invertible in the
algebra K[t]/(t — A\)™ and L = K{*. If t — X divides ¢ then g has the form
g =h(t —\)*, where s > 1 and h € KJt] is relatively prime to ¢ — A. Hence
we get L = (g) = (t — )%, and (a) follows.

(b) We define o; by setting o;(1) = [t — \]"™ /"', Then o; is surjective
and the dimension argument shows that it is bijective. The commutativity
of the diagram in (b) is obvious. O

2.2. Lemma. Letm >1, A€ K, and K{* = K[t]/(t — X\)™.
(a) There is an isomorphism End g (KY') = K[t]/(t —A\)™ of algebras.
(b) The algebra K[t]/(t — A)™ is local and the module K is indecom-
posable.
(c) Hompp (K3, Kyy) =0, for allm,n>1 and A # p in K.
(d) For any m,n >1 and X\ € K there are direct sum decompositions
e Hompy (K, KY) = Ku"™™ @ Ku" " lr g o Ky igm=1
if m <n,
o Homg (K, KY) = Ky lamlg Ky 2nm2@...@ Kam™",
if m > n,
° EndK[t]K;” =K. 1K§\” @K(Uﬂ') b @K(Uﬂ')m_l,
and the equality umr = wu holds.
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Proof. (a) Fix m > 1 and A € K. Because K} - (t — A)™ = 0 then the
K[t]-module K" is a module over the K-algebra K[t]/(t — X\)™ and there
is an isomorphism K{* 2 K[t]/(t — A\)™ of K[t]/(t — A)™-modules. Hence
there exist K-algebra isomorphisms

EndK[t]K;" = HomK[t] (K;\n, K;\n) = K[t]/(t - )\)m

(b) Note that the mth power of the ideal J,,, = (t — \) of K[t]/(t — \)™
generated by t — X is zero. Then (I.1.4) yields J,,, C rad K[t]/(t — A\)™. Be-
cause the quotient algebra [K[t]/(t—A)"]/Jy, of K[t]/(t—X)™ is isomorphic
with K then J,, is a maximal ideal and therefore J,,, = rad K[t]/(t — \)™
It follows from (1.4.6) that Kt]/(t — A\)™ is a local algebra and, by (1.4.8),
the K[t]-module K}" is indecomposable.

To prove (c¢) and (d), we note that umr = 7u and every homomorphism
[+ KY* — K} of K[t]-modules is uniquely determined by the element

f() e K.
If A # p, then (t—A)™ and (¢t — u)™ are relatively prime in K[t] and there
exist h,r € K[t] such that 1 =h-(t = N)™ +r- (t — p)™. It follows that

fO =fM) - 1=f@)-h-(t=N"=f(T-h-(t=X)") = f(0) =0.
Hence f = 0 and (c) follows. Now assume that m < n. Because Im f is a
K[t]-submodule of K} of length at most m, then (2.1)(a) yields

Im f C (t—A)""" = (t—X\)"""K}. Hence
FO) = anmlt = N & anms1[t — NPT B - @ an_ [t — N1,
where ap_m, ... ,a, € K are uniquely determined by f. Because
(D) = (=2,
for j=0,1,...n — 1, then
f(@) = (an—m lgp @ U1t " @ @ u (1)
and, hence,
f=tnm gy @ ap g™ "M @ B apqun

This shows the direct sum decomposition in (d), for m < n. The direct
sum decomposition, for m > n follows in a similar way. The remaining
statement of (d) follows immediately from the previous ones. O

Now we establish the existence of almost split sequences in the category
fin K[t].
2.3. Proposition. Let A € K and let finy K[t] be the full subcategory of
fin K[t] consisting of modules M such that M - (t — X\)* =0, for some s > 1.
(a) The exact sequences fin K|t]
0 K-> K} K} 0,
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"]

0—— K} Kpte Kyttt il gem
are almost split sequences in finyK[t] and in fin K[t].
(b) There exists an irreducible morphism K\* — K} in fin K[t] if and
onlyif \=pandn=m—1orm=n+1.
(c) The Auslander-Reiten quiver I'(fin,K[t]) of fin,K[t] has the form
Tp = ZA/(T) of a stable tube of rank one.

Proof. (a) Because of the equality um = mu, it is easy to check that the
homomorphisms u; and [ """ ] are injective, the homomorphisms m; and
[t—1 — 7] are surjective,

Imu; CKerm; and Im [ﬂ:;:] C Ker [um—1 — mm),

and the following equalities hold

e dimgIm u; = dimgKer my =1, and

e dimgIm [W;"fl} =m =2m —m = dimgKer [u,,—1 — 7],

for m > 1.

It follows that the sequences in (a) are exact. By (2.2), the module K" is
indecomposable, for any m > 1 and A € K. Then, by (IV.1.13), to show
that the sequences are almost split it is sufficient to prove that they are
right almost split, or equivalently, that any non-invertible homomorphism
[ K — K} of K[t]-modules has a factorisation through

[m—1 — 7] Ky '@ K ——— K,

in the notation of (2.3). But this follows immediately from (2.2)(c) and

(2.2)(d).
The statement (b) follows from (a) and (IV.1.10). Because (c) follows
from (b) the proposition is proved. O

We now summarise the preceding results as follows.
2.4. Theorem. In the notation introduced above, the category fin K|t]
of finite dimensional K[t]-modules has the following properties.

(a) The natural embeddings finy K[t] — fin K[t], with A € K, induce the
categorical coproduct decomposition
fin K[t] 2 ][, ¢ g fina K [t].
(b) For each A € K, the full subcategory ind (finyK[t]) of fin K[t] given

m

by the indecomposable modules KY*, with m > 1, in fin K[t] has the

form
uy U Um—1 Um,
1 2 m m—+1
Kle——— K3 s K7 K7
1 ™2 TTm —1 Tm

that is, every homomorphism in the category is a K-linear com-
bination of compositions of the homomorphisms uy,us,us, ... and
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1, T2, T3, ... Moreover, every K[t]-module KY is uniserial (that
is, has a unique composition series) and every K|[t]-submodule of
K7 is of the form Im (um—1 ---u;), where j > 1.

(¢) The categories fin K[t] and finyK[t] have almost split sequences.

(d) Foreach X € K, the Auslander—Reiten quiver I'(fin, K[t]) of fin, K[t]
is a standard stable tube 7'>\K[t] >~ ZA /(1) of rank one.

(e) The Auslander—Reiten quiver I'(fin K[t]) of fin K[t] has the form

M(inK[t)= | (K[ = |J 74V,

pneK neK

that is, the quiver T(fin K[t]) is a disjoint union of a K-family
TEE — {ﬂK[t]}AeK of standard stable tubes 7j\K[t] of rank one.

Proof. Apply (2.1), (2.2), and (2.3). O

2.5. Corollary. Let h # 0 be a polynomial h = At — \)%* - (t —
A )5, with 81, ... ySm > 1, M A1, ..., Am € K, A # 0, and let K|t]y, be the
localisation of K|[t] with respect to the multiplicative system {h’};en.

(a) There exists a categorical coproduct decomposition

fin(K[t]n) = 11 fin, K[t].
BE{A L, A }

(b) The Auslander—Reiten quiver T'(fin(K[t]n) is a disjoint union of the
standard stable tubes 7;LKM, with u & {\1,...,Am}, of the family
TKL

Proof. Apply (2.4), the arguments used in the proof of (2.3), and the
fact that the algebra Kt];, consists of all fractions of the form 5 € K(t),
where g has the form g = p(t — A\)“ -+ (t — Ap)¥™, with ug, ... ,upym >0
and p € K\ {0}. O

XIX.3. Tame representation type

Before we give a definition of tame representation type of a finite di-
mensional K-algebra A, we introduce some concepts and we present some
relevant results. We assume that K is an algebraically closed field.

Let R be an arbitrary K-algebra (not necessarily finite dimensional).
We denote by fin R the full subcategory of Mod R whose objects are the
modules of finite K-dimension, and by ind R the full subcategory of fin R
whose objects are the indecomposable modules. Finally, given an integer
d > 1, we denote by indgR the full subcategory of ind R whose objects are
the indecomposable modules M with dimg M = d.
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3.1. Definition. Let A be a finite dimensional K-algebra, m > 1 an
integer, Ry, ..., Ry, a finite set of K-algebras, and A a full subcategory of
mod A. Suppose that, for each j € {1,...,m}, B; is a full subcategory of
fin R; and we have a functor

N = (=) @p,N{ : Bj———Mod 4,

where g, N,(L;j) is an R;-A-bimodule.

(a) The category A C mod A is almost parametrised by the family
of functors Z\Af(l), e ,Kﬂm) if all but a finite number of the isomor-
phism classes of modules in A are isomorphic to modules of the form
NG(X), where j € {1,... ,m} and X is a module in B;.

(b) The category A C mod A is parametrised by the family of functors
N(l), e N if all modules in A are isomorphic to modules of the
form NU)(X), where j € {1,... ,m} and X is a module in B;.

The following proposition provides equivalent conditions that are basic
for the definition of tame representation type.

3.2. Proposition. Let A be a finite dimensional K-algebra and d > 1
an integer. The following conditions are equivalent.

(a) The category indgA is almost parametrised by a family of functors
]\Af(l)7 .. ,N(md) :indy K[t} ————mod A,
where
ND =) @ N, for je{1,... ,ma},

and KMN{E‘U, ... ,K[t]Ngm"’) are K[t]-A-bimodules that are finitely
generated and free left K|[t]-modules.
(b) The category indgA is parametrised by a family of functors
]/\7(1)7 .. ,N(m:l) :indy K[t} ————mod A,
where
NO = @xgNY, for je{l,...,my},

and K[t]Nx(axl)’ .. ,K[t]Ngmld) are K[t]-A-bimodules that are finitely
generated and free left K[t]-modules.
(c) The category ind A is parametrised by a finite family of functors

N = (=) @p,N{ : ind Rj————mod A, with j € {1,... ,n4},

where R; = Klt], is a localisation of K[t] and RjNX) are Rj-A-
bimodules that are finitely generated left Rj-modules, for all
J € {1, ,Tld}.
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(d) The category indgA is parametrised by a finite family of functors

N = (=) @g,N{ : ind Rj————mod A, with j € {1,... ,n}},
where R; = Klt]n, is a localisation of K[t] and RJNIE\J') are R;-A-
bimodules that are finitely generated and free left R;-modules, for

jed{l,...,n}}.
(e) The category indgA is parametrised by a finite family of functors

N = (=) @g,NY : ind; Rj———mod A, with j € {1,... ,ua},

where R; = Klt]n, is a localisation of K[t] and RJNI(L‘j) are R;-A-
bimodules that are finitely generated and free left R;-modules, for
je {1, ,ud},

(f) The category indgA is parametrised by a finite family of functors
NO) = (-) ®R_7.N1(4j) tindy Rj———mod A, with j € {1,... ,vq},
where, for each j € {1,... ,v4}, we have

o Rj = K or Rj = K|t], is a localisation of K][t],

* R, Ng) is an R;-A-bimodule, that is a finitely generated and left
free Rj-module, and

o the functor N = (-) ®RJ.N§{) :indy Rj—mod A is a repre-
sentation embedding.

Proof. The proof is given in [186] and in [575, Section 14.4], by applying
elementary algebraic geometry arguments. g

The following important concept of tame representation type of a finite
dimensional K-algebra is due to Drozd [201] and [202].

3.3. Definition. Let A be a finite dimensional K-algebra. Then A is
defined to be of tame representation type (or representation-tame,
or shortly tame) if, for any integer d > 1, the category indsA is almost
parametrised by a finite family of functors

N(1)7 . ,f\ﬂmd) :indy K [t}]————mod A,
where ]/\7(3'):(7) ®K[t]N1(4j), for j € {1,...,mq}, and K[t]N,(ql)v . ,K[t]NI(L‘md)
are K[t]-A-bimodules that are finitely generated and free left K[t]-modules.

The following tame-wild dichotomy result due to Drozd [202] is funda-
mental for the representation theory of finite dimensional algebras.

3.4. Theorem. FEvery finite dimensional algebra A over an algebraically
closed field K is representation-tame or representation-wild, and these two
types of algebras are mutually exclusive.
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The proof of the theorem is rather long. It involves representations of
a bimodule B over a category with a coalgebra structure (bocs) and some
reduction algorithms for bocses B. The reader is referred to [147] (see also
[151]) for a proof invoking the concept of a free triangular bocs B and a
reduction of the problem from the module categories mod A to the categories
rep(B, K) of K-linear representations of bocses B. For more elementary
proofs the reader is referred to [239] and [565, Section 3].

The tame-wild dichotomy for K-coalgebras is discussed in [588], [589],
[592], [596], [597], and an fc-version of it is established in [599].

Now we present (without proof) another fundamental result for the rep-
resentation theory of finite dimensional algebras due to Crawley-Boevey
[147].

3.5. Theorem. If A is a representation-tame algebra then, for each
integer d > 1, all but a finite number of indecomposable modules X in
mod A, with dimg X = d, lie on homogeneous tubes of the Auslander—Reiten
quiver I'(mod A) of A.

It follows from the Definition (3.3) that A is a representation-tame alge-
bra if, for each integer d > 1, the indecomposable modules in indgyA occur
in a finite number of discrete (finite) families and in a finite number of
one-parameter families.

The counting of the number of one-parameter families of indecomposable
A-modules of a fixed dimension d > 1 leads to the following hierarchy of
representation-tame algebras introduced by Skowronski in [606] and [610],
see also [446]-[448], [682]-[685].

3.6. Definition. Let A be a representation-tame K-algebra.

(a) Given an integer d > 1, we denote by pa(d) the minimal number
mgq > 0 of functors

N N - ind, K[t} ——mod A

of the form N = 6 ®xy Ng), for j € {1,... ,mq}, that almost
parametrise the category indgA, where K[t]NS), . ,K[t]NIE‘md) are
K[t]-A-bimodules that are finitely generated and free, when viewed
as left K[t]-modules.

(b) The tame algebra A is defined to be of finite growth if there exists
an integer m > 0 such that pa(d) < m, for each d > 1.

(¢) The tame algebra R is defined to be of linear growth if there exists
an integer m > 0 such that pa(d) < m-d, for all d > 1.

(d) The tame algebra R is defined to be of polynomial growth if there
exists an integer m > 1 such that pa(d) < d™, for all d > 1.
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It follows from Definition (3.3) that every representation-finite algebra A
is representation-tame and p4(d) = 0, for each d > 1.

Now we show that the Kronecker algebra is representation-tame, and
even one-parametric.

3.7. Example. Let
K 0
A=KQ =
=1 i

be the path algebra of the Kronecker quiver

Q: 10%02.

Consider the K[t]-A-bimodule M of the form
M: KlE==—=K][l]

Note that M, viewed as a left K[t]-module, is free of rank 2. Take an

indecomposable module X in ind K[¢]. Then X = K{* = K[t]/(t — A\)™, for

some m > 1 and A € K. A direct checking shows that the induced functor
M = (=) ® gigMa : ind K[| ——mod A

carries the module X to the indecomposable A-module M (X) of the form

10...0
013100
00...1

Exm]: (Km&T—————— K™)

A10...0
0AT110
000 i

000... A

in the notation of Section XI.4. Also, it is shown there that indgA admits
infinitely many isomorphism classes of modules if and only if d = 2m, for
some m > 1. Hence, it follows from (XI.4.5) and (XI.4.6) that, for any
fixed m > 1, the functor M defines an equivalence between the category
ind,,, K[t] and the category of regular A-modules of regular length m lying
in the standard stable tubes T, with A € K = P;(K) \ {oc}. Tt follows
that, for eac}l\integer d > 1, the category indyA is almost parametrised by
the functor M, and consequently, the Kronecker algebra A = [ Il((z IO(] is
representation-tame of linear growth, and even one-parametric, see also the
proof of (3.13) presented later.

One of the remarkable results on representation-finite algebras is the
following theorem that establishes the validity of the second Brauer-Thrall
conjecture, see Section IV.5.
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3.8. Theorem. An algebra A is representation-finite if and only if
na(d) =0, for each d > 1.

A proof of the theorem was announced by Nazarova and Roiter in 1973,
see [444] and [445]. For algebras over a field of characteristic different from 2,
the first complete proof of the second Brauer-Thrall conjecture has been
given only in 1985 by Bautista [41]. This was extended by Bongatz [91]
to any algebraically closed field of arbitrary characteristic. Moreover, some
modifications of the proof have been published by Fichbacher [229] and
Bretcher-Todorov [113]. All these proofs rely on the following result of
Bautista, Gabriel, Roiter, and Salmeron [43].

3.9. Theorem. FEvery representation-finite algebra admits a multiplica-
tive basis.

By a multiplicative basis of an algebra A we mean a K-vector space basis
of A such that the multiplication of any two basis vectors is either zero, or
is a vector of the given basis.

As a consequence of (3.9) we get that, for each d > 1, there is only a
finite number of the isomorphism classes of representation-finite K-algebras
A such that dimg A = d.

The following important class of representation-tame algebras was intro-
duced by Ringel [525].

3.10. Definition. Let A be a finite dimensional K-algebra.

(a) A is defined to be representation-domestic, (or shortly domes-
tic) if there exists a finite family of functors

N® . N . ind K[t} ———mod A,

such that KMN}&”, ... 7K[t]N,(4n) are K[t]-A-bimodules that are
finitely generated and free left K[t]-modules and, for any integer
d > 1, the category indyA is almost parametrised by the functors
NO . Nm.

(b) A representation-domestic algebra A is defined to be n-parametric,
if n > 0 is the minimal number of functors N, ..., N with the
properties listed in (a).

The following simple lemma shows that every representation-domestic
algebra is representation-tame and of finite growth.

3.11. Lemma. If A is an n-parametric algebra then A is of finite growth
and pa(d) <n, for alld > 1.

Proof. Let gjjMa be a K[t]-A-bimodule such that M viewed as a left
K[t]-module is finitely generated free, say of K[t]-rank r > 1. Let
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M = (=) ® gigMa : ind K[| ———mod A.

It is easy to see that, for any module K7* = K[t]/(t — A\)™ in ind K[t], with
m >1and A € K, we have

dim g M (K = dimg (K3 @ gepgMa) = m - 7.

Consider the polynomial K-algebras K[ts] and K[t,t2]. Given m > 1,
we view the vector space

M*® = Klt, ta] /(t — t2)™ @ g Ma

as a K[to]-A-bimodule. It is clear that M*® viewed as a left K[ts]-module is
finitely generated free of rank m - r and the induced functor

M* = (=) @ gy M3 : ind; K [to] ——mod A4,

carries any simple K[to]-module Sy = K|[to]/(t2 — A\), with A € K, to the
A-module - .
Me(Sx) = M(KY")
of dimension dimK]/W\(K;”) =m-r.
Now assume that A is a representation-domestic algebra and

NU),... ,ﬁ(”) :ind K[t}]————mod A,

is a finite family of functors such that KMNS), . ,K[t]Nf(ln) are K[t]-A-
bimodules that are finitely generated and free left K [t]-modules and, for any
integer d > 1, the category indgA is almost parametrised by the functors
z\7<1), e ,N(’L). By applying the first part of the proof to M = NU), for

j€{l,...,n}, we construct a new family of functors
— (1) = (n) .
Ne ... N* " :ind; K[ts]——mod A,

that parametrise the category indyA, for any d > 1. It follows that pa(d) <
n, for any d > 1. O

It was conjectured in [610] that the converse implication to that in (3.11)
also holds, that is, any algebra of finite growth is representation-domestic.
This was proved by Crawley-Boevey in [152], and together with (3.11) yields
the following fact.

3.12. Theorem. A K-algebra A is representation-domestic if and only
if A is of finite growth.

The question, raised in [610], whether or not all algebras of polynomial
growth are of linear growth, remains still an open problem.
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We may visualise the hierarchy of classes of representation-tame algebras
defined in (3.6) as follows

finite type

domestic type = finite growth

linear growth

polynomial growth

tame type

In the final part of this section we exhibit some classes of representation-
infinite tame algebras that illustrate the hierarchy visualised in the figure.

Now we show that concealed algebras of Euclidean type are one-para-
metric and, hence, representation-tame.

3.13. Proposition. Let B be a concealed algebra of Euclidean type.
Then there exists a K[t]-B-bimodule k1 Np such that
(i) N viewed as a left K[t]-module is finitely generated free,
(ii) the image of the functor M= (=) ® gy Np : ind K[t} ——mod B,
is contained in the subcategory R(B) of mod B of regular modules,
(iii) for each integer d > 1, the category indyB is almost parametrised by
the functor N.

In particular, the algebra B is one-parametric and, hence, representation-
tame.

Proof. Assume that B is a concealed algebra of Euclidean type. It
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follows from (XII1.3.1) that B is a tilted algebra of the form
B =~ End TA,

where T4 is a multiplicity-free postprojective tilting module over the path
algebra A = KA of a canonically oriented Euclidean quiver

A€ {A(Byg), 1 <p < g ADm),m >4, A(Eq), A(Er), AEs)}.

First, for the hereditary algebra A= KA, we construct a K[t]-A-bimodule
K[)Ma such that

(i") M viewed as a left K[t]-module is finitely generated free,
(ii") the image of the induced functor

—

M = (-) ® ggMa : ind K[t} ———mod A4,

is contained in the subcategory R(A) of mod A of regular modules,
and

(iii’) for each integer d > 1, the category indgzA is almost parametrised
by the functor M.

We do it by a case by case inspection of the five types of canonically
oriented Euclidean quivers. Assume that A = KA.

Case 1°. If A = A(Ap ), where 1 < p < g, then, for g Mga, we take
the Kt]-K A-bimodule given by the diagram, see (XI1.2.4),

| K — P K[t],\l
Kt] Kt]
) e
K] ¢ Kl t e K]

Case 2°. If A = A(]ﬁ)m), where m > 4, then, for g yMga, we take the
K|[t]-K A-bimodule given by the diagram, see (XI11.2.6)(d),

K[t] [11] 10 10 [@K[t]
i [67] K2 K[1]? M K[t]?
)At- 1] \
i [(1)] KIt].

Case 3°. If A = A(Eg) then, for k[gMrna, we take the K[t]-KA-
bimodule given by the diagram, see (XIII.2.12)(d),
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Kt)? K[t]
[‘f 8} 1]

Case 4°. If A = A(E;) then, for k[gMrna, we take the K[t]-KA-
bimodule given by the diagram, see (XII11.2.16)(d),

KIt)?
1t
11
2 3 041 3 2
K= KU K K e K o K4 K]
(4] [o 1} [010} [100} [1 0} [9]
00 001 010 01
_ Looo 001
Case 5°. If A = A(Eg) then, for gyMga, we take the K[t]-KA-
bimodule given by the diagram, see (XII1.2.20)(d),
K[t]?
J/[t- 10}
001
110
101
110
010
K[t)? — K[t]* Kt)® K[t]® Kt]* K[t ¢— K[t]*<—K]|t]
00 0000 10000 1000 100 10 1
[00} {0000] {01000] {0100] [010} [01} [0}
10 1000 00100 0010 001 00
01 0100 00010 0001 000
0010 00001 0000
0001 00000
It is clear that M, viewed as a left K[t]-module is finitely generated free,

and hence the condition (i) is satisfied. Further, it follows from (XIII1.2.4),
(XIII1.2.6), (XII1.2.12), (XIII.2.16), and (XIII.2.20) that, for any indecom-
posable K[t]-module K} = K[t|/(t—X)", withn > 1 and A € K, the image
of K} under the functor M : finK [t} —— mod A is an indecomposable
regular A-module, because there is an isomorphism

—

M(KY) = K[t]/(t = \)" @Ky Ma

of A-modules and the A-module K[t]/(t—A)"®x M, viewed as a represen-
tation of the quiver A, is obtained from the diagram defining the bimodule
M by interchanging K[t] with the vector space K™. It follows that the
A-defect 04(dim ]\//.T(Kf)) of the dimension vector dim J\/Z(Kf{) is zero and,
by (XI.2.3), the A-module M(KY) is regular. It is easy to see that, in the
notation of Section XIII.2,

(1) the regular A-module M (K%) belongs to the stable tube T;* of rank

one, with the mouth module FV, for A € K \ {0,1},
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(2) there is an isomorphism M(K?) = FV[n], if A € K \ {0,1}, and
hence

(3) M(K?Y) is a regular A-module of regular length n in the homoge-
neous tube T4, if A € K \ {0,1}.

The statement (1) implies (ii’). To prove (iii’), we note that, according
to (XII1.2.5), (XIIL.2.9), (XII1.2.15), (XI11.2.19), and (XIII.2.23), all inde-
composable modules in the homogeneous tubes 74, with A € K\ {0,1}, are
of the form FM[n], where n > 1, and the remaining stable tubes T4, 75,
and T;* of I'(mod A) are nonhomogeneous and contain only finitely many
modules of any fixed dimension d > 1.

Because the indecomposable postprojective A-modules and the indecom-
posable preinjective A-modules are uniquely determined by their dimension
vectors, by (IX.3.1), then, for each d > 1, all but a finite number of the
isomorphism classes of the modules in indjA are represented by the in-
decomposable regular modules lying in the homogeneous tubes TAA, with
A € K\ {0,1}. It follows that, for each d > 1, the category ind4A is
parametrised by the functor M , and (iii") follows.

By our assumption, B = End T4, where T4 is a multiplicity-free post-
projective tilting module over the path algebra A = KA of a canonically
oriented FEuclidean quiver A. We recall that the functor

Homx (T, —) : mod A——mod B
restricts to the equivalence of categories
G = Homu(T, —) : R(A)——R(B)

of regular modules. The functor G carries short exact sequences in R(A) to
the exact sequences in mod B, because the module T is postprojective and
(VIIL.2.13) implies that R(A) is a subcategory of

T(T) = {XA\Ext}Ll(T,X) = 0} = {X4|Homu(X,7T) =0},

that is, Ext! (T, X) = 0, for each regular A-module X 4. It then follows
that the composite functor

F =Homyu(T,—) o M: ind K [t}]——mod B,
is exact and, by (1.5), there is a functorial isomorphism F' = (—)® gy Np =
N , where g Np is a K[t]-B-bimodule that is finitely generated free, when
viewed as a left K[t]-module. Obviously, the image of F is contained in the

category
R(B) = add T?
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of regular B-modules and, by (VIIL.4.5), T,F = Hom4 (T, T) is a stable
tube of I'(mod B) and the rank of 7,2 equals the rank of T, for each
A € Pi(K). It follows that all indecomposable B-modules lying in the
homogeneous tubes T,Z of I'(mod B), with A € K \ {0,1}, are contained in
the image of the functor N : ind K[t}——mod B. This shows that, for
each d > 1, the category indyB is almost parametrised by the functor N ,
and the proposition follows. O

3.14. Theorem. If B is a representation-infinite tilted algebra of Fu-
clidean type then B is one-parametric, and hence representation-tame.

Proof. Assume that B is a representation-infinite tilted algebra of Eu-
clidean type @, where @ is a Euclidean quiver. It follows from the clas-
sification theorem (XVIL.5.1) that B is a domestic tubular extension or a
domestic tubular coextension of a concealed algebra C' of Euclidean type.
Moreover, the canonical surjective homomorphism of algebras B — C' in-
duces a fully faithful exact embedding mod C — mod B. It follows from
(XVIL.6.1) that, for each dimension d > 1, all but a finite number of mod-
ules in indyB lie in the subcategory indyC of indgB, up to isomorphism.
Therefore, it is sufficient to show that the concealed algebra C' of Euclidean
type is one-parametric. Hence, the theorem follows from (3.13). O

Now we give a characterisation of path algebras K@ of tame representa-
tion type.

3.15. Theorem. Let Q) be an acyclic, finite, and connected quiver, and
A = KQ the path algebra of Q. The following conditions are equivalent.
(a) The algebra A is representation-tame.
(b) The algebra A is representation-domestic, and at most one-para-
metric.
(¢) The algebra A is representation-finite, or there exists a K|t]-A-
bimodule k(Ma such that
(i) M viewed as a left K[t]-module is finitely generated free,
(i) the image of the functor

—

M = (=) ® ggMa : ind K[t} ——mod A,

is contained in the subcategory R(A) of mod A of regular
modules,
(iii) for each integer d > 1, the category indgA is almost para-
metrised by the functor M.
(d) The Euler quadratic form qa : Ko(A) —Z of A is positive semi-
definite.
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(e) The underlying graph Q of Q is any of the Dynkin diagrams A,,, D,,,
E¢, E7, Eg or any of the Fuclidean diagrams &m, ]ﬁ)m, ]Eg, IE7, IES.

(f) The algebra A is not endo-wild.

(g) The algebra A is not representation-wild.

Proof. The implications (c)=-(b)=-(a) are obvious, the equivalence
(d)<(e) follows from (VII.4.5), and the implication (f)=-(g) is a consequence
of (1.14) and (1.16). We recall from (1.14) that A = K@ is representation-
wild if and only if @ is a wild quiver. Hence, the equivalence (g)<(e)
follows.

(e)=(c) If the graph Q is any of the Dynkin diagrams A,,, D,,, Eg, E7,
Eg then A is representation-finite, by Gabriel’s theorem (VII.5.10), and (c)
follows. L
N Agsume that the graph Q is any of the Euclidean diagrams A,,, D,,, Eg,
E7, Es. Then (3.13) applies and (c) follows.

(e)=>(f) It follows from (VIL.5.14) that if Q is a Dynkin graph then any
indecomposable A-module X 4 is a brick, that is, End X4 & K. Assume
that @ is a Euclidean diagram. It follows from (XII1.2.1) and (XI.1.4) that
any indecomposable A-module X4 in mod A is either postprojective with
End X4 = K, or preinjective with End X4 = K, or regular. If X 4 is regular
it lies in a standard stable tube and, by (X.2.7), End X 4 is isomorphic to the
algebra K[t]/(t™), for some m > 1. It follows that, given an indecomposable
A-module X 4 in mod A, the local algebra End X 4 is isomorphic to the field
K, or to the algebra K[t]/(t™), for any m > 2.

Assume, to the contrary, that A is endo-wild. Then the local algebra
C = k[t1,t2]/(t1,t2)? is isomorphic to the endomorphism algebra End X 4
of some module X4 in mod A. Because C' & End X4 is local then the
module X4 is indecomposable, and we get a contradiction, because the
algebra C' is obviously not isomorphic to the algebra K|[t]/(t™), for some
m > 1. Hence the implication (e)=(f) follows.

To finish the proof, it remains to show that (a) implies (e). Assume that
the algebra A is representation-tame. By the tame-wild dichotomy (3.4), A
is representation-wild and (e) follows form (1.14). Instead of applying (3.4),
we can conclude from the dimension arguments in [457] (see also [575, pp.
317-321]) that ga = q¢ is positive semidefinite, if A = K@ is tame. Hence
(e) easily follows. O

3.16. Remarks. (a) It follows from (1.15) and (3.15) that, for the path
algebras A = K@ of acyclic and finite quivers @, the wildness, strictly
wildness, and the endo-wildness coincide.

(b) Assume that A = K@ is the path algebra of a Euclidean quiver Q.
We know from (3.15) that A is representation-tame and one-parametric.
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For the convenience of the reader, we give an outline of the proof involving
only reflection functors and we show that the proof is a constructive one.
First we prove the result in case @ = A is any of the canonically oriented
Euclidean quivers A(A,,),1 < p < g, A(D,,),m > 4, A(Eg), A(E7), and
A(Eg) by constructing a bimodule g Mgk such that the image of the
functor .
M=(-)® K[t}MKA :ind K[t} ——mod KA,

is contained in the category R(KA) of regular A-modules and, for each
dimension d > 1, the category indg KA of indecomposable K A-modules of
the dimension d is almost parametrised by the functor M. Here we apply
the simple construction given in the proof of (3.13).

Now, assume that A = K@ and @ is an arbitrary acyclic Euclidean
quiver. It was shown in (VIL5.2) and (VIIL.1.8) that @ can be obtained
from the canonically oriented quiver A, with A = @, by a finite number
of reflections and the categories of modules are connected by a sequence of
reflection functors

S+ St S+
ay ag ag
modA ————— modA4) —— ...... —— mod KA.
S, - S
ayl a2 as

By applying (VII.5.3) and (VIL.5.6), one shows that the functors restrict to
equivalence of categories

St ST St
R(A) 71> R(A1) % ...... —i> R(KA)

between the categories of regular modules such that the composite equiv-
alence S : R(A) —— R(KA) is an exact functor. It follows that the
composite functor _ .

ind K [t]—2 5 R(KA)—>—R(A) = mod A

is of the form N = (=) ® kg Na, where k1N, is a K[t]-A-bimodule such
that N viewed as a left K[t]-module is finitely generated free. It follows
that, for each dimension d > 1, the category indyA of indecomposable A-
modules of the dimension d is almost parametrised by the functor N , see
the proof of (3.13). In fact, the bimodule N is obtained from M by applying
reflection functors.

For the convenience of the reader we state without proof the following
general result on the representation type of tilted algebras, proved by Kerner
in [343].

3.17. Theorem. Let QQ be an acyclic, finite, and connected quiver, and
B a tilted algebra of the type Q. The following conditions are equivalent.

(a) The tilted algebra B is representation-tame.

(b) The tilted algebra B is representation-domestic.
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(¢) The Euler quadratic form qp : Ko(B) —7Z of B is weakly non-
negative.

(d) The category mod B is controlled by the Euler quadratic form
4B Ko(B) — 7.

(e) The tilted algebra B is not representation-wild.

(f) The tilted algebra B is not strictly representation-wild.

The following example shows that, for any r > 2, there exists an r-
parametric representation-domestic tilted algebra B.

3.18. Example. Let r > 2 be an integer and let B(") be the path algebra
of the quiver

A Br—1
2r—5 O
Q2
Yr—2
o?o (2r—4)’
2r—4 r—2
Br—2
2r—3 O
(e

2r-20 §$————o0 (2r-2)

bound by the zero relations v;a; = 0, oja; = 0, v;8; = 0, and 0;8; = 0,
for j € {1,... ,7 — 1}. We note that for r = 2, the algebra B® is that one
considered in (XVIIL5.8).

Denote by H(") the path algebra of the full subquiver Q") of A(") given
by the vertices 1,2,3,4,...,2r — 3,2r — 2.

It is clear that H (") is a concealed algebra of the Euclidean type
A(Ay_1,-1), because r — 1 is the number of counterclockwise oriented ar-
rows, as well as the number of clockwise oriented arrows of Q™). Further,
for each j € {1,...,r — 1}, denote by AU) the Kronecker algebra given by
the arrows «; and o;.
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A simple checking shows that every indecomposable B(")-module is either
an indecomposable H(")-module or is an indecomposable A()-module, for
some j € {1,...,r —1}. The Auslander Reiten quiver I'(mod B(") is of
the form

P(mod BO) = PO UTH” U ¢ U(U T U (U QW)
where =1 =1

e P(H) is the unique postprojective component of T'(mod H (")),

o TH = {7;\H("') }aep, (k) is the Py (K)-family of pairwise orthogonal
standard stable tubes of T'(mod H()), with the tubes To’;’(") and

TH™ of rank r, and the homogeneous tubes T3, for A € K \ {0},
e foreach j € {1,... ,r—1},

) )
T4 :{7'{1 }Aewl(K)

is the Py (K)-family of pairwise orthogonal standard homogeneous
tubes of T'(mod HY)),

e for each j € {1,...,r — 1}, Q(AY)) is the unique preinjective com-
ponent of T'(mod AY)), and

e C is the glueing of the unique preinjective component Q(H (")) of
I'(mod H(")) with the postprojective components

PAD), P(AD), ... PAr—D)
of the quivers
'(mod AM), T'(mod A®), ... , T(mod AT~Y),
respectively, by the identification S(27) g = S(25) = S(2)) a0 of
the simple injective H")-module S(2j) - with the simple projec-

tive AU)-module S(25) o), for any j € {1,...,r — 1}. For r = 4,
the component C looks as follows

—  72I(1) ———— TI(1) ———— I(1) P@)) ———— 771P@) ——
SN SN SN 2 N 2 N
cee ———— 728(2) ———— 75(12) ———— S(2) ———— 7715(12) ————
N\ / N~ SN S
— 72I(8) ———— 7I(3) ———— I(3) P@A) ———— 77lP@4)) ——
SN SN SN 2 N 2 N
cee ———— 728(4) ———— 7SM4) ———— S(4) ———— T71514) ————
N\ / N SN S
—  72I(5) ———— TI(5) ———— I(5) P@®') ———— 77'P®') ——
0N N N 2 N 2 N
cv ———— 725(6) ———— 78(6) ———— S(6) ———— 7715(6) ————
¢ S NS N S
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Observe that the modules
I1(1),5(2), P(2),1(3),S(4),P(4),...... ,1(2r-3),5(2r-2), P((2r-2)")

form a faithful section ¥ of C isomorphic to (A"=1)°P. Tt is easy to check
that, for any pair of modules U and V lying on the section X, we have
Hom g (U, T5» V) = 0. Hence, by the criterion (VIIL5.6), B(") = End T(")
is a tilted algebra of the wild type A and C is the connecting component
Crm, for a tilting module T(") over the path algebra KA. On the other
hand, the algebra B(") is r-parametric, because the hereditary algebras
HO AW AT=1 are one-parametric, by (3.12).

In the representation theory of tame algebras an important role is played
by the class of tubular algebras, introduced by Ringel in [525].

3.19. Definition. Let C' be a concealed algebra of Euclidean type and
let

B = C[Ela‘c(l)aEQv‘c(z)’ R Esvﬁ(S)]

be a tubular (branch) extension of C' in the sense of (XV.4.1). The algebra
B is defined to be a tubular algebra if the tubular type r? = 78 is one
of the following four types (3,3,3), (2,4,4), (2,3,6), and (2,2,2,2).

Examples of tubular algebras are
e the canonical tubular algebras ((3, 3, 3), ((2,4,4), andC(2, 3, 6)
of tubular types (3,3,3), (2,4,4), and (2,3,6), as defined in
(XIL.1.2), and
e for each A € K\ {0}, the canonical tubular algebra C(2,2,2,2, A) of
the tubular type (2,2,2,2) given by the quiver
(e)
(e} 2
B1 o0
A(2,2,2,2): ©
T
o1 T2
O

N

bound by the relations asay + G261 + v2v1 = 0 and asay + G201 +
)\0'20'1 =0.
It is easy to check that (p,q,r) is a triple of integers such that r > ¢ >
p > 2 and zl? + % + % = 1 if and only if it is one of the following triples
(3,3,3), (2,4,4), and (2, 3,6).
For the convenience of the reader, we state without proof the following
theorem of Ringel [525] that collects the basic properties of the tubular
algebras.
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3.20. Theorem. Let B be a tubular algebra and let r® = 7B be its
tubular type.

(a)

The algebra B°P is a tubular algebra and its tubular type coincides

with the tubular type r® =78 of B.

The algebra B is representation-tame, non-domestic, and of linear

growth.

The Euler quadratic form qp : Ko(B) — Z of the algebra B is pos-

itive semidefinite of corank 2.

The category mod B is controlled by the FEuler quadratic form
B Ko(B) — 7.

The Auslander—Reiten quiver T'(mod B(")) is of the form

I'(modB)=PB)UTY U( U THHuTL uaB),

q€eQt
where Q1 is the set of all positive rational numbers and

e P(B) is the unique postprojective component of I'(mod B),
e Q(B) is the unique preinjective component of I'(mod B),
o« TH = {7-07BA})\6]P>1(K) is a P1(K)-family of pairwise orthogonal stan-

dard ray tubes of tubular type B, containing at least one indecom-
posable projective B-module,
TE = {72 \}rep, (k) is aP1(K)-family of pairwise orthogonal stan-
dard coray tubes of tubular type rB, containing at least one indecom-
posable injective B-module,
for each g € Qt, 'TqB = {7;?/\})\@1(1() is a Py (K)-family of pairwise
orthogonal standard stable tubes of tubular type rP
for each q € QT U {0,00}, the P1(K)-family TB = {7 )\}/\e]pl (K)
separates P(B) U (U Tf) from (U ’Tf U Q(B)),

p<q p>q

e gldim B = 2,
e pd X <1, for any indecomposable module X in

PBIUT U T
qeQt
idY <1, for any indecomposable module Y in

(U THuTEUuam).

qeQt

We note that the class of algebras B°P opposite to the tubular algebras B
coincides with the class of tubular (branch) coextensions

(B, LY By, £P ... B, L®]C

of concealed algebras C' of Euclidean type. The tubular type of any such
an algebra is one of the types (3,3,3), (2,4,4), (2,3,6), and (2,2,2,2).
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3.21. Example. Let A,, = K]lt1,t2]/(t1t2,t7,t5), with n > 3, be the
algebra studied by Gelfand and Ponomariev in [259]. For each n > 3, the
algebra A, is representation-tame, and is not of polynomial growth, see
[187], [603], and [606].

We recall that, by Higman's theorem (V.5.6), if G is a finite group and
K is an algebraically closed field of characteristic p > 0 dividing the order
of the group G then the group algebra KG is representation-finite if and
only if the Sylow p-subgroups of G are cyclic.

The following theorem, proved by Bondarenko and Drozd in [86], classifies
the representation-infinite group algebras K'G of tame representation type.

3.22. Theorem. Let G be a finite group and let K be an algebraically
closed field of characteristic p > 0 dividing the order of G. The group K-
algebra KG of G is representation-infinite of tame representation type if
and only if p =2 and any Sylow 2-subgroup of G is of one of the groups

(i) The dihedral group

D, = (g,h|g* =h*" =1,hgh=g), m>1,
(ii) The semidihedral group
Sm=1{(g,h|g>=h*" =1,hg= ghTﬂfl_l), m > 3,
(iii) The quaternion group

m—1
Qn=(g.h|g*?=0" ", g*=1, hgh=g), m>2.

As a consequence of Theorem (3.22) one gets the following characteri-
sation of group algebras of polynomial growth, see Skowroriski [606] for a
proof.

3.23. Corollary. Let G be a finite group and let K be an algebraically
closed field of characteristic p > 0 dividing the order of G. Let KG be the
group algebra of G. The following three condition are equivalent.

(a) The algebra KG is representation-infinite tame of polynomial growth.

(b) The algebra KG is representation-infinite and representation-

domestic.
(¢) p = 2 and any Sylow 2-subgroup of G is the Klein group Do =
Zg X ZQ.

We end this section with relevant information on the classification of the
indecomposable representations of D,,, S;., Qm, and modules over related
group algebras.

(i) The reader is referred to Ringel [511] for a classification of the inde-
composable finite dimensional K'D,,-modules, in case (3.22)(i) with
p = 2, see also Bondarenko [84].
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For a classification of the indecomposable finite dimensional K'S,,,-
modules, in the case (3.22)(ii) with p = 2, we refer to Crawley-
Boevey [148]-[150], see also Erdmann [211], and Brenner [103].
The classification of the indecomposable finite dimensional KQ,,,-
modules in the case (3.22)(iii) remains an open problem.

For the classification of related representation-tame algebras of the
dihedral, semidihedral, and quaternion type, the reader is referred to
Erdmann [211], Erdmann—Skowronski [219], [220], and Holm [295].
Representation-finite group algebras AG of finite groups G with
coefficients in an arbitrary algebra A are completely described by
Meltzer—Skowroniski [438], see also Dowbor—Simson [183] for a spe-
cial case when A is a local algebra. Representation-infinite group al-
gebras AG of tame representation type are described by Skowroniski
[606] and Leszczyniski-Skowronski [410].

Finite dimensional cocommutative Hopf algebras H of finite rep-
resentation type are completely described by Farnsteiner [222] and
Farnsteiner—Voigt [227], and the representation-infinite cocommuta-
tive Hopf algebras of tame representation type in odd characteris-
tic are completely described by Farnsteiner—Skowroniski [224], [225],
[226], and Farnsteiner—Voigt [228].

For a complete description of finite dimensional representation-tame
Hecke algebras of classical type the reader is referred to Ariki [4] and
Erdmann-Nakano [218].

XIX.4. Exercises

1. Assume that A and A’ are arbitrary (not necessarily finite dimensional)
K-algebras and let A be an additive full exact subcategory of mod A that is
closed under direct summands. Prove that any representation equivalence
T : A—mod A’ respects the isomorphism classes and carries indecompos-
able modules to indecomposable ones.

2. Let A be a finite dimensional K-algebra and e € A an idempotent.
Consider the K-algebra B = eAe = End eA and let

Te, Lo :mod B ——— mod A

be the K-linear covariant functors defined by the formulae T.(—) = —®peA
and L.(—) = Homp(A4e, —).

(a)

(b)

Show that the functors T, and L. are full, faithful, carry indecom-
posable modules to indecomposable ones and respect the isomor-
phism classes.

Give examples of algebras A and idempotents e such that the functor
T. is not a representation embedding (L. is not a representation
embedding).
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3. (a) Show that the path K-algebra of the wild quiver

2
1
A 1— 6+« 3
SN
5 4
KO0O0OOK
KO0OO0K
is isomorphic to the algebra A = K IO( 8 ﬁ
O "xx
K

(b) Show that there is a functorial isomorphism mod A = repg (A).
(c) Let L&) be the two loops quiver

Consider the functor G : Repg (L) — Repg(A) defined by attaching
to any representation X = (X, pq,,Pa,) of L® the representation of A
given by the diagram

AN

u N u2

X

where d(z) = (z,2),u1(z) = (2,0),u2(z) = (0,z), for z € X. Given a
morphism f: X — Y in Repyc(L®)), we put G(f) = (f,f. £, 1. f.f & ).

(i) Show that the functor G is exact, full, faithful and commutes with
arbitrary direct sums.

(i) Let G’ : rep(L®)—srepx(A) be the restriction of G to repx(LL(?).
Prove that the functor fin K (t;,t5) = repg (IL(?)) i>repK(A) =
mod A is a representation embedding and there is an isomorphism
of functors G' = — @4, 1,) Ma, where gy, 1,y Ma is a K(t1,t2)-
A-bimodule such that the left K (t1,%2)-module g, 4, M is finitely
generated free of rank 7.

(i) Conclude that the algebra A is strictly representation-wild.

G(X):

>

~—

4. Let A = K@ be the path algebra of the four subspace quiver

o N\L/

and let M be a K[t]-A-bimodule



358 CHAPTER XIX. TAME AND WILD REPRESENTATION TYPE

KU Kl K K1
e 0

(i) Prove that the algebra A is one-parametric, by showing that the bi-
module M satisfies the conditions (i), (ii), and (iii) listed in Propo-
sition (3.13).

Hint: Apply (XIII.3) and consult the proof of (3.13).

(ii) By applying the reflection functor technique explained in Remark
(3.16)(b), find a K[t]-KQ'-bimodule M’ satisfying the conditions
(i), (ii), and (iii) listed in (3.13), for any quiver @’ obtained from
the four subspace quiver ) by at most four element sequence of
reflections.

5. Assume that B is a tubular algebra and use the notation of (3.20). By
applying (3.20)(e), prove that
(i) gl.dim B = 2,
(ii) pd X <1, for any indecomposable module X in
PB)UTs u( U Ty)
qeQ+
(iii) idY < 1, for any indecomposable module Y in
(U 7THuTuam).
qeQt
6. Let C be any of the canonical tubular algebras C(3,3,3), C(2,4,4),
C(2,3,6), or C(2,2,2,2, ), see (3.19) and Section XII.1.
(a) Determine the Euler quadratic form g¢ : Ko(C) —Z of C.
(b) Prove that q¢ : Ko(C') — Z is semidefinite of corank 2.
(¢) Prove that the radical radgc of g¢ is generated by two positive
vectors of the Grothendieck group Ky (C) of C.

7. Let B be a tubular algebra and C' the canonical tubular algebra with
r¢ =rB,

(a) Prove that I'(mod C) admits a Py (K)-family T¢ = {71?;\}/\6]1371([{) of
pairwise orthogonal standard stable tubes of tubular type 7€ such
that the mouth modules of each of the tubes 7'1(’3\ have dimension
vectors with coordinates in the set {0,1}.

Hint: Consult Section XII.2.

(b) Prove that there exists a multiplicity-free tilting C-module T in

the category add (P(C)UTEH U U TqB) such that B & End Tc.
q€Q*
Hint: Consult the proof of (X.4.2).



Chapter XX

Perspectives

The aim of this chapter is to present (without proofs) some old and new
results of the representation theory of finite dimensional algebras, related to
the material presented in the book. This, together with the long list of com-
plementary references included in the bibliography, gives good perspectives
for further study and interesting research directions.

In Section 1, results on the shape of the connected components of the
Auslander—Reiten quiver I'(mod A) of an algebra A are presented. In par-
ticular, the possible shapes and the structure of generalised standard com-
ponents of I'(mod A) are discussed.

In Section 2, the Tits quadratic form g4 : Ko(A) —Z of an algebra A,
with the ordinary quiver acyclic, is defined. A geometric nature and an im-
portance of the Tits form g4 for the representation theory of representation-
tame simply connected algebras is shown. Several characterisations of rep-
resentation-tame simply connected algebras of polynomial growth are pre-
sented.

In Section 3, we briefly present some results on tilted algebras of wild
type, that are complementary to the results of Chapter XVIII. We also
outline the representation theory of quasitilted algebras, that is, the algebras
of the form Endy (T), where T is a tilting object of a hereditary abelian K-
category H.

Section 4 is devoted to the representation theory of algebras of small
homological dimensions and their characterisations. In particular, we in-
vestigate the classes of double tilted algebras and generalised double tilted
algebras.

In Section 5, we discuss the importance of the tilted algebras and qua-
sitilted algebras for the representation theory of self-injective (Frobenius)
algebras. We show that the class of basic, connected, self-injective alge-
bras A of polynomial growth, with dimgx A > 2, coincides with the class of
the socle deformations of the orbit algebras of the repetitive categories of
the tilted algebras of Dynkin or Euclidean type, and the tubular algebras.
The structure and the main properties of self-injective algebras A, having a
generalised standard component in I'(mod A), are also discussed.

In the final Section 6, we indicate some of the important research direc-
tions of the modern representation theory of finite dimensional algebras.

359
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XX.1. Components of the Auslander—Reiten
quiver of an algebra

The aim of this section is to present some results on the shape and the
structure of components of the Auslander—Reiten quiver I'(mod A) of an
algebra A.

1.1. Definition. Let A be an algebra and C a component of the quiver
I'(mod A).
(a) The component C is defined to be regular if C contains neither a
projective module nor an injective module.
(b) The component C is defined to be semiregular if C does not contain
both a projective and an injective module.

The possible shapes of regular components of an Auslander—Reiten quiver
describe the following theorem, proved independently by Liu [414] and
Zhang [689].

1.2. Theorem. Let A be an algebra and C be a regular component of
I'(mod A).
(a) C contains an oriented cycle if and only if C is a stable tube.
(b) C is acyclic if and only if C is of the form ZA, for some locally finite
acyclic quiver A. O

One should remark that the part (a) of (1.2) implies that a regular com-
ponent C of the Auslander—Reiten quiver I'(mod A) of A is a stable tube if
and only if C contains a 74-periodic module (a theorem by Happel-Preiser—
Ringel in [281]).

The possible shapes of the semiregular components of an Auslander—
Reiten quiver describe the following theorems, proved by Liu in [414] and
[415].

1.3. Theorem. Let A be an algebra and C be a component of T'(mod A)
without injective modules.

(a) C contains an oriented cycle if and only if C is a ray tube.

(b) C is acyclic if and only if there exists a locally finite acyclic quiver
A such that C is isomorphic to a full translation subquiver of ZA
that is closed under TZI-Shifts. O

1.4. Theorem. Let A be an algebra and C be a component of T'(mod A)
without projective modules.

(a) C contains an oriented cycle if and only if C is a coray tube.
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(b) C is acyclic if and only if there exists a locally finite acyclic quiver
A such that C is isomorphic to a full translation subquiver of ZA
which is closed under Ta-shifts. O

It follows from Chapters XII and XVII that an arbitrary stable tube, ray
tube and coray tube occurs as a component of the Auslander—Reiten quiver
I'(mod B) of a representation-infinite tilted algebra B of a Euclidean type
&m or ﬁ)m. On the other hand, it is not clear which acyclic quivers ZA
occur as regular components of an Auslander—Reiten quiver I'(mod A).

It is expected that, for any representation-tame algebra A, each acyclic
regular component of I'(mod A) is of one of the forms ZAZ and ZD,, where

A : ) o ve. ——O0— ..,

Dy : o o o ... —o0—»

a

)
By [211], [219], and [673], this is the case, when A = KG is a represen-
tation-tame group algebra of a finite group G. We should also mention the
following two facts

e a theorem of Webb [673] asserting that, given an arbitrary finite
group G, any acyclic regular component of T'(mod A) is of one of
the forms ZA,, ZAZ, or ZDs,, and

e a theorem of Erdmann [212] asserting that, if G is a finite group such
that the group algebra K G is representation-wild then I'(mod A)
contains components of type ZA .

The following theorem is proved by Ringel [527], see also (XVIIL5.17).

1.5. Theorem. Let A be a connected, finite, acyclic quiver with at least
three vertices. The translation quiver ZA occurs as a regular component of
an Auslander—Reiten quiver T'(mod A) if and only if A is neither a Dynkin
nor a Buclidean quiver. O

The following theorem, proved by Crawley—Boevey and Ringel [162],
shows that there exist large acyclic regular components of the Auslander—
Reiten quivers.

1.6. Theorem. Let A be a locally finite, connected, acyclic quiver such
that after deleting finitely many vertices and arrows A becomes a disjoint
union of quivers of type Ao,. Then there exists an algebra A such that ZA
occurs as a regular component of T'(mod A). O

In general, not much is known on the structure of components of an
Auslander—Reiten quiver containing both a projective module and an injec-
tive module. To present a few general results in this direction we need some
concepts.
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1.7. Definition [170]. Let A be an algebra. A component C of I'(mod A)
is defined to be coherent if the following two conditions are satisfied:

(c1) for each projective module P in C, there is an infinite sectional path

P=X —Xo— - — X, = Xnt+1 — ...

(c2) for each injective module I in C, there is an infinite sectional path

_>Ym+1_)}/m_>_)}/2—>Y1:I

We note that every ray tube and every coray tube is coherent.

1.8. Definition. Let A be an algebra and C be a component of I'mod A).

(a) The component C is defined to be cyclic if every module X of C lies
on an oriented cycle of C.

(b) The component C is defined to be almost cyclic if all but finitely
many modules of C lie on oriented cycles of C.

(¢) The component C is said to be almost periodic if all but finitely
many T4-orbits in C are periodic.

In [425], Malicki and Skowroniski introduce the concept of a generalised
multicoil, extending the concept of a coil from [17] and [20]. Roughly
speaking a generalised multicoil is a connected translation quiver obtained
from a finite family of stable tubes by a sequence of admissible operations. A
generalised multicoil is coherent, almost cyclic and contains usually many
projective vertices and many injective vertices. Moreover, a generalised
multicoil C is semiregular if and only if C is a ray tube or a coray tube.

The following theorem, proved in [425], may be viewed as an extension
of (1.3)(a) and (1.4)(a).

1.9. Theorem. Let A be an algebra and C be a component of T'(mod A).

(a) C is almost cyclic and coherent if and only if C is a generalised

multicoil.
(b) C is cyclic and coherent if and only if C is a cyclic generalised mul-
ticoil. d

One can prove that, given an algebra, every almost cyclic and coher-
ent component of an Auslander—Reiten quiver I'(mod A) is almost periodic.
The following theorem of Skowronski [615] contains important information
on the dimensions of the indecomposable modules lying in almost periodic
components.
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1.10. Theorem. Let A be an algebra and C be an almost periodic com-
ponent of I'(mod A). For each integer d > 1, the number of indecomposable
modules X in C with dimg X = d is finite (or zero). O

It follows from (XVIII.1.6) and (XVIII.1.7) that the regular components
of the Auslander—Reiten quiver I'(mod A) of any wild hereditary algebra
A are of type ZA, and, hence, they are not almost periodic, but admit at
most a finite number of indecomposable modules of a fixed dimension d > 1.
Surprisingly, Liu and Schultz [421] construct examples of algebras A such
that T'(mod A) contains a component C of type ZA,, and every T4-orbit of
C consists of modules of the same dimension, see also [535].

An interesting open problem concerns the structure of generalised stan-
dard components of an Auslander—Reiten quiver.

The following theorem, proved by Skowroriski in [615], describes the
shape of arbitrary generalised standard components.

1.11. Theorem. Let A be an algebra and C be a generalised standard
component of T'(mod A). Then C is almost periodic. O

As a consequence, we obtain the following description of the shapes of
the regular generalised standard components.

1.12. Corollary. Let A be an algebra and C be a regular generalised
standard component of I'(mod A). Then C is either a stable tube or is of the
form ZA, for a connected, finite, acyclic quiver A. d

The following results, proved in [615], describe the structure of semireg-
ular acyclic generalised standard components.

1.13. Theorem. Let A be an algebra, C a component of I'(mod A) and
B =A/Anny C. The following conditions are equivalent.

(a) C is generalised standard, acyclic, and has no injective modules.

(b) B is isomorphic to a tilted algebra End Ty, where H is a hereditary
algebra, T is a tilting H-module without non-zero postprojective di-
rect summands, and C is the connecting component Cr of I'(mod B)
determined by T'. O

1.14. Theorem. Let A be an algebra, C a component of T'(mod A), and
B =A/Anny C. The following conditions are equivalent.

(a) C is generalised standard, acyclic, and has no projective modules.

(b) B is isomorphic to a tilted algebra End Ty, where H is a hereditary
algebra, T is a tilting H-module without non-zero preinjective di-
rect summands, and C is the connecting component Ct of T'(mod B)
determined by T. O

As a consequence, we get the following useful fact.
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1.15. Corollary. Let A be an algebra, C a component of I'(mod A),
and B = A/Annys C. Then C is generalised standard regular and acyclic if
and only if B is isomorphic to a tilted algebra End Ty, where H is a wild
hereditary algebra, T is a regular tilting H-module, and C is the connecting
component Cp of T'(mod B) determined by T . O

The following characterisation of acyclic regular generalised standard
components is established by Skowroriski in [613].

1.16. Theorem. Let A be an algebra and C a regular component of
I'(mod A). Then C contains a directing module if and only if C is an acyclic
generalised standard component. O

In this context, we should also mention the following result proved inde-
pedently by Peng and Xiao in [472] and Skowronski [613].

1.17. Theorem. Given an arbitrary algebra A, the quiver I'(mod A)
contains at most a finite number of Ta-orbits containing directing
A-modules. O

A structure of algebras such that all indecomposable projective modules
are directing is described by Skowronski and Wenderlich [647].

It follows from (XVIIL.5.16) and (XVIIL5.17) that there exist many reg-
ular tilting modules over any wild hereditary algebra H, with Ko(H) of
rank at least 3, and hence many generalised standard, regular acyclic com-
ponents of Auslander—Reiten quivers of algebras. However, the following
result, proved in [615], shows that we may have only finitely many such
components, for a given algebra A.

1.18. Theorem. For any algebra A, all but finitely many generalised
standard components in the Auslander—Reiten quiver I'(mod A) of A are
stable tubes. d

The structure of arbitrary generalised standard acyclic components is
described completely in [612]. In particular, the following result is proved
in [612).

1.19. Theorem. Let A be an algebra.

(a) The Auslander—Reiten quiver T'(mod A) of A contains at most two
faithful generalised standard acyclic components.

(b) A is a concealed algebra if and only if the Auslander—Reiten quiver
I(mod A) of A contains precisely two faithful generalised standard

acyclic components. -

It follows from (XII.3.4) that every component of the Auslander—Reiten
quiver of a concealed algebra of Euclidean type is generalised standard.
Conversely, we have the following result proved in [617].
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1.20. Theorem. Let A be an algebra. The following conditions are
equivalent.

(a) A is a concealed algebra of Euclidean type.
(b) A satisfies the following two conditions
(i) A is representation-infinite and A/I is representation-finite,
for every non-zero two-sided ideal I of A.
(ii) Every component of T'(mod A) is generalised standard. O

The problem of describing the algebras A for which the Auslander—Reiten
quiver I'(mod A) admits a component C with a faithful (generalised) stan-
dard stable tube seems to be difficult. The class of these algebras includes:

the canonical algebras [525], [528],

concealed canonical algebras [394],
supercanonical algebras [397],

generalised canonical algebras [625], and
concealed generalised canonical algebras [427],
see Section 3, for some results in this direction.

Here, we only note the following consequences of the main result of [625].

1.21. Theorem. Given 0 # g € NU{oco} and a sequence r1,...,7m > 2
of integers, there exists a generalised canonical algebra C such that

(a) gl.dimC =g, and
(b) the quiver I'(mod C) admits a K-family

T = {T ek

of pairwise orthogonal standard faithful stable tubes, with m tubes

7;({, cee, T)gn of ranks r1,...,Tm, respectively, and the remaining
tubes homogeneous. O

1.22. Theorem. Given an arbitrary basic algebra B and a sequence of
integers r1,...,rm > 2, there exists a generalised canonical algebra C such
that

(a) B is a quotient algebra of C, and
(b) the quiver T'(mod C) admits a K -family

TC = {TAC}AEK
of pairwise orthogonal standard faithful stable tubes, with m tubes

TAC;, . ,7}& of ranks T1,...,7Tm, respectively, and the remaining
tubes homogeneous. O
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XX.2. The Tits quadratic form of an algebra

Throughout this book, a fundamental role is played by the Euler qua-
dratic form g4 : Ko(A) —— Z, associated to an algebra A of finite global
dimension (IT1.3.11), which is a homological quadratic form. In the repre-
sentation theory of algebras an important role is also played by the Tits
quadratic form g4 : Ko(A) —— Z, associated to any algebra A with the
acyclic quiver @ 4, which is a geometric quadratic form. To introduce it, we
briefly explain the related geometric context.

2.1.

A geometric context. Let A = KQ/I, where Q = (Qo,Q1,s,1)

is a finite connected quiver and I is an admissible ideal of the path alge-
bra KQ of Q. Let n = |Qo| and Qo = {1,...,n}. Fix a positive vector
d=(dy,...,d,) € Ko(A)=Z".

(i)

(i)

(i)

Denote by mod 4(d) the set of all representations

V= (Vi, Pa)icqo,acq:

in the category repg (@, I) of finite dimensional K-linear represen-
tations of the bound quiver (Q, 1) with V; = K% for all i € Qo.

A representation V' in mod(d) is given by dyn) X dg(q)-matrices
V(c) determining the K-linear maps ¢, : K% —— K% in
the canonical bases of K% i € Qy. Moreover, the matrices Via),a €
Q1, satisfy the relations

SVl V() =0,
=1

for all relations >.1", )\iagz) . aﬁf) € I, that are, by (I1.2.3), K-
linear combinations of paths in @ with a common source and a
common target.
View mod 4(d) as a subset of the affine space

A(d) = [ K *ds

acQq
defined by vanishing a finite number of polynomials, given by the

matrix relations in (ii). Hence, mod4(d) a closed subset of the affine
space A(d) in the Zariski topology.

We call mod 4(d) the affine variety of A-modules of dimension
vector d.
Define the action - : G(d) x mod s(d) —— mod4(d) of the affine
algebraic group G(d) =[] GLg, (K) on the variety mod4(d) by
the conjugation formula

(9 V(@) = gi(a) - V(@) - 910
for g =(g;) € G(d), V € moda(d), a € Q. O

1€Qo
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It is clear that two representations M and N in mod4(d) are isomorphic
if and only if M and N belong to the same G(d)-orbit.

An algebra A = KQ/I, with the quiver Q = Q4 acyclic, is said to
be triangular. We note that every triangular algebra is of finite global
dimension.

2.2. Definition. Let A = KQ@Q/I be a triangular algebra and n =
|Qo|- The Tits quadratic form g4 of A is the integral quadratic form
qa : Z" —— 7 defined by

qa(x) = Z i — Z Ts(a)Tt(a) T Z TijTiZy,
1€Qo €@ 4,J€Qo
for x € Z" = Ky(A), where r;; is the number of K-linear relations with
source ¢ and target j, for a minimal (finite) set R of K-linear relations
generating the ideal 1.

In [88], Bongartz proves that r;; = dimgExt%(S(i), S(j)), and hence
ri; does not depend on the choice of R (the triangularity of A is essential
here). It follows from (II1.2.12) that the number of arrows in () with source
i and target j is equal to dimgExt!(S(4), S(j)). Therefore, given x € Z" =
Ky(A), we have

Gax) = > a} = > dimgExth(S(), S(j))wi;
i€Qo 1,5€Qo
+ ) dimgExt} (S(i), S(j))wiz;.
4,j€Q0
In particular, for a triangular algebra A = KQ/I, we have
® Ao =qa,if gl.dimA <2, and
® g4 =qq, if A= KQ (that is, I = 0).
Let A = KQ/I be a triangular algebra. Then, the Krull’s Principal Ideal
Theorem yields

ga(d) > dim G(d) — dimmod 4(d),

for any positive vector d € Ky(A), and hence g4 is a geometric form.
The following geometric results are proved by Bongartz [88] (in the finite
type case) and de la Pena [457] (in the tame case).

2.3. Proposition. Let A = KQ/I be a triangular algebra and d € Ko(A)
a positive vector.

(a) If A=KQ/I is representation-finite then dim G(d) > dim mod 4(d).

(b) If A is representation-tame then dim G(d) > dimmod4(d). O

As a direct consequence we obtain the following facts.
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2.4. Corollary. Let A= KQ/I be a triangular algebra.

(a) If A is representation-finite then the Tits form qa is weakly positive.

(b) If A is representation-tame then the Tits form Ga is weakly
non-negative. O

The reverse implications are proved for the following classes of algebras
of small homological dimensions:

tilted algebras [343],

double tilted algebras [490],

quasitilted algebras [622],

coil enlargements of concealed algebras [21], and
generalised multicoil algebras [426].

Unfortunately, these implications are not true for arbitrary triangular
algebras A = KQ/I, because there are wild triangular algebras (even of
global dimension 2) with weakly positive Tits form (see [88]). One has to
impose some nondegeneracy conditions on a triangular algebra A = KQ/I
to recover its representation type from the weak positivity or weak non-
negativity of the Tits form g4 : Ko(A) —— Z. A natural and important
condition is the simple connectedness of the algebra A.

The general definition of a simply connected algebra is due to Assem and
Skowronski [13]. To introduce it, we need the concept of the fundamental
group of a bound quiver (@, I), proposed in [264] and [432].

Let (@, I) be a connected bound quiver. A relation

o= MNuwj el
j=1

is said to be minimal if m > 2 and ZTGJ Ajw; ¢ I, for any proper subset J
of {1,...,m}. Let m(I) be the set of all minimal relations of the ideal I.

Denote by IT;(Q, o) the fundamental group of the quiver @ at a fixed
vertex xg € Qp, and by N(Q,m(I),xo) the normal subgroup of IT; (Q, xo)
generated by all homotopy classes of the form [wvu=lw™!] where w is a
walk from xy to a vertex z and u,v are paths in ) from x to a vertex y
such that there exists an element p = ZT:l Ajw; € m(I) with v = w, and
u = ws, for some r,s € {1,...,m}. Then the group

Hl(Qv I) = Hl(Qa 'TO)/N(Q7 m(I)a IO)
is said to be the fundamental group of the bound quiver (Q, I).

2.5. Definition. A triangular algebra A is said to be simply con-
nected if, for any presentation

A= KQ/I
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of A as a bound quiver algebra, the fundamental group II; (Q, I) is trivial.

It is proved in [610] that a triangular algebra A = KQ/I is simply con-
nected if and only if A does not admit a proper Galois covering.
One can show that every algebra satisfying the separation condition or
the coseparation condition (IX.4.1) is simply connected (see [611]).
Let A= KQ@/I be an algebra. By a convex subalgebra of A we mean
an algebra of the form
C=KA/J,

where A is a convex subquiver of @) and J = I N KA. The following
concept of a strong simple connectedness introduced in [611] is essential for
the representation theory of triangular algebras.

2.6. Definition. A triangular algebra A = K@Q/I is said to be strongly
simply connected if every convex subalgebra C' of A is simply connected.

A class of strongly simply connected algebras contains the tree algebras,
that is, the algebras whose quiver is a tree. In general, we have the following
result proved in [611].

2.7. Theorem. Let A = KQ/I be a triangular algebra. The following
conditions are equivalent.

(a) A is strongly simply connected.

(b) Every convex subalgebra of A satisfies the separation condition.

(¢) Every convex subalgebra of A satisfies the coseparation condition.

(d) The first Hochschild cohomology space H(C) of any convex subal-
gebra C' of A vanishes. a

We recall that there is an isomororphism
H(C) = Derg (C, C) /De (C, C)

of vector spaces, where Derg (C, C) is the space of all K-linear derivations
d: C — C and Der%(C, C) is the subspace of Derg (C, C) consisting of the
inner derivations of C.

The following classes of strongly simply connected algebras are of impor-
tance, see [89], [293], [456], and Chapter XIV.

2.8. Definition. (a) A critical algebra is a concealed algebra C' of
Euclidean type A, if the underlying graph A is one of the Euclidean trees
]ﬁ)m, m Z 4, IE(;, IE’y, and Eg.

(b) A hypercritical algebra is defined to be a concealed algebra of wild
type A, with the underlying graph A of any of the following minimal wild
tree forms
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We recall that a classification of critical algebras is presented in Chapter
XIV. A classification of hypercritical algebras A = KQ/I in terms of their
bound quivers (Q, I) is given by Unger [665].

Now we present very efficient criteria for the finite representation type of
simply connected algebras, proved by Bongartz in [88], [89] and [90].

2.9. Theorem. Let A be a simply connected algebra. The following
statements are equivalent.

(a) A is representation-finite.
(b) The Tits form qa of A is weakly positive.
(¢) A does not admit a convex subalgebra C which is critical. 0

It is known that every representation-finite simply connected algebra is
strongly simply connected. It is shown in [122] that there exist wild simply
connected algebras (even of global dimension 2) with weakly non-negative
Tits form.

The following criteria for the tame representation type of strongly sim-
ply connected algebras are proved recently by Briistle, de la Pena and
Skowronski in [122].

2.10. Theorem. Let A be a strongly simply connected algebra. The
following conditions are equivalent.

(a) A is representation-tame.
(b) The Tits form qa of A is weakly non-negative.
(¢) A does not admit a convex subalgebra C which is hypercritical. O
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The proof of this theorem relies on the representation theory of strongly
simply connected algebras of polynomial growth established by Skowronski
in [620], the classification and representation theory of tame minimal non-
polynomial growth simply connected algebras (pg-critical algebras) es-
tablished by Nérenberg and Skowroriski in [451], and the Geiss theorem on
degenerations of algebras [248].

In particular, we have the following two theorems characterising the
strongly simply connected algebras that are of finite growth or of polyno-
mial growth, established by Skowroriski in [620] and completed by Simson-
Skowroniski in [601], with the parts (d) and (e) of (2.11), and by Wenderlich
[674], with the part (f) of (2.11).

2.11. Theorem. For a strongly simply connected algebra A, the follow-
ing sixz statements are equivalent.
(a) A is of finite growth (domestic).
(b) A does not contain a convex subcategory C which is tubular, pg-
critical or hypercritical.
(c) The infinite radical radyy of mod A is nilpotent.
(d) The double infinite radical

(rad¥)> = (rad)™

1

ﬁjg

of the category mod A is zero.

(e) The square ((mdif’)oo)2 of the double infinite radical (rad)*° of the
category mod A is zero.

(f) The Krull-Gabriel dimension KG(A) of the algebra A is finite. O

The infinite radical rad%® is said to be nilpotent, if there is an integer
m > 1 such that (rad®)™ = 0.

The reader is referred to Geigle [244] and [245] for basic facts concerning
the Krull-Gabriel dimension of an algebra. We refer also to de la Pena
[460] for a characterisation of strongly simply connected domestic algebras
A = KQ/I by the corank of their Tits forms g4 : Ko(4) —— Z.

We also recall from [601] that:

e if A is an arbitrary algebra such that (rad%)* = 0 then A is
representation-tame, and

e if A is a pg-critical algebra then the square of the double infinite
radical (rad%’)> of mod A is non-zero.

2.12. Theorem. For a strongly simply connected algebra A, the follow-
ing five statements are equivalent.

(a) A is of polynomial growth.
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(b) A is of linear growth.

(¢) A does not contain a convex subcategory C' that is pg-critical or hy-
percritical.

(d) Every component of T'(mod A) is generalised standard.

(e) The infinite radical rady of mod A is locally nilpotent. O

The infinite radical rad%}’ is called locally nilpotent if there exists a
positive integer m such that (rad®(X, X))™ = 0, for any indecomposable
module X in mod A. We note that the statement (d) forces rad%° (X, X) = 0,
for any indecomposable A-module X.

The following theorem proved by de la Pefia and Skowroniski in [464]
provides a geometric and homological characterisation of strongly simply
connected algebras of polynomial growth.

2.13. Theorem. Let A be a strongly simply connected algebra and
qa,qa : Ko(A) ——Z

be the Fuler and the Tits quadratic form of A. The following statements
are equivalent.

(a) A is of polynomial growth.

(b) For any indecomposable A-module X and d = dim X, we have
ga(d) = dim G(d) — dimxmod 4(d) > 0.

(¢) The Tits quadratic form qa : Ko(A) —— Z is weakly non-negative
and Ext? (X, X) = 0, for any indecomposable A-module X .

(d) dimgExth (X, X) < dimgEnda(X) and Ext (X, X) =0, forr > 2
and any indecomposable A-module X . O

In (b), dimxmod 4(d) denotes the local dimension of the module variety
mod4(d) at the point X, that is the maximum of the dimensions of the
irreducible components of mod4(d) containing X. Note that the equal-
ity Ext%(X,X) = 0 implies that X is a nonsingular point of the variety
mod 4 (dim X).

The following fact on the values of the Euler and Tits forms on the
dimension vectors of indecomposable modules is proved by de la Pena and
Skowronski in [467].

2.14. Theorem. Let A be a strongly simply connected algebra of poly-
nomial growth. Then there exists a natural number m such that

0 < ga(dimX) < ga(dim X) < m,
for any indecomposable A-module X . O

For tame strongly simply connected algebras of non-polynomial growth,
the behaviour of the Euler and Tits forms is completely different. Namely,
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there exists a tame strongly simply connected algebra A of global dimension
3 (see [467] for details) which admits a family {X,,},>1 of indecomposable
A-modules such that

ga(dim X)) =14+2n and qa(dimX)=1-3n (negativel!).

We show in Section 5 that the positivity of the Euler form ¢4 of a simply
connected algebra A is related to the tameness of some induced selfinjective
algebras.

We recall from (XVIL.6.1) that the module category mod B of a tilted
algebra of Euclidean type is controlled by the Euler form gg of B, which
coincides with the Tits form ¢p, because gl.dim B < 2. This is no longer
the case for other classes of tame algebras of global dimension 2.

Namely, it is shown in [467] that, for any pair of integers r > 1 and s > 1,
there exists a one-parametric strongly simply connected algebra A of global
dimension 2 (hence g4 = ¢a) such that, for each d € {1,...,r}, there exist
pairwise non-isomorphic indecomposable A-modules

XD X with ga(dimX ) =d, ... ga(dim X?) = d.

This shows that even one-parametric triangular algebras A may have many
discrete indecomposable modules which are not controlled by the Euler
(Tits) form of the algebras A.

On the other hand, the following result, proved by Skowronski and Zwara
[652], shows that information on the behaviour of discrete indecomposable
modules may determine the representation type of any strongly simply con-
nected algebra.

2.15. Theorem. Let A be a strongly simply connected algebra. The

following conditions are equivalent.

(a) A is of polynomial growth.

(b) A is tame and there exists a natural number m > 1 such that,
for each positive vector d € Ky(A), there are at most m pairwise
non-isomorphic indecomposable A-modules X with dim X = d and
X 2muX.

d

We refer also to Skowronski and Zwara [653] for a geometric character-
isation of strongly simply connected algebras in terms of degenerations of
indecomposable modules and to Skowroniski and Weyman [649] for a char-
acterisation of the path algebras of Dynkin and Euclidean quivers in terms
of the associated algebras of semi-invariants.
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XX.3. Tilted and quasitilted algebras

In this book we have described the structure of the module category for
all tilted algebras of Dynkin and Euclidean type, the concealed algebras of
wild type, and discussed the shape of components of the Auslander—Reiten
quivers of arbitrary tilted algebras.

In this section we provide complementary information on the structure of
the module category of arbitrary tilted algebras. Our second objective is to
outline the representation theory of algebras which are homologically very
close to the tilted algebras: the quasitilted algebras introduced by Happel,
Reiten and Smalg [288].

It follows from the Liu-Skowronski criterion (VIIL.5.6) that a basic con-
nected algebra B is a tilted algebra if and only if the Auslander—Reiten
quiver I'(mod B) of B admits a component C with a faithful section A such
that Hompg (X, 75Y) = 0, for all modules X and Y on A. Further, in this
case, C is the connecting component Cp determined by a multiplicity-free
tilting module T" over a hereditary algebra A such that

B =EndTy4.

Moreover, Cr admits the section ¥ given by the images Hom4 (T, ) of the
indecomposable injective A-modules I via the tilting functor Hom 4 (T, —),
the torsion-free part Y(T') N Cr of Cr consists of all predecessors of ¥ in
Cr while the torsion part X(7") N Cr consists of all proper successors of ¥
in CT.

The following theorem proved by Kerner [343] describes the structure of
the module category of an arbitrary tilted algebra.

3.1. Theorem. Let A = KA be a basic connected hereditary algebra,
T a multiplicity-free tilting A-module and B = End Ty the associated tilted
algebra. Then the connecting component C = Cp of I'(mod B) determined
by T' admits a finite (possibly empty) family of pairwise disjoint translation
subquivers

p .. .pO D . D
such that the following statements hold.

(a) For each i € {1,...,m}, there exists an isomorphism
DY = NAl

where Agl) is a connected subquiver of A and Dgl) is closed under
predecessors in C.
(b) For each je{1,...,n}, there exists an isomorphism
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where A;r) s a connected subquiver of A and ’Djm 1s closed under
successors in C.
All but finitely many indecomposable modules of C lie in

PYy...upPuD” U uD.
For each i € {1,...,m}, there exists a tilted algebra

Bl-(l) = End o (Ti(l)),

where AZ(-Z) is the path algebra KAZ(-I) and Ti(l) is a multiplicity-free
tilting Agl)-module without non-zero preinjective direct summands

such that
° Bi(l) is a quotient algebra of B and hence there is a fully faithful

embedding mod Bfl) — mod B.
o D(l) coincides with the torsion-free part y(T(l)) N CT(” of the

connecting component C T® of T'(mod B( )) determined by T( )

For each j € {1,...,n}, there exists a tilted algebra

BJ(»T) EndA(T)( ( )),

where A;T) is the path algebra KA;T) and Tj(T) 18 a multiplicity-free
tilting Ag-r)—module without non-zero postprojective direct summands
such that

° B](-r) is a quotient algebra of B and hence there is a fully faithful
embedding mod BJ(-T) — mod B.

° D(»T) coincides with the torsion part X(T-(l)) N CT<T> of the con-
necting component CT( 5 of I'(mod B(T)) determined by T(T)

V(T) = add (V(T}") U+ UD(TH) UV(T) N Cr).
X(T) = add (X(T{)U -+ UX(T)) U X(T) N Cr).
The Auslander—Reiten quiver T'(mod B) of B has the disjoint union

form
m

I(mod B) = (| ] ¥I'(mod B{")) UCr U ( U I'(mod B{")),
i=1 j=1
where
e for each i€ {1,...,m}, YT'(mod Bi(l)) is the union of all com-
ponents of I'(mod Bi(l)) contained entirely in y(Tf”),
e for each j € {1,...,n}, XT(mod BJ(T)) is the union of all com-

ponents of T'(mod BJ(-T)) contained entirely in X(T;T)). O
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The following facts follow from (XVIL.5.1).

(1)

If an algebra Bi(l) is of Euclidean type then the torsion-free part
YT (mod Bgl)) of T'(mod Bl-(l)) consists of
e a unique postprojective component P(Bgl)) of I'(mod Bi(l)), and

e a Py (K)-family ’TBEL) = {’7'/\3'5”})\6@1(;() of pairwise orthogonal
standard ray tubes.

Moreover, the postprojective component ’P(BZ@) is the unique
postprojective component ’P(Ci(l)) of the quiver T'(mod C’Z-(l)) of a
concealed algebra Ci(l) of Euclidean type, and CZ-(l) is a quotient
]

algebra of B,

If an algebra BJ(-T) is of Euclidean type then the torsion part
XT (mod B](.T)) of T'(mod Bj(-r)) consists of
e a unique preinjective component Q(By)) of T'(mod B](.T)), and

, O]
e a Py (K)-family ’TB.;‘ = {’7:\3J }aep, (k) of pairwise orthogonal

standard coray tubes.

Moreover, the preinjective component Q(BJ(-T)) is the unique
preinjective component Q(CJ(T)) of the quiver I'(mod OJ(T)) of a con-
cealed algebra C](»r) of Euclidean type, and C](-T) is a quotient algebra
of BJ(-T).

The following combination of results proved by Kerner [344], [347], Liu
[417], and Strauss [663] completes the description of the shapes of compo-
nents in the Auslander-Reiten quivers I'(mod A) of tilted algebras A of wild
type, see also (XVIIL.5.10) and (XVIIL.5.11) for related results.

3.2.

Theorem. Let A be a connected wild hereditary algebra, T a multi-

plicity-free tilting A-module and B = End T4 the associated tilted algebra.

(a)

If T has no non-zero preinjective direct summand then the torsion-
free part YT'(mod B) of T'(mod B) consists of a unique postprojective
component P(B) of I'(mod B) and a card(K)-family of components
obtained from components of type ZA, by rectangle (ray) insertions.
Moreover, P(B) is the unique postprojective component P(C) of the
quiver T'(mod C) of a concealed algebra C' of wild type, and C is a
quotient algebra of B.

If T has no non-zero postprojective direct summand then the torsion-
free part XT'(mod B) of T'(mod B) consists of a unique preinjective
component Q(B) of T'(mod B) and a card(K)-family of components
obtained from components of type ZA, by rectangle (coray) coinser-
tions. Moreover, Q(B) is the unique preinjective component Q(C)
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of the quiver T'(mod C) of a concealed algebra C' of wild type, and C
s a quotient algebra of B. O

As a direct consequence of (3.1), (3.2), (VIIL.3.6), and (XVIL.5.2) we
obtain the following fact.

3.3. Corollary. If B is a tilted algebra then the Auslander—Reiten quiver
I'(mod B) of B admits a postprojective component and a preinjective com-
ponent. Il

For a tilted algebra B, using notation of (3.1), we may call
B — B%l) x---x BY and BM = BY) X .- x B

the left part of B and the right part of B, respectively. The following
characterisation of representation-tame tilted algebras is complementary to
(XIX.3.17).

3.4. Theorem. For a tilted algebra B, the following conditions are
equivalent.

(a) B is representation-tame.

(b) BW and B") are representation-tame.

(¢) BW and B™ are products of representation-infinite tilted algebras
of Fuclidean types or zero. O

In connection to (XVIIL.5.16) and (XVIIL.5.17), we present also a result
by Kerner and Skowroniski [353] asserting that there are many tilted algebras
with complicated regular connecting components.

3.5. Theorem. Let A = KQ be the path algebra of a connected wild
quiver Q with at least three vertices and m > 1 an integer. There ex-
ist infinitely many pairwise non-isomorphic wild hereditary algebras H and
quasi-simple reqular H-modules M such that, for each such an algebra H
and an H-module M, we have

(i) the one-point extension B = H[M] is a tilted algebra of type Q of
the form End oTa, where T4 is a regular tilting A-module, and

(ii) the regular connecting component Cr of T'(mod B) determined by

T has the property: for any indecomposable module X in Cr, each
simple B-module occurs with multiplicity at least m as a composition

factor of X. a

We refer to [161], [279], [342], [345], [346], [347], [348], [349], [350], [351],
[354], [663] for further results concerning the module categories of wild
hereditary and wild tilted algebras.

The class of tilted algebras is generalised in [288] to the class of quasitilted
algebras. To define it, we need some category theory concepts.
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3.6. Definition. An abelian K-category H is defined to be hereditary
if, for each pair of objects X and Y in H, the following two conditions are
satisfied:

(i) Ext3,(X,Y) =0, and
(ii) the K-vector spaces Homy (X,Y') and Ext},(X,Y) are finite dimen-
sional.

3.7. Definition. Let H be an abelian hereditary K-category. An object
T of H is defined to be a tilting object if the following two conditions are
satisfied:
(i) Exty(T,T) =0, and
(ii) if X is an object of H such that Homy (T, X) = 0 and Ext}, (T, X) =
0 then X = 0.

3.8. Definition. An algebra B is said to be a quasitilted algebra if
there exist a hereditary abelian K-category H and a tilting object T" in H
such that B = Endy (T).

The module category mod A of a hereditary algebra A is a hereditary
abelian K-category. Moreover, then a module 7" in mod A is a tilting module
in the sense of (VI.2.1) if and only if T is a tilting object in mod A in the
sense of (3.7). Hence every tilted algebra is quasitilted.

The quasitilted algebras have several interesting characterisations. To
present homological characterisation of these algebras, we need some nota-
tion.

3.9. Definition. Let A be an algebra and ind A the full subcategory of
mod A consisting of all indecomposable modules.

(a) The category L 4 is defined to be the full subcategory of ind A formed
by all modules X such that pdaY < 1, for every predecessor Y of
X in ind A.

(b) The category R4 is defined to be the full subcategory of ind A
formed by all modules X such that id4Y < 1, for every successor Y
of X in ind A.

The following characterisation of quasitilted algebras is due to Happel,
Reiten and Smalg [288].

3.10. Theorem. Let B be an algebra. The following conditions are
equivalent.

(a) B is a quasitilted algebra.
(b) glldimB < 2 and every indecomposable B-module X satisfies
pdpX <1 oridpX < 1.
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(¢) Lp contains all indecomposable projective B-modules.
(d) Rp contains all indecomposable injective B-modules. 0

The following facts are also proved in [288].
3.11. Proposition. If B is a quasitilted algebra then

(a) B is a triangular algebra,
(b) indB=LgURBg, and
(¢) if B is representation-finite then B is a tilted algebra. O

We have also the following characterisation of tilted algebras in the class
of quasitilted algebras established by Skowronski in [626].

3.12. Theorem. A connected algebra B is a tilted algebra if and only if
gl.dim B <2,ind B=LgURp, and Lz NRp contains a directing module.
O

The following general information on the components of the Auslander—
Reiten quivers of quasitilted algebras is proved by Coelho and Skowroriski
in [145].

3.13. Theorem. Let B be a quasitilted but not tilted algebra. Then
every component of T'(mod B) is semireqular. O

A distinguished class of quasitilted algebras is formed by the canonical
algebras introduced by Ringel in [525] (see also [528]).

3.14. Definition. Let m > 2 be an integer, p = (p1, . . ., Pm) an m-tuple
of positive integers, and A = (A1,..., \;,) an m-tuple of pairwise different
elements of P;(K) = K U {oo}, normalised such that A\ = oo, A2 = 0,
Az = 1. Consider the quiver

a2 a3 Xipy—1
O o DY O
Q11 Qlpq
21 22 Q2py—2 A2py—1 A2pgy
A(p): 00 <+— o o 0— Oow
a:nX . . . \/mem
o O DY O

2 m3 Crmpp —1

and define the algebra C(p, ) as follows.
(a) For m =2, we set C'(p, ) = KA(p).
(b) For m > 3, we assume that p; > 2,...,p,, > 2, and we set
C(p,2) = KA(p)/I(p, ),
where I(p, ) is the ideal of the path algebra KA(p) generated by
the elements

Qjp; - - - 0201 + a1p, .- 120011 + )\ja2p2 ... (990027,

with j € {3,...,m}.
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The algebra C(p, ) is said to be the canonical algebra of type (p, ),
p the weight sequence of C(p, ), and A the parameter sequence of

C(p, ).

It is shown by Ringel in [525] that the Auslander-Reiten quiver I'(mod C)
of a canonical algebra C' = C(p, A) has the disjoint union decomposition

T(modC) =P UT U Q“
where

e PC is a family of components containing all the indecomposable
projective C'-modules.

e Q% is a family of components containing all the indecomposable
injective C-modules.

« TC = {T.C} sep, (i) is a Py (K )-family of pairwise orthogonal faithful
standard stable tubes of tubular type ¢ = (p1,...,pm) = P

o TC separates P¢ from Q.

The following more general class of algebras is introduced by Lenzing
and Meltzer in [394].

3.15. Definition. Let C = C(p,\) be a canonical algebra. A con-
cealed canonical algebra B of type (p, ) is defined to be the algebra of
the form B = End T, where T is a tilting C-module from the additive
category add P of PC.

Again the Auslander—Reiten quiver T'(mod B) of a concealed canonical
algebra B = End T¢ has a disjoint union decomposition

I(mod B) = PP UuT? U QP,
where

e PB is a family of components containing all the indecomposable
projective B-modules.

e OF is a family of components containing all the indecomposable
injective B-modules.

o TP = Hom¢ (T, TC) is a Py (K)-family T2 = {T:E} rep, (i) of pair-
wise orthogonal faithful standard stable tubes.

o« TB separates PB from QF.

Moreover, we have

e pdpX < 1, for any indecomposable B-module X € PP U T5.
e idgY < 1, for any indecomposable B-module Y € T2 U QF.
e gldimB < 2.

The P, (K)-family 77 = {’Tf}/\epl(K) is said to be the canonical fam-
ily of stable tubes of I'(mod B).
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Therefore, every concealed canonical algebra is a quasitilted algebra. We
refer to [353], [394], [395], [396], [436], [525], [528], for the representation
theory of concealed canonical algebras.

The following theorem completely determines the representation type of
a concealed canonical algebra B of type (p,A) by means of the genus

g(B):H;((m—z)p— {p+...+p]>

D1 DPm

of B, where p = (p1,...,pm) and p = L.eom.(p1, ..., Dm)-

3.16. Theorem. Let B be a concealed canonical algebra of type (p,\)
with genus g(B). The following equivalences hold.

(a) g(B) <1 if and only if B is a concealed algebra of Euclidean type.
(b) g(B) =1 if and only if B is a tubular algebra.
(¢) g(B) > 1 if and only if B is wild. O

In particular, we have the following consequence.

3.17. Corollary. Let B be a concealed canonical algebra of type (p, )
with genus g(B). The algebra B is a tilted algebra if and only if g(B) < 1.
d

The following characterisation of concealed canonical algebras is proved
by Lenzing and de la Pefia [396], see also [619].

3.18. Theorem. An algebra B is a concealed canonical algebra if and
only if the quiver T'(mod B) admits a sincere separating family T of stable
tubes. O

A family C of components of an Auslander—Reiten quiver I'(mod A) is
said to be sincere if any simple A-module occurs as a composition factor
of a module in C.

The preceding theorem is deepened in [489], [625] (see also [624]) by show-
ing that a concealed canonical algebra can be recovered from a single stable
tube of its Auslander—Reiten quiver satisfying a much weaker assumption
than the separating condition. Following [489], a short cycle X — Y — X
in a module category mod A is said to be an external short cycle with
respect to a component C of I'(mod A) if X lies in C but Y does not lie in
C. Then we have the following result.

3.19. Theorem. An algebra B is a concealed canonical algebra if and
only if the quiver T'(mod B) admits a sincere stable tube T without external
short cycles. O

As a consequence we obtain the following interesting fact.
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3.20. Corollary. Let A be an algebra such that I'(mod A) admits a sin-
cere stable tube T without external short cycles. Then A is a concealed
canonical algebra and T is a faithful standard stable tube. d

We also note that the existence of a faithful standard stable tube in
the Auslander-Reiten quiver I'(mod A) of an algebra A does not force the
algebra A to be concealed canonical, see (1.21) and (1.22).

The following result of Kerner and Skowroriski [353] shows that there exist
many concealed canonical algebras of a given wild type with complicated
separating families of stable tubes.

3.21. Theorem. Let C = C(p, ) be a canonical algebra of wild type
and m > 1 an integer. There exist infinitely many pairwise non-isomorphic
wild hereditary algebras H and quasi-simple regular H-modules M such that

(i) the one-point extension B = H[M] is a concealed canonical algebra
End Te of type (p, ), and

(ii) the canomnical separating family T® of stable tubes in T'(mod B) has
the property: for any indecomposable B-module X in T2, each sim-
ple B-module occurs with multiplicity at least m as a composition
factor of X. O

We note that every canonical algebra C' = C(p, \) of wild type is itself
a one-point extension A[R], where A = A(p) is the path algebra KQ(p)
of the wild subquiver Q(p) of A(p) given by all vertices except the unique
source w, and R is the quasi-simple regular A-module with the dimension
vector

1111
. 21111
dim R = D -
1111

But in this case, for any indecomposable C-module E lying on the mouth
of a stable tube of the canonical family T, each simple C-module occurs
with multiplicity at most 1 as a composition quotient of E.

Our next objective is to describe the structure of arbitrary quasitilted
algebras.

An important homological invariant of a module category mod A is the
derived category D’(mod A) of bounded complexes of modules in mod A,
which is a triangulated category. We refer to the book [276] for basic back-
ground on the triangulated categories in the representation theory of alge-
bras.

One of the important questions is to know when two algebras A and B
are derived equivalent, that is, the derived categories D’(mod A) and
D’(mod B) are equivalent as triangulated categories. One knows that, if A
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is an algebra, T is a tilting A-module and B = End T4, then A and B are
derived equivalent [276].

In [495], Rickard proved his celebrated general criterion: two algebras A
and B are derived equivalent if and only if B is the endomorphism algebra
of a tilting complex over A. It follows from [288] that a quasitilted algebra
B is tilted if and only if B is derived equivalent to a hereditary algebra H.

New types of abelian hereditary K-categories H with tilting objects
can be constructed from certain subcategories of the derived categories
DP(mod C) of canonical algebras C = C(p,)), and have the property
D(H) = D®(mod C). These categories H are called abelian hereditary
categories of canonical type, and are classified completely by Lenzing
and Skowroniski in [398]. Then the following concept is natural.

3.22. Definition. An algebra B is said to be a quasitilted algebra
of canonical type if B = Endy (7)) for a tilting object T in a hereditary
abelian K-category H of canonical type.

In particular, every quasitilted algebra B of canonical type is derived
equivalent to a canonical algebra. A complete characterisation of the qua-
sitilted algebras of canonical type is established by Lenzing and Skowronski
in [398]. To present it, we need some concepts.

3.23. Definition. Let A be a concealed canonical algebra and

T"= {7;\A}A€IP1(K)

the canonical P; (K )-family of standard stable tubes of I'(mod A).

(a) A branch T“-extension (in the sense of (XV.3.6)(a))
B=A[E, LV, ... E,, L")

of A, where F1, ..., E, are pairwise different mouth modules of TA
and £V, £®) are branches, is said to be a branch extension
of A.

(b) A branch T“-coextension (in the sense of (XV.3.6)(b))
B=[E, LY, . . E, L™]A

of A, where Ei, ..., E,, are pairwise different mouth modules of 74
and £, ..., £ are branches, is said to be a branch coexten-
sion of A.

(¢) A branch extension-coextension B of A of the form

B = [El’ﬁ(l)’ o '7Em7£(m)]A[E172(1)7 . .7ES7Z(S)]7

where E1,..., En,, El, e ES are pairwise different mouth modules
of T4, £M, ... £tm £ L) are branches, and the tubes of



384 CHAPTER XX. PERSPECTIVES

TA containing F1, ..., E,, are disjoint with the tubes of T4 contain-
ing Fq,..., F, is said to be a semiregular branch enlargement
of A.

By a semiregular family of tubes of an Auslander—Reiten quiver
I'(mod A) we mean a family of components consisting of ray and coray
tubes (in the sense of (XV.2.10)).

Recall also that all representation-finite quasitilted algebras are tilted
algebras (3.11). Then we have the following theorem proved in [398].

3.24. Theorem. Let B be a basic connected algebra. The following
statements are equivalent.

(a) B is representation-infinite and quasitilted of canonical type.
(b) B is a semiregular branch enlargement of a concealed canonical al-

gebra A.
(¢) The quiver T'(mod B) admits a sincere separating family of semireg-
ular tubes. g

For a semiregular branch enlargement
B=E, LY, . E, L™AE,LY,. .. E,LY)]
of a concealed canonical algebra A, we call the branch coextension
BO =B, LW, . E,, L™]A
of A the left part of B and the branch extension
B = ABy, 2D B )

of A the right part of B. Observe that B() and B(") are quotient algebras
of B and hence we have fully faithful embeddings mod B®) < mod B and
mod B(") < mod B. Moreover, we have the following facts, see [394] and
[398].

3.25. Proposition. An algebra B is a representation-infinite quasitilted
algebra of canonical type with B = B") if and only if there is a canonical
algebra C = C(p, ) and a tilting C-module T € add (P U T) such that
B~ EndT.. O

We also note that if B is a representation-infinite quasitilted algebra
of canonical type then the opposite algebra B°P is also a representation-
infinite quasitilted algebra of canonical type and (B°P)() = (B(")°P and
(BOP)(T) o (B(l))op.

The following classification of the representation-tame quasitilted alge-
bras is established by Skowronski in [622].
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3.26. Theorem. Let B be a basic connected quasitilted algebra. The
following statements are equivalent.

(a) B is representation-tame.
) B is of linear growth.
) The Euler form qp : Ko(B) —— Z of B is weakly non-negative.
(d) mod B is controlled by qp : Ko(B) —— 7Z.
) dimgExth(X,X) < dimgEndgp(X), for any indecomposable B-
module X .
) Every component of T'(mod B) is generalised standard.
) The infinite radical rady of mod B is locally nilpotent.
) B is representation-tame tilted or representation-tame quasitilted of
canonical type.
(i) Each of the algebras BY and B") is zero, or is a tubular algebra,
or is a product of representation-infinite tilted algebras of Fuclidean
type. O

We note that, for any quasitilted algebra B, the Euler quadratic form
qp : Ko(B) ——Z coincides with the Tits form gp : Ko(B) ——7Z of
B. Moreover, if B is quasitilted of canonical type then each of the algebras
B® and B is non-zero and connected.

Finally, Happel proved in [278] (see also [286] for a different proof) that
every abelian hereditary K-category H with a tilting object is either the
module category of a hereditary algebra or is of canonical type. This is
equivalent to the following classification of arbitrary quasitilted algebras.

3.27. Theorem. A connected algebra B is quasitilted if and only if B
18 a tilted algebra or a quasitilted algebra of canonical type. O

We end this section with the description of the Auslander—Reiten quivers
of quasitilted algebras of canonical type, which is a combination of results
from [398], [436], [525], as well as (XVIL.5.2).

3.28. Theorem. Let B be a quasitilted algebra of canonical type. The
Auslander—Reiten quiver T'(mod B) has a disjoint union decomposition

I(mod B) =PBuT? U Q"
such that
(a) TP = {T:BYsep (k) is a sincere semireqular Py (K)-family of pair-
wise orthogonal standard tubes, separating PP from QF.
(b) PE = PB(” is a family of components containing all the indecom-
posable projective B-modules which are not in T5.

(c) PE contains a postprojective component P(B), and
e P(B)=P(BW) is a unique postprojective component of T'(mod B).



386 CHAPTER XX. PERSPECTIVES

e B admits a connected concealed quotient algebra CY such that
P(B) coincides with the unique postprojective component P(C 1)
of T'(mod C").

(d) @F = 22" isa family of components containing all the indecom-
posable injective B-modules which are not in T5.

(e) QP contains a preinjective component Q(B), and
e Q(B)=Q(B™M) is a unique preinjective component of I'(mod B).
e B admits a connected concealed quotient algebra C") such that

Q(B) coincides with the unique preinjective component Q(C") of
I'(mod C").

(f) If B is tame then CY is tame and every component of P¥ differ-
ent from P(B) is a standard ray tube.

(g) PB = P(B) if and only if BY is tilted of Euclidean type.

(h) If BY is wild then CY is wild and every component of PP dif-
ferent from P(B) is either of the form ZA. or is obtained from a
component of type ZA, by rectangle (ray) insertions.

(i) If B is tame then C") is tame and every component of QF dif-
ferent from Q(B) is a standard coray tube.

(j) @F = Q(B) if and only if B is tilted of Euclidean type.

(k) If B") is wild then C™) is wild and every component of QF dif-
ferent from Q(B) is either of the form ZA., or is obtained from a
component of type ZA~, by rectangle (coray) coinsertions. O

XX.4. Algebras of small homological dimensions

The aim of this section is to describe some classes of algebras of small ho-
mological dimensions which are closely related to the tilted and quasitilted
algebras.

We start with a general fact observed in [636].

4.1. Theorem. Let A be an algebra. Then gl.dim A < oo if and only if
every indecomposable A-module X satisfies pdaX < oo orida X < 1. O

It is easy to see that, if every indecomposable A-module X satisfies
pdaX <1oridsX <1, then gl.dim A < 3, see [288].
Following [139] we have the following concept.

4.2. Definition. Let A be an algebra.

(a) A is said to be an algebra of small homological dimension
(shortly, shod) if every indecomposable A-module X satisfies
pdaX<1loridsX<1.

(b) A is said to be a strict shod if A is shod and gl.dim A = 3.
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Observe that the class of shod algebras consists of the quasitilted algebras
and the strict shod algebras.

The following characterisation of shod algebras is obtained by Coelho
and Lanzilotta in [139].

4.3. Theorem. Let A be an algebra. The following conditions are equiv-
alent.

(a) A is a shod algebra.

(b) indA=L4URA.

(¢) There exists a splitting torsion pair (X,)) in mod A such that
pdaY <1, for each module Y € Y, and ida X <1, for each module
XeXx. d

As a direct consequence of (3.10) and (4.3) we have the following char-
acterisation of strict shod algebras in the class of shod algebras.

4.4. Theorem. For a shod algebra A, the following conditions are equiv-
alent.

(a) A is a strict shod algebra.
(b) L4\ Ra contains an indecomposable injective A-module.
(¢) Ra\ L4 contains an indecomposable projective A-module.
g

The structure and the representation theory of strict shod algebras is
described by Reiten and Skowroriski in [490]. To present it, we need the
concepts of a double section and a double tilted algebra introduced in [490].

4.5. Definition. Let A be an algebra and C be a component of I'mod A).

(a) A full connected subquiver A of C is said to be a double section
of C if the following conditions are satisfied:
(al) A is acyclic.
(a2) A is convex in C.
(a3) For each 74-orbit O in C, we have 1 < [ANO| < 2.
(ad) If O is a T4-orbit O in C and [ANO| = 2 then ANO =
{X, 74X}, for some module X € C, and there exist sectional paths
I — .-+ —>714X and X — --- — P in C, with [ injective and P
projective.
(b) A double section A in C with |[A N O| = 2, for some T4-orbit O in
C, is said to be a strict double section of C.

A path Xg - X1 — --- = X,,, with m > 2, in an Auslander—Reiten
quiver I'(mod A) is said to be almost sectional if there exists exactly one
index i € {2,...,m} such that X, o &2 74 X.
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4.6. Definition. Let A be an algebra, C a component of I'(mod A4) and
A a double section of C. We define the following full subquivers of A:

A} = {X € A;there is an almost sectional path X — --- — P,

with P projective },
Al = {X € Aj;there is an almost sectional path I — -+ — X,

with I injective },

A= (A\A)UTAAL, and
A, = (A\A)UTAL

The subquiver A, is said to be the left part of A, and the subquiver A, is
said to be the right part of A.

Observe that, if [ANO| = 1, for each T4-orbit O in C, then A = A; = A,
and A is a section of C, see (VIIL.1.2).

4.7. Definition. A connected algebra B is said to be a double tilted
algebra if the following conditions are satisfied:

(i) T'(mod B) admits a component C with a faithful double section A.

(ii) There exists a tilted quotient algebra B! of B (not necessarily con-
nected) such that A; is a disjoint union of sections of the connecting
components of the connected parts of B() and the category of all
predecessors of A; in ind B coincides with the category of all prede-
cessors of A; in ind B®.

(iii) There exists a tilted quotient algebra B(") of B (not necessarily con-
nected) such that A, is a disjoint union of sections of the connecting
components of the connected parts of B("), and the category of all
successors of A,. in ind B coincides with the category of all successors
of A, in ind B(™.

If moreover the double section is strict, then B is said to be a strict double
tilted algebra.

For a double tilted algebra B, the algebras B and B(") are said to be
the left tilted algebra and the right tilted algebra of B, respectively.
Observe that a double tilted algebra B is tilted if and only if B = B®) =
B We also note that every double tilted algebra B is triangular, because
the quiver @ is acyclic.

The following criterion of Reiten and Skowronski [490] extends the crite-
rion of Liu and Skowronski (VIIL.5.6) to the double tilted algebras.

4.8. Theorem. A connected algebra B is a double tilted algebra if and
only if the translation quiver T'(mod B) contains a component C with a faith-
ful double section A such that Homg (U, 78V) = 0, for all modules U in A,
and V in A;. O
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The second main result of [490] gives the classification of all strict shod
algebras.

4.9. Theorem. For a connected algebra B, the following three condi-
tions are equivalent.

(a) B is a strict shod algebra.

(b) B is a strict double tilted algebra.

(¢) T'(mod B) contains a component C with a faithful strict double sec-
tion A such that Hompg(U,75V) = 0, for all modules U € A, and
VeA. O

As a direct consequence of (3.24), (3.27) and (4.9) we obtain the following
classification of algebras with small homological dimensions.

4.10. Corollary. A connected algebra B is a shod algebra if and only if
B is either a tilted algebra, a strict double tilted algebra, or a semireqular
branch enlargement of a concealed canonical algebra. O

Let B be a strict double tilted algebra. It follows from (4.7) that the
Auslander—Reiten quiver I'(mod B) contains a unique component C with a
faithful strict double section A. Moreover, every indecomposable B-module
is either a predecessor of A; in ind B or a successor of A, in ind B, and
consequently is either an indecomposable B(®)-module or an indecompos-
able B("-module. Therefore, the category ind B is a glueing of ind B®
and ind B(") along the double section A of C, and hence C = Cp is called
the connecting component of I'(mod B). In particular, we obtain the
following description of T'(mod B).

4.11. Corollary. Let B be a strict shod algebra. Then I'(mod B) has

the disjoint union form

I'(mod B) = YT'(mod BY) U Cp U XT (mod BM),
where

(i) YI'(mod BW) is the union of all components of T'(mod B®) con-
tained entirely in the torsion-free part y(T(l)) of mod BW, deter-
mined by a tilting module T over the path algebra AV = KA,
with BO = End TV, .
(i) XT(mod B") is the union of all components of T'(mod B")) con-
tained entirely in the torsion part X(T)) of mod B("), determined
by a tilting module T") over the path algebra A" = KA, with

BM = EndT),. O

The following characterisation of double tilted algebras in terms of di-
recting modules is given in [626].
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4.12. Theorem. Let B be a connected algebra. The following conditions
are equivalent.

(a) B is a double tilted algebra.

(b) indA =LAURA and LAN(RAUTAR 4) contains a directing module.

(c) indA = LA UR4 and (Lo UT,'La) N R4 contains a directing
module. O

We conclude the discussion with the following characterisation of repre-
sentation-tame shod algebras established in [490], extending (3.26).

4.13. Theorem. Let B be a basic connected shod algebra. The following
statements are equivalent.

(a) A is representation-tame.
) A is of linear growth.
) The Tits form qp of B is weakly non-negative.
(d) mod B is controlled by qp.
) dimgExth (X, X) < dimgEndp(X), for any indecomposable B-
module X .
(f) Ewery component of T'(mod B) is generalised standard.
(g) The infinite radical rady of mod B is locally nilpotent.
(h) The quasitilted algebras BW and B are representation-tame. O

We note also the following consequence of the definition of a double tilted

algebra, (3.4) and (XIX.3.17).

4.14. Corollary. Let B be a double tilted algebra. The following condi-
tions are equivalent.

(a) B is representation-tame.

(b) B is of finite growth (domestic).
(¢) The radical rad$y is nilpotent.
(d) The tilted algebras BY) and B") are representation-tame. O

The class of double tilted algebras is generalised in [491] to the class of
generalised double tilted algebras, containing the class of all representation-
finite algebras. This is done on the basis of the concept of a multisection.

4.15. Definition. Let A be an algebra. A full subquiver ¥ of I'(mod A)
is said to be almost acyclic (or almost directed) if all but finitely many
modules of ¥ do not lie on oriented cycles in I'(mod A).

4.16. Definition. Let A be an algebra and C a component of I'(mod A).
A full connected subquiver A of C is said to be a multisection of C if the
following conditions are satisfied:

(i) A is almost acyclic.
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(ii) A is convex.

(iii) For each 74-orbit O in C, we have 1 < |[AN O] < 0.

(iv) |AN O] =1, for all but finitely many 74-orbits O in C.

(v) No proper full convex subquiver of A satisfies the conditions (i)—(iv).

4.17. Definition. Let A be an algebra, C a component of I'(mod A) and
A a multisection of C. We define the following full subquivers of C:
(i) A] = {X € A;there is a nonsectional path X — --- =P
with P projective },
(ii) Al = {X € A;there is a nonsectional path I — --- — X
with I injective },
(i) A7 ={X € AL X ¢ All, AV={X € Al;maX ¢ AL},
(iv) A= (A\AD)UTAAY, A =ANAL A= (A\A)UT AT
Then A is said to be the left part of A, A, the right part of A and A,
the core of A.

The following two theorems describe basic properties of multisections.

4.18. Theorem. Let A be an algebra. A component C of T'(mod A) is
almost acyclic if and only if C admits a multisection A. 0

4.19. Theorem. Let A be an algebra, C a component of I'(mod A) and
A a multisection of C.
(a) Fuvery cycle of C lies in A..
(b) A, is finite.
(¢) Every indecomposable module X in C is in A., or a predecessor of

A; or a successor of A, in C.
(d) A is faithful if and only if C is faithful. O

Moreover, in [491] a numerical invariant w(A) € NU{oo} of a multisection
A, called the width of A, is introduced. Then a multisection A with
w(A) = n, is called an n-section. Moreover, for a multisection A of a
component C of I'(mod A), we have

e w(A) < oo if and only if A is acyclic.
e A is a 1-section if and only if A is a section.
e A is a 2-section if and only if A is a strict double section.

The following facts also hold.

4.20. Proposition. Let A be an algebra, C a component of I'(mod A)
and A, ¥ are multisections of C. Then A, =X, and w(A) = w(X). O
4.21. Definition. Let B be a connected algebra.

(a) B is said to be a generalised double tilted algebra if the follow-
ing conditions are satisfied:
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(al) I'mod B) admits a component C with a faithful multisection A.
(a2) There exists a tilted quotient algebra B! of B (not necessarily
connected) such that A; is a disjoint union of sections of the con-
necting components of the connected parts of B®) and the category
of all predecessors of A; in ind B coincides with the category of all
predecessors of A; in ind BY.
(a3) There exists a tilted quotient algebra B(") of B (not neces-
sarily connected) such that A, is a disjoint union of sections of the
connecting components of the connected parts of B("), and the cat-
egory of all successors of A, in ind B coincides with the category of
all successors of A, in ind B(".

(b) B is said to be an n-double tilted algebra if I'(mod B) admits
a component C with a faithful n-section A and the conditions (a2)
and (a3) hold.

The following theorem gives information on the global dimension of gen-
eralised double tilted algebras [491].

4.22. Theorem. If B is an n-double tilted algebra then gl.dim B < n+1.
O

For each n € N U {oo}, there are many examples of n-double tilted
algebras of global dimension n + 1. The following theorem is the main
result of [491].

4.23. Theorem. Let B be a connected algebra. The following conditions
are equivalent:

(a) B is a generalised double tilted algebra.
(b) The quiver T'(mod B) admits a component C with a faithful multi-
section A such that Homp (U, 758V) = 0, for all modules U € A,

and V € A;.
(¢) The quiver T'(mod B) admits a faithful generalised standard almost
cyclic component. O

Moreover, we have the following consequences of the above theorem.

4.24. Corollary. Let B be a connected algebra.

(a) B is an n-double tilted algebra, for some n > 2, if and only if
I'(mod B) contains a faithful generalised standard almost cyclic com-
ponent C with a nonsectional path from an injective module to a
projective module.

(b) B is an n-double tilted algebra, for some m > 3, if and only if
I'(mod B) admits a faithful generalised standard component C with
a multisection A such that A. # 0. O
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We note also the following consequence of the definition of a generalised
double tilted algebra, (3.4), (4.19) and (XIX.3.17).

4.25. Corollary. Let B be a generalised double tilted algebra. The fol-
lowing conditions are equivalent:

(a) B is representation-tame.

(b) B is of finite growth (domestic).

(c) The radical rad$s is nilpotent.

(d) The tilted algebras BY) and B") are representation-tame. 0

Let A be an algebra and C a component of I'(mod A). By analogy to
(3.9), we denote by L¢ the set of all modules X in C such that pd Y <1,
for any predecessor Y of X in C, and by R¢ the set of all modules X in
C such that idaY < 1, for any successor Y of X in C. Observe that L¢
is closed under predecessors in C and R¢ is closed under successors in C.
Moreover, if A is a multisection of C, then A, C C\ (LcUR¢). The following
theorem is also proved in [491].

4.26. Theorem. Let B be a connected algebra, C a faithful component of
the quiver I'(mod B) with a multisection A, and C is not semireqular. Then
the component C is generalised standard if and only if C = Lo U A, U Re.

O

We note that, by (4.24), every n-double tilted algebra B, with n > 2
I'(mod B) admits a unique (connecting) component C with a faithful mul-
tisection and this component is not semiregular.

The following theorem of Skowroriski in [628] provides a common homo-
logical characterisation of quasitilted and generalised double tilted algebras.

4.27. Theorem. For any connected algebra B, the following two condi-
tions are equivalent.

(a) B is either a generalised double tilted algebra or a quasitilted algebra.
(b) The setind B\ (Lp URp) is finite. O

The class of generalised double tilted algebras has been also investigated
by Assem—Coelho [8] and Coelho-Lanzilotta [140], [141].

There is an open problem whether a connected algebra B is generalised
double tilted or quasitilted if pdpX < 1 or idgX < 1, for all but finitely
many indecomposable B-modules X.

An interesting class of algebras of global dimension at most 3, related
with quasitilted algebras, is investigated by Malicki and Skowroriski [426].
It follows from (1.9) that a component C of an Auslander—Reiten quiver
I'(mod A) is almost cyclic and coherent if and only if C is a generalised
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multicoil, that is, C can be obtained from a finite family of stable tubes by
a sequence of admissible operations.

In [426], the authors introduce the concept of a generalised multicoil
enlargement of a finite family of concealed canonical algebras, by extend-
ing the concept of the coil enlargement of a concealed algebra introduced in
[21].

One of the main results of [426] is the following theorem.

4.28. Theorem. Let B be a connected algebra. The quiver T'(mod B)
admits a sincere separating family of almost cyclic coherent components
if and only if B is a generalised multicoil enlargement of a product C' of
concealed canonical algebras. g

The following theorem describes the structure of the module category
of an algebra with a sincere separating family of almost cyclic coherent
components.

4.29. Theorem. Let B be an algebra with a sincere separating family
CB of almost cyclic coherent components in the Auslander—Reiten quiver
I'(mod B) of B. Then the quiver I'(mod B) has the disjoint union decom-
position

I'(mod B) = PP ucP? u @P
whereCP separates PP from QF | and the families PP and QF are described

as follows.
(a) There is a unique quotient algebra BW of B which is a product

BW = By) Xoee X B,(,ll) of quasitilted algebras Bil), ceey Bg@) of canon-
ical type such that, for each i € {1,...,m}, we have

pE—pBY —pB” . uPEY and

I(mod BY) = P u 78" U @B,
where TBS) is a Py (K)-family of pairwise orthogonal standard coray
tubes separating ’PBEZ) from QBEZ).

(b) There is a unique quotient algebra B of B which is a product
B = BY) X oo X Br(f) of quasitilted algebras BY), .. .,Br(f) of
canonical type such that, for each j € {1,...,n}, we have

0% = 0%"—0%"U...u 0B and

T(mod BY) = P5 Ut U Q%"
where 'TBJ('T) is a P1(K)-family of pairwise orthogonal standard ray
tubes separating PBJ('T) from QBJ@

Moreover, the quiver I'(mod B) contains exactly m > 1 postprojective com-

ponents P(By)), P ﬁi)) and exactly n > 1 preinjective components

oBM),...,oB). 0
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The algebra B® is called the left quasitilted part of B and B(") the
right quasitilted part of B.

The next theorem describes the homological properties of algebras with
sincere separating families of almost cyclic coherent components.

4.30. Theorem. Assume that B is an algebra such that the Auslander—
Reiten translation quiver I'(mod B) of B admits the decomposition (4.29)

I'(mod B) = PP ucP u Q@F,

where CB is a sincere separating family of almost cyclic coherent compo-
nents.
(a) B is a triangular algebra.
(b) pdpX <1, for any module X € P5.
(¢) idpX <1, for any module X in QF.
(d) pdpX <2 and idpX < 2, for any module X € C".
)

(e) gldim B < 3. O
The following theorem follows from the main results of [426] and [428].

4.31. Theorem. Let B be an algebra with a sincere separating family of
almost cyclic coherent components in T'(mod B). The following statements
are equivalent.

(a) B is representation-tame.

(b) B is of linear growth.

(¢) The Tits quadratic form qp : Ko(B) ——Z of B is weakly non-
negative.

(d) gp(dim X)>q¢p(dim X) > 0, for any indecomposable B-module X .

(e) dimgExtL(X, X) < dimgEndp(X), and Ext%(X, X) = 0, for any
indecomposable B-module X .
) Every component of T'(mod B) is generalised standard.
(g) The infinite radical rady of mod B is locally nilpotent.
(h) Each of the algebras BY) and B is a finite product of tilted algebras
of Euclidean types and tubular algebras. O

—~
—

It follows from (3.28) that the Auslander—Reiten quiver of a quasitilted
algebra admits a postprojective component and a preinjective component.
However, there is an open problem of deciding when the Auslander—Reiten
quiver of an algebra A of global dimension 2 admits a postprojective (re-
spectively, preinjective) component. We refer to [134], [353], [354], [356],
[386] for some results in this direction.
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XX.5. Selfinjective algebras of tilted
and quasitilted type

A prominent role in the representation theory of algebras is played by the
selfinjective algebras, for which the projective modules are injective. Clas-
sical examples of selfinjective algebras are provided by the group algebras
of finite groups, the Hecke algebras of classical type, the restricted envelop-
ing algebras of restricted Lie algebras, the finite dimensional Hopf algebras
and the Hochschild extensions of algebras. The wide class of selfinjective
algebras is formed by the Frobenius algebras A for which there exists a
nondegenerate K-bilinear form

(=, —):AxA— K
satisfying the associativity condition (ab,c) = (a,bc), for all a,b,c € A. If
the bilinear form (—, —) is symmetric the algebra A is said to be symmet-
ric. Moreover, every basic selfinjective algebra A is a Frobenius algebra. We
refer also to [644] for a general form of non-Frobenius selfinjective algebras.

The main objective of this section is to indicate the importance of the
tilted algebras and quasitilted algebras for the representation theory of self-
injective algebras.

The selfinjective algebras are, with the exception of semisimple cases, of
infinite global dimension, their quivers are not acyclic, and this complicates
the representation theory of these algebras significantly. But frequently,
the selfinjective algebras are deformations of selfinjective algebras having
triangular Galois coverings, and then the study of such algebras and their
module categories may be reduced to that for the corresponding algebras
of finite global dimension. We refer to [99], [185], [187], [238] for the cov-
ering techniques, see also [177], [178], [179], [180], and [181]. In the theory
a crucial role is played by the Galois coverings by the repetitive (locally
bounded) categories introduced in [311], see also [600].

5.1. Definition. Let B be a basic connected algebra and 1=e;+...+e¢,
a decomposition of the identity 1 of B into the sum of orthogonal primitive
idempotents.

(a) The repetitive category B of B is the category with the objects

em.i, (M,1) € Z x {1,...,n}, and the morphism spaces
R e;Be;, if r=m,
B(emi, em) = D(eiBej), if r=m+1,
0, otherwise.

(b) A group G of K-linear automorphisms of the category B s said to be
admissible if G acts freely on the objects of B (that is, g-€m; = €m.;
forces g = 1) and has finitely many orbits.
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(¢) The orbit category B /G, for an admissible group G of automor-
phisms of E, has a natural structure of a basic connected finite
dimensional selfinjective K-algebra, called the orbit algebra of B
with respect to G. Moreover, there is the induced Galois covering
F: B — B/G, see [238] for details.

(d) The Nakayama automorphism vz of B is defined by vg(em,i) =
em+1,, for all (m,1) € Z x {1,...,n}.

(e) The orbit algebra T (B) = E/(VE) of B with respect to the admis-
sible infinite cyclic group (v5) generated by v is the trivial exten-
sion algebra B x D(B) of B by D(B) = Homg (B, K). This is a
symmetric algebra with B x D(B) = B ® D(B) as K-vector space
and the multiplication is given by (a,®) - (b, %) = (ab, ar) + ¢b), for
a,b € B and ¢,y € D(B).

Let B be a basic connected K-algebra, G an admissible group of automor-
phisms of B and A = B/G the associated selfinjective algebra. Following
[99] one associates the push-down functor

F)y : mod B — mod A.

If G is torsion-free, then it follows from a theorem of Gabriel [238] that F)
induces an injection from the set of G-orbits of isomorphism classes of inde-
composable finite dimensional B-modules into the set of the isomorphism
classes of indecomposable finite dimensional A-modules, and preserves the
almost split sequences. Moreover, if Bis locally support-finite (in the
sense of [185]) then, by the density theorem of Dowbor and Skowronski [185]
(or [187]) the functor F) is dense.

Combining results of the papers [9], [217], [311], [402], [449], and [609]
one obtain the following.

5.2. Theorem. Let B be a basic connected quasitilted algebra.

(a) The repetitive category B is locally support-finite.
(b) Every admissible torsion-free group of automorphisms ofé s infi-
nite cyclic.
(¢) For an admissible group G of automorphisms of B and A = E/G,
we have
e the push-down functor F) : mod B —» mod A is dense and is
a Galois covering of categories,
o the Auslander—Reiten quiver I'(mod A) of A coincides with the

orbit quiver T'(mod E)/G of T'(mod B). O
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5.3. Definition. Let B be a basic connected algebra and G an admis-
sible infinite cyclic group of automorphisms of B.

(a) An orbit algebra B /G with B a quasitilted algebra is said to be a
selfinjective algebra of quasitilted type.

(b) An orbit algebra B/G with B a tilted algebra is said to be a self-
injective algebra of tilted type.

(¢) An orbit algebra B /G with B a tilted algebra of Dynkin type is said
to be a selfinjective algebra of Dynkin type.

(d) An orbit algebra B /G with B a tilted algebra of Euclidean type is
said to be a selfinjective algebra of Euclidean type.

(e) An orbit algebra E/G with B a tilted algebra of wild type is said
to be a selfinjective algebra of wild tilted type.

(f) An orbit algebra B/G with B a tubular algebra is said to be a
selfinjective algebra of tubular type.

(g) An orbit algebra B/G with B a quasitilted algebra of wild canonical
type is said to be a selfinjective algebra of wild canonical type.

To describe all basic connected selfinjective algebras of polynomial
growth, we need an additional concept.

Let A be a non-semisimple connected selfinjective algebra. It is easy to
see that the left socle soc (4 4) and the right socle soc (A 4) of A coincide, and
we set soc A = soc (4A) = soc(A4). A selfinjective algebra A is defined to
be a socle deformation of A if the quotient algebras A/soc A and A/soc A
are isomorphic. It follows from (IV.3.11) that, for any indecomposable
projective (hence injective) A-module P, there is an almost split sequence
in mod A of the form

0 — rad P — rad P/soc P & P — P/soc P — 0.

Therefore, we may recover the Auslander—Reiten quiver I'(mod A) from
the quiver I'(mod A/soc A) if we know the positions of the modules P/soc P
in I'(mod A/soc A). In particular, the socle deformations of selfinjective al-
gebras A and A give very close relationship between their module categories
mod A and mod A.

The following theorem, due to Riedtmann [499], [500], [501] and Wasch-
biisch [670], [671] (see also [112], [311]), gives a description of the represen-
tation-finite selfinjective algebras.

5.4. Theorem. Let A be a non-simple basic connected selfinjective alge-
bra. Then A is representation-finite if and only if A is a socle deformation
of a selfinjective algebra A of Dynkin type. O

We also note that the non-trivial socle deformations of selfinjective alge-
bras of Dynkin type occur only in characteristic 2 and are classified com-
pletely by quivers and relations (see [501], [670]). We refer to the survey
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article [630] for a detailed description of the representation-finite selfinjec-
tive algebras, and to [7] for a classification of the derived equivalence classes
of these algebras.

The following theorem of Skowronski [631] describes the representation-
infinite selfinjective algebras of finite growth (domestic).

5.5. Theorem. Let A be a basic connected selfinjective algebra. Then
A is representation-infinite domestic (of finite growth) if and only if A is a
socle deformation of a selfinjective algebra A of Euclidean type. O

The non-trivial socle deformations of the selfinjective algebras of Eu-
clidean type occur in any characteristic and are classified completely by
Bocian and Skowroniski in [83] in terms of quivers and relations. The clas-
sification of all selfinjective algebras of Euclidean type, initiated in [9], [12],
[13], [14], [609], is completed by Bocian and Skowroriski in [80], [81], [82],
[83], and Lenzing and Skowronski in [399].

The following theorem of Skowroniski [632] describes all non-domestic
selfinjective algebras of polynomial growth.

5.6. Theorem. For a basic connected selfinjective algebra A, the follow-
ing conditions are equivalent.

(a) A is non-domestic of polynomial growth.

(b) A is non-domestic of linear growth.

(¢) A is a socle deformation of a selfinjective algebra A of tubular type.
O

The non-trivial socle deformations of selfinjective algebras of tubular type
occur only in characteristic 2 and 3 and are classified completely by Bial-
kowski and Skowroriski in [64] in terms of quivers and relations. The clas-
sification of all selfinjective algebras of tubular type, initiated in [14], [285],
[449], [609], is completed recently by Biatkowski and Skowroniski in [62],
[63], [64], and Lenzing and Skowronski in [400] (see also [56], [57]).

The following theorem of Skowronski [633] gives a characterisation of
selfinjective algebras of polynomial growth in terms of the infinite radical
of the module category.

5.7. Theorem. Assume that A is a selfinjective algebra.

(a) A is of polynomial growth if and only if the infinite radical rady of
mod B is locally nilpotent.

(b) A is domestic (of finite growth) if and only if the infinite radical
rady of mod B is nilpotent. O

We refer to the survey article [630] for more information on selfinjec-
tive algebras of polynomial growth and their module categories. Moreover,
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we refer to [77], [78], [79], [296] (respectively, to [60], [61], [481]) for some
results concerning the derived equivalence classification of selfinjective al-
gebras of domestic type (respectively, non-domestic selfinjective algebras of
polynomial growth).

The representation theory of arbitrary representation-tame selfinjective
algebras is still only emerging. We refer to [1], [211], [219], [220], and
[295] for a classification of representation-tame blocks of group algebras
of finite groups and related algebras, and to [496] and [295] for the derived
equivalence classification of these algebras B. We present only the following
result in this direction, invoking the Euler quadratic form ¢p, proved by
Skowronski in [634].

5.8. Theorem. For a simply connected algebra B, the following four
conditions are equivalent.

(a) The Euler form qp : Ko(B) ——Z of B s positive semidefinite.

(b) The trivial extension algebra T (B) is representation-tame.
(c) The derived category D?(mod B) is representation-tame.
(d) The algebra B is derived equivalent to a representation-tame simply

connected generalised canonical algebra. O

We refer to Geiss and Krause [253] for the notion of derived tameness,
to Drozd [204] for the derived tame-wild dichotomy of algebras, and to
Leszczynski and Skowronski [411] for a classification of all representation-
tame generalised canonical algebras.

The module categories of the selfinjective algebras of wild tilted type and
wild canonical type, as well as their homological invariants, are described
by Erdmann—Kerner—Skowroriski [217] and Lenzing—Skowroriski [402].

The remaining part of this section is devoted to a discussion of the struc-
ture of selfinjective algebras having a generalised standard component in the
Auslander—Reiten quiver. We give first a criterion for a selfinjective algebra
A to be the orbit algebra B /G of the repetitive algebra B of an algebra B.
To present it, we need some concepts.

5.9. Definition. Let B be a basic connected algebra and ¢ : B—DBa
K-category automorphism of B. In the notation of (5.1), the automorphism
© is defined to be

e positive if, for each pair (m,i) € Z x {1,...,n}, we have @(e,, ;) =
ep,j, for some p >m and j € {1,...,n}.

e rigid if, for each pair (m,i) € Z x {1,...,n}, there exists j €
{1,...,n} such that @(em i) = em,;-

e strictly positive if ¢ is positive but not rigid.

The following criterion is established by Skowronski and Yamagata in
[642], see also [637], [639].
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5.10. Theorem. Let A be a basic connected selfinjective algebra. Then
A is isomorphic to an orbit algebra B/(cpl/B) for a basic connected algebra
B and a positive automorphism o : B—B of B if and only if there is
an ideal I of A such that, for some idempotent e of A, the following two
conditions are satisfied:
(i) Anng (Ja) =el,
(ii) the canonical algebra epimorphism eAe — eAe/ele splits.

Moreover, in this case, B is isomorphic to the quotient algebra A/I. O

The criterion (5.10) is the main tool in proving the following result ob-
tained in [637], [639], see also [640].

5.11. Theorem. Let A be a basic connected selfinjective algebra. The
following conditions are equivalent.

(a) A is isomorphic to an orbit algebﬁa E/(ipyg), where B is a tilted al-

gebra not of Dynkin type and ¢ : B — B is a positive automorphism
of B.

(b) T'(mod A) admits a generalised standard acyclic full translation sub-
quiver which is closed under predecessors in T'(mod A).

(¢) I'(mod A) admits a generalised standard acyclic full translation sub-
quiver which is closed under successors in T'(mod A). g

As a direct consequence we obtain the following fact.

5.12. Corollary. Let A be a basic connected selfinjective algebra such
that T'(mod A) admits a generalised standard acyclic component. Then A is
a selfinjective algebra of tilted type. O

Applying the criterion (5.10), Skowroriski and Yamagata prove in [645]
the following fact.

5.13. Theorem. For a basic connected algebra A, the following two
statements are equivalent.
(a) A is representation-infinite and every component of I'(mod A) is
generalised standard.
(b) The algebra A is isomorphic to an orbit algebra E/((pug), where
B is a (representation-infinite) tilted algebra of Fuclidean type or a

tubular algebra, and ¢ : B— B is a strictly positive automorphism
of B. O

We would like to mention that a description of the selfinjective algebras A
such that I'(mod A) admits a (generalised) standard stable tube is a difficult
problem. It is not true that such an algebra A is selfinjective of quasitilted
type. We already indicated in (1.21) and (1.22) that there exist complicated
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algebras B for which the quiver I'(mod B) admits a faithful (generalised)
standard stable tube. The Auslander-Reiten quiver I'(mod B x D(B)) of
the trivial extension B X D(B) of such an algebra B admits also a sincere
(generalised) standard stable tube (see [427], [629]). The following interest-
ing result is recently proved by Biatkowski, Skowronski and Yamagata in
[66].

5.14. Theorem. If A is a symmetric algebra such that the Auslander—
Reiten quiver I'(mod A) admits a (generalised) standard stable tube then the
Cartan matrix Ca of A is singular. O

We end this section with two theorems on the invariance of some classes
of selfinjective algebras of tilted and quasitilted type under the stable equiv-
alences.

Let A be a selfinjective algebra. We denote by mod A the stable module
category of A. The objects of mod A are the objects of mod A without
non-zero projective direct summands, and, for any two objects M and N of
mod A, the K-space Hom 4, (M, N) of morphisms from M to N in mod A is
the quotient Homy (M, N)/Pa(M, N), where P, (M, N) is the subspace of
Homy (M, N) consisting of all homomorphisms that admit a factorisation
through a projective A-module.

Two selfinjective algebras A and A are defined to be stably equivalent
if the stable module categories mod A and mod A are equivalent.

In [496], Rickard proves that two derived equivalent selfinjective algebras
are stably equivalent.

A combination of the results proved by Skowroriski and Yamagata in
[638], [641], and [643] gives the following theorem.

5.15. Theorem. The class of selfinjective algebras of tilted type of the
form B/G where B is a tilted algebra and G is an mﬁmte cyclic group

(wvg), with a positive automorphism o : B—B of B 18 tnvariant under
the stable equivalences and under the derived equzvalences. O

We finish this section with the following theorem proved recently by
Kerner, Skowroniski and Yamagata in [355].

5.16. Theorem. The class of selfinjective algebras of quasitilted type of
the form E/G, where B is a quasitilted algebra and G is an infinite cyclic
group (pvg), with a strictly positive automorphism ¢ : B—B of E, 1
invariant under the stable equivalences and under the derived equivalences.

O
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XX.6. Related topics and research directions

We list here some of the interesting research directions related to the
modern representation theory of finite dimensional algebras. We also list
a number of references for each of the topics. Unfortunately our list is far
from being complete; we mention only some of the representative references
for each of the topics.

Geometry of module varieties is studied in [40], [67], [68], [71], [72],
73], [92], [96], [156], [157], [158], [163], [254], [326], [373], [457], [538],
[560], [564], [661], [662], [695], [697].

Orbit closures of modules and singularities are studied in [52], [74],
[75], [76], [93], [94], [96], [98], [502], [506], [650], [653], [654], [655],
[657], [694], [696], [697], [698], [699], [700], [701], [702], [703].
Semi-invariants of modules and their zero sets are studied in [167],
[168], [174], [505], [508], [509], [510], [518], [559], [561], [648], [649).
Moduli spaces and noncommutative geometry are studied in [159],
[175], [252], [360], [439], [440].

Derived and triangulated categories are studied in [14], [47], [48],
[70], [253], [275], [276], [285], [205], [206], [309], [334], [335], [336],
338], [340], [341], [390], [393], [394], [398], [400], [401], [434], [437],
[471], [495], [496], [498], [555].

Ringel-Hall algebras and Lie algebras are studied in [3], [133], [164],
305], [307], [368], [369], [370], [413], [473], [474], [503], [504], [529],
[530], [547].

Quantum groups and Hopf algebras are studied in [3], [115], [133],
[214], [267], [485], [486], [529], [530].

Cluster algebras and cluster tilting theory are studied in [124], [125],
[130], [131], [230], [231], [254].

Hochschild cohomologies of algebras are studied in [126], [127], [128],
[221], [243], [256], [266], [277], [337], [429], [435], [476], [611], [661].
Coverings of algebras and module categories are studied in [18], [33],
[99], [177], [178], [179], [180], [181], [185], [187], [225], [226], [237],
263], [264], [325], [432], [573], [574], [576], [639], [642].

Geometry of algebras and their deformations are studied in [154],
232], [236], [248], [256], [321], [322], [323], [324].

Representations of Frobenius algebras are studied in [1], [4], [53],
54, (58], [59), [115], [163], [211], [212], [213], [215], [217], [219].
[220], [223], [224], [225], [226], [227], [228], [241], [267], [295], [355],
[402], [496], [497], [498], [630], [637], [639], [640], [642)].

Periodicity of modules and algebras are studied in [32], [58], [59],
220], [221], [222], [281], [303], [478].
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Applications of integral quadratic forms and their root systems in

representation theory presented in [16], [38], [39], [88], [106], [119],
[122], [172], [194], [197], [200], [201], [202], [297], [298], [299], [300],
[

I, [299], [300]
301], [302], [320], [326]-[330], [388], [442], [446], [448], [452], [453)],
[454], [456], [457], [459]-[461], [462], [466], [467], [468], [514], [525],
[575], [579], [584], [586], [589], [596], [597], [634], [682]-[684], [687].
Representation theory of vector space categories and matrix prob-
lems is presented in the books [242] and [575], see also [46], [49],
[50], [51], [85], [147]-[151], [198], [200]-[206], [302], [326]-[330], [365],
[443]-[448], [462], [516], [517], [525], [552]-[554], [565], [572]-[582],
[668], [682]-[686].
For a combinatorial representation theory we refer to [169], [281],
[282], [306], [320], [339], [388], [544], [545], [546], [550].
For a spectral representation theory we refer to [158], [159], [173],
[459], [469], [533).
Module categories over artin algebras are studied in [34], [114], [142],
[143], [244], [245], [280], [396], [420], [426], [492], [562], [563], [612],
(613], [614], [615], [616], [617], [619], [628], [635], [640], [647], [656],
[658], [660].
Important classes of infinite dimensional modules over finite dimen-
sional algebras are studied in [24], [110], [152], [153], [155], [203],
[205], [206], [308], [374], [375], [378], [379], [381], [392], [482], [483],
[488], [513], [531], [536], [540], [542], [543], [587], [627], [681].
Hereditary abelian categories are studied in [278], [286], [288], [390],
[494].
Basic information on the representation theory of K-coalgebras over
a field K can be found in [135], [136], [137], [316], [317], [269], [364],
[371], [588], [589], [592]-[599], and [675].
For a discussion of representation theory of artinian rings the reader
is referred to [23], [24], [42], [182], [183], [184], [209], [268], [294],
308], [312], [319], [384], [514], [549], [556], [557], [558], [568], [569),
[570], [571], [683], [585], [690], [691] (see also [115], [361], [362], [363],
for a discussion of representation theory problems of noetherian rings
that are not artinian).
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