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Introduction

The first volume serves as a general introduction to some of the tech-
niques most commonly used in representation theory. The quiver technique,
the Auslander–Reiten theory and the tilting theory were presented with
some application to finite dimensional algebras over a fixed algebraically
closed field. In particular, a complete classification of those hereditary al-
gebras that are representation-finite (that is, admit only finitely many iso-
morphism classes of indecomposable modules) is given. The result, known
as Gabriel’s theorem, asserts that a basic connected hereditary algebra A is
representation-finite if and only if the quiver QA of A is a Dynkin quiver.

In Volume 2 we study in detail the indecomposable modules and the
shape of the Auslander–Reiten quiver Γ(modA) of the class of hereditary
algebras A that are representation-infinite and minimal with respect to this
property. They are just the hereditary algebras of Euclidean type, that
is, the path algebras KQ, where Q is a connected acyclic quiver whose
underlying non-oriented graph Q is one of the following Euclidean diagrams

����� �����

•

Ãn : •−−−−•−−−− · · · −−−−•−−−−•; (n+1 vertices, n ≥ 1);
D̃n :

• •| |
•−−−−•−−−−•−−−− · · · −−−−•−−−−•−−−−•; (n+1 vertices, n ≥ 4);

Ẽ6 :
•|•
|

•−−−−•−−−−•−−−−•−−−−•;
Ẽ7 :

•|
•−−−−•−−−−•−−−−•−−−−•−−−−•−−−−•;

Ẽ8 :
•|

•−−−−•−−−−•−−−−•−−−−•−−−−•−−−−•−−−−•.
In Volume 2, we also study in detail the indecomposable modules and the
shape of the Auslander–Reiten quiver Γ(modB) of concealed algebras of
Euclidean type, that is, the tilted algebras B of the form

B = EndTKQ,

where KQ is a hereditary algebra of Euclidean type and TKQ is a postpro-
jective tilting KQ-module.

The main aim of the first part of Volume 3 is to study arbitrary represen-
tation-infinite tilted algebras B = EndTKQ of a Euclidean type Q, where
TKQ is a tilting TKQ-module, and to give a fairly complete description
of their indecomposable modules, their module categories modB, and the
Auslander–Reiten quivers Γ(modB).

For this purpose, we introduce in Chapters XV-XVII some concepts
and tools that allow us to give in Chapter XVII a complete description
of arbitrary representation-infinite tilted algebras B of Euclidean type and

ix



x Introduction

their module categories mod B, due to Ringel [525]. In particular, we show
that:

• the Auslander–Reiten quiver Γ(modB) of any such an algebra B has
a disjoint union decomposition

Γ(modB) = P(B) ∪ TT B ∪ Q(B),

where P(B) is a unique postprojective component, Q(B) is a unique
preinjective component, and

TT B = {T B
λ }λ∈P1(K)

is a P1(K)-family of pairwise orthogonal standard ray or coray tubes
T B

λ separating P(B) from Q(B);

• the module category mod B of a tilted algebra B of Euclidean type is
controlled by the Euler quadratic form qB : K0(B) −→ Z of B, and

• the number of the isomorphism classes of tilted algebras of Euclidean
type of any fixed dimension is finite.

In Chapter XVIII, we turn our attention to the representation theory of
wild hereditary algebras A = KQ, where Q is an acyclic quiver such that
the underlying graph is neither a Dynkin nor a Euclidean diagram. The
shape of the components of the regular part R(A) of Γ(modA) is described
and, for any such an algebra A, a wild behaviour of the category modA is
established. Moreover, an important theorem on homomorphisms between
the regular modules over a wild hereditary algebra, due to Baer [35] and
Kerner [343], is proved.

An essential rôle in the investigation is played by the notion of a per-
pendicular category associated to a partial tilting module, introduced by
Geigle and Lenzing [247] and Schofield [559].

We also exhibit some classes of tilted algebras B of wild type and we
discuss the structure of their module categories modB. In particular, we
prove a theorem of Ringel [526] on the existence of a regular tilting module
over a hereditary algebra, and we present an efficient procedure of Baer [35],
[36] allowing us to construct regular tilting modules over any wild hereditary
algebra A with at least three pairwise non-isomorphic simple modules.

In Chapter XIX, we introduce the concepts of tame representation type
and of wild representation type for algebras, and we discuss the tame and
the wild nature of module categories modB. We prove that the concealed
algebras of Euclidean type are of tame representation type, and the con-
cealed algebras of wild type are of wild representation type.



Introduction xi

In the final Chapter XX, we present (without proofs) selected results
of the representation theory of finite dimensional algebras that are related
to the material discussed in the previous chapters. This, together with a
rather long list of complementary references, should provide the reader with
the right tives for further study and interesting research directions.

Unfortunately, many important topics from the theory have been left
out. Among the most notable omissions are covering techniques, the use
of derived categories and partially ordered sets. Some other aspects of the
theory presented here are discussed in the books [34], [53], [54], [242], [318],
[276], [575], and especially [525].

We assume that the reader is familiar with Volumes 1 and 2, but other-
wise the exposition is reasonably self-contained, making it suitable either for
courses and seminars or for self-study. The text includes many illustrative
examples and a large number of exercises at the end of each of the Chapters
XV-XIX.

The book is addressed to graduate students, advanced undergraduates,
and mathematicians and scientists working in representation theory, ring
and module theory, commutative algebra, abelian group theory, and combi-
natorics. It should also, we hope, be of interest to mathematicians working
in other fields.

Throughout this book we use freely the terminology and notation intro-
duced in Volumes 1 and 2. We denote by K a fixed algebraically closed field.
The symbols N, Z, Q, R, and C mean the sets of natural numbers, integers,
rational, real, and complex numbers. The cardinality of a set X is denoted
by |X|. Given an algebra A, the A-module means a finite dimensional right
A-module. We denote by ModA the category of all right A-modules, by
mod A the category of finite dimensional right A-modules, and by Γ(modA)
the Auslander–Reiten translation quiver of A. The ordinary quiver of an
algebra A is denoted by QA. Given a matrix C = [cij ], we denote by Ct the
transpose of C.

A finite quiver Q = (Q0, Q1) is called a Euclidean quiver if the under-
lying graph Q of Q is any of the Euclidean diagrams Ãm, with m ≥ 1, D̃m,
with m ≥ 4, Ẽ6, Ẽ7, and Ẽ8. Analogously, Q is called a Dynkin quiver
if the underlying graph Q of Q is any of the Dynkin diagrams Am, with
m ≥ 1, Dm, with m ≥ 4, E6, E7, and E8.

We take pleasure in thanking all our colleagues and students who helped
us with their useful comments and suggestions. We wish particularly to ex-
press our appreciation to Ibrahim Assem, Sheila Brenner, Otto Kerner, and
Kunio Yamagata for their helpful discussions and suggestions. Particular
thanks are due to Dr. Jerzy Bia�lkowski and Dr. Rafa�l Bocian for their help
in preparing a print-ready copy of the manuscript.





Chapter XV

Tubular extensions and tubular
coextensions of algebras

In Volume 2, we study in detail the indecomposable modules and the
shape of the Auslander–Reiten quiver Γ(mod B) of concealed algebras of
Euclidean type, that is, the tilted algebras B of the form

B = End TKQ,

where KQ is a hereditary algebra of Euclidean type and TKQ is a post-
projective tilting KQ-module. We recall that every concealed algebra B of
Euclidean type is representation-infinite and the Auslander–Reiten quiver
Γ(mod B) of B has the shape

where mod B is the category of finite dimensional right B-modules, P(B) is
the unique postprojective component of Γ(mod B) containing all the inde-
composable projective B-modules, Q(B) is the unique preinjective compo-
nent of Γ(mod B) containing all the indecomposable injective B-modules,
and R(B) is the (non-empty) regular part consisting of the remaining com-
ponents of Γ(mod B). We recall also that:

• the regular part R(B) of the Auslander–Reiten quiver Γ(modB) is
a disjoint union of the P1(K)-family

TT B = {T B
λ }λ∈P1(K)

of pairwise orthogonal standard stable tubes T B
λ , where P1(K) is

the projective line over K,
• the family TT B separates the postprojective component P(B) from

the preinjective component Q(B),
• the module category modB is controlled by the Euler quadratic form

qB : K0(B) −→ Z of the algebra B.

1



2 Chapter XV. Tubular extensions and coextensions

In Volume 3, we study the representation-infinite tilted algebras B =
End TKQ of a Euclidean type Q, where TKQ is a tilting TKQ-module. We
give a fairly complete description of their indecomposable modules, their
module categories mod B, and the Auslander–Reiten quivers Γ(mod B).

The aim of the present chapter is to introduce concepts playing a fun-
damental rôle in the classification of arbitrary representation-infinite tilted
algebras of Euclidean type, presented in Chapter XVII.

In Section 1, we introduce the concepts of a one-point extension and a
one-point coextension of an algebra, and we discuss a behavior of almost
split sequences under the one-point extension and the one-point coextension
procedure.

In Section 2, we introduce the concepts of a tubular extension and a
tubular coextension of an algebra, and the related concepts of ray tubes
and coray tubes. As we shall see in Chapter XVII, the components of
a representation-infinite tilted algebra of Euclidean type that are neither
postprojective nor preinjective, are ray tubes or coray tubes.

In Section 3, we show that the concepts of the tubular extension and the
tubular coextension of an algebra coincide with the concepts of a branch
extension and a branch coextension of an algebra.

In Section 4, we discuss the structure of the module categories mod B
and modB′ of a tubular extension B and a tubular coextension B′ of a
concealed algebra A of Euclidean type, and we introduce the concept of the
tubular type of such algebras. The study we start in Section 4 is continued
in Chapter XVII. We show there that every representation-infinite tilted al-
gebra of Euclidean type is either a domestic tubular extension or a domestic
tubular coextension of a concealed algebra of Euclidean type.

XV.1. One-point extensions and one-point
coextensions of algebras

We start by explaining the idea of a one-point extension algebra. Assume
that B is a K-algebra such that the quiver QB of B has a source vertex
0. We form a K-algebra A in such a way that the quiver QA of A is
obtained by deleting from the quiver QB of B the source 0, as well as all
the arrows passing through 0. We are interested in the relation between the
representation theories of B and of the algebra A.

Let e0 be the idempotent of B corresponding to the source vertex 0, and
we set

A = (1 − e0)B(1 − e0).

Since the algebra A is isomorphic the quotient algebra B/Be0B of B (mod-
ulo the two-sided ideal Be0B generated by the idempotent e0), then the
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canonical algebra epimorphism

B −−−−→ A ∼= B/Be0B

induces an embedding of module categories modA ↪→ mod B, called the
standard embedding.

On the other hand, because 0 is a source of QB , the injective right B-
module I(0)B = D(Be0) is simple and, consequently, there is a K-algebra
isomorphism e0Be0 ∼= End (D(Be0)) ∼= K, and

(1 − e0)Be0 ∼= HomB(D(Be0), D(B(1 − e0))) = 0.

Moreover, the (right) K-vector space X = e0B(1−e0) has a canonical right
A-module structure and a canonical left K-module structure induced by
the right one (that is, defined by the formula λ · x = xλ, for all x ∈ X and
λ ∈ K); they define a K-A-bimodule structure KXA on X, see (I.2.10). It
follows that we can view the algebra B in the matrix form

B =

⎡⎢⎣
(1 − e0)B(1 − e0) (1 − e0)Be0

e0B(1 − e0) e0Be0

⎤⎥⎦ =
[

A 0
KXA K

]
,

where A = (1 − e0)B(1 − e0) ∼= B/Be0B, KXA = X = e0B(1 − e0), K ∼=
e0Be0, and the multiplication is induced from the K-A-bimodule structure
of KXA, see (A.2.7) of Volume 1. Because the right ideal

e0B =
[

0 0
KXA K

]
of B =

[
A 0

KXA K

]
is an indecomposable projective B-module, then the A-module KXA iden-

tified with the B-submodule
[

0 0
KXA 0

]
of e0B equals the radical rad e0B

of e0B, that is, we make the identification

rad e0B =
[

0 0
KXA 0

]
≡ KXA.

These considerations, already used implicitly, for instance in (VII.2.5) and
(IX.4), and their duals, lead to the following definitions.



4 Chapter XV. Tubular extensions and coextensions

1.1. Definition. Let A be a K-algebra, and X be a right A-module.
(a) The one-point extension of A by X, which we denote by A[X], is

the 2 × 2-matrix algebra

A[X] =
[

A 0
KXA K

]
with the ordinary addition of matrices, and the multiplication indu-
ced from the usual K-A-bimodule structure KXA of X, see (A.2.7).

(b) The one-point coextension of A by X, which we denote by [X]A,
is the 2 × 2-matrix algebra

[X]A =
[

K 0
DX A

]
with the ordinary addition of matrices, and the multiplication in-
duced from the A-K-bimodule structure of DX = HomK(KXA, K)
induced by the K-A-bimodule structure of KXA, see Section I.2.9
of Volume 1.

We recall that given two K-algebras A, C, and a finite dimensional C-
A-bimodule CXA, the set

B =
[

A 0
CXA C

]
of all matrices

[
a 0
x c

]
, where a ∈ A, c ∈ C, and x ∈ X, endowed with the

usual matrix addition and the multiplication given by the formula[
a 0
x c

]
·
[

a′ 0
x′ c′

]
=
[

aa′ 0
xa′+cx′ cc′

]
,

is a finite dimensional K-algebra with identity element 1 = eA + eC , where
eA =

[
1 0
0 0

]
and eC =

[
0 0
0 1

]
, see (A.2.7).

It is easy to see that the quiver QA[X] of the one-point extension algebra
A[X] contains the quiver QA of A as a full convex subquiver, and there is
a single additional point in QA[X], which is a source vertex. One may thus
visualise the quiver QA[X] of A[X] as follows
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Conversely, the considerations preceding the definition show that any al-
gebra B having a source in the quiver QB can be written as a one-point
extension A[X] of a quotient A of B by the two-sided ideal generated by
the idempotent corresponding to this source.

Dually, the quiver Q[X]A of the one-point coextension K-algebra [X]A
contains the quiver QA of A, as a full convex subquiver, and there is a single
additional point in Q[X]A, which is a sink vertex. One may thus visualise
the quiver Q[X]A of [X]A as follows

In this chapter, and contrary to our custom in this book, but for the sake
of brevity, we only state the results for one-point extensions, but not their
duals (for one-point coextensions). We urge the reader to do the primal-dual
translation work.

For our purposes, an equivalent description of the category modA[X] in
terms of the representations of bimodules is needed. It is well-known that
modules over a 2×2 triangular matrix algebra may be represented as triples,
each consisting of a pair of modules and a homomorphism.

Now we illustrate the definition with two simple examples.

• Assume that A = K and X = K. Then the one-point extension A[X]
of the algebra K by X = K is the algebra

K[K] =
[

K 0
K K

]
consisting of 2×2 lower triangular matrices with coefficients in K. In other
words, the one-point extension K[K] is the path K-algebra of the Dynkin
quiver 1 ◦ ←− ◦ 2.

• Assume that A = K and X = K2. Then the one-point extension A[X]
of the algebra K by X = K2 is the Kronecker algebra

K[K2] =
[

K 0
K2 K

]
,

see (I.2.5). Equivalently, K[K2] is the path K-algebra of the Kronecker
quiver 1 ◦ ←−−−−−−←−−−−−− ◦ 2, of the Euclidean type Ã1.
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Given a K-algebra A and a K-A-bimodule KXA, we define the K-
category

rep(X) = rep(KXA) (1.2)

of all K-linear representations of the bimodule KXA as follows, see
(A.2.7) in Volume 1.

(i) An object M = (M0, M1, ψM ) in rep(KXA) consists of a K-vector
space M0, a right A-module M1, and a homomorphism
ψM : M0 ⊗K XA −→ M1 of right A-modules.

(ii) A morphism from M = (M0, M1, ψM ) to M ′ = (M ′
0, M

′
1, ψM ′) in

rep(KXA) is a pair f = (f0, f1), where f0 : M0 −→ M ′
0 is a ho-

momorphism of K-vector spaces and f1 : M1 −→ M ′
1 is a homo-

morphism of A-modules, which are compatible with the structural
homomorphisms ψM and ψM ′ , that is, the following square com-
mutes

M0 ⊗K XA
ψM−−−−→ M1

f0⊗1X

⏐⏐� ⏐⏐�f1

M ′
0 ⊗K XA

ψM′−−−−→ M ′
1.

(iii) The composition of morphisms in rep(KXA) is induced by the com-
position of homomorphisms in modK and modA, respectively.

(iv) The direct sum of two objects

M = (M0, M1, ψM ) and M ′ = (M ′
0, M

′
1, ψM ′)

in rep(KXA) is the object in rep(KXA)

M ⊕ M ′ = (M0 ⊕ M ′
0, M1 ⊕ M ′

1, ψM ⊕ ψ′
M )

in rep(KXA).

It is easy to check that rep(KXA) is an additive K-category. Moreover,
using the adjunction isomorphism (I.2.11)

HomA(M0 ⊗K X, M1) ∼= HomK(M0, HomA(X, M1)),

we see that the category rep(KXA) is equivalent to the category rep(KXA)
defined as follows.

(i) An object M = (M0, M1, ϕM ) in rep(KXA) consists of a K-vector
space M0, a right A-module M1 and a homomorphism of K-vector
spaces ϕM : M0 −→ HomA(KXA, M1).
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(ii) A morphism from M = (M0, M1,ϕM ) to M ′ = (M ′
0, M

′
1,ϕM ′) in

rep(KXA) is a pair f = (f0, f1), where f0 : M0 −→ M ′
0 is a ho-

momorphism of K-vector spaces, and f1 : M1 −→ M ′
1 is a homo-

morphism of A-modules, which are compatible with the structural
homomorphisms ϕM and ϕM ′ , that is, the following square com-
mutes

M0
ϕM−−−−→ HomA(KXA, M1)

f0

⏐⏐� ⏐⏐�HomA(KXA,f1)

M ′
0

ϕM′−−−−→ HomA(KXA, M ′
1).

(iii) The composition of morphisms in rep(KXA) is induced from the
composition of homomorphisms in modK and modA, respectively.
The direct sum is defined componentwise.

It is easy to check that rep(KXA) is an additive K-category. A K-linear
category equivalence

H : rep(KXA) �−−−−→ rep(KXA)

is defined by assigning to any object M = (M0, M1, ψM ) of rep(KXA) the
object H(M) = (M0, M1, ψM ) of rep(KXA), where

ψM : M0 −−−−→ HomA(KXA, M1)

is the K-linear map adjoint to the homomorphism ψM : M0 ⊗K XA −→ M1
of right A-modules, that is, ψM (m0)(x) = ψM (m0 ⊗ x), for all m0 ∈ M0
and x ∈ X. We also set H(f0, f1) = (f0, f1).

1.3. Lemma. Under the notation introduced above, the following two
statements hold.

(a) The additive K-categories rep(X) and rep(X) are abelian, and there
exist K-linear equivalences of categories

mod A[X] F−−−−→
�

rep(KXA) H−−−−→
�

rep(KXA).

(b) If M is a module in mod A[X] and F (M) = (M0, M1, ψM ), then the
dimension vector dimM of M has the form

dimM = (dimM1,dimM0),

where dimM0 = dimKM0 and dimM1 is the dimension vector of
the A-module M1, with (dimM)a = (dimM1)a = dimKMea, for
any vertex a �= 0 of the quiver QA[X] of A[X]. Here 0 ∈ (QA[X])0 is
the source vertex defined by the one-point extension structure of the
algebra A[X].
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Proof. (a) The second equivalence H is described above. To establish
the first one, we define a K-linear functor

F : mod A[X] −−−−→ rep(KXA)

as follows. Let, as before, 0 denote the source which belongs to the quiver
QA[X] of the one-point extension algebra A[X], but not to the quiver QA of
A, and e0 ∈ A[X] denote the corresponding idempotent.

For a right A[X]-module M , we set M0 = Me0 and M1 = M(1−e0), and
we denote by ψM : M0 ⊗K XA −→ M1 the homomorphism induced by the
multiplication map me0 ⊗ x 
→ me0x for m ∈ M and x ∈ X, where we use
that X = e0A[X](1 − e0). It is easy to see that F (M) = (M0, M1, ψM ) is
an object of the category rep(KXA). If f : M −→ M ′ is a homomorphism
of A[X]-modules, we define f0 : M0 −→ M ′

0 and f1 : M1 −→ M ′
1 to be

the restrictions of f to M0 and M1, respectively. This is possible, because,
for any m ∈ M , we have f(me0) = f(m)e0 ∈ M ′

0 and f(m(1 − e0)) =
f(m)(1−e0) ∈ M ′

1. It is clear that F (f) = (f0, f1) is a morphism from F (M)
to F (M ′) in the category rep(KXA). A routine calculation shows that we
have defined an additive K-linear functor F : mod A[X] −−−−→ rep(KXA).

We also define a functor

G : rep(KXA) −−−−→ mod A[X]

as follows. For an object M = (M0, M1, ψM ) in rep(KXA), we let
G(M0, M1, ψM ) be the right A[X]-module having

G(M) = M1 ⊕ M0

as underlying vector space, with the multiplication

· : G(M) × A[X] −−−−→ G(M)

defined by the formula

(m1, m0) ·
[

a 0
x λ

]
= (m1a + ψM (m0 ⊗ x), m0λ),

for (m1,m0)∈G(M) and
[

a 0
x λ

]
∈A[X]. If

(f0, f1) : (M0, M1, ψM ) −−−−−−→ (M ′
0, M

′
1, ψM ′)

is a morphism in the category rep(KXA), we define the K-linear map

G(f0, f1) : G(M0, M1, ψM ) −−−−−−→ G(M ′
0, M

′
1, ψM ′)
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by the formula

G(f0, f1)(m1, m0) = (f1(m1), f0(m0)).

Then G(f0, f1) is indeed a homomorphism of A[X]-modules, because the
following equalities hold

G(f0, f1)
(
(m1, m0) ·

[
a 0
x λ

])
= G(f0, f1)(m1a + ψM (m0 ⊗ x), m0λ)

= (f1(m1a) + f1ψM (m0 ⊗ x), f0(m0λ))

= (f1(m1)a + ψM ′(f0 ⊗ 1X)(m0 ⊗ x), f0(m0)λ)

= (f1(m1)a + ψM ′(f0(m0) ⊗ x), f0(m0)λ)

= (f1(m1), f0(m0)) ·
[

a 0
x λ

]
= [G(f0, f1)(m1, m0)] ·

[
a 0
x λ

]
,

for all (m1,m0)∈G(M) and
[

a 0
x λ

]
∈A[X].

It is easily shown that F and G are additive K-linear functors, and quasi-
inverse to each other.

(b) The description of the functors F and G shows that, if a triple M =
(M0, M1, ϕM ) is viewed as a right A[X]-module via G, then the dimension
vector dimM of M in modA[X] is computed as follows. If a is a point
in the quiver QA[X] of A[X], then (dimM)a = (dimM1)a = dimKMea, if
a �= 0, and (dimM)0 = dimKM0. This finishes the proof. �

The reader is referred to (I.2.4) and (I.2.5) for simple examples explaining
the functors F and H of Lemma (1.3). In the sequel, the equivalences F
and H of (1.3) are treated as identifications.

The category rep(KXA) being more suited for our purposes, we consider
in fact A[X]-modules as being objects in rep(KXA).

Another consequence of (1.3) is the following useful fact.

1.4. Corollary. Let A[X] be a one-point extension algebra as above.
Then there exist two essentially distinct full and faithful embeddings of
mod A inside mod A[X] preserving the indecomposablity:

(a) the standard embedding of mod A inside mod A[X], that associates
to an A-module M the triple (0, M, 0) (we simply identify (0, M, 0)
with M ),

(b) the functor associating to an A-module M the triple

M = (HomA(X, M), M, 1HomA(X,M)).
�
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We now use the embeddings of (1.4) to describe those almost split se-
quences in the category mod A[X] whose right end term is an A-module.
We need a technical lemma.

1.5. Lemma. Let A be an algebra, and X be an A-module.
(a) If f : L −→ M is left minimal almost split in mod A, then

(1, f) : L −−−−−−→ (HomA(X, L), M, HomA(X, f))

is left minimal almost split in mod A[X].
(b) If g : M −→ N is right minimal almost split in mod A, and

j : Ker HomA(X, g) −−−−−−→ HomA(X, M)

denotes the inclusion, then

(0, g) : (Ker HomA(X, g), M, j) −−−−−−→ N

is right minimal almost split in mod A[X].

Proof. (a) Clearly, (1, f) is a morphism

L = (HomA(X, L), L, 1) −−−−−−→ (HomA(X, L), M, HomA(X, f)).

If it were a section, then so would be f , a contradiction. Thus (1, f) is not
a section.

Let u = (u0, u1) : L −−−−−−→ (U0, U1, ϕU ) = U be a morphism which is
not a section. We claim that u1 : L −→ U1 is not a section in mod A. For,
assume to the contrary that this is the case. Then there exists u′

1 : U1 −→ L
such that u′

1 ◦u1 = 1L. Hence the pair of maps u′ = (HomA(X, u′
1)◦ϕU , u′

1)
is a morphism from (U0, U1, ϕU ) to L, which satisfies u′ ◦ u = 1L, because

HomA(X, u′
1) ◦ ϕU ◦ u0 = HomA(X, u′

1) ◦ HomA(X, u1) = 1,

contrary to our hypothesis that u is not a section. This establishes our
claim.

Because, by hypothesis, f is left almost split, there exists a homomor-
phism ũ1 : M −→ U1 in modA such that ũ1 ◦ f = u1. Then the pair of
homomorphisms ũ = (u0, ũ1) is a morphism

(HomA(X, L), M, HomA(X, f)) −−−−→ (U0, U1, ϕU ).

Indeed, we have

HomA(X, ũ1) ◦ HomA(X, f) = HomA(X, u1) = ϕUu0,



XV.1. One-point extensions and one-point coextensions 11

that is, the diagram

HomA(X, L)
HomA(X,f)−−−−−−−−−−−−→ HomA(X, M)

u0

⏐⏐� ⏐⏐�HomA(X,ũ1)

U0
ϕU−−−−−−−−−−−−→ HomA(X, U1)

is commutative. Further, we have ũ ◦ (1, f) = u. We have shown that (1, f)
is left almost split in modA[X].

To show that (1, f) is left minimal, assume that g = (g0, g1) is an en-
domorphism of (HomA(X, L), M, HomA(X, f)) such that g ◦ (1, f) = (1, f).
Then g1 ◦ f = f , which implies that g1 is an automorphism of M , while
g0 = 1. This shows that g is an automorphism.

(b) That (0, g) is a morphism from (Ker HomA(X, g), M, j) to
N = (0, N, 0) follows from the commutativity of the square

Ker HomA(X, g)
j−−−−→ HomA(X, M)⏐⏐� ⏐⏐�HomA(X,g)

0 −−−−−−−−→ HomA(X, N).

On the other hand, (0, g) is clearly not a retraction in modA[X], because
the homomorphism g : M −→ N is not a retraction in modA. Let then

v = (v0, v1) : (V0, V1, ϕV ) = V −−−−→ (0, N, 0) = N

be a morphism, which is not a retraction. Clearly, v0 = 0, while
v1 : V1 −→ N is not a retraction in modA. Because g is right almost
split, there exists ṽ1 : V1 −→ M in modA such that v1 = g ◦ ṽ1. Now

HomA(X, g) ◦ HomA(X, ṽ1) ◦ ϕV = HomA(X, v1) ◦ ϕV = 0.

Hence the map HomA(X, ṽ1)ϕV factors through j, that is, there exists a
K-linear map

ṽ0 : V0 −→ Ker HomA(X, g)

such that j ◦ ṽ0 = HomA(X, ṽ1) ◦ ϕV . The latter equality expresses the fact
that ṽ = (ṽ0, ṽ1) is a morphism from (V0, V1, ϕV ) to (Ker HomA(X, g), M, j).
Further, we have (0, g)ṽ = v. This shows that (0, g) is right almost split.

To show that (0, g) is right minimal, let h = (h0, h1) be an endomorphism
of (Ker HomA(X, g), M, j) such that (0, g)◦h = (0, g). Thus we have g◦h1 =
g, showing that h1 is an automorphism of M . On the other hand, the
condition for h to be a morphism reads

j ◦ h0 = HomA(X, h1) ◦ j,
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and this says that h0 is the restriction to Ker HomA(X, g) of the auto-
morphism HomA(X, h1). Consequently h0 is itself an automorphism of
Ker HomA(X, g). Hence h is an automorphism. �

1.6. Theorem. Let A be an algebra, and X be an A-module. If

0 −−−−→ L
f−−−−→ M

g−−−−→ N −−−−→ 0

is an almost split sequence in mod A, then

0 −→L
(1,f)−−−−−−→ (HomA(X, L), M, HomA(X, f))

(0,g)−−−−−−→ N −→ 0

is an almost slit sequence in mod A[X].

Proof. The left exactness of the given sequence follows from the fact
that there is a commutative diagram with exact rows

0 −→ HomA(X, L) 1−−−−−−→ HomA(X, L) −−−−−−−−−−−−→ 0

1

⏐⏐� ⏐⏐�HomA(X,f)

⏐⏐�
0 −→ HomA(X, L)

HomA(X,f)−−−−−−→ HomA(X, M)
HomA(X,g)−−−−−−→ HomA(X, N).

On the other hand, the surjectivity of (0, g) follows from the computation
of the dimension of the cokernel of (1, f):

dimK(HomA(X, L), M, HomA(X, f))−dimKL

= dimKHomA(X, L)+dimKM−dimKHomA(X, L)−dimKL

= dimKM − dimKL

= dimKN.

Applying (1.5)(a), we see that (1, f) is left minimal almost split. Be-
cause the functor HomA(X, −) is left exact, then HomA(X, L) is a kernel of
HomA(X, g). Therefore (1.5)(b) yields that (0, g) is right minimal almost
split. �

1.7. Corollary. Let A be an algebra, and X be an A-module. If

0 −→ L
f−→ M

g−→ N −→ 0

is an almost split sequence in mod A such that HomA(X, L) = 0, then this
sequence remains almost split in mod A[X] under the standard embedding.

Proof. Apply (1.6). �
We note also the following useful fact.
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1.8. Lemma. Let A be an algebra, X an A-module, and V =(V0, V1, ϕV )
be an indecomposable A[X]-module with ϕV �= 0. Then HomA(X, N) �= 0,
for any indecomposable direct summand N of V1 in mod A.

Proof. Assume, to the contrary, that N is an indecomposable direct
summand of V1 in modA such that HomA(X, N) = 0. Let p : V1 −→ N be
the canonical retraction and u : N −→ V1 the canonical section in modA.
It follows that

(0, p) : V −→ (0, N, 0) = N

is a retraction in modA[X] with section

(0, u) : N = (0, N, 0) −→ V.

Hence, (0, p) is an isomorphism V ∼= N in modA[X], because V is assumed
to be indecomposable. Hence we get a contradiction, because ϕV �= 0
implies V0 �= 0. �

1.9. Example. Consider the algebra A given by the quiver

bound by two relations αβ = γδ and γε = 0. Then the Auslander–Reiten
quiver Γ(modA) is of the form

1
1 0

0
0

0
0 0

1
1

↗ ↘ ↗ ↘
0

1 0
0

0

1
1 0

1
1

0
0 0

1
0

1
0 1

0
0

↘ ↗ ↘ ↗ ↘ ↗ ↘
0

1 0
1

1

1
1 0

1
0

→ 1
1 1

1
0

→ 1
0 1

1
0

0
0 1

0
0

↗ ↘ ↗ ↘ ↗ ↘ ↗
0

0 0
0

1

0
1 0

1
0

1
0 0

0
0

0
0 1

1
0

where the indecomposable modules are represented by their dimension vec-
tors. Let X = I(5)A. Then X =

0
0 1

1
0

and the quiver QA[X] of the one-point
extension algebra A[X] is of the form
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bound by three relations αβ = γδ, γε = 0 and λδ = 0. The Auslander–
Reiten quiver Γ(modA[X]) is of the form

0
0 0

1
1 1

↗ ↘
1

1 0
0

0 0

0
0 0

1
1 0

0
0 0

1
0 1

1
0 1

0
0 0

↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘
0

1 0
0

0 0

1
1 0

1
1 0

0
0 0

1
0 0

1
0 1

1
0 1

0
0 1

0
0 0

↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗
0

1 0
1

1 0

1
1 0

1
0 0

→ 1
1 1

1
0 0

→ 1
0 1

1
0 0

0
0 1

1
0 1

↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘
0

0 0
0

1 0

0
1 0

1
0 0

1
0 0

0
0 0

0
0 1

1
0 0

0
0 0

0
0 1

.

The image of an indecomposable A-module under the standard embedding
is easily recognised: its dimension vector as an A[X]-module has a zero
coordinate at the point 0. The other embedding is different: both coincide
for those indecomposable modules M such that HomA(X, M) = 0. For the
other, using dimension vectors, we have

0
0 0

1
1

=
0

0 0
1

1 1
,

0
0 0

1
0

=
0

0 0
1

0 1
,

1
0 1

1
0

=
1

0 1
1

0 1
,

0
0 1

1
0

=
0

0 1
1

0 1
.

We now consider the almost split sequence in mod A

0 −−−−→
1

0 1
1

0

f−−−−−−→
1

0 1
0

0
⊕

0
0 1

1
0

g−−−−−−→
0

0 1
0

0
−−−−→ 0.

Because dimKHomA

(
X,

1
0 1

1
0

)
= 1, then

(
HomA

(
X,

1
0 1

1
0

)
,

1
0 1

0
0

⊕ 0
0 1

1
0

, HomA(X, f)
)

=
1

0 1
0

0 0
⊕ 0

0 1
1

0 1
,
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so that there is an almost split sequence in mod A[X]

0 −−−−→
1

0 1
1

0 1
−−−−−−→

1
0 1

0
0 0

⊕
0

0 1
1

0 1
−−−−−−→

0
0 1

0
0 0

−−−−→ 0.

We say that the tubes T1 and T2 of the Auslander–Reiten quiver Γ(modA)
of an algebra A are orthogonal if HomA(T1, T2) = 0 and HomA(T2, T1) = 0,
that is, HomA(X1, X2) = 0 and HomA(X2, X1) = 0, for any module X1 in
T1 and any module X2 in T2.

1.10. Example. Let A be a K-algebra given by the quiver

We use the notation of (X.2.12). Let X = S = S(3). The bound quiver of
the one-point extension algebra A[S] is

bound by two zero relations εβ = 0 and εδ = 0. We now compute the
module category mod A[S]. Because S belongs to a stable tube T0 of rank 2
in Γ(modA), by (X.2.12), we have HomA(S, L) = 0, for any indecompos-
able A module L lying in the postprojective component P of Γ(modA), see
(VIII.2.6). Then, in view of (1.7), we conclude that P becomes a compo-
nent P of Γ(modA[S]) under the standard embedding, and P is clearly a
postprojective component of Γ(modA[S]).

Similarly, the orthogonality of the tubes in Γ(modA) (see (XI.2.8)) im-
plies that all the tubes except T0, the one containing S, become components
of Γ(modA[S]) under the standard embedding, and these components are
clearly stable tubes. Thus, only T0 and the preinjective component may
change.

We first look at T0. Because the tube T0 is standard, then we have
HomA(S, M) �= 0, for an indecomposable module M in T0, if and only if M
belongs to the ray

S = S[1] u2−−−−→ S[2] u3−−−−→ S[3] u4−−−−→ . . .
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starting with S, and moreover, for any j ≥ 1, we have dimKHomA(S, S[j]) =
1. In particular, for any module E[j] lying on the ray

E = E[1]
u′

2−−−−→ E[2]
u′

3−−−−→ E[3]
u′

4−−−−→ . . .

given by the ray module E = τS, we have HomA(S, E[j]) = 0. We denote
the canonical epimorphisms in T0 by

pj : S[j] −−−−→ E[j − 1] and p′
j : E[j] −−−−→ S[j − 1],

for j ≥ 2, respectively. Theorem (1.6) thus gives, for each j ≥ 1, an almost
split sequence

0 −→ (K, S[j], 1)

[
(1,uj+1)
(0,pj)

]
−−−−−−→ (K, S[j+1], 0)⊕E[j−1]

[(0,pj+1),(0,u′
j)]−−−−−−−−−→ E[j] −→ 0.

Finally, for each j ≥ 1, the morphism

(0, 1) : S[j] −−−−−−→ (K, S[j], 1) = S[j]

is irreducible. Indeed, it is clearly neither a section nor a retraction (because
S[j] and S[j] are non-isomorphic indecomposable modules). If we have
(0, 1) = (f0, f1)(g0, g1) for some morphisms

(g0, g1) : S[j] −−−−→ U = (U0, U1, ϕU ) and (f0, f1) : U −−−−→ S[j],

then g0 = 0 and f1g1 = 1. Thus we have a direct sum decomposition
U1 = U ′

1 ⊕ U ′′
1 such that g1 and f1 induce mutually inverse isomorphisms

between S[j] and U ′
1. Set

ϕU =
[

ϕ′

ϕ′′

]
: U0 −−−−−−−−→ HomA(S, U ′

1) ⊕ HomA(S, U ′′
1 ),

where ϕ′ (respectively, ϕ′′) is the composition of ϕU with the canonical pro-
jection of HomA(S, U1) onto HomA(S, U ′

1) (respectively, onto HomA(S, U ′′
1 )).

Now, notice that there are isomorphisms

HomA(S, U ′
1) ∼= HomA(S, S[j]) ∼= K.

We thus have two cases. If ϕ′ = 0, then clearly (g0, g1) = (0, g1) is a section.
If ϕ′ �= 0, then ϕ′ is an epimorphism, hence a retraction. Therefore, it
follows from the commutative diagram

0 −−−−−−−−−−−−→ HomA(S, S[j])⏐⏐� ⏐⏐�HomA(S,g1)

U0

[
ϕ′

ϕ′′

]
−−−−−−→ HomA(S, U ′

1)
⊕

HomA(S, U ′′
1 )

f0

⏐⏐� ⏐⏐�HomA(S,f1)

K
1−−−−−−−−−−−−→ HomA(S, S[j])
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that f0 is itself a retraction. Hence (f0, f1) is a retraction and, consequently,
the map (0, 1) : S[j] −→S[j] is an irreducible monomorphism.

We now consider, for each j ≥ 1, the short exact sequence in mod A[S]

0 −→ S[j]

[
(0,uj+1)

(0,1)

]
−−−−−−−−−−−−→ S[j + 1]

⊕
S[j]

[(0,1) (1,uj+1)]−−−−−−−−−−−−→ S[j + 1]−→ 0.

Each of the morphisms shown is irreducible, and both end terms are inde-
composable. Hence it is almost split. Thus the tube T0 yields in modA[S]
the following component

S[1] E[1]
(0,1)↗ (1,u2)↘ (0,p2)↗ |

E[1] S[1] S[2] |

| (0,u′
2)↘ (0,p′

2)↗ (0,u2)↘ (0,1)↗ (1,u3)↘ |

| E[2] S[2] S[3]
| (0,p3)↗ (0,u′

3)↘ (0,p′
3)↗ (0,u3)↘ (0,1)↗ |

S[3] E[3] S[3] |

| (1,u4)↘ (0,p4)↗ (0,u′
4)↘ (0,p′

4)↗ (0,u4)↘ |

| S[4] E[4] S[4]
| ↗ ↘ ↗ ↘ ↗ |

| ...
... |

where as usual we identify along the vertical dotted lines. This component
T0 is not a stable tube, actually all its indecomposable modules belong to
the τ -orbit of the projective A[S]-module

P (0) = S[1].

In the next section, such a component is called a ray tube.
We now turn to the preinjective component. Because the quiver of A[S]

is a tree, it satisfies the coseparation condition (by the dual of (IX.4.3)).
Hence Γ(mod A[S]) has a preinjective component, which is easily computed
as follows

0 1
1 0

0 0

1 1
1 0

0 1

0 0
1 1

0 1

0 1
0 0

0 0

↗ ↘↗ ↘↗ ↘ ↗
. . . −→ 1 2

3 1
1 2

−→ 0 1
2 1

0 1
−→ 0 1

1 0
0 1

−→ 0 1
1 1

0 1
−→ 0 0

0 1
0 0

↘ ↘↗ ↘↗ ↗ ↘
0 0
1 0

0 1

0 1
1 0

1 1

0 1
1 1

0 0

0 0
0 0

0 1
.
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We have represented here the indecomposable modules by their dimension
vectors.

We now claim that we have obtained in this way all the indecomposable
A[S]-modules. Notice first that A[S] is a tilted algebra: indeed, applying
(VIII.5.6) to the faithful section consisting of the indecomposable preinjec-
tive A[S]-modules{ 1 1

1 0
0 1

,
0 1
1 0

1 1
,

0 1
1 0

0 1
,

0 1
1 1

0 1
,

0 1
0 0

0 0
,

0 0
0 0

0 1

}
,

it follows directly that A[S] is the endomorphism algebra of a tilting B-
module T , where B is the path algebra of the quiver

1 5◦ ◦
↖ ↙

Δ′ : ◦←−−−−◦↙3 4↖
◦ ◦
2 6

We now compute the module TB , using the technique shown in (VIII.5.7).
We have

HomB(T, I(1)) =
1 1
1 0

0 1
, HomB(T, I(2)) =

0 1
1 0

1 1
,

HomB(T, I(3)) =
0 1
1 0

0 1
, HomB(T, I(4)) =

0 1
1 1

0 1
,

HomB(T, I(5)) =
0 1
0 0

0 0
, HomB(T, I(6)) =

0 0
0 0

0 1
.

Thus

TB =
[1 0

0 0
0 0

]
⊕
[0 0

0 0
1 0

]
⊕
[1 0

1 1
1 0

]
⊕
[1 1

1 1
1 0

]
⊕
[1 0

1 1
1 1

]
⊕
[0 0

0 1
0 0

]
.

Observe that the first five direct summands of TB are the indecomposable
projective B-modules, and hence they lie in the postprojective component
P(B) of B. On the other hand, the final direct summand of TB is a simple
regular module lying on the mouth of the unique stable tube of rank 3 of
Γ(mod B), whose remaining two simple regular modules have the dimension
vectors

1 1
1 1

1 1
and 0 0

1 0
0 0

,

see (XIII.2.6)(c) and (XIII.2.9). The straightforward computation of the
subcategories T (TB) and F(TB) shows that we have indeed obtained above
all the indecomposable A[S]-modules. In particular, the preinjective com-
ponent Q(A) of Γ(modA) presented above is the connecting component CT

determined by the tilting B-module T . The details are left to the reader as
an exercise.
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XV.2. Tubular extensions and tubular
coextensions of algebras

As seen in the above example (1.10) the effect of a one-point extension by
a mouth module in a stable tube yields a new component, which resembles a
tube, but is certainly not stable (indeed, each of its points lies in the τ -orbit
of a projective, thus τ does not act as an automorphism) or, equivalently,
contains no τ -periodic indecomposable module. Our objective in this section
is to generalise and to iterate this procedure. For this purpose, we need a
definition.

2.1. Definition. Let C be a standard component of the Auslander–
Reiten quiver of an algebra A.

(a) A ray module X in C is said to be admissible if the ray

X = X0
u1−→ X1

u2−→ X2 −→ . . .
u1−→ Xi

ui+1−−−−→ . . .

starting at X satisfies the following three conditions:

(i) If M is an indecomposable module in C such that HomA(X, M) �= 0,
then there exists i ≥ 0 such that M ∼= Xi.

(ii) If f : M −→ N is a homomorphism between indecomposable mod-
ules in C such that HomA(X, f) �= 0, then there exist i, j with i ≤ j
such that M ∼= Xi, N ∼= Xj and f is a scalar multiple of the com-
posite homomorphism uj . . . ui+1 : Xi −−−−→ Xj , if i < j, and f is a
scalar multiple of the identity, if i = j.

(iii) None of the modules Xi is injective.

(b) A coray module X in C is said to be admissible if the coray ending
with X

. . .
pi+1−−−−→ Xi

pi−→ . . . −→ X2
p2−→ X1

p1−→X0 = X

satisfies the following three conditions:

(i) If N is an indecomposable module in C such that HomA(N, X) �= 0,
then there exists i ≥ 0 such that N ∼= Xi.

(ii) If g : N −→ M is a homomorphism between indecomposable mod-
ules in C such that HomA(g, X) �= 0, then there exist i, j with i ≤ j
such that M ∼= Xi, N ∼= Xj and g is a scalar multiple of the com-
posite homomorphism pi+1 . . . pj : Xj −−−−→ Xi, if i < j, and g is a
scalar multiple of the identity, if i = j.

(iii) None of the modules Xi is projective.
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2.2. Lemma. Let C be a standard stable tube in Γ(mod A), and X be a
module in C.

(a) X is an admissible ray module if and only if X is a mouth module.
(b) X is an admissible coray if and only if X is a mouth module.

Proof. We only show (a), because the proof of (b) is similar. Because
X is a ray module if and only if it is a mouth module, it suffices to prove
that every mouth module X in C is admissible. It follows from the stan-
dardness of C and the fact that almost split sequences in C have at most
two middle terms that, if M is an indecomposable module in C such that
HomA(X, M) �= 0, then M belongs to the ray

X = X0
u1−→ X1

u2−→ X2 −→ . . .
ui−→ Xi −→ . . .

starting with the module X. Furthermore, if M ∼= Xi, then the vector
space HomA(X, M) is one dimensional and generated by the homomorphism
ui . . . u1 : X −−−−→ M which is the composition of the monomorphisms on
this sectional path, if i ≥ 1, or by the identity map 1X , if i = 0. This
implies the statement. �

The following definition is very useful.

2.3. Definition. Given an integer t ≥ 1, we denote by

H = Ht =

⎡⎢⎢⎣
K 0 . . . 0
K K . . . 0
...

...
. . .

...
K K . . . K

⎤⎥⎥⎦
the subalgebra of Mt(K) consisting of all t × t-lower triangular matrices.
We identify Ht with the path algebra of the linear quiver

1 2 3 t−1 t◦←−−−−◦←−−−−◦←− . . .←−◦←−−−−◦.

We denote by
P (t) = P (t)H = I(1)H

the unique indecomposable projective-injective H-module etHt. If t = 0, we
agree to denote by H = H0 the zero algebra, and by P (t) the zero module.

Let A be a K-algebra and assume that X is a module in a standard
component C of Γ(modA).

(a) If X is an admissible ray module, then the one-point extension al-
gebra

A(X, t) = (A × Ht)[X ⊕ P (t)] =

⎡⎣ A × Ht 0

X ⊕ P (t) K

⎤⎦
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is called the t-linear extension of A at X.
An algebra A′ is said to be a line extension of A if there exists

a standard component C of Γ(modA), an admissible ray module X
in C, and t ≥ 0 such that A′ ∼= A(X, t).

(b) If X is an admissible coray module, then the one-point coextension
algebra

(X, t)A = [X ⊕ P (t)](A × Ht) =

⎡⎣ K 0

D(X ⊕ P (t)) A × Ht

⎤⎦
is called the t-linear coextension of A at X.

An algebra A′′ is said to be a line coextension of A if there
exists a standard component C of Γ(modA), an admissible coray
module X in C, and t ≥ 0 such that A′′ ∼= (X, t)A.

Thus, whenever t = 0, the t-linear extension (or coextension) of A at
X reduces to the one-point extension (or coextension) of A by X. Hence
the above concept is a generalisation of that of one-point extension (or
coextension) by an admissible ray (or coray, respectively) module, thus, for
instance, by a mouth module in a stable tube.

Note that the bound quiver of a t-linear extension A(X, t) is of the form

where 0 denotes the extension point, the shaded part denotes the bound
quiver of A, and there are possibly additional relations from 0 to QA so
that X equals the summand of radP (0)A(X,t) which is an A-module.

Similarly, the bound quiver of a t-linear coextension (X, t)A is of the
form

where 0 denotes the coextension point, the shaded part denotes the bound
quiver of A, and there are possibly additional relations from QA to 0 so that
X is a summand of

(I(0)/S(0))(X,t)A

which is an A-module.
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Now we illustrate this bound quiver description with the following simple
example.

2.4. Example. Assume that A is a K-algebra given by the quiver

and let X = S(3) (see examples (X.2.12) and (1.10)). Note that X is an
admissible ray module, because X is a mouth module of a stable tube of
Γ(mod A). While the algebra A(X, 0) is the one-point extension of A by X,
as computed in (1.10), then taking t = 2, we get the algebra A(X, 2) given
by the quiver

bound by two zero relations εβ = 0 and εδ = 0.

2.5. A rectangle insertion. Assume that t ≥ 0 is an integer, A is an
algebra, C a standard component of the Auslander–Reiten quiver Γ(modA)
of A, and X is an indecomposable admissible ray module lying in the com-
ponent C. We view C as a translation quiver. Let

A′ = A(X, t)

be the t-linear extension of the algebra A by the admissible ray module X
of C.

Our purpose is to describe the component of Γ(modA′) which contains
the module X, viewed as an A′-module. To do it, we first construct a
translation quiver

(C′, τ ′) ⊆ Γ(mod A′),

which we later show to equal this particular component in Γ(modA′).
We recall that, given t ≥ 1, H = Ht is the path algebra of the linear

quiver
1 2 3 t−1 t◦←−−−−◦←−−−−◦←− . . .←−◦←−−−−◦.
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and the Auslander–Reiten quiver Γ(modH) of modH has the form

◦ ◦ ◦ ◦ ◦ It↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗qt−1◦ ◦ ◦ It−1↘ ↗ ↘ . . . . . . ↗
◦↘ . . . . . . . . .

. . . ↘ ↗ . . .
◦↘ ↗ ↘ ↗

◦ ◦ I2↘ ↗q1◦
P (t)=I1

where we denote by

I1 = I(1)H , I2 = I(2)H , . . . , It = I(t)H

the indecomposable injective H-modules, viewed as A′-modules; that is, we
set

Ij = I(j) = D(ejH),

for j = 1, . . . , t. In particular, I1 = I(1)H = D(e1H) ∼= etH = P (t) is
the unique indecomposable projective-injective right H-module, and It =
I(t)H = D(etH) is the unique simple injective right H-module.

On the other hand, the component C of Γ(modA) being standard, the
finite ray admissibility conditions on X imply that C looks as follows

where, to avoid ambiguity, we denote by τA the Auslander–Reiten transla-
tion in modA.
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We associate to the component C of Γ(modA) the following translation
quiver

(C′, τ ′) ⊆ Γ(mod A′)

consisting of A′-modules, and homomorphisms of A′-modules

Here, for i ≥ 0 and j ∈ {1, . . . , t}, we set

Zij =
(

K, Xi ⊕ Ij ,
[

1
1

])
and Xi = (K, Xi, 1).

It is easily seen that the modules Zij and Xi are indecomposable A′-
modules. The homomorphisms are the obvious ones, defined as follows.

(i) For a fixed j ∈ {1, . . . , t}, the homomorphism Zij −→ Zi+1,j is

given by
(
1,
[

ui 0
0 1

])
.

(ii) For a fixed i ≥ 0, the homomorphism Zij −→ Zi,j+1 is given

by
(
1,
[

1 0
0 qj

])
.

(iii) For any i, the homomorphism Xi −→ Zi1 is given by
(
0,
[

1
0

])
.

(iv) For any i ≥ 0, the homomorphism Zit −→ Xi is given by (1, [1 0]).
(v) For any i ≥ 0, the homomorphism Xi −→ Xi+1 is given by (1, ui).
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(vi) For any i ≥ 0, the homomorphism Xi −→ τ−1
A Xi−1 is given by (0, pi).

(vii) For any j ∈ {1, . . . , t}, the homomorphism Ij −→ Z0j is given

by
(
0,
[

0
1

])
.

The translation τ ′ of C′ is defined as follows.

(i) If i ≥ 1 and j ≥ 2, then τ ′Zij = Zi−1,j−1.
(ii) If i ≥ 1, then τ ′Zi1 = Xi−1.
(iii) If j ≥ 2, then τ ′Z0j = Ij−1.
(iv) The module P = Z01 is projective.
(v) τ ′X0 = It.
(vi) If i ≥ 1, then τ ′Xi = Zi−1,t.
(vii) If i ≥ 0, then τ ′(τ−1

A Xi) = Xi.

For the remaining points of C (or of Γ(modH)), the translation τ ′ coincides
with τA (or with the translation τH in Γ(modH), respectively). This finishes
the construction of the translation quiver (C′, τ ′).

The procedure presented above is called the rectangle insertion.
Intuitively, the construction of the translation quiver (C′, τ ′) may be un-

derstood as the following four step procedure:

(1◦) take the standard component C of Γ(modA) and an admissible ray
module X in C,

(2◦) ‘cut it’ along the arrows p1, p2, . . . , pi, pi+1, . . . ,
(3◦) ‘insert in it’ an infinite rectangle of width t + 1 consisting of the

modules Zij and the modules Xi, and finally
(4◦) ‘glue’ the quiver Γ(modH) to its upper end.

It is useful to illustrate this construction with an example.

2.6. Example. Assume, as in (2.4), that A is a K-algebra given by the
quiver

Let X = S(3) and t = 2. We have seen in (2.4) that the algebra A′ =
A(X, 2) is given by the quiver
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bound by two zero relations εβ = 0 and εδ = 0. In this case,

H =
[

K 0
K K

]
and the Auslander–Reiten quiver Γ(modH) is of the form

W ◦ - - - - - - - ◦ I2

↘ ↗
P (2) = I1

while, as seen in (X.2.12), the component C is a stable tube of rank two
given by

E X=X0 E◦ ◦ ◦
|↘ ↗ ↘ ↗ |
| ◦ E1 ◦ X1 |
|↗ ↘ ↗ ↘ |

X2◦ ◦ E2 ◦ X2

|↘ ↗ ↘ ↗ |
| ◦ X3 ◦ E3 |
|↗ ↘ ↗ ↘ |

E4◦ ◦ X4 ◦ E4

|↘ ↗ ↘ ↗ |
| |
|

...
... |

where we identify along the vertical dotted lines. Here, the translation
quiver (C′, τ ′) is given by

W I2 X0 E◦ ◦ ◦ ◦↘ ↗ ↘ ↗ ↘ ↗ |
Y =I1 ◦ ◦ Z02 ◦ X1 |

↘ ↗ ↘ ↗ ↘ |
P=Z01 ◦ ◦ Z12 ◦ X2↗ ↘ ↗ ↘ ↗ |

E ◦ X=X0 ◦ ◦ Z11 ◦ Z22 |
|↘ ↗ ↘ ↗ ↘ ↗ ↘ |
| ◦ E1 ◦ X1 ◦ Z21 ◦ Z32

|↗ ↘ ↗ ↘ ↗ ↘ ↗ |
X2 ◦ ◦ E2 ◦ X2 ◦ Z31 |

|↘ ↗ ↘ ↗ ↘ ↗ ↘ |
| ◦ X3 ◦ E3 ◦ X3 ◦ Z41

|↗ ↘ ↗ ↘ ↗ ↘ ↗ |
Z32 ◦ ◦ X4 ◦ E4 ◦ X4 |

|↘ ↗ ↘ ↗ ↘ ↗ ↘ |
| |
|

...
...

... |
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where again, we identify along the vertical dotted lines. We summarise by
collecting the main properties of the translation quiver (C′, τ ′).

(a) The ray modules in C′ are precisely the simple H-modules W and
I2, the module X0 = (K, X0, 1) and the mouth module E. We have
exactly five rays in C′ (three more than in C), and every module in
C′ lies on a ray.

(b) C′ contains three projectives, namely W , Y and P = Z01, and any
module in C′ belongs to the τ -orbit of one of these modules.

(c) C′ is right stable, that is, no module in C′ is injective.

Now we can establish one of the main properties of the translation
quiver (C′, τ ′).

2.7. Proposition. Let C be a standard component in Γ(mod A), X be
an admissible ray module in C, and t ≥ 0. Let

A′ = A(X, t) =

⎡⎣ A × Ht 0

X ⊕ P (t) K

⎤⎦
and (C′, τ ′) be the translation quiver associated to C in the rectangle insertion
(2.5).

(a) C′ is the Auslander–Reiten component of Γ(mod A′) containing X,
when viewed as an A′-module.

(b) An indecomposable A′-module U = (U0, U1, ϕU ) belongs to C′ if and
only if U is an Ht-module or the restriction resAU = U1 of U to A
has an indecomposable direct summand from C.

Proof. (a) We use freely the notation introduced above. By construc-
tion, P is the only indecomposable projective A′-module which is neither
an indecomposable projective A-module, nor an indecomposable projective
H-module. Also, there are inclusion homomorphisms of X and P (t) as sum-
mands of radP , which are therefore irreducible in modA′. We also recall
from (1.5) that, if g : M −→ N is a right minimal almost split morphism in
mod A, then

(0, g) : (Ker HomA×H(X ⊕ P (t), g), M, u) −−−−−−→ (0, N, 0)

is right minimal almost split in modA′, where u denotes the canonical
inclusion.

Let i ≥ 0. The right minimal almost split morphism in modA′ ending in
(0, Xi, 0) is given by (0, gi), with gi : M −→ Xi right minimal almost split
in modA. Clearly, M = Xi−1 ⊕M ′ (where we agree that X−1 = 0) and, for
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i ≥ 1, the module Xi−1 does not lie in addM ′. Because M is an A-module,
HomA×H(P (t), M) = 0, so

Ker HomA×H(X ⊕ P (t), gi) = Ker HomA(X, gi),

where HomA(X, gi) : HomA(X, Xi−1⊕M ′) −−−−→ HomA(X, Xi). By our as-
sumption that X is an admissible ray module in C, we have HomA(X, M ′) =
0, while

HomA(X, gi) : HomA(X, Xi−1) −−−−−−→ HomA(X, Xi)

is a monomorphism. It follows that (0, gi) : (0, M, 0) −−−−→ (0, Xi, 0) is a
right minimal almost split morphism in modA′. In particular, the irre-
ducible morphisms Xi −→ Xi+1 remain irreducible in modA′. Moreover,
for each i ≥ 0, there exists an almost split sequence of the form

0 −−−−→ Xi −−−−−−→ Xi+1 ⊕ Z ′
i,1 −−−−−−→ Z ′

i+1,1 −−−−→ 0,

in modA′, where Z ′
0,1 = Z0,1 is a projective module and Z ′

j,1 is indecom-
posable non-projective such that Z ′

j,1 �∼= Xj+1, for any j ≥ 1. To see
this, we note that if Xi −→ N is an irreducible morphism in modA′, with
N indecomposable non-projective, then there is an irreducible morphism
τA′N −→ Xi in modA′, and the claim follows from the preceding descrip-
tion of the right almost split morphisms in modA′ ending at Xi. Because
Z ′

0,1 = Z0,1, we deduce inductively that Z ′
i,1 = Zi,1, for any i ≥ 0.

Applying again (1.5), we see that all the irreducible morphisms in modH
remain irreducible in modA′. Then, as above, we conclude that there exist
almost split sequences

0 −−−−→ It −−−−−−→ Z0,t −−−−−−→ X0 −−−−→ 0, and

0 −−−−→ Ij −−−−−−→ Ij+1 ⊕ Z0,j −−−−−−→ Z0,j+1 −−−−→ 0,

in modA′, for any j ∈ {1, . . . , t − 1}. They connect the Auslander–Reiten
quiver Γ(modH) of H = Ht with the component of Γ(modA′) containing
the projective module Z ′

0,1 = Z0,1.
A straightforward induction on the construction of the cokernel term

in the respective sequences shows that we have indeed the almost split
sequences starting at all the Zij , with i ≥ 1 and 2 ≤ j ≤ t.

There remains to compute the almost split sequences starting at the Xi.
Assume that there exists an irreducible morphism Xi −→L in modA, with
L indecomposable. By our assumption that X is an admissible ray module,
we have

L ∼= Xi+1 or L ∼= τ−1
A Xi−1.
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The left minimal almost split morphism starting at Xi in modA is thus

f : Xi −−−−→ Xi+1 ⊕ τ−1
A Xi−1.

Hence we deduce that the homomorphism

Xi
(1,f)−−−−→

(
HomA×H(X⊕P (t), Xi), Xi+1⊕τ−1

A Xi−1, HomA×H(X⊕P (t), f)
)

∼= (K, Xi+1, 1)
⊕

(0, τ−1
A Xi−1, 0)

is a left minimal almost split morphism in modA′, again by (1.5).
(b) It follows from (a) and (2.5) that if V is an indecomposable module

in C′ then either V is an Ht-module or the restriction resAV = V1 of V to
A is an indecomposable A-module from C.

Let U = (U0, U1, ϕU ) be an indecomposable A′-module such that the
restriction resAU = U1 of U to A has an indecomposable direct summand
Z from C. Then Z is an A-module and, hence,

HomA×H(X ⊕ P (t), Z) = HomA×H(X, Z) = HomA(X, Z).

First we assume that the K-linear map

ϕU : U0 −−−−→ HomA×H(X ⊕ P (t), U1)

is zero. Then U0 = 0 and U = (0, U1, 0) = (0, Z, 0) = Z, because the
module Z is indecomposable. It follows that the module U = Z belongs to
C′, because all modules from C belong to C′.

Next we assume that the K-linear map ϕU �= 0. Let p : U1 −−−−→ Z
be the retraction on Z and q : Z −−−−→ U1 its section. We show that the
composite K-linear map

U0
ϕU−−−−→ HomA×H(X⊕P (t), U1)

HomA×H(X⊕P (t),p)−−−−−−−−−−−−→ HomA×H(X⊕P (t), Z)

is non-zero. Assume, to the contrary, that the composite map is zero. Then
(0, p) : U

ϕU−−−−−−→ Z = (0, Z, 0) is a retraction, (0, q) : Z
ϕU−−−−−−→ U is its

section, and the indecomposability of U yields U ∼= Z. On the other hand,
the assumption ϕU �= 0 yields U �∼= Z, and we get a contradiction. This
proves our claim.

Hence, we conclude that HomA(X, Z) = HomA×H(X ⊕ P (t), Z) �= 0.
Because Z is an indecomposable A-module from C and X = X0 is an ad-
missible ray module then there is an isomorphism Z ∼= Xi of A-modules,
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for some i ≥ 0. It is easy to see that HomA×H(X ⊕ P (t), p) ◦ ϕU �= 0 yields
the existence of a commutative diagram of K-linear maps

U0
ϕU−−−−−−→ HomA×H(X ⊕ P (t), U1)

f0

⏐⏐� ⏐⏐�HomA×H(X⊕P (t),p)

K
1−−−−−−→ HomA×H(X ⊕ P (t), Z) ∼= K.

This shows that (f0, f1) : U −−−−−−→ Xi = (K, Xi, 1), with f1 = p, is a
homomorphism in modA′.

Choose the index i to be minimal with respect to this property. If f
is an isomorphism then U belongs to C′ and (b) follows. Assume that f
is not an isomorphism. Then f has a factorisation through the minimal
right almost split morphism ending at Xi and, by the minimality of i,
there is a homomorphism g = (g0, g1) : U −−−−→ Zi,t, with g0 �= 0. Choose
a homomorphism h = (h0, h1) : U −−−−→ Zi,j such that h0 �= 0, i ≥ 0,
j ∈ {1, . . . , t}, and i + j is minimal. We consider four cases.

Case 1◦. Assume that i = 0 and j = 1. Then the minimal right almost
split sequence ending at the projective module P = Z0,1 is of the form

X ⊕ P (t) = radP −−−−−−→ P = Z0,1.

Because h0 �= 0 then the induced homomorphism h :U/radU −−−−→ P/radP
is surjective and, consequently, h : U −−−−→ P = Z0,1 is an epimorphism. It
follows that U ∼= Z0,1, because U is indecomposable and Z0,1 is projective.
Consequently, the module U belongs to C′, and (b) follows in this case.

Case 2◦. Assume that i = 0 and j ≥ 2. Then there exists an almost split
sequence

0 −−−−→ Ij−1 −−−−−−→ Ij ⊕ Z0,j−1 −−−−−−→ Z0,j −−−−→ 0

in modA′. It follows that the homomorphism h : U −→Z0,j is an isomor-
phism and, hence, the module U belongs to C′. To prove this, assume to
the contrary, that h is not an isomorphism. Then h admits a factorisation
through the module Ij ⊕ Z0,j−1 and h0 �= 0 yields the existence of a ho-
momorphism h′ = (h′

0, h
′
1) : U −→ Z0,j , with h′

0 �= 0. This contradicts the
minimality of i + j = 0 + j = j.

Case 3◦. Assume that i ≥ 1 and j = 1. Then there exists an almost split
sequence

0 −−−−→ Xi−1 −−−−−−→ Xi ⊕ Zi−1,1 −−−−−−→ Zi,1 −−−−→ 0

in modA′. It follows that the homomorphism h : U −→Zi,1 is an isomor-
phism and, hence, the module U belongs to C′. To prove this, assume to
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the contrary, that h is not an isomorphism. Then h admits a factorisation
through the module Xi ⊕ Zi−1,1 and h0 �= 0 yields the existence of a homo-
morphism h′′ = (h′′

0 , h′′
1) : U −→ Zi−1,1, with h′′

0 �= 0. This contradicts the
minimality of i + j = i + 1.

Case 4◦. Assume that i ≥ 1 and j ≥ 2. Then there exists an almost split
sequence

0 −−−−→ Zi−1,j−1 −−−−−−→ Zi,j−1 ⊕ Zi−1,j −−−−−−→ Zi,j −−−−→ 0

in modA′. It follows that the homomorphism h : U −−−−→ Zi,j is an isomor-
phism and, hence, the module U belongs to C′. To prove this, assume to
the contrary, that h is not an isomorphism. Then h admits a factorisation
through the module Zi,j−1 ⊕ Zi−1,j , and h0 �= 0 yields the existence of a
homomorphism h′ = (h′

0, h
′
1) : U −−−−→ Zi,j−1, with h′

0 �= 0, or of a homo-
morphism h′′ = (h′′

0 , h′′
1) : U −−−−→ Zi−1,j , with h′′

0 �= 0. This contradicts
again the minimality of i + j.

We have proved in Cases 1◦–4◦ that the homomorphism h : U −−−−→ Zi,j

is an isomorphism, that is, the module U ∼= Zi,j belongs to C′. This finishes
the proof of (b) and completes the proof of the theorem. �

2.8. Proposition. Under the hypothesis and notation of the rectangle
insertion (2.5), the component C′ is standard.

Proof. Let L : K(C) −−−−→ ind C and L′ : K(C′) −−−−→ ind C′ be the
obvious functors (as defined in the proof of (1.6)), where K(C) and K(C′)
are the mesh K-categories of C and C′. By hypothesis, L is an equivalence,
and we want to show that so is L′. Because the functor L′ is clearly dense,
it remains to prove that L is full and faithful, that is, for all M , N in C′,
the functor L′ induces an isomorphism HomK(C′)(M, N) ∼= HomA′(M, N).

Let J : K(C) −−−−→ K(C′) be the K-linear embedding which is the iden-
tity on all objects and all arrows except those of the form Xi −−−−→ τ−1

A Xi−1,
the image of which is the corresponding sectional path in C′.

Let J ′ : ind C −−−−→ ind C′ be the functor induced by J . We clearly have
a commutative square

K(C) J−−−−→ K(C′)

L

⏐⏐� ⏐⏐�L′

ind C J′
−−−−→ ind C′.

In particular, if M, N ∈ ind C, then HomK(C′)(M, N) ∼= HomA′(M, N).
If M is an H-module, and HomA′(M, N) �= 0, then either N is an

H-module or N is of the form Zij . Similarly, if N is an H-module and
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HomA′(M, N) �= 0, then M is an H-module. Hence, if M or N is an H-
module, then L′ induces the required isomorphism

HomK(C′)(M, N) ∼= HomA′(M, N).

We may thus assume that neither M nor N is an H-module.
We note that the homomorphisms Zij −→ Xi in modA′ induced by the

corresponding sectional paths in C′ are surjective. Moreover, the irreducible
morphisms

Xi −−−−→ τ−1
A Xi−1

are surjective. Let thus N ∈ ind C and M �∈ ind C. Then M = Zij or Xi for
some i, j. A non-zero homomorphism f : M −→ N in modA can always
be written as f = gv, where

v : M −−−−→ τ−1
A Xi−1

is induced by the corresponding sectional path in C′. Because v lies in the
image of L′, and so does g (by the commutativity of the above square), L′

induces a surjection

HomK(C′)(M, N) −→ HomA′(M, N).

On the other hand, as we have observed, v is an epimorphism in modA′,
and J ′ is faithful. Hence, the previous surjection is an isomorphism.

Similarly, if f : M −→ N is a non-zero homomorphism in modA′ with
M ∈ ind C, N �∈ ind C, then f can be written as f = uh, for some h :
M −→ Xi and u : Xi −→ N induced by the corresponding sectional path.
Because u is a monomorphism, it follows from the commutativity of the
above square that L′ induces the required isomorphism HomK(C′)(M, N) ∼=
HomA′(M, N).

There remains to consider the case when both M and N are of the form
Zij . In this case, a non-zero homomorphism f : M −→ N in modA′ can
be written as f = ugv + h, where

u : Xr −−−−→ N and v : M −−−−→ τ−1
A Xs−1

are induced by the corresponding sectional paths,

g : τ−1Xs−1 −−−−→ Xr,

and h is zero or is a composition of irreducible morphisms corresponding to
arrows between modules of the form Zij . Because the homomorphisms h, u,
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v belong to the image of L′, and so does g (by the previous considerations),
L′ induces a surjection

HomK(C′)(M, N) −−−−→ HomA′(M, N).

Now h is non-zero in modA′ if and only if it is non-zero in K(C′). Similarly,
because u is injective and v surjective in modA′, and moreover J is faithful,
then ugv is non-zero in modA′ if and only if it is non-zero in K(C′). Now,
any non-zero morphisms f : M −→ N in K(C′) can be written as f =
ugv+h with u, g, v as above. Then L′(f) = 0 implies 0 �= L′(h) = −L′(ugv).
But h does not factor through modules in C, while g does. This shows that
L′ induces an isomorphism HomK(C′)(M, N) ∼= HomA′(M, N). �

We can iterate the procedures of a line extension and a line coextension
starting from an arbitrary K-algebra. This leads to the following definition.

2.9. Definition. Assume that C is an arbitrary K-algebra and

TT = {Tλ}λ∈Λ

is a family of pairwise orthogonal standard stable tubes of Γ(modC).

(a) An algebra A is said to be a TT -tubular extension of C if there
exists a sequence of algebras

A0 = C, A1, . . . , Am = A

such that, for each i ∈ {1, . . . , m}, the algebra Ai is a line extension
of Ai−1, with respect to an admissible ray module Xi lying in a stan-
dard stable tube of TT or in a component of Γ(modAi−1), obtained
from a standard stable tube of TT by the rectangle insertions created
by the line extensions done so far.

(b) An algebra A is said to be a TT –tubular coextension of C if there
exists a sequence of algebras

A0 = C, A1, . . . , Am = A

such that, for each i ∈ {1, . . . , m}, the algebra Ai is a line coexten-
sion of Ai−1, with respect to an admissible coray module Xi lying
in a standard stable tube of TT or in a component of Γ(modAi−1),
obtained from a standard stable tube of TT by the rectangle coinser-
tions created by the line coextensions done so far.
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It follows that, if a K-algebra A is a TT -tubular extension of the K-algebra
C then there exist:

• a sequence C0, C1, . . . , Cm of standard components of the Auslander–
Reiten quivers Γ(modA0), Γ(mod A1), . . . ,Γ(mod Am), respectively,

• a sequence of admissible ray modules X0, X1, . . . , Xm−1, with Xj

in Cj , and
• a sequence of non-negative integers t0, t1, . . . , tm−1

such that

A1 = A0(X0, t0), A2 = A1(X1, t1), . . . , Am = Am−1(Xm−1, tm−1).

We denote by C′
i the component of Γ(modAi+1) obtained from Ci as

in (2.3), for i = 0, 1, . . . , m − 1.
Because of the statement (c) in (2.11), we introduce the following

definition.

2.10. Definition. (i) The component C′
i of Γ(modAi+1) obtained from

Ci as in (2.3), for i = 0, 1, . . . , m − 1, is called a ray tube. The rank rk C′
i

of a ray tube C′
i is defined to be the number of rays the tube contains.

(ii) A coray tube, and its rank, are defined dually.

2.11. Corollary. Under the hypothesis and notation made in (2.9), for
any i ∈ {0, 1, . . . , m − 1}, the following statements hold.

(a) The component C′
i is standard.

(b) The admissible ray modules in C′
i are the admissible ray modules of

Ci, except Xi, the simple Hti-modules, and the module

Xi = (K, Xi, 1).

(c) Each module in C′
i belongs to a ray, and the number of rays in C′

i

equals the number of rays in Ci, plus ti + 1.
(d) The component C′

i is right stable, that is, it contains no injectives.

Proof. The statements (a), (b) and (c) follow from (2.3), (2.7) and in-
duction, while (d) follows from the construction of the component C′

i starting
from Ci. �

2.12. Corollary. Let C be a K-algebra and

TT = {Tλ}λ∈Λ

a family of pairwise orthogonal standard stable tubes of Γ(mod C).
(a) If A is a TT -tubular extension of C then Γ(mod A) admits a family

CC = {Cλ}λ∈Λ
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of pairwise orthogonal standard ray tubes Cλ obtained from the family
TT by rectangle insertions.

(b) If A is a TT -tubular coextension of C then Γ(mod A) admits a family

CC = {Cλ}λ∈Λ

of pairwise orthogonal standard coray tubes Cλ obtained from the
family TT by rectangle coinsertions.

Proof. Apply (2.11) and its dual. �
2.13. Example. Let A be the hereditary algebra given by the quiver

We take X = S(3) and t = 2. Then the algebra

A1 = A(X, 2)

is given by the quiver

bound by two zero relations εβ = 0 and εδ = 0, see (2.4).
Letting C1 denote the stable tube of Γ(modA) containing X, it follows

from (1.10) and (2.6) that the component C′
1 has the form

0 0
0 0 0 1

0 0

0 0
0 0 1 0

0 0

0 0
1 1 0 0

0 0

1 1
1 0 0 0

1 1

↘ ↗ ↘ ↗ ↘ ↗ |
0 0
0 0 1 1

0 0

0 0
1 1 1 0

0 0

1 1
2 1 0 0

1 1
|

↘ ↗ ↘ ↗ ↘ |
0 0
1 1 1 1

0 0

1 1
2 1 1 0

1 1

↗ ↘ ↗ ↘
1 1
1 0 0 0

1 1

0 0
1 0 0 0

0 0

1 1
2 1 1 1

1 1

...

| ↘ ↗ ↘ ↗ ↘
|

1 1
2 0 0 0

1 1

1 1
2 0 0 0

1 1

...

| ↗ ↘ ↗ ↘
...

...
...
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where we identify along the vertical dotted lines. Note also that the rank
of the component C′

1 is 5.
Let C2 = C′

1. The simple module X ′ = S(7) is an admissible ray module
in C2. The K-algebra

A2 = A1(X ′, 0)

is given by the quiver

bound by three zero relations εβ = 0, εδ = 0 and σμ = 0. Then the
component C′

2 is given by

0 0 1
0 0 1 0

0 0

0 0 0
1 1 0 0

0 0

1 1 0
1 0 0 0

1 1

↗ ↘ ↗ ↘ ↗ |
0 0 0
0 0 0 1

0 0

0 0 0
0 0 1 0

0 0

0 0 1
1 1 1 0

0 0

1 1 0
2 1 0 0

1 1
|

↘ ↗ ↘ ↗ ↘ ↗ ↘ |
0 0 0
0 0 1 1

0 0

0 0 0
1 1 1 0

0 0

1 1 1
2 1 1 0

1 1

↘ ↗ ↘ ↗ ↘
0 0 0
1 1 1 1

0 0

1 1 0
2 1 1 0

1 1

...

↗ ↘ ↗ ↘
1 1 0
1 0 0 0

1 1

0 0 0
1 0 0 0

0 0

1 1 0
2 1 1 1

1 1

...

| ↘ ↗ ↘ ↗ ↘
|

1 1 0
2 0 0 0

1 1

1 1 0
2 0 0 0

1 1

...

| ↗ ↘ ↗ ↘
...

...

Obviously, the rank of the component C′
2 is 6. Let C3 = C′

2. The module

E =
1 1 0
1 0 0 0

1 1

is an admissible ray module in C3. The K-algebra A3 = A2(E, 0) is given
by the quiver
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bound by the relations

εβ = 0, εδ = 0, σμ = 0, and 
α = νγ.

The component C′
3 is given by

1 1 0
1 0 0 0

1 1 1
↗ |

0 0 1
0 0 1 0

0 0 0

0 0 0
1 1 0 0

0 0 0

1 1 0
1 0 0 0

1 1 0
|

↗ ↘ ↗ ↘ ↗ ↘ |
0 0 0
0 0 1 0

0 0 0

0 0 1
1 1 1 0

0 0 0

1 1 0
2 1 0 0

1 1 0

1 1 0
2 0 0 0

1 1 0
↗ ↘ ↗ ↘ ↗ ↘ ↗ |

0 0 0
0 0 1 1

0 0 0

0 0 0
1 1 1 0

0 0 0

1 1 1
2 1 1 0

1 1 0

... |

↘ ↗ ↘ ↗ ↘
0 0 0
1 1 1 1

0 0 0

1 1 0
2 1 1 0

1 1 0

...
↗ ↘ ↗ ↘

1 1 0
1 0 0 0

1 1 1

0 0 0
1 0 0 0

0 0 0

1 1 0
2 1 1 1

1 1 0

...
| ↘ ↗ ↘ ↗ ↘
|

1 1 0
2 0 0 0

1 1 1

1 1 0
2 0 0 0

1 1 0

...
| ↗ ↘ ↗ ↘

1 1 0
2 0 0 0

1 1 0

...
...

Obviously, the rank of the component C′
3 is 7.

Our final objective in this section is to determine how the bound quiver
of the algebra C, the tubular extension we start from, is modified.

We know that the quivers of one-point extensions have the effect of adding
a source, and the quivers of line extensions have the effect of adding an
oriented line. We now see the effect of the quiver QA of a tubular extension
A of an algebra C. For this purpose, we need a definition.
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2.14. Definition. By a branch

L = (L, I)

we mean a finite connected full bound subquiver, containing the lowest
vertex 0, of the following infinite tree

bound by all possible zero relations of the form αβ = 0. The lowest vertex
0 of L is called a germ of L.

We observe that, if a K-algebra A is a TT -tubular extension of an algebra
C then it follows from the definition that the bound quiver of C is a full
bound convex subquiver of the bound quiver of A.

2.15. Lemma. Let A be a TT -tubular extension of an arbitrary algebra
C. Then the full bound subquiver of the bound quiver of A, consisting of all
points not lying in C, is a disjoint union of branches.

Proof. Because the algebra A is a TT -tubular extension of C, there exists
a sequence A0 = C, A1, . . . , Am = A, with Ai+1 a line extension of Ai, for
each i ∈ {0, 1, . . . , m − 1}.

We use the induction on i. The statement holds for i = 0 (trivially) and
i = 1 (by definition). Let i ≥ 1 and Ai+1 = Ai(Xi, ti). Denote by Ci the
component of Γ(modAi) containing Xi. The bound quiver of Ai is of the
form

By (2.11), the admissible ray modules in C′
i−1 are the simple Hti−1-modules,

the module Xi−1, and the admissible ray modules of Ci−1 except Xi−1. If
C′

i−1 �= Ci or if C′
i−1 = Ci and Xi is a ray module of Ci−1 distinct from Xi−1,
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then the bound quiver of Ai+1 is of the form

If C′
i−1 = Ci and Xi is a simple Hti-module, then the bound quiver of Ai+1

is of the form

with αβ = 0. If C′
i−1 = Ci and Xi = Xi−1, then the bound quiver of Ai+1

is of the form

with αβ = 0. This completes the proof. �

For instance, in Example (2.13), we have two branches, namely

◦⏐⏐�σ

◦ λ−−−−→◦ μ−−−−→◦
6 7 8

and ◦ 10

bound by the zero relation σμ = 0.

XV.3. Branch extensions and branch
coextensions of algebras

One of the main aims of this section is to show that the concepts of
the tubular extension and the tubular coextension discussed in the previous
section coincide with the concepts of the tubular extension and the tubular
coextension defined by Ringel in [525, Section 4.7].

First we introduce the concepts of a branch extension and a branch co-
extension.
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3.1. Definition. Assume that C is an arbitrary K-algebra and

TT = {Tλ}λ∈Λ

is a family of pairwise orthogonal standard stable tubes of Γ(modC). Let
E1, . . . , Es be a set of pairwise different modules lying on the mouth of the
tubes of TT .

(a) We construct inductively the sequence C1, . . . , Cs of iterated one-
point extension algebras, where C0 = C and Cj = Cj−1[Ej ], for
each j ∈ {1, . . . , s}. The algebra

C[E1, . . . , Es] = Cs−1[Es] (3.2)

is called a multiple one-point TT -extension of C, or simply a
multiple one-point extension of C.

(b) Dually, we construct inductively the sequence C ′
1, . . . , C ′

s of iterated
one-point coextension algebras, where C ′

0 = C and C ′
j = C ′

j−1[Ej ],
for each j ∈ {1, . . . , s}. The algebra

[E1, . . . , Es]C = [Es]C ′
s−1 (3.3)

is called a multiple one-point TT -coextension of C, or simply a
multiple one-point coextension of C.

It is clear that the multiple one-point TT -extension algebra C[E1, . . . , Es]
and the multiple one-point TT -coextension algebra [E1, . . . , Es]C have the
following lower triangular matrix forms

C[E1, . . . , Es] =

⎡⎣ C 0

E1 ⊕ . . . ⊕ Es K1 × . . . × Ks

⎤⎦ , (3.4)

[E1, . . . , Es]C =

⎡⎣ K1 × . . . × Ks 0

D(E1 ⊕ . . . ⊕ Es) C

⎤⎦ , (3.5)

where K1 = . . . = Ks = K, and the left module structure of E1 ⊕ . . . ⊕ Es

over the product K1 × . . . × Ks of s copies of the field K is given by the
formula (μ1, . . . , μs) · (u1, . . . , us) = (μ1u1, . . . , μsus).

For each j ∈ {1, . . . , s}, we denote by Oj the extension vertex of the
algebra

Cj = Cj−1[Ej ]

in the ordinary quiver QCj of Cj . Then the ordinary quiver QC[E1,... ,Es] of
the algebra C[E1, . . . , Es] is of the form
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where QC is the quiver of C. Obviously, the ordinary quiver Q[E1,... ,Es]C of
the algebra [E1, . . . , Es]C has the form dual to the above one.

3.6. Definition. Assume that C is an arbitrary K-algebra and
TT = {Tλ}λ∈Λ

is a family of pairwise orthogonal standard stable tubes of Γ(modC). Let
E1, . . . , Es be a set of pairwise different modules lying on the mouth of the
tubes of TT .

(a) Let C[E1, . . . , Es] be the multiple one-point TT -extension algebra
(3.4) and let O1, . . . , Os be the extension vertices of the algebras

C1 = C0[E1], . . . , Cs = Cs−1[Es],

respectively, where C0 = C. For each j ∈ {1, . . . , s}, we choose a
branch L(j), with the germ O∗

j . Further, we fix a bound quiver
(QC[E1,... ,Es], IC[E1,... ,Es])

defining the multiple one-point TT -extension algebra C[E1, . . . , Es],
that is, there is an algebra isomorphism

C[E1, . . . , Es]∼=KQC[E1,... ,Es]/IC[E1,... ,Es].

The branch TT-extension of the algebra C by means of the branches
L(1), . . . ,L(s) is defined to be the bound quiver algebra

C[E1,L(1), . . . , Es,L(s)] = C[Ej ,L(j)]sj=1 = KQ/I (3.7)

of the bound quiver (Q, I) obtained from (QC[E1,... ,Es], IC[E1,... ,Es])
by adding the bound quivers of the branches L(1), . . . ,L(s) and mak-
ing the identification of the vertices O1, . . . , Os with the vertices
O∗

1 , . . . , O∗
s , respectively (compare with [525, Section 4.7]).

(b) Let [E1, . . . , Es]C be the multiple one-point coextension algebra
(3.5) and let O′

1, . . . , O′
s be the coextension vertices of the algebras

C ′
1 = [E1]C ′

0, . . . , C ′
s = [Es]C ′

s−1,

respectively, where C ′
0 = C. For each j ∈ {1, . . . , s}, we choose

a branch L(j), with the germ O∗
j . Further, we fix a bound quiver

(Q[E1,... ,Es]C , I ′
[E1,... ,Es]C) such that there is an algebra isomorphism

[E1, . . . , Es]C ∼= KQ[E1,... ,Es]C/I ′
[E1,... ,Es]C .
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The branch TT -coextension of the algebra C by means of the
branches

L(1) = (L(1), I(1)),L(2) = (L(2), I(2)), . . . , L(s) = (L(s), I(s))

is defined to be the bound quiver algebra

[E1,L(1), . . . , Es,L(s)]C = s
j=1[Ej ,L(j)]C = KQ′/I ′ (3.8)

of the bound quiver (Q′, I ′) obtained from (Q[E1,... ,Es]C , I ′
[E1,... ,Es]C)

by adding the bound quivers of the branches L(1), . . . ,L(s) and mak-
ing the identification of the vertices O′

1, . . . , O′
s with the vertices

O∗
1 , . . . , O∗

s , respectively.

It is easy to see that the ordinary quiver QC[E1,L(1),... ,Es,L(s)] of the
branch TT -extension algebra C[E1,L(1), . . . , Es,L(s)] is of the form

It is easy to see that the ordinary quiver Q[E1,L(1),... ,Es,L(s)]C of the branch
TT -coextension algebra [E1,L(1), . . . , Es,L(s)]C has the form dual to the
above one.

The following theorem shows that the concepts of the tubular extension
and the tubular coextension discussed in the previous section coincide with
the concepts of the tubular extension and the tubular coextension defined
by Ringel in [525, Section 4.7].

3.9. Theorem. Let A and C be algebras, and let TT = {Tλ}λ∈Λ be a
family of pairwise orthogonal standard stable tubes of the Auslander–Reiten
quiver Γ(mod C).

(a) The algebra A is a TT -tubular extension of C if and only if A is a
branch TT -extension of C.

(b) The algebra A is a TT -tubular coextension of C if and only if A is a
branch TT -coextension of C.
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Proof. We only prove the statement (a), because the proof of (b) is
dual.

Let TT = {Tλ}λ∈Λ be a family of pairwise orthogonal standard stable
tubes of Γ(modC).

Assume that A is a TT -tubular extension of C. Then there exists a se-
quence of algebras

A0 = C, A1, . . . , Am = A

such that, for each j ∈ {1, . . . , m}, the algebra Aj is a line extension of
Aj−1 with respect to an admissible ray module Xj lying in a standard
stable tube of TT or in a ray tube of Γ(modAj−1) obtained from a stable
tube of TT by rectangle insertions created by the line extensions done so far.
Let E1, . . . , Es be the modules in the family {X1, . . . , Xm} of admissible
ray modules that belong to the stable tubes of TT . It follows from (2.2) that,
for each i ∈ {1, . . . , s}, the module Ei lies on the mouth of a standard stable
tube Tλi

of TT . Hence, by applying (2.15), we conclude that the algebra A
is a branch TT -extension C[E1,L(1), . . . , Es,L(s)] of C.

Conversely, assume that

A = C[E1,L(1), . . . , Es,L(s)]

is a branch TT -extension of C. We show that A is a TT -tubular extension of
C by induction on the cardinality

�(A) = |L(1)| + . . . + |L(s)|,

where |L(j)| is the cardinality of the set of vertices of the branch L(j), for
j ∈ {1, . . . , s}.

If �(A) = 0, then A = C and there is nothing to show.
Assume that �(A) ≥ 1, and fix j ∈ {1, . . . , s} such that |L(j)| ≥ 1.

Because L(j) is a full connected bound subquiver of the infinite bound tree
presented in (2.14) containing the lowest vertex 0, we may choose a source
ωj of QL(j) such that QL(j) admits a subquiver

Δ :
1 2 3 t−1 t t+1 = a◦←−−−−◦←−−−−◦←− . . .←−◦←−−−−◦←−−−−◦,

with t ≥ 0, such that,
• each of the vertices 1, 2, . . . , t of Δ is the sink of precisely one arrow

in QL(j) ,
• each of the vertices 2, . . . , t of Δ is the source of precisely one arrow

in QL(j) , and
• the vertex 1 is a sink of QL(j) (that is, there is no arrow in QL(j)

with 1 as a source).
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Let L(j)
∨ be the branch obtained from L(j) by deleting the vertices 1, 2, . . . , t,

and t + 1 = a of Δ. Given i ∈ {1, 2, . . . , s} \ {j}, we set

L(i)
∨ = L(i).

Consider the TT -tubular extension A∨ of C defined by the formula

A∨ =

⎧⎪⎨⎪⎩
C[E1,L(1)

∨ , . . . , Ej ,L(j)
∨ , . . . , Es,L(s)

∨ ], if L(j) �= L(j)
∨ ,

C[E1,L(1)
∨ , . . . , Ej−1,L(j−1)

∨ , Ej+1,L(j+1)
∨ , . . . , Es,L(s)

∨ ],

if L(j) = L(j)
∨ .

It is clear that
�(A) = |L(1)| + . . . + |L(s)| > |L(1)

∨ | + . . . + |L(s)
∨ | = �(A∨).

Then, by the inductive hypothesis, the algebra A∨ is a TT -tubular extension
of C. Moreover, the quiver Γ(modA∨) admits a family

CC∨ = {C∨
λ }λ∈Λ

of pairwise orthogonal standard ray tubes obtained from the family
TT = {Tλ}λ∈Λ of pairwise orthogonal standard stable tubes of Γ(modC)
by a sequence of iterated rectangle insertions corresponding to the sequence
of line extensions leading from C to A∨, see (2.7), (2.8), and (2.11).

Note that, if P (a) = eaA is the indecomposable projective A-module of
the vertex a then the radical radP (a) of P (a) admits the decomposition

radP (a) = X ⊕ P (t),

where X is an A-module, and
• P (t) = 0, if t = 0, and
• P (t) = etHt is the unique indecomposable projective-injective mod-

ule over the path algebra

Ht =

⎡⎢⎢⎣
K 0 . . . 0
K K . . . 0
...

...
. . .

...
K K . . . K

⎤⎥⎥⎦
of the quiver

1 2 3 t−1 t◦←−−−−◦←−−−−◦←− . . .←−◦←−−−−◦, if t ≥ 1.
Now we show that X is an admissible ray module of a ray tube of C∨.

We consider two cases.
Case 1◦. Assume that X is a C-module. Then X lies on the mouth of a

stable tube Tλ of the family TT , and hence, X is an admissible ray module
of the ray tube of C∨

λ obtained from the stable tube Tλ by iterated rectangle
insertions, with the rays parallel to the ray starting from X.
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Case 2◦. Assume that X is not a C-module. By (2.11) and (2.15), there
is a unique arrow a−→ b in QA with source a such that

• b �= a and b is a vertex of the branch L(j)
∨ ,

• X is an admissible ray module of the ray tube of C∨
λ containing the

indecomposable projective A∨-module P∨(b) = ebA
∨ of the vertex

b, and
• the module X is an epimorphic image of P∨(b).

It follows that the algebra A is a line extension of A∨ and has the form

A = A∨[X, t] = (A∨ × Ht)[X ⊕ P (t)]

and consequently, A is a TT -tubular extension of C. This finishes the proof.�

XV.4. Tubular extensions and tubular
coextensions of concealed algebras

of Euclidean type
In this section we study the structure of the module category modB

over any algebra B that is a tubular extension or tubular coextension of
a concealed algebra A of Euclidean type. Moreover, we study homolog-
ical properties of connected components of the Auslander–Reiten quiver
Γ(mod B) of such an algebra B. In particular, we show that gl.dimB ≤ 2,
and, for each indecomposable B-module X in modB, one of the following
inequalities holds pdX ≤ 1 or idX ≤ 1.

We recall from the structure theorem (XII.3.4) that, given a concealed
algebra A of Euclidean type, the Auslander–Reiten quiver Γ(modA) of A
has a disjoint union decomposition

Γ(mod A) = P(A) ∪ TT A ∪ Q(A)

where P(A) is the unique postprojective component of Γ(modA) containing
all the indecomposable projective A-modules, Q(A) is the unique preinjec-
tive component containing all the indecomposable injective A-modules, and
TT A = {T A

λ }λ∈P1(K) is a P1(K)-family of pairwise orthogonal hereditary
standard stable tubes T A

λ . The family TT A separates the component P(A)
from Q(A) in the sense of (XII.3.3), and at most 3 of the tubes T A

λ are of
rank greater than or equal to 2.

Throughout we use the following definition.
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4.1. Definition. Assume that A is a concealed algebra of Euclidean
type and

TT A = {T A
λ }λ∈P1(K)

is the complete P1(K)-family of all standard stable tubes of Γ(modA).

(i) An algebra B is defined to be a tubular extension of A, if B is a
TT A-tubular extension of A in the sense of (2.9)(a).

(ii) An algebra B is defined to be a tubular coextension of A, if B is
a TT A-tubular coextension of A in the sense of (2.9)(b).

It follows from (3.9) that an algebra B is a tubular extension of a con-
cealed algebra A of Euclidean type if and only if B is a branch TT A-extension
of A in the sense of (3.5), where TT A is the complete P1(K)-family of all
standard stable tubes of Γ(modA). Analogously, an algebra B is a tubular
coextension of A if and only if B is a branch TT A-coextension of A in the
sense of (3.5).

It follows that a tubular extension algebra B of an algebra A has the
lower triangular matrix form

B ∼=
[

A 0
CNA C

]
,

where C is an algebra. Hence there is an isomorphism A ∼= eABeA of
algebras, where eA is the idempotent of B corresponding to the idempotent[

1 0
0 0

]
of the algebra

[
A 0

CNA C

]
. By (I.6.6) and (I.6.8), the idempotent eA

defines the restriction functor

resA : mod B −−−−−−→ mod A (4.2)

that associates to each B-module X the A-module resAX = XeA, called
the restriction of X to A. Note that the ordinary quiver QA of A is a
full convex subquiver of QB . When we view the module X as a K-linear
representation of QB , then the A-module resAX = XeA, viewed as a K-
linear representation of QA, is just the restriction of the representation X
of QB to the subquiver QA of QB .

The following theorem describes the structure of the module category
mod B and homological properties of connected components of the Auslan-
der–Reiten quiver Γ(modB) of any algebra B that is a tubular extension
of a concealed algebra A of Euclidean type. We recall from (2.10) that the
rank rB

λ = rk T B
λ of a ray tube T B

λ is the number of rays the tube T B
λ

contains.
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4.3. Theorem. Assume that A is a concealed algebra of Euclidean type
and let TT A = {T A

λ }λ∈P1(K) be the complete P1(K)-family of all standard
stable tubes of Γ(mod A). Let B be a tubular extension the algebra A. The
Auslander–Reiten quiver Γ(mod B) of B has a disjoint union decomposition

Γ(mod B) = PPB ∪ TT B ∪ QQB

and the following conditions are satisfied.
(a) TT B = {T B

λ }λ∈P1(K) is a P1(K)-family of pairwise orthogonal stan-
dard ray tubes of Γ(mod B). It is obtained from the complete P1(K)-
family TT A = {T A

λ }λ∈P1(K) of pairwise orthogonal hereditary stan-
dard stable tubes T A

λ of Γ(mod A) by iterated rectangle insertions.
The family TT B consists of all indecomposable B-modules N such
that the restriction resAN (4.2) of N to A is a module in add TT A.
Moreover, if B has the branch TT A-extension form

B = A[E1,L(1), . . . , Es,L(s)],

where E1, . . . , Es are A-modules lying on the mouth of some tubes
of TT A and L(1), . . . ,L(s) are branches, then

rB
λ = rA

λ +
∑

j∈S(λ)

|L(j)|,

for each λ ∈ P1(K), where rB
λ is the rank of the ray tube T B

λ , rA
λ

is the rank of the stable tube T A
λ , |L(j)| is the number of vertices

of the branch L(j), and the sum is taken over the subset S(λ) of
{1, 2, . . . , s} consisting of all j such that the module Ej lies on T A

λ .
(b) PPB = P(B) = P(A) is the unique postprojective component of

Γ(mod B). An indecomposable B-module M belongs to P(B) if the
restriction resAM (4.2) of M to A admits an indecomposable direct
summand from P(A).

(c) QQB is a family of components of Γ(mod B) consisting of all B-
modules X such that the restriction resAX (4.2) of X to A is a
module in addQ(A). The family QQB contains all modules from
the component Q(A), and each of the indecomposable injective B-
modules belongs to QQB.

(d) Every indecomposable projective B-module P lies in P(B)∪TT B, and
the radical radP of P lies in add (P(B) ∪ TT B).

(e) The family TT B separates the component P(B) from the family QQB

in the sense of (XII.3.3).
(f) pdX ≤ 1, for each module X in P(B) ∪ TT B, and

idY ≤ 1, for each module Y in QQB.
(g) gl.dimB ≤ 2.
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Proof. Assume that A is a concealed algebra of Euclidean type. We re-
call from the structure theorem (XII.3.4) that the Auslander–Reiten quiver
Γ(mod A) of A has a disjoint union decomposition

Γ(mod A) = P(A) ∪ TT A ∪ Q(A)
where P(A) is the unique postprojective component containing all the in-
decomposable projective A-modules, Q(A) is the unique preinjective com-
ponent containing all the indecomposable injective A-modules, and

TT A = {T A
λ }λ∈P1(K)

is a P1(K)-family of pairwise orthogonal hereditary standard stable tubes
T A

λ . The family TT A separates the component P(A) from Q(A).
Assume that B is a tubular extension of the algebra A. Then, by (2.9),

there exists a sequence of algebras

B0 = A, B1, . . . , Bm = B

such that, for each i ∈ {1, . . . , m}, the algebra Bi is a line extension

Bi = Bi−1(Xi, ti) = (Bi−1 × Hti
)[Xi ⊕ P (ti)]

of Bi−1 with respect to an admissible ray module Xi lying in a standard
stable tube T A

λ or in a ray tube T Bi−1
λ of Γ(modBi−1), obtained from

a standard stable tube T A
λ of the family TT A by the rectangle insertions

created by the line extensions done so far, see (2.5). It follows (2.12) that
Γ(mod B) admits a P1(K)-family

TT B = {T B
λ }λ∈P1(K)

of pairwise orthogonal standard ray tubes T B
λ of Γ(modB) obtained from

the complete P1(K)-family

TT A = {T A
λ }λ∈P1(K)

of tubes T A
λ of Γ(modA) by iterated rectangle insertions. Because the

family TT A separates the component P(A) from Q(A) then
HomA(TT A,P(A)) = 0 and, by applying (1.7), we show inductively that,
for each i ∈ {1, . . . , m + 1},

• P(Bi−1) = P(A) is a postprojective component of Γ(modBi−1),
• HomBi−1(Xi ⊕ P (ti),P(A)) = HomBi−1(Xi ⊕ P (ti),P(Bi−1)) = 0,

and hence
• every indecomposable projective Bi−1-module P lies in P(Bi−1) or

in TTBi−1, and the radical radP of P lies in add (P(Bi−1) ∪ TT Bi−1).
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By applying this to i = m + 1, we conclude that

P(B) = P(Bm) = P(A)

is a postprojective component of Γ(modB). Moreover, P(B) is a unique
postprojective component of Γ(modB), because every indecomposable pro-
jective B-module P lies in P(B) or in TT B .

To finish the proof, we show inductively, by applying (1.7), (1.8), and
(2.7), that, for each i ∈ {1, . . . , m + 1},

• if M is an indecomposable Bi−1-module such that the restriction
resAM (4.2) of M to A has an indecomposable direct summand in
P(Bi−1) = P(A) then M belongs to P(Bi−1) = P(A),

• if N is an indecomposable Bi−1-module such that the restriction
resAN (4.2) of N to A has an indecomposable direct summand in
TT Bi−1 then N belongs to TT Bi−1 .

Hence, we easily conclude that the Auslander–Reiten quiver Γ(modB)
of B has a disjoint union decomposition

Γ(mod B) = PPB ∪ TT B ∪ QQB ,

with PPB = P(B), such that the conditions (a), (b), (c), and (d) are satisfied.
Note also that the equality

rB
λ = rA

λ +
∑

j∈S(λ)

|L(j)|, with λ ∈ P1(K),

stated in (a) follows from (2.11), (2.15), and (3.9).
Now we prove the statement (e). First we note that

HomB(TT B,P(B))=0 and HomB(QQB ,P(B)) = 0,

because the postprojective component P(B) = P(A) is closed under prede-
cessors in mod B, see (VIII.2.5).

To show that HomB(QQB , TT B) = 0, assume that M is an indecomposable
B-module in QQB and N is an indecomposable B-module in TT B such that
HomB(M, N) �= 0. Let

M ′ = resAM and N ′ = resAN

in modA be the restriction of M and N to A, respectively. By our assump-
tion, B is a tubular extension of A then B is a branch TT A-extension of A
and, hence, the ordinary quiver QA of A is a full convex subquiver of QB .
Because the P1(K)-family TT B of pairwise orthogonal standard ray tubes is
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obtained from the family TT A of tubes T A
λ of Γ(modA) by iterated rectangle

insertions then, by (2.5), the class of all indecomposable B-modules Z in
TT B such that the restriction resAZ to A is zero coincides with the class of all
indecomposable directing modules of TT B and is closed under predecessors
in modB. It follows that HomA(M ′, N ′) �= 0, because HomB(M, N) �= 0,
M belongs to QQB , and N belongs to TT B .

On the other hand, the module M ′ = resAM belongs to addQ(A) and
N ′ = resAN belongs to add TT A and, hence, HomA(M ′, N ′) = 0, because
HomA(Q(A),TT A)=0. The contradiction implies that HomB(P(B),TT B)=0.

Let U be an indecomposable B-module in P(B) = P(A), N an indecom-
posable B-module in QQB , and let f : U −→ V be a non-zero homomorphism
of B-modules. Let

V ′ = resAV

be the restriction of V to A and let u : V ′ −→ V be the canonical embedding
of B-modules. Because U is an A-module then Im f ⊆ V ′ and, hence, there
is a factorisation f = ug, where g : U −→ V ′ is induced by f . Further, the
family TT A separates P(A) from Q(A), U belongs to P(B) = P(A), and V ′

belongs to addQ(A) then, for a fixed λ ∈ P1(K), there exist a module Rλ

in add T A
λ and two homomorphisms

uλ : U −→ Rλ and v′
λ : Rλ −→ V ′

such that g = v′
λuλ. Moreover, because every module of the tube T A

λ

lies on the tube T B
λ then the module Rλ belongs to add T B

λ . If we set
vλ = uv′

λ : Rλ −→ V , we get f = ug = uv′
λuλ = vλuλ. This shows that the

family TT B separates PPB = P(B) from QQB and finishes the proof of (e).
To prove the statement (f), we recall from (c) that every indecompos-

able injective B-module belongs to QQB and, hence, the module D(B) be-
longs to addQQB. Then the equality HomB(QQB ,P(B) ∪ TT B) = 0 yields the
equality HomB(D(B), τBX) = 0, for any indecomposable B-module X in
P(B) ∪ TT B . In view of (IV.2.7)(a), it follows that pdX ≤ 1, for any B-
module X in add (P(B) ∪ TT B).

Finally, we recall from (d) that every indecomposable projective
B-module belongs to P(B) ∪ TT B and, hence, the module BB belongs to
add (P(B) ∪ TT B). Then the equality HomB(QQB ,P(B) ∪ TT B) = 0 yields
the equality HomB(τ−1

B Y, B) = 0, for any indecomposable B-module Y in
QQB . In view of (IV.2.7)(b), it follows that idY ≤ 1, for any B-module Y

in addQQB .
To prove the remaining statement (g), we recall from (d) that the radical

radP of any indecomposable projective B-module P belongs to the category
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add (P(B)∪TT B) and, according to (f), we have pd (radP ) ≤ 1. This shows
that gl.dimB ≤ 2, and finishes the proof of the theorem. �

The following theorem is a coextension analogue of Theorem (4.3).

4.4. Theorem. Assume that A is a concealed algebra of Euclidean type
and let

TT A = {T A
λ }λ∈P1(K)

be the complete P1(K)-family of all standard stable tubes of Γ(mod A). Let
B be a tubular coextension of the algebra A. The Auslander–Reiten quiver
Γ(mod B) of B has a disjoint union decomposition

Γ(mod B) = PPB ∪ TT B ∪ QQB

and the following conditions are satisfied.
(a) TT B = {T B

λ }λ∈P1(K) is a P1(K)-family of pairwise orthogonal stan-
dard coray tubes of Γ(mod B). It is obtained from the complete
P1(K)-family TT A = {T A

λ }λ∈P1(K) of pairwise orthogonal hereditary
standard stable tubes T A

λ of Γ(mod A) by iterated rectangle coin-
sertions. The family TT B consists of all indecomposable B-modules
N such that the restriction resAN (4.2) of N to A is a module in
add TT A. Moreover, if B has the branch TT A-coextension form

B = [E1,L(1), . . . , Es,L(s)]A,

where E1, . . . , Es are A-modules lying on the mouth of some tubes
of TT A and L(1), . . . ,L(s) are branches, then

rB
λ = rA

λ +
∑

j∈S(λ)

|L(j)|,

for each λ ∈ P1(K), where rB
λ is the rank of the coray tube T B

λ , rA
λ

is the rank of the stable tube T A
λ , |L(j)| is the number of vertices

of the branch L(j), and the sum is taken over the subset S(λ) of
{1, 2, . . . , s} consisting of all j such that the module Ej lies on T A

λ .
(b) QQB = Q(B) = Q(A) is the unique preinjective component of

Γ(mod B). An indecomposable B-module M belongs to Q(B) if the
restriction resAM of M to A admits an indecomposable direct sum-
mand from Q(A).

(c) PPB is a family of components of Γ(mod B) consisting of all B-
modules X such that the restriction resAX of X to A is a module in
addP(A). The family PPB contains all modules from the component
P(A), and each of the indecomposable projective B-modules belongs
to PPB.
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(d) Every indecomposable injective B-module I lies in Q(B) ∪ TT B, and
the top top I = I/rad I of I lies in add (TT B ∪ Q(B)).

(e) The family TT B separates the family PPB from the component Q(B)
in the sense of (XII.3.3).

(f) pdX ≤ 1, for each module X in PPB, and idY ≤ 1, for each module
Y in TT B ∪ Q(B).

(g) gl.dimB ≤ 2.

Proof. The arguments used in the proof of Theorem (4.3) dualise almost
verbatim. The details are left to the reader. �

4.5. Definition. (a) Assume that B is a tubular extension of a concealed
algebra A of Euclidean type and let

TT B = {T B
λ }λ∈P1(K)

be the P1(K)-family of all pairwise orthogonal standard ray tubes of the
Auslander–Reiten quiver Γ(modB) of B.

(i) The tubular type of the algebra B is defined to be the P1(K)-
sequence

rB = (rB
λ )λ∈P1(K),

where rB
λ = rk T B

λ is the rank of the ray tube T B
λ , that is, the

number of rays the tube T B
λ contains.

(ii) We identify the sequence rB with its reduced form defined to be the
finite sequence

r̂B = (rB
λ1

, . . . , rB
λs

),

with s ≥ 2, containing the ranks rB
λ , with λ ∈ P1(K), such that

rB
λ ≥ 2, arranged in the non-decreasing order.

(b) Assume that B is a tubular coextension of a concealed algebra A of
Euclidean type and let

TT B = {T B
λ }λ∈P1(K)

be the P1(K)-family of all pairwise orthogonal standard coray tubes of
Γ(mod B).

(i) The tubular type of the algebra B is defined to be the P1(K)-
sequence

rB = (rB
λ )λ∈P1(K),

where rB
λ = rk T B

λ is the rank of the coray tube T B
λ , that is, the

number of corays the tube T B
λ contains.
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(ii) We identify the sequence rB with its reduced form defined to be the
finite sequence

r̂B = (rB
λ1

, . . . , rB
λs

),

with s ≥ 2, containing the ranks rB
λ , with λ ∈ P1(K), such that

rB
λ ≥ 2, arranged in the non-decreasing order.

4.6. Definition. Assume that A is a concealed algebra of Euclidean type.
(i) An algebra B is a domestic tubular extension of the algebra A

if B is a tubular extension of A such that the tubular type rB = r̂B

of B is of one of the following five forms

(p, q), with 1≤p ≤ q, (2, 2, m−2), with m≥4, (2, 3, 3), (2, 3, 4), (2, 3, 5)

that correspond to the Dynkin diagrams Ap+q−1, Dm, E6, E7, E8.
The tubular type rB = r̂B of such an algebra B is called the

domestic tubular extension type of B.
(ii) An algebra B is a domestic tubular coextension of the algebra

A if B is a tubular coextension of A such that the tubular type
rB = r̂B of B is of one of the following five forms

(p, q), with 1≤p ≤ q, (2, 2, m−2), with m≥4, (2, 3, 3), (2, 3, 4), (2, 3, 5)

The tubular type rB = r̂B of such an algebra B is called the domestic
tubular coextension type of B.

The following theorem proved in (XII.3.4) shows that any concealed al-
gebra of Euclidean type has (trivially) a domestic tubular extension type.

4.7. Theorem. Let Q be an acyclic quiver whose underlying graph Q is
Euclidean, and let B be a concealed algebra of type Q. Let

TT B = {T B
λ }λ∈P1(K)

be the P1(K)-family of all pairwise orthogonal standard stable tubes of the
Auslander–Reiten quiver Γ(mod B) of B. The tubular type

mB = (m1, . . . , ms)

of the P1(K)-family TT B depends only on the Euclidean quiver Q and equals
mQ, where

• mQ = (p, q), if Q = Ãm, m ≥ 1, p = min{p′, p′′} and q =
max{p′, p′′}, where p′ and p′′ are the number of counterclockwise-
oriented arrows in Q and clockwise-oriented arrows in Q, respec-
tively,
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• mQ = (2, 2, m − 2), if Q = D̃m and m ≥ 4,
• mQ = (2, 3, 3), if Q = Ẽ6,
• mQ = (2, 3, 4), if Q = Ẽ7, and
• mQ = (2, 3, 5), if Q = Ẽ8. �

Now we illustrate theorems (4.3) and (4.4) with the following two exam-
ples.

4.8. Example. Let B be the algebra given by the following quiver

9 7◦ ◦
ξ↘ ↗η

8 ◦ 11 ◦�⏐⏐⏐⏐σ θ

⏐⏐⏐⏐�
10 ◦ 12 ◦

1 5◦
⏐⏐⏐⏐�γ δ

⏐⏐⏐⏐� ◦
β ↖ ↙ϕ ↖ψ

◦ ω←−−−−−−−− ◦ ◦ 13
α ↙ 3 4 ↖ν ↙ρ

◦ ◦
2 6

bound by the five relations

γβ = 0, γα = 0, ξη = 0, δω = 0, and ψϕ = ρν.

Applying (XIII.2.6) and (XIII.2.9), we conclude that B is the tubular
extension

B ∼= C[F1,L(1), F2,L(2), F3,L(3)]

of the path algebra C = KΔ(D̃5) of the quiver

1 5◦ ◦
↖ ↙

Δ = Δ(D̃5) : ◦←−−−−−−◦
↙3 4↖

◦ ◦
2 6

of the Euclidean type D̃5, using the mouth modules

0 0
↖ ↙

F1 = F
(1)
1 : K ←−−−− 0

↙ ↖
0 0,
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0 0
↖ ↙

F2 = F
(1)
2 : 0 ←−−−− K

↙ ↖
0 0,

K K
↖1 1↙

F3 = F
(1)
3 : K

1←−−−−K
↙1 1↖

K K

from the unique stable tube T Δ(D̃5)
1 of rank 3 in Γ(modC), and the branches

L(1), L(2), and L(3) of the capacities |L(1)| = 4, |L(2)| = 2, and |L(3)| = 1
described in (2.5). It follows that B is a tubular extension algebra of the
tubular type

rB = r̂B = (2, 2, 10).

Moreover, by (4.3), the Auslander–Reiten quiver Γ(modB) of B has a dis-
joint union decomposition

Γ(mod B) = PPB ∪ TT B ∪ QQB ,

where

• PPB = P(B) = P(C) is the postprojective component of Γ(modC)
and C = KΔ(D̃5),

• TT B = {T B
λ }λ∈P1(K) is a P1(K)-family of pairwise orthogonal stan-

dard ray tubes of Γ(modB) of tubular type rB = r̂B = (2, 2, 10),
• the tube T B

1 is described in (2.5) and the remaining tubes of TT B

form the K-family

TT C \ {T C
1 } = {T C

λ }λ∈P1(K)\{1}

of pairwise orthogonal standard stable tubes of Γ(modC) described
in (XIII.2.9),

• QQB is a family of components of Γ(modB) consisting of all inde-
composable B-modules X such that the restriction resCX of X to
C is a module in Q(C).

The standard calculation technique shows that the family QQB contains a
connected component Q∗(B) such that the right hand part of Q∗(B) looks
as follows



56 Chapter XV. Tubular extensions and coextensions

−−
0 0
0 0

10 01
1 1 1

0 1
= I(1)

. . .↘ ↗I(2) ↘
||

. . .→ ◦→
0 0
0 0

00 01
1 1 1

1 1
→

0 0
0 0

00 01
1 1 1

0 1
−−

0 1
1 0

01 00
0 0 0

0 0
= I(7)

. . .↗ ↘ ↗ ↘ ↗ ↘

−− ◦ −−
0 1
1 0

01 01
1 1 1

0 1
−−

0 0
1 0

01 00
0 0 0

0 0
−−

1 0
0 0

00 00
0 0 0

0 0
= I(9)

↗ ↘ ↗ ↘ ↗ ↘ ↗

−− ◦ −−
0 0
1 0

01 01
1 1 1

0 1
−−

1 0
1 0

01 00
0 0 0

0 0
= I(8)

↗ ↘ ↗ ↘ ↗ ↘

−− ◦ −−
1 0
1 0

01 01
1 1 1

0 1
−−

0 0
0 0

01 00
0 0 0

0 0
= I(10)

↗ ↘ ↗ ↘ ↗

−− ◦ −−
0 0
0 0

01 01
1 1 1

0 1
= I(3)

↗ ↘ ↗ ↘

−− ◦ −−
0 0
0 0

00 01
0 1 1

0 1
−−

0 0
0 0

00 10
0 0 0

0 0
−−

0 0
0 1

00 00
0 0 0

0 0
= I(11)

↗ ↘ ↗ ↘ ↗ ↘ ↗

−− ◦ −−
0 0
0 0

00 11
0 1 1

0 1
−−

0 0
0 1

00 10
0 0 0

0 0
= I(12)

↗ ↘ ↗ ↘ ↗

−− ◦ −−
0 0
0 1

00 11
0 1 1

0 1
= I(4)

↗ ↘ ↗ ↘
. . . →◦ →◦ →◦ →

0 0
0 0

00 01
0 0 1

0 1
→ I(5) → I(13)

↘ ↗ ↘ ↗ ↘ ↗
−− ◦ −− ◦ −− I(6)

where

I(5) =
0 0
0 0

00 01
0 0 1

0 0
, I(13) =

0 0
0 0

00 00
0 0 1

0 0
, I(6) =

0 0
0 0

00 00
0 0 1

0 1
,

and the indecomposable modules are represented by their dimension vectors.
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Observe that the component Q∗(B) contains all the indecomposable in-
jective B-modules and a section ΣB

∼= Δ(D̃12) ∼= Δ(D̃12)op of the form

I(1)
↘

I(2) −→τBI(7)
↘
τ2
BI(9)

↘
τBI(8)

↘
τBI(10)

↘
I(3)

↘
τ2
BI(11)

↘
τBI(12)

↘
I(4)

↘
τBI(13) −→ I(5)

↘
I(6)

Because all indecomposable projective B-modules lie in P(B) ∪ TT B then
Q∗(B) is a preinjective component of Γ(modB). It is shown in (XVII.2.5)
that B is a tilted algebra of the Euclidean type

1 12◦ ◦
↖ ↙

Δ(D̃12) : ◦←−◦←−◦←−◦←−◦←−◦ ←−◦←−◦ ←−◦
↙3 4 5 6 7 8 9 10 11↖

◦ ◦
2 13.

Moreover, it follows from (XVII.3.5) that QQB = Q∗(B).
We finish the example by observing that the algebra Bop opposite to B

is the tubular coextension

Bop ∼= [F1,L(1), F2,L(2), F3,L(3)]C

of the algebra C ∼= Cop of the same tubular type r̂Bop
= r̂B = (2, 2, 10).
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4.9. Example. Let A be the path algebra of the Kronecker quiver

1 ◦ α←−−−−−−−−−−−−←−−−−−−−−−−−−
β

◦ 2.

It follows from (XI.4.6) that, for each λ ∈ K, the Kronecker module

E(λ) = ( K
1←−−−−−←−−−−−
λ

K )

is the mouth A-module of the tube T A
λ of rank one.

Let λ3, λ4, λ5, λ6, and λ7 be pairwise different elements of K \ {0}, and
let L(3), L(4), L(5), L(6), and L(7) be branches of capacity one, that is, the
branch L(j) consists of the vertex j, for j ∈ {3, 4, 5, 6, 7}. We form the
tubular extension

B = A[E(λ3),L(3), E(λ4),L(4), E(λ5),L(5), E(λ6),L(6), E(λ7),L(7)]

of A. It is easy to see that B is given by the quiver

Q :

3 4◦ ◦
γ3

⏐⏐⏐⏐� ↙γ4

21 ◦ α←−−−−−←−−−−−
β

◦ γ5←−−−−−− ◦ 5

γ7

�⏐⏐⏐⏐ ↖γ6

◦ ◦
7 6

and is bound by the following five relations λ3γ3α = γ3β, λ4γ4α = γ4β,
λ5γ5α = γ5β, λ6γ6α = γ6β, and λ7γ7α = γ7β. It follows from (4.3) that the
Auslander–Reiten quiver Γ(modB) of B has a disjoint union decomposition

Γ(mod B) = PPB ∪ TT B ∪ QQB ,

where
• PPB = P(B) = P(A) is the postprojective component of Γ(modA),
• TT B = {T B

λ }λ∈P1(K) is a P1(K)-family of pairwise orthogonal stan-
dard ray tubes of Γ(modB) of tubular type rB = r̂B = (2, 2, 2, 2, 2),

• T B
λ = T A

λ , for all λ ∈ P1(K) \ {λ3, λ4, λ5, λ6, λ7}, and the tube T B
λj

is obtained from the tube T A
λj

by inserting the ray starting from the
indecomposable projective B-module P (j) = ejB at the vertex j of
the quiver Q, for each j ∈ {3, 4, 5, 6, 7},

• QQB is a family of components of Γ(modB) consisting of all inde-
composable B-modules X such that the restriction resAX of X to
A is a module in Q(A).
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Here ej ∈ B is the primitive idempotent given by the vertex j of Q.
Let H = KΔ be the path algebra of the subquiver

Δ :

3 4◦ ◦
γ3

⏐⏐⏐⏐� ↙γ4

2 ◦ γ5←−−−−−− ◦ 5

γ7

�⏐⏐⏐⏐ ↖γ6

◦ ◦
7 6

It is easy to see that there is an isomorphism of algebras H ∼= B/Be1B.
Then the epimorphism B −→ H induces a full and faithful embedding
mod H ↪→ mod B.

It follows from (VIII.2.3) that the Auslander–Reiten quiver Γ(modH) of
H admits a unique preinjective component Q(H) ∼= NΔop containing all the
indecomposable injective H-modules. The standard calculation technique
shows that the family Q(B) contains a component Q∗(B) such that the
right hand part of Q∗(B) is of the form

where the indecomposable modules are represented by their dimension
vectors.

Now we show that Q∗(B) = Q(H), under the canonical embedding
mod H ↪→ mod B. To see this we note that, in view of (III.2.6), the in-
decomposable injective B-module I(1) = D(Be1) at the vertex 1 of Q is the
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module
K K[

λ3

1

]⏐⏐⏐⏐� ↙[
λ4
1

]
K

[1 0]←−−−−−←−−−−−
[0 1]

K2

[
λ5
1

]
←−−−−−− K[

λ7

1

]�⏐⏐⏐⏐ ↖[
λ6
1

]
K K.

It follows from (4.3) that the indecomposable projective B-modules lie in
P(B) ∪ TT B . Hence, in view of (IV.2.10), each of the B-modules

τm
B I(2), τm

B I(3), τm
B I(4), τm

B I(5), τm
B I(6), and τm

B I(7),

is indecomposable, for any m ≥ 0.
Assume, to the contrary, that Q∗(B) �= Q(H). Then there exist an index

i0 ∈ {3, 4, 5, 6, 7} and an integer m0 ≥ 0 such that τm0
B I(i0) ∼= I(1)/soc I(1)

and, consequently, we get

(dim τm0
B I(i0))2 = (dim I(1)/soc I(1))2 = 2.

Hence, in view of our description of the right hand part of Q∗(B), we con-
clude that m ≥ 3. On the other hand, for each r ∈ {0, 1, 2, . . . , m − 1},
there exist almost split sequences in mod B

0 −−−−→ τ r+1
B I(i) −−−−→ τ r

BI(2) −−−−→ τ r
BI(i) −−−−→ 0

with i ∈ {3, 4, 5, 6, 7}, and

0 −→ τ r+1
B I(2) −−−−→ τ r

BI(3) ⊕ τ r
BI(4) ⊕ τ r

BI(5) ⊕ τ r
BI(6) ⊕ τ r

BI(7)

−−−−→ τ r
BI(2) −−−−→ 0.

Given s ∈ {0, 1, 2, . . . , m} and j ∈ {2, 3, 4, 5, 6, 7}, we set

aj,s = (dim τ s
BI(j))2 .

It is easy to see that
• a2,0 = 1, a2,1 = 4, aj,0 = 0, and aj,1 = 1, for j ∈ {3, 4, 5, 6, 7},
• aj,r+1 = a2,r − aj,r, for j ∈ {3, 4, 5, 6, 7},
• a2,r+1 = a3,r+1 + a4,r+1 + a5,r+1 + a6,r+1 + a7,r+1 − a2,r,

for r ∈ {1, 2, . . . , m − 1}, and
• a3,s = a4,s = a5,s = a6,s = a7,s, for s ∈ {0, 1, 2, . . . , m}.
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The final equality follows by induction on s. In particular, we get

(∗r) a2,r+1 = 5a3,r+1 − a2,r and a3,r+1 = 4a3,r − a2,r−1,

for each r ∈ {1, 2, . . . , m − 1}. Now we show that the inequalities

(∗∗r) a2,r > a2,r−1 and a3,r > a3,r−1

hold, for each r ∈ {1, . . . , m}. Obviously, (∗∗1) holds. Let t ∈ {1, . . . , m−1}
be such that (∗∗r) holds for all r ∈ {1, . . . , t}. Then, by applying (∗r), we
get

a2,t+1 − a2,t = 5a3,t+1 − 2a2,t

= 5(4a3,t − a2,t−1) − 2(5a3,t − a2,t−1)
= 10a3,t − 3a2,t−1

> 3(2a3,t − a2,t−1)

= 3(a3,t + (a3,t − a2,t−1)) = 3(a3,t − a3,t−1) > 0,

a3,t+1 − a3,t = 4(a3,t − a2,t−1) − a3,t

= 3a3,t − a2,t−1

> 2a3,t − a2,t−1

= a3,t − a3,t−1 > 0.

Because m ≥ 3 then, for any i ∈ {2, 3, 4, 5, 6, 7}, we get the inequalities

(dim τm
B I(i))2 = ai,m > ai,m−1 > . . . > ai,2 > 2.

This is a contradiction, because we have shown earlier that

(dim τm0
B I(i0))2 = 2,

for some i0 ∈ {3, 4, 5, 6, 7} and m0 ≥ 0. Consequently, the required equality

Q∗(B) = Q(H)

holds. It follows that the indecomposable injective B-module I(1) at the
vertex 1 belongs to the family QQB ⊃ Q∗(B), but I(1) does not belong to
the preinjective component Q∗(B). We show later in (XVII.5.1) that B is
not a tilted algebra of Euclidean type. This finishes the example.
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XV.5. Exercises

1. Compute the Auslander–Reiten quiver of the algebra given by the
quiver

bound by γα = 0, εβ = 0 and δα = δβ. Show that this algebra is tilted.

2. Compute the Auslander–Reiten quiver of the algebra given by the
quiver

bound by γα = 0, δβ = 0 and λμ = 0. Show that this algebra is tilted.

3. Let B be the path K-algebra of the following quiver

3◦
↙ ↘1 2

Δ : ◦−→◦−→◦ γ−→◦ ◦ σ←−◦ μ←−◦
α↘ ↙β

⏐⏐�ξ

⏐⏐�
◦ ◦ ◦
0

bound by the zero relations γα = 0, σβ = 0, and μξ = 0.

(a) Show that the algebra B is a tubular extension of the path algebra
A = KΔ′ of the subquiver

3◦
↙ ↘

Δ′ : 1 ◦ ◦ 2
α↘ ↙β

◦
0

(of the Euclidean type Ã3) of Δ.
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(b) Determine the connected components of the Auslander–Reiten
quiver Γ(modB) of B containing the simple modules S(1) and S(2).

4. Let B be the path K-algebra of the following quiver

0 4◦ ←−−−−−−−−−−−−−−−−−−− ◦
α1 ↖ ↙α41 2 3

Δ : ◦ ←−−−−−−
α2

◦←−−−−−−
α3

◦�⏐⏐β

�⏐⏐ϕ

◦←−
ρ

◦ ◦←−
η

◦ ←−◦�⏐⏐σ

�⏐⏐ξ

◦ ◦←−
ν

◦�⏐⏐ �⏐⏐μ

◦←−◦ ◦

bound by the five zero relations βα1 = 0, σρ = 0, ϕα3 = 0, ξη = 0, and
μν = 0.

(a) Show that B is a tubular extension of the path algebra A = KΔ′ of
the subquiver

0 4◦ ←−−−−−−−−−−−−−−−−−−− ◦
Δ′ : α1 ↖ ↙α41 2 3◦←−−−−−−

α2
◦←−−−−−−

α3
◦

(of the Euclidean type Ã4) of Δ.
(b) Determine the connected components of the Auslander–Reiten

quiver Γ(modB) of B containing the simple modules S(1), S(2)
and S(3).

5. Let B be the path K-algebra of the following quiver

1 5◦ ◦
↖ ↙

Δ : ◦ ←−−−−◦ β←−−−−◦ γ←−−−−◦
3 4�⏐⏐ ↙ ↖

◦←−
η

◦ ◦ ◦
2 6�⏐⏐ξ

◦

bound by two zero relations γβ = 0 and ξη = 0.
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(a) Show that B is a tubular coextension of the path algebra A = KΔ′

of the subquiver

1 5◦ ◦
↖ ↙

Δ′ : ◦ γ←−−−−◦↙3 4↖
◦ ◦
2 6

(of the Euclidean type D̃5) of Δ.
(b) Determine the connected components of the Auslander–Reiten

quiver Γ(modB) of B containing the simple modules S(3) and S(4).



Chapter XVI

Branch algebras

A complete classification of all tilted algebras of the Dynkin type An is
given in Chapter IX of Volume 1 by proving in (IX.6.12) that a basic algebra
A is a tilted algebra of the Dynkin type An if and only if A is the bound
quiver algebra KQ/I, where the bound quiver (Q, I) is a finite connected
full bound subquiver of the infinite tree

bound by all possible relations of the forms αβ = 0 and βα = 0 and contains
no full bound subquiver of the form

◦ δ←−◦ γ←−◦ ◦ . . . ◦ ◦ β←−◦ α←−◦
1 2 3 t−2 t−1 t

with t ≥ 4, αβ = 0, γδ = 0, all unoriented edges may be oriented arbitrarily;
and there are no other zero relations between 2 and t−1. We also recall from
(IX.6.8) that the Auslander–Reiten quiver Γ(modA) of a tilted algebra of
the Dynkin type An is a finite connected quiver with a section Σ such that
the underlying unoriented graph Σ of Σ is the Dynkin diagram An. Each
vertex of the quiver Γ(modA) is the source and the target of at most two
arrows.

65
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It turns out that in the representation theory of finite dimensional alge-
bras an important rôle is played by a special class of tilted algebras of the
Dynkin type An, namely, by the tilted algebras A of the equioriented linear
type Δ(An) : 1 2 n◦←−◦←− . . .←−◦.

One of the main aims of this chapter is to prove several characterisations
of these algebras A, to provide a description of the module category modA,
and to describe the structure of the Auslander–Reiten quiver Γ(modA) of
any such an algebra A.

XVI.1. Branches and finite line extensions
Let A be an arbitrary K-algebra and TT = {Tλ}λ∈Λ is a family of pairwise

orthogonal standard stable tubes of the Auslander–Reiten quiver Γ(modA).
We proved in Section XV.3 that any TT -tubular extension of A is a branch
TT -extension of A, and any TT -tubular coextension of A is a branch TT -
coextension of A.

In the present section we give various characterisations of branches, the
bound quiver algebras of branches, and their Auslander–Reiten quivers. The
results play an essential rôle in the following sections of this chapter.

We recall from (XV.2.14) that a branch is a finite connected full bound
subquiver L = (L, I), containing the lowest vertex 0, of the following infinite
tree

bound by all possible zero relations of the form αβ = 0.
Throughout we use the following definition.

1.1. Definition. Let L = (L, I) be a branch.
• The lowest vertex 0 of a branch L is called the germ of L.
• The number of vertices of a branch L is called the capacity of L.
• A branch algebra is the bound quiver algebra

KL = KL/I

of a branch L = (L, I).
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It follows from the classification of all tilted algebras of the Euclidean
type Ãn, given in (IX.6.12), that a branch algebra KL of a branch L of
capacity n ≥ 1 is a tilted algebra of the Dynkin type An. We prove that
a converse to the statement remains valid, by showing that the class of
branch algebras KL of branches L of capacity n ≥ 1 coincides with the
class of tilted algebras of the Dynkin equioriented linear quiver type

Δ(An) :
1 2 3 n−1 n◦←−−−−◦←−−−−◦←− . . .←−◦←−−−−◦. (1.2)

Note that the path algebra Hn = KΔ(An) of the quiver Δ(An) is isomorphic
with the subalgebra

Hn =

⎡⎢⎢⎣
K 0 . . . 0
K K . . . 0
...

...
. . .

...
K K . . . K

⎤⎥⎥⎦ (1.3)

of Mn(K) consisting of all n × n-lower triangular matrices with coefficients
in the field K. We recall that, given n ≥ 1, the Auslander–Reiten quiver
Γ(mod Hn) of Hn is a cone in the following sense.

1.4. Definition. Let A be an algebra, let C be a component of the
Auslander–Reiten quiver Γ(modA) of A, and let M be an indecomposable
module in C.

A cone of depth m ≥ 1 determined by the module M in C is the full
translation subquiver C(M) of C of the form

M1,1 M2,2 M3,3 . . . Mm−2,m−2 Mm−1,m−1 Mm,m

↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗
M1,2 M2,3 . . . Mm−2,m−1 Mm−1,m

↘ ↗ ↘ . . . . . . ↗ ↘ ↗
M1,3 Mm−2,m

↘ . . . . . . ↗
. . . ↘ ↗ . . .

M2,m−1

↘ ↗ ↘ ↗
M1,m−1 M2,m

↘ ↗
M = M1,m

The module M = M1,m is called the germ of the cone C(M), and the depth
m of C(M) is denoted by depth C(M).
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Note that the Auslander–Reiten quiver Γ(modHn) of the hereditary alge-
bra Hn (1.2), with n ≥ 1, is the cone C(P (n)) of depth n determined by the
unique indecomposable projective-injective Hn-module M = P (n) ∼= I(1)
and, for each j ∈ {1, . . . , n}, we have

• the module M1,j is the indecomposable projective Hn-module
P (j) = ejHn at the vertex j of Δ(An),

• the module Mj,n is the indecomposable injective Hn-module
I(j)=D(Hnej) at the vertex j of Δ(An), and

• Mj,j is the simple Hn-module S(j) = topP (j) at the vertex j of the
quiver Δ(An).

1.5. Definition. Let A be an algebra and C a component of the Auslan-
der–Reiten quiver Γ(modA) of A.

(a) An indecomposable module X in C is defined to be a finite ray
module, of C, if there is a finite sectional path of length s = sX ≥ 0

X = X0
u1−→X1

u2−→ X2 −→ . . .
u1−→ Xs−1

us−−−−→ Xs, (1.6)

called the ray of length sX starting from X, containing all sec-
tional paths of the component C starting at X.

(b) A finite ray module X of C, with the ray (1.6) of length s = sX ,
is defined to be admissible, if the following three conditions are
satisfied.

(b1) If M is an indecomposable A-module in C such that
HomA(X, M) �= 0, then there exists j ∈ {0, 1, . . . , sX} and M ∼= Xj .

(b2) If f : M −→ N is a homomorphism between indecomposable
modules in C such that HomA(X, f) �= 0, then there exist i, j ∈
{0, 1, . . . , sX}, with i ≤ j, such that M ∼= Xi, N ∼= Xj and f is
a scalar multiple of uj . . . ui+1 : Xi −−−−→ Xj , if i < j, and f is a
scalar multiple of the identity, if i = j.

(b3) The final module XsX
of the ray (1.6) is injective.

1.7. Definition. Let A be an algebra, C a standard component of the
Auslander–Reiten quiver Γ(modA) of A, and X an admissible finite ray
module in C, with the ray (1.6) of length s = sX . Given t ≥ 1, we denote
by

H = Ht = KΔ(At)

the path algebra (1.3) of the quiver Δ(At) (1.2), and by P (t) = P (t)H
∼=

I(1)H the unique indecomposable projective-injective H-module etH. If
t = 0, we agree to denote by H = H0 the zero algebra, and we set P (t) = 0.

(a) A finite t-linear extension of A at X is defined to be the one-point
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extension algebra

A(X, sX , t) = (A × Ht)[X ⊕ P (t)] =

[
A × Ht 0

X ⊕ P (t) K

]

of the product algebra A × Ht by X ⊕ P (t) endowed with the
coordinate-wise A × Ht-module structure.

(b) An algebra A′ is defined to be a finite line extension, if there exist
a standard component C of the Auslander–Reiten quiver Γ(modA)
of A, an admissible finite ray module X in C, with a ray (1.6) of
length sX , and t ≥ 0 such that A′ ∼= A(X, sX , t), that is, A′ is a
finite t-linear extension of A at X.

Thus, if t = 0 then the t-linear extension of A at X reduces to the
one-point extension algebra A[X] of A by X.

Note that the bound quiver of a t-linear extension A(X, sX , t) is of the
form

where 0 denotes the extension point, the shaded part denotes the bound
quiver of A, and there are possibly additional relations from 0 to QA so
that X equals the summand of radP (0)A(X,t) which is an A-module.

Now we modify the procedure of a rectangle insertion, described in
(XV.2.5), as follows.

1.8. A finite rectangle insertion. Assume that t ≥ 0 is an integer,
A is an algebra, C a standard component of the Auslander–Reiten quiver
Γ(mod A) of A, and X is an indecomposable admissible finite ray module of
C, with the ray (1.6) of length s = sX . We view C as a translation quiver.
Let

A′ = A(X, sX , t)

be the t-linear extension of the algebra A by the admissible ray module X
of C.

Our purpose is to describe the component of Γ(modA′) that contains
the indecomposable module X, viewed as an A′-module. To do it, we first
construct a translation quiver

(C′, τ ′) ⊆ Γ(mod A′),

which we later show to equal this particular component in Γ(modA′).
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We recall that H = Ht = KΔ(At) is the path algebra of the equiori-
ented linear quiver

Δ(At) :
1 2 3 t−1 t◦←−−−−◦←−−−−◦←− . . .←−◦←−−−−◦.

and the Auslander—Reiten quiver Γ(modH) of modH is the cone

C(P (t)) :

◦ ◦ ◦ . . . ◦ ◦ It↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗qt−1◦ ◦ ◦ It−1↘ ↗ ↘ . . . . . . ↗
◦↘ . . . . . . . . .

. . . ↘ ↗ . . .
◦↘ ↗ ↘ ↗

◦ ◦ I2↘ ↗q1◦
P (t)=I1

where we denote by

I1 = I(1)H , I2 = I(2)H , . . . , It = I(t)H

the indecomposable injective H-modules, viewed as A′-modules; that is, we
set

Ij = I(j) = D(ejH),
for j = 1, . . . , t. In particular,

I1 = I(1)H = D(e1H) ∼= etH = P (t)
is the unique indecomposable projective-injective right H-module, and It =
I(t)H = D(etH) is the unique simple injective right H-module.

On the other hand, the component C of Γ(modA) being standard, the
admissibility conditions on X imply that C looks as follows
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where s = sX is the length of the ray (1.6) and, to avoid ambiguity, we
denote by τA the Auslander–Reiten translation in modA.

We associate to the component C of Γ(modA) the following translation
quiver (C′, τ ′) consisting of A′-modules, and homomorphisms of A′-modules

Here we set

• Xs+1 = S(0) = It+1, where S(0) = (K, 0, 0) is the simple injective
A′-module at the extension vertex 0,

• Xi = (K, Xi, 1), for i ∈ {0, 1, . . . , s},
• Ij = (K, Ij , 1), for j ∈ {1, . . . , t}, and

• Zij =
(
K, Xi ⊕ Ij ,

[
1
1

])
, for i ∈ {0, 1, . . . , s} and j ∈ {1, . . . , t},

It is easily seen that the modules Zij , Ij , and Xi are indecomposable
A′-modules. The homomorphisms are the obvious ones, defined as follows.
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(i) For a fixed j ∈ {1, . . . , t}, the homomorphism Zij −→ Zi+1,j is

given by
(
1,
[

ui 0
0 1

])
.

(ii) For a fixed i ∈ {0, 1, . . . , s}, the homomorphism Zij −→ Zi,j+1 is

given by
(
1,
[

1 0
0 qj

])
.

(iii) For any i ∈ {0, 1, . . . , s}, the homomorphism Xi −→ Zi1 is given
by

(
0,
[

1
0

])
.

(iv) For any i ∈ {0, 1, . . . , s}, the homomorphism Zit −→ Xi is given by
(1, [1 0]).

(v) For any i ∈ {0, 1, . . . , s}, the homomorphism Xi −→ Xi+1 is given
by (1, ui).

(vi) For any i ∈ {0, 1, . . . , s}, the homomorphism Xi −→ τ−1
A Xi−1 is

given by (0, pi).
(vii) For any i ∈ {0, 1, . . . , t}, the homomorphism Ij −→ Z0j is given

by
(
0,
[

0
1

])
.

(viii) For any i ∈ {0, 1, . . . , t}, the homomorphism Zsj −→ Ij is given
by (1, [0, 1]).

(ix) The homomorphism Xs −→ S(0) is given by (1, 0).
(x) The homomorphism It −→ S(0) is given by (1, 0).

The translation τ ′ of C′ is defined as follows.
(i) If i ∈ {1, . . . , s} and j ∈ {2, . . . , t}, then τ ′Zij = Zi−1,j−1.
(ii) If i ∈ {1, . . . , s}, then τ ′Zi1 = Xi−1.
(iii) If i ∈ {2, . . . , t}, then τ ′Z0j = Ij−1.
(iv) The module P = Z01 is projective.
(v) τ ′X0 = It.
(vi) If i ∈ {1, . . . , s}, then τ ′Xi = Zi−1,t.
(vii) If i ∈ {0, . . . , s − 1}, then τ ′(τ−1

A Xi) = Xi, if the module Xi is not
injective; otherwise the module Xi is injective.

(viii) If j ∈ {2, . . . , t + 1}, then τ ′Ij = Zs,j−1.
(ix) τ ′I1 = Xs.
(x) The modules I1, I2, . . . , It, It+1 = S(0) are injective.

For the remaining points of C (or of Γ(modH)), the translation τ ′ coincides
with τA (or with the translation τH in Γ(modH), respectively). This finishes
the construction of the translation quiver (C′, τ ′).

The procedure presented above is called the finite rectangle insertion.
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Intuitively, the construction of the translation quiver (C′, τ ′) may be un-
derstood as the following four step procedure:

(1◦) take the standard component C of Γ(modA) and an admissible finite
ray module X in C, with the ray (1.6) of length s = sX .

(2◦) ‘cut it’ along the arrows p1, p2, . . . , ps,
(3◦) ‘insert in it’ the finite (s + 2) × (t + 1)- rectangle consisting of the

modules
• X0, X1, . . . ,Xs,
• Xs+1 = S(0) = It+1,
• I1, I2, . . . , It, and
• the modules Zij , with i ∈ {0, 1, . . . , s} and j ∈ {1, . . . , t},

and finally
(4◦) ‘glue’ the quiver Γ(modH) to the quiver constructed in (3◦).

Now we establish one of the main properties of the translation quiver
(C′, τ ′).

1.9. Proposition. Assume that t ≥ 0 is an integer, A is an algebra, C
a standard component of the Auslander–Reiten quiver Γ(mod A) of A, and
X is an indecomposable admissible finite ray module of C, with the ray (1.6)
of length s = sX . Let

A′ = A(X, sX , t)

be the t-linear extension of the algebra A at the admissible finite ray module
X of C, and let (C′, τ ′) be the translation quiver associated to C in the finite
rectangle insertion (1.8).

(a) The translation quiver C′ is the Auslander–Reiten component of
Γ(mod A′) containing the ray module X, when viewed as an A′-
module.

(b) The component C′ is standard.

Proof. We fix an integer t ≥ 0, an algebra A, a component C, and a
module X, with the ray (1.6) of length s = sX , as in the proposition. We
use freely the notation introduced the finite rectangle insertion (1.8). We
recall that, for t ≥ 1,

H = Ht = KΔ(At)

is the path algebra of the equioriented linear quiver Δ(At).
We denote by

H ′ = KΔ′
t+1

the path algebra of the equioriented linear quiver

Δ′
t+1 = Δ(At+1) :

1 2 3 t−1 t 0◦←−−−−◦←−−−−◦←− . . .←−◦←−−−−◦←−−−−◦
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obtained from Δ(At) by adding the arrow

t ◦←−−−−◦ 0,

where 0 is the extension vertex of the one-point extension algebra
A′ = A(X, sX , t), see (1.7).

First we note that the modules

I1, I2, . . . , It, and It+1 = S(0) = Xs+1

are the pairwise non-isomorphic indecomposable injective H ′-modules

I(1)H′ , I(2)H′ , . . . , I(t)H′ , I(0)H′ ,

respectively. Moreover, the A′-module

Xs = (K, Xs, 1)

is injective, because the A-module Xs is injective, by our hypothesis.
Next, we note that the canonical exact sequence

0 −−−−→ Xs −−−−−−→ Zs1 −−−−−−→ I1 −−−−→ 0

is an almost split sequence in mod A′, because the A′-module I1 is the
cokernel of the unique irreducible morphism

Xs −→ Zs1

starting from Xs.
Hence, an easy induction on j ∈ {1, . . . , t} implies that, for each j ≤ t,

there exists an almost split sequence of the form

0 −−−−→ Zsj −−−−−−→ Zs j+1 ⊕ Ij −−−−−−→ Ij+1 −−−−→ 0,

in modA′, where
Zs t+1 = Xs.

Now, the proof of the proposition follows by a simple modification of the
arguments given in the proof of (XV.2.7) and (XV.2.8). The details are left
to the reader. �

Now we illustrate the finite rectangle insertion with an example.

1.10. Example. Let A = KQ be the path algebra of the oriented tree
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bound by two zero relations αβ = 0 and γσ = 0.
It is clear that the algebra A is representation-finite, because A is a

quotient of the path algebra KQ of the tree Q which is a quiver of the Dynkin
type E6. Moreover, the algebra A is representation-directed. The standard
calculation technique shows that the Auslander–Reiten quiver Γ(modA) of
A has the form

P (f)=
0

1 0
1 0
1

=I(b)

↗ ↘
P (e)=

1
0 0
0 0
0

−−−
0

0 1
0 0
0

−−−
0

0 0
1 0
1

−−−
0

1 0
1 0
0

=I(c)

||↘ ↗S(d)↘ ↗ ↘ ↗ ↘
P (d)=

1
0 1
0 0
0

−−−
0

0 1
1 0
1

−−−
0

0 0
1 0
0

−−−
0

1 0
0 0
0

=I(f)

||↘ ↗ X1 ↘ ↗
P (c)=

1
0 1
1 0
1

−−−
0

0 1
1 0
0

=I(d)

↗ ↘ ↗
P (a)=

0
0 0
0 1
0

−−−
0

0 0
0 0
1

−−−
1

0 1
1 0
0

=I(e)

||↘ ↗ S(b)

P (b)=
0

0 0
0 1
1

=I(a)

where the indecomposable modules are represented by their dimension
vectors.

Observe that the modules

P (b), S(b) = τ−1
A P (a), P (c), τ−1

A P (d), τ−2
A P (e) and P (f)

form a faithful section

Σ :
b a c d e f◦−−−−→◦−−−−→◦−−−−→◦−−−−→◦−−−−→◦

of the Dynkin type A6. Hence, by the criterion (VIII.5.6), A is a tilted
algebra of type Σop = Σ.
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Note that the indecomposable A-module

X = S(d) =
0

0 1
0 0
0

is an admissible finite ray module and

X = X0 X1 X2
|| || ||

0
0 1
0 0
0

−−−−−−−−→
0

0 1
1 0
1

−−−−−−−−→
0

0 1
1 0
0

is the unique section in Γ(modA) starting at X. It follows that the section
is a ray of length sX = 3. Take t = 1, sX = 3, and form the t-line extension

A′ = A(X, sX , t) = A(X, 3, 1) = (A × H1)[X ⊕ P (1)],

where
H1 = KΔ(A1) = K

is the path algebra of the one vertex quiver Δ(A1) , and P (1) = S(1) ∼= K
is the unique simple H1-module.

It is easy to see that A′ is given by the tree

bound by three zero relations αβ = 0, γσ = 0, and ξδ = 0. Here, 0 is the
extension vertex of the algebra

A′ = A(X, 3, 1)

and the vertex 1 of Q′ is the unique vertex of the quiver Δ(A1).
Note that the algebra A′ is representation-finite, because, by (IX.6.12),

A′ is a tilted algebra of type A8. By applying (1.9) to the translation quiver
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C = Γ(modA), we conclude that the translation quiver C′ = Γ(modA′) is
of the form

P ′(f)=

0
0 0

1 0
1 0
1

=I′(b)

↗ ↘
P ′(1)=

1
0 0

0 0
0 0
0

−−−
0

1 0
0 1
0 0
0

−−−
0

0 0
0 0
1 0
1

−−−
0

0 0
1 0
1 0
0

=I′(c)

||↘ ↗ X0 ↘ ↗ ↘ ↗ ↘
P ′(0)=

1
1 0

0 1
0 0
0

−−−
0

1 0
0 1
1 0
1

−−−
0

0 0
0 0
1 0
0

−−−
0

0 0
1 0
0 0
0

=I′(f)

||↗ ↘ ↗ X1 ↘ ↗
P ′(e)=

0
0 1

0 0
0 0
0

−−−
0

0 0
0 1
0 0
0

−−−
1

1 0
0 1
1 0
1

−−−
0

1 0
0 1
1 0
0

=I′(d)

|| || ||↘ ↗ X0 ↘ ↗ Z11↘ ↗ X2 ↘
P ′(d)=

0
0 1

0 1
0 0
0

−−−
0

0 0
0 1
1 0
1

−−−
1

1 0
0 1
1 0
0

−−−
0

1 0
0 0
0 0
0

=I′(0)=S′(0)

|| ||↘ ↗ X1 ↘ ↗ Z21↘ ↗
P ′(c)=

0
0 1

0 1
1 0
1

−−−
0

0 0
0 1
1 0
0

−−−
1

1 0
0 0
0 0
0

=I′(1)=I1

||↗ ↘ ↗ X2

P ′(a)=

0
0 0

0 0
0 1
0

−−−
0

0 0
0 0
0 0
1

−−−
0

0 1
0 1
1 0
0

=I′(e)

||↘ ↗ S′(b)

P ′(b)=

0
0 0

0 0
0 1
1

=I′(a),

where the indecomposable modules are represented by their dimension vec-
tors,

P ′(a), P ′(b), P ′(c), P ′(d), P ′(e), P ′(f), P ′(0), P ′(1)

are the pairwise non-isomorphic indecomposable projective A′-modules, and

I ′(a), I ′(b), I ′(c), I ′(d), I ′(e), I ′(f), I ′(0), I ′(1)

are the pairwise non-isomorphic indecomposable injective A′-modules at
the vertices a, b, c, d, e, f, 0, 1 of Q′, respectively. Here we use the notation
introduced in the finite rectangle insertion procedure (1.8).
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It is easy to see that the Auslander–Reiten quiver Γ(mod A′) of the al-
gebra A′ admits a faithful section

Σ′ :
b a c d e 0 1 f◦−−−−→◦−−−−→◦−−−−→◦−−−−→◦−−−−→◦−−−−→◦−−−−→◦

of the Dynkin type A8 given by the modules

P ′(b) = I ′(a),
τ−1
A′ P ′(a) = S′(b),

P ′(c),
τ−1
A′ P ′(d) = X1,

τ−2
A′ P ′(e) = Z11,

τ−1
A′ P ′(0) = X1,

τ−2
A′ P ′(1) = τ−1

A′ X0, and
I ′(b) = P ′(f).

Hence, by the criterion (VIII.5.6), A′ is a tilted algebra of type Σ′op = Σ′. It
is obvious that the section Σ′ is obtained from the section Σ by an insertion
of t = 1 arrows; precisely, by an insertion of the arrow 0 ◦−−−−→◦ 1, and by
replacing the arrow e ◦−−−−→◦ f by two arrows e ◦−−−−→◦ 0 and 1 ◦−−−−→◦ f.

XVI.2. Tilted algebras of an equioriented
type Am

Our main objective of this section is to define a class of tilted algebras
of an equioriented type Am and characterise them, by applying the finite
rectangle insertion procedure (1.8).

2.1. Definition. Let m ≥ 1 be an integer. An algebra A is defined
to be a tilted algebra of an equioriented type Am if there exists a
multiplicity-free tilting module THm over the path algebra

Hm = KΔm = KΔ(Am) ∼=

⎡⎢⎢⎣
K 0 . . . 0
K K . . . 0
...

...
. . .

...
K K . . . K

⎤⎥⎥⎦ ⊆ Mm(K)

of the equioriented linear quiver

Δm = Δ(Am) :
1 2 3 m−1 m◦←−−−−◦←−−−−◦←− . . .←−◦←−−−−◦ .

such that A ∼= EndTHm
.

Now we are able to formulate a characterisation of tilted algebras A
of the equioriented type An, where n = rkK0(A) ≥ 1 is the rank of the
Grothendieck group K0(A) of A.



XVI.2. Tilted algebras of an equioriented type Am 79

2.2. Theorem. Assume that A is an algebra and n = rkK0(A) ≥ 1 is
the rank of the Grothendieck group K0(A) of A. The following statements
are equivalent.

(a) A is a tilted algebra of the equioriented type Δ(An) : 1 2 n◦←◦← . . . ←◦.
(b) The Auslander–Reiten translation quiver Γ(mod A) of A is finite and

admits precisely one section Σ that is isomorphic to the equioriented
linear quiver Δn = Δ(An).

(c) The category mod A admits precisely one multiplicity-free tilting
module TA such that the algebra EndTA is isomorphic to the path
algebra KΔ(An).

(d) The algebra A is isomorphic to a branch algebra

KL = KL/I

of a branch L = (L, I) of capacity n.
(e) There are an integer r≥0, a finite sequence

m0 <m1 <. . .<mr−1 <mr =n

of integers, and a finite sequence of algebras

A0, A1, . . . , Ar = A

such that

• the algebra A0 is the hereditary path algebra KΔ(Am0) of the
equioriented linear quiver Δ(Am0),

• for each j ∈ {1, 2, . . . , r}, the algebra Aj is a tilted algebra of
the type Δ(Amj ) and Aj is of the form

Aj = Aj−1(X(j), sX(j) , tj),
that is, Aj is a finite line extension of the algebra Aj−1 by an ad-
missible ray Aj−1-module X(j), with tj ≥ 0 and the ray of length
sX(j) in Γ(mod Aj−1),

• mj = 1 + mj−1 + tj = m0 + j + t1 + . . . + tj, and
• n = mr = m0 + r + t1 + . . . + tr.

Because the proof is rather long, we split it into several partial results,
and then we present the proof in (1.9), at the end of the section, by applying
Theorems (2.3) and (2.7).

In the following theorem we list the main properties of the tilted algebras
of the equioriented type Δ(Am) and of their module categories. Later on, we
prove in (2.7) that, in fact, some of the properties listed in (2.3) characterise
this class of algebras.
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2.3. Theorem. Assume that m ≥ 1 is an integer and A is a tilted
algebra of the equioriented type Δ(Am) : 1 2 m◦←−◦←− . . .←−◦ .

(i) There exist a branch L = (L, I) of capacity m and an isomorphism
of algebras

A ∼= KL = KL/I.

(ii) The Auslander–Reiten translation quiver Γ(mod A) of A admits pre-
cisely one section Σ isomorphic to the equioriented linear quiver
Δ(Am).

(iii) If A is a branch algebra A = KL = KL/I of a branch L = (L, I),
0 is the germ vertex of the branch L, and Σ is a unique section of
Γ(mod A) isomorphic to Δ(Am), then

• m = rkK0(A) is the rank of the Grothendieck group K0(A) of
the algebra A,

• the source module of Σ is the indecomposable projective A-
module at the germ 0 of L = (L, I), and

• the sink module of Σ is the indecomposable injective A-module
at the germ 0 of L = (L, I).

(iv) Assume that
A = EndTHm ,

where THm
is a multiplicity-free tilting module over the algebra

Hm = KΔ(Am). Let ΣA be a unique section of Γ(mod A) isomor-
phic to Δ(Am), and let (X (T ),Y(T )) be the torsion pair in mod A
determined by the tilting module THm , see (VI.3.6). Then

(X (T ),Y(T )) = (add T (ΣA), addF(ΣA)),

where TA = T (ΣA) is the set of all indecomposable proper succes-
sors of ΣA in Γ(mod A) and F(ΣA) is the set of all indecomposable
predecessors of ΣA in Γ(mod A).

Proof. We fix an integer m ≥ 1 and assume that A is a tilted algebra of
the equioriented type Δ(Am). Without loss of generality, we may assume
that m ≥ 2 and

A = EndTH ,

where TH is a multiplicity-free tilting module over the path algebra H =
Hm = KΔ(Am) of the equioriented linear quiver

Δm = Δ(Am) :
1 2 3 m−1 m◦←−−−−◦←−−−−◦←− . . .←−◦←−−−−◦ .
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We recall that the Auslander–Reiten translation quiver Γ(modH) of H
has the form

M1,1 M2,2 M3,3 . . . Mm−2,m−2 Mm−1,m−1 Mm,m

↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗
M1,2 M2,3 . . . Mm−2,m−1 Mm−1,m

↘ ↗ ↘ . . . ↗ ↘ ↗
M1,3 Mm−2,m

↘ . . . . . . ↗
. . . ↘ ↗ . . .

M2,m−1

↘ ↗ ↘ ↗
M1,m−1 M2,m

↘ ↗
P (m) = M1,m

In other words, Γ(modH) = C(P (m)) is the cone C(P (m)) of depth m ≥ 2
determined by the unique indecomposable projective-injective module

M1,m = P (m) ∼= I(1)

in C. Moreover,

M1,j = P (j), Mj,m = I(j), and Mj,j = S(j),

for all j ∈ {1, 2, . . . , m}.
First we show that the indecomposable projective-injective module P (m)

is a direct summand of the tilting module TH . For the proof, we note that,
by the condition (T3) of the Definition (VI.2.1) of tilting H-module, there
exists a short exact sequence

0 −→ HH −→ T
(1)
H −→ T

(2)
H −→ 0

in modH, with T
(1)
H and T

(2)
H in addT . Because the module P (m) is projec-

tive, P (m) is a direct summand of HH . The fact that P (m) is also injective
yields that P (m) is a direct summand of the module T

(1)
H . Consequently,

P (m) is a direct summand of the tilting module TH . It follows from (VI.4.4)
that there is a decomposition

TH = T0 ⊕ T1 ⊕ . . . ⊕ Tm−1,

where T0 = P (m), and T0, T1, . . . , Tm−1 are pairwise non-isomorphic in-
decomposable H-modules. Because the algebra H is hereditary then, by
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(IV.2.14), the tilting vanishing condition Ext1H(T, T ) = 0 is equivalent to
the vanishing condition

HomH(Ti, τHTj) = 0,

for all i, j ∈ {0, 1, 2, . . . , m−1}. It follows from (VI.3.1) that the A-modules

P (0)A = HomA(T, T0), . . . , P (m−1)A = HomA(T, Tm−1),

form a complete set of pairwise non-isomorphic indecomposable projective
A-modules. Therefore, we may assume that {0, 1, 2, . . . , m − 1} is the set
of vertices of the ordinary quiver L = QA of the algebra A.

Now we prove the statement (i), by showing that there exist
• a branch L = (L, I) of the capacity m, with the germ vertex 0

corresponding to the module T0 = P (m), and
• an algebra isomorphism A ∼= KL = KL/I.

We apply the induction on m ≥ 2.
It follows from the preceding description of Γ(modH) that it is a finite

standard component. Hence, there is an equivalence of categories

indH ∼= KC(P (m)) = KΓ(mod H),

where indH is the full subcategory of the category modH formed by the
indecomposable modules, and KC(P (m)) is the mesh category of the cone
C(P (m)) = Γ(modH).

Because, by (VI.3.5), the tilted algebra A is connected and P (m) = T0
is a direct summand of T , then T admits a direct summand Ti that is one
of the modules

M1,1, M1,2, . . . , M1,m−1, M2,m, M3,m, . . . , Mm−1,m, Mm,m.

We have three cases to consider.
Case 1◦. Assume that the indecomposable summands T1, T2, . . . , Tm−1

lie in the cone C(M1,m−1) = C(P (m−1)). Observe that the cone C(M1,m−1)
is the Auslander–Reiten quiver Γ(modH ′) of the path algebra

H ′ = Hm−1 = KΔ(Am−1)
of the quiver Δ(Am−1) obtained from Δ(Am) by deleting the vertex m. It
follows that

T ′ = T1 ⊕ T2 ⊕ . . . ⊕ Tm−1,

is a tilting module in modH ′. Note also that the H ′-module M1,m−1 =
P (m−1) is a direct summand of T ′, because P (m−1) is an indecomposable
projective-injective H ′-module.
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By the inductive hypothesis, the tilted algebra A′ = EndT ′
H′ of the

equioriented type Am−1 is isomorphic with the branch algebra KL′ =
KL′/I ′ of a branch L′ = (L′, I ′) of capacity m − 1 with the germ vertex
0′ corresponding to the direct summand M1,m−1 = P (m−1) of T ′, where
L′ = QA′ is the ordinary quiver of the algebra A′.

We recall from (VI.3.1) that the functor HomH(T, −) restricts to the
equivalence of categories

HomH(T, −) : addT −−−−−−→ projA, (∗)

where projA is the category of finitely generated projective A-modules.
Assume that the indecomposable projective H-modules M1,i = P (i),

M1,j = P (j), and M1,k = P (k) are direct summands of T , for some i, j, k ∈
{1, 2, . . . , m}, and there exist non-zero homomorphisms

M1,i
f−−−−→ M1,j

g−−−−→ M1,k

of H-modules. Because the algebra H is hereditary, then i ≤ j ≤ k, both f
and g are monomorphisms and, hence, gf �= 0. Because the functor (∗) is
an equivalence of categories, then the induced homomorphisms

HomH(T, M1,i)
HomH(T,f)−−−−−−−−→ HomH(T, M1,j)

HomH(T,g)−−−−−−−−→ HomH(T, M1,k)

between indecomposable projective modules over A = EndTH are also
monomorphisms and their composition is non-zero.

Hence we conclude that the algebra A is isomorphic to the branch algebra
KL = KL/I of the branch L = (L, I) of capacity m, with L = QA, obtained
from the branch L′ = (L′, I ′) of capacity m−1 by adding one arrow 0−→ 0′

from the germ vertex 0 of L, corresponding to the module T0 = M1,m, to
the germ vertex 0′ of L′, corresponding to the direct summand M1,m−1 of
T ′. Note that 0 is a source vertex of the quiver L = QA of A.

Case 2◦. Assume that the indecomposable summands T1, T2, . . . , Tm−1
lie in the cone C(M2,m) = C(I(2)).

Observe that the cone C(M2,m) is the Auslander–Reiten quiver Γ(modH ′)
of the path algebra H ′′ = KΔ′

m−1 of the quiver Δ′
m−1 obtained from Δ(Am)

by deleting the vertex 1. It follows that

T ′′ = T2 ⊕ T3 ⊕ . . . ⊕ Tm,

is a tilting module in modH ′′. Because M2,m
∼= I(2) is an indecomposable

projective-injective H ′′-module, then M2,m is a direct summand of T ′′.
By the inductive hypothesis, the tilted algebra

A′′ = EndT ′′
H′′
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of the equioriented type Am−1 is isomorphic with the branch algebra KL′′ =
KL′′/I ′′ of a branch L′′ = (L′′, I ′′) of capacity m−1 with the germ vertex 0′′

corresponding to the direct summand M2,m
∼= I(2) of T ′′, where L′′ = QA′′

is the ordinary quiver of the algebra A′′.
Further, assume that the indecomposable injective modules Mi,m = I(i),

Mj,m = I(j), and Mk,m = I(k) are direct summands of T , for some i, j, k ∈
{1, 2, . . . , m}, and there exist non-zero homomorphisms

Mi,m
f−−−−→ Mj,m

g−−−−→ Mk,m

of H-modules. Because the algebra H is hereditary, then i ≤ j ≤ k, both f
and g are epimorphisms and, hence, gf �= 0. Because the functor (∗) is an
equivalence of categories, then the composition of the induced homomor-
phisms

HomH(T, Mi,m)
HomH(T,f)−−−−−−−−→ HomH(T, Mj,m)

HomH(T,g)−−−−−−−−→ HomH(T, Mk,m)

between indecomposable projective A-modules is non-zero.
Hence we conclude that the algebra A is isomorphic to the branch alge-

bra KL = KL/I of the branch L = (L, I) of capacity m, with L = QA,
obtained from the branch L′′ = (L′′, I ′′) of capacity m − 1 by adding one
arrow 0′′ −→ 0 from the germ vertex 0′′ of L′′, corresponding to the direct
summand M2,m of T ′′, to the germ vertex 0 of L, corresponding to the
module T0 = M1,m. Note that 0 is a sink vertex of the quiver L = QA of A.

Case 3◦. Assume that T admits a direct summand M1,i = P (i) and a
direct summand Mj,m = I(j), for some i, j ∈ {1, . . . , m − 1}.

Let r ∈ {1, . . . , m − 1} be the maximal index such that the projective
module M1,r = P (r) is a direct summand of T , and let s ∈ {1, . . . , m − 1}
be the minimal index such that the injective module Ms,m = I(s) is a direct
summand of T .

First, we show that the cones C(M1,r) and C(Ms,m) in the Auslander–
Reiten quiver Γ(modH) of the path algebra H = KΔ(Am) are disjoint. To
prove it, assume to the contrary that there exist two indices u ∈ {2, . . . , r}
and w ∈ {s, . . . , m − 1} such that the module

Mu,r = Ms,w

lies in C(M1,r) and in C(Ms,m). It follows that there exist an H-module
epimorphism M1,r −−−−→ Mu−1,r and an H-module monomorphism
Mu−1,r −→ Ms−1,m−1. Consequently, HomH(M1,r, Ms−1,m−1) �= 0 and we
get a contradiction with the tilting vanishing condition HomH(Ti, τHTj) =
0, for all direct summands Ti and Tj of the module T , because the isomor-
phism Ms−1,m−1 ∼= τHMs,m yields

0 �= HomH(M1,r, Ms−1,m−1) ∼= HomH(M1,r, τHMs,m) = 0.



XVI.2. Tilted algebras of an equioriented type Am 85

Then, without loss of generality, we may assume that

T1 = M1,r, T2, . . . , Tp

are all indecomposable direct summands of T lying in the cone C(M1,r), and

Tq+1 = Ms,m, Tq+2, . . . , Tm−1

are all indecomposable direct summands of T lying in the cone C(Ms,m),
where p ≤ q. Let

T (1) = T1 ⊕ T2 ⊕ . . . ⊕ Tp and T (2) = Tq+1 ⊕ Tq+2 ⊕ . . . ⊕ Tm−1.

Now we prove that p = q. Assume to the contrary, that p < q. Then the
module

T (3) = Tp+1 ⊕ Tp+2 ⊕ . . . ⊕ Tq

is non-zero and
T = T0 ⊕ T (1) ⊕ T (2) ⊕ T (3).

Now we show that the tilted algebra A = EndTH is not connected and then
we get a contradiction with (VI.3.5). This is a consequence of the following
observations:

• HomH(T0, T
(3)) = 0 and HomH(T (3), T0) = 0, because T0 = M1,m

and the direct summands of T (3) lie in the cone C(M2,m−1).
• HomH(T (3), T (1)) = 0 and HomH(T (2), T (3)) = 0, because the cone

C(M1,r) is closed under predecessors in C(M1,m) = C(P (m)) =
Γ(mod H), and the cone C(Ms,m) is closed under successors in
C(M1,m) = C(I(1)) = Γ(modH).

• The equality Ext1H(T (3), T (1)) = 0 yields HomH(T (1), τHT (3)) = 0,
by (IV.2.14), because the algebra H is hereditary.

• The equality Ext1H(T (2), T (3)) = 0 yields HomH(T (3), τHT (2)) = 0.

Hence, we get HomH(T (1), T (3)) = 0 and HomH(T (3), T (2)) = 0, and we
conclude that A decomposes into a direct product of algebras

A = EndTH
∼= End (T0 ⊕ T (1) ⊕ T (2))H × EndT

(3)
H ,

that is, the tilted algebra A is not connected. This contradiction proves
that p = q, that is, T (3) = 0 and

T = T0 ⊕ T (1) ⊕ T (2).
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Observe now that T (1) is a partial tilting module over the path algebra

H(1) = KΔr

of the quiver Δr obtained from Δmby deleting the vertices r + 1, . . . , m,
and T (2) is a partial tilting module over the path algebra

H(2) = KΔ∗
m−s+1

of the quiver Δ∗
m−s+1 obtained from Δm by deleting the vertices 1, . . . , s−1.

Then (VI.4.4) yields p ≤ r and m − 1 − p = m − 1 − q ≤ m − s + 1.
On the other hand, by the tilting vanishing condition, we have

HomH(M1,r, Ms−1,m−1) ∼= HomH(M1,r, τHMs,m) = 0.

It follows that the cones C(M1,r) and τAC(Ms,m) = C(Ms−1,m−1) are dis-
joint. Hence, the cones C(M1,r) and C(Ms−1,m) are also disjoint, and we
get the inequality r + (m − s + 2) ≤ m, which yields r + 2 ≤ s. Together
with the inequalities p ≤ r and m − 1 − p ≤ m − s + 1 proved earlier, this
yields

• p = r, and
• m − 1 − p = m − s + 1.

Consequently, the partial tilting module T (1) is a tilting module in modH(1)

and the partial tilting module T (2) is a tilting module in modH(2).
By the inductive hypothesis, the tilted algebra

A(1) = EndT
(1)
H(1)

is isomorphic with the branch algebra KL(1) = KL(1)/I(1) of a branch
L(1) = (L(1), I(1)) of capacity r with the germ vertex 0(1) corresponding to
the direct summand M1,r = P (r) of T (1), and the tilted algebra

A(2) = EndT
(2)
H(2)

is isomorphic with the branch algebra KL(2) = KL(2)/I(2) of a branch
L(2) = (L(2), I(2)) of capacity m − 1 − r = m − s + 1 with the germ vertex
0(2) corresponding to the direct summand Ms,m

∼= Mr+2,m of T (2).
Then the standardness of the cone C(Ms,m) yields

HomH(T (1), T (2)) = 0, HomH(T (2), T (1)) = 0,

and there exist non-zero homomorphisms

M1,r
f−−−−→ M1,m

g−−−−→ Ms,m
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of H-modules, where f is a monomorphism and g is an epimorphism. Hence,
by applying again the equivalence (∗), we conclude that the algebra A is
isomorphic to the branch algebra KL = KL/I of the branch L = (L, I) of
capacity m obtained from the branches

L(1) = (L(1), I(1)) and L(2) = (L(2), I(2))

by adding two arrows
0(2) α−→ 0

β−→ 0(1)

and the zero relation αβ = 0. This finishes the proof of the statement (i).
For the proof of (ii), we note that the algebra A = EndTH is representa-

tion-finite, because TH is a splitting tilting H-module and the algebra H =
KΔ(Am) is representation-finite, see (VI.5.7) and (VII.5.10). Then, by
(VIII.3.5), the Auslander–Reiten translation quiver Γ(modA) of A coincides
with the connecting component CT determined by the tilting H-module T .
It follows that Γ(modA) = CT admits a section Σ of the form

N1 −−−−→ N2 −−−−→ N3 −−−−→ . . . −−−−→ Nm−1 −−−−→ Nm,

given by the images HomH(T, Mj,m) = HomH(T, I(j)H) of the indecom-
posable injective H-modules Mj,m = I(j)H via the functor HomH(T,−),
for j ∈ {1, 2, . . . , m}.

The A-module N1 = HomH(T, M1,m) is isomorphic to the indecompos-
able projective A-module P (0)A at the germ vertex 0 of the branch L,
because the module M1,m = P (m)H = T0 is the direct summand of T
corresponding to 0.

By the connecting lemma (VI.4.9), the A-module

Nm = HomH(T, Mm,m) = HomH(T, I(m)H)

is injective, because the projective H-module M1,m = P (m)H is the direct
summand T0 of T .

Now we prove that the injective A-module Nm = HomH(T, I(m)H) is iso-
morphic to the indecomposable injective A-module I(0)A of the germ vertex
0 of L, by showing that there is a non-zero homomorphism S(0)A −→ Nm

from the simple A-module S(0)A to Nm and, hence, soc Nm
∼= S(0)A. To

prove it, it is sufficient to show that S(0)A lies on the section Σ, because
then the composition of irreducible morphisms corresponding to a sectional
path starting from S(0)A is non-zero, see (IX.2.2).

To prove that the simple A-module S(0)A lies on the section Σ, we look
at the shape of the branch L and we consider two cases.

Case (1). Assume that the germ vertex 0 of L = (L, I) is a sink of the
quiver L = QA. Then N1 = P (0)A = S(0)A and, hence, S(0)A lies on Σ.
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Case (2). Assume that the germ vertex 0 of L = (L, I) is not a sink of
L = QA, that is, the quiver L admits an arrow 0

γ−→a. It is easy to see that
• γ is a unique arrow in L starting at 0,
• the radical radP (0)A of P (0)A is isomorphic to the indecomposable

projective A-module P (a)A at the vertex a, and
• the arrow Nm−1 −→ Nm is the unique arrow in Γ(modA) with tar-

get Nm, because Nm is the target of the section Σ of type Δ(Am).
Hence we conclude that the Auslander–Reiten translation quiver Γ(modA)
of A admits a full translation subquiver of the form

P (a)A = τAN2 −−−−→ τAN3 −−−−→ . . . −−−−→ τANt⏐⏐� ⏐⏐� ⏐⏐�
P (0)A = N1 −−−−→ N2 −−−−→ . . . −−−−→ Nt−1

γt−−−−→ Nt,

where γt is the unique arrow in Γ(modA) with target Nt and t ≥ 3, because
the A-module P (a)A is not injective. It follows that there are almost split
sequences

0 −−−−→ τAN2 −−−−→ N1 ⊕ τAN3 −−−−→ N2 −−−−→ 0

0 −−−−→ τAN3 −−−−→ N2 ⊕ τAN4 −−−−→ N3 −−−−→ 0
...

...
...

0 −−−−→ τANt−1 −−−−→ Nt−2 ⊕ τANt −−−−→ Nt−1 −−−−→ 0

0 −−−−→ τANt −−−−→ Nt−1 −−−−→ Nt −−−−→ 0.

Because there exists an isomorphism rad P (0)A
∼= P (a)A of A-modules,

we have dimKP (0)A = 1 + dimKP (a)A, that is,

dimKN1 = 1 + dimKτAN2,

and an obvious induction shows that the exact sequences yield the equalities

dimKN2 = 1 + dimKτAN3,

dimKN3 = 1 + dimKτAN4,

...
...

dimKNt−1 = 1 + dimKτANt,

dimKNt = dimKNt−1 − dimKτANt = 1.

Consequently, the A-module Nt is simple. The existence of a sectional path
from P (0)A = N1 to Nt yields the existence of a surjection P (0)A −−−−→ Nt.
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It follows that Nt
∼= topP (0)A = S(0)A. This shows that the module S(0)A

lies on Σ and Nt
∼= I(0)A. Note also that there are quiver isomorphisms

Σ ∼= Δ(Am) ∼= Δ(Am)op.
To finish the proof of (ii), it remains to show that Σ is the unique section

of Γ(modA) that is isomorphic to the equioriented quiver Δ(Am). To prove
it, we assume that Σ′ is a section of Γ(mod A) isomorphic to the quiver
Δ(Am). Because Σ′ intersects every τA-orbit of Γ(modA) then there exist
integers p ≥ 0 and q ≥ 0 such that the modules τ−p

A P (0) and τ q
AI(0) lie on

Σ′. Because Σ′ is a sectional path from τ−p
A P (0) to τ q

AI(0) then p = q = 0,
that is, Σ′ = Σ. This finishes the proof of the statement (ii).

(iii) The statement immediately follows from the proof of (ii).
(iv) By (VIII.3.5), the set of the indecomposable A-modules in the

torsion-free part Y(T ) of the torsion pair (X (T ),Y(T )) of modA determined
by T coincides with the set F(ΣA), and the set of the indecomposable A-
modules in the torsion part X (T ) coincides with the set T (ΣA). Hence (v)
follows. �

2.4. Corollary. Assume that m ≥ 1 is an integer, A is a tilted algebra
of the equioriented type Δ(Am), and Hm = KΔ(Am) is the path algebra of
Δ(Am).

(i) The category mod Hm admits precisely one tilting module THm such
that EndTHm

∼= A.
(ii) The category mod A admits precisely one multiplicity-free tilting

module TA such that EndTA
∼= KΔ(Am).

Proof. Fix an integer m ≥ 1 and assume that A is a tilted algebra of
the equioriented type Δ(Am).

(i) Let H = Hm = KΔ(Am) and let TH be a tilting H-module such
that EndTH

∼= A. It follows from (2.3) that Γ(modH) admits a unique
section Σ isomorphic to the equioriented quiver Δ(Am) (2.2). The section
Σ is given by the images

HomH(TH , I(1)H), . . . ,HomH(TH , I(m)H)

of the indecomposable injective H-modules I(1), . . . , I(m) via the functor
HomH(TH ,−) : modH −−−−→ mod A.

Let R be the direct sum of all indecomposable H-modules lying on the
section Σ. It follows from the criterion (VIII.5.6) that RA is a tilting right
A-module, H ∼= EndRA, R∗ = D(HR) is a tilting H-module, and Γ(modA)
is the connecting component CR∗ determined by R∗.

On the other hand, there is an isomorphism

D(H)H
∼= I(1)H ⊕ . . . ⊕ I(m)H
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of H-modules, and hence, there is an isomorphism

R ∼= HomH(TH , D(H))

of A-modules. It follows from (VI.3.3) that AT is a tilting left A-module and
there is an isomorphism D(AT ) ∼= HomH(TH , D(H)) of right A-modules.
Hence, the A-modules R and D(AT ) are isomorphic and, consequently, there
are isomorphisms

R∗ ∼= D(HR) ∼= DD(TH) ∼= TH

of H-modules. Hence, the statement (i) follows, because we know from (2.3)
that Σ is the unique section of Γ(modA) isomorphic to the equioriented
quiver Δ(Am) : 1 2 m◦←−◦←− . . .←−◦ .

(ii) Note that the tilting right A-module RA constructed above is the
unique multiplicity-free tilting A-module such that EndRA

∼= KΔ(Am).
Hence the statement (ii) follows. �

The preceding corollary allows us to divide naturally the indecomposable
modules over a tilted algebra of the equioriented type Δ(Am) into two parts
as follows.

2.5. Definition. Assume that m ≥ 1 is an integer, A is a tilted algebra
of the equioriented type Δ(Am) : 1 2 m◦←−◦←− . . .←−◦ . Let ΣA be a unique
section of Γ(mod A) isomorphic to the quiver Δ(Am).

(i) The torsion-free part of Γ(modA) is defined to be the set FA =
F(ΣA) of all indecomposable proper successors of ΣA in Γ(modA).

(ii) The torsion part of Γ(modA) is defined to be the set TA = T (ΣA)
of all indecomposable predecessors of ΣA in Γ(modA).

(iii) The modules in add T (ΣA) are called torsion A-modules, and the
modules in addF(ΣA) are called torsion-free A-modules

We recall from (2.3) that the equality

(X (TA),Y(TA)) = (add T (ΣA), addF(ΣA)),

holds, where (X (TA),Y(TA)) is the torsion pair in modA determined by the
unique tilting module TA such that EndTA

∼= KΔ(Am), see also (VI.3.6).

Now we illustrate the statements of the preceding theorem with m = 8
with an example.
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2.6. Example. Let H = KΔ(A8) be the path algebra of the quiver

Δ(A8) : 1 2 3 4 5 6 7 8◦←−−−−◦←−−−−◦←−−−−◦←−−−−◦←−−−−◦←−−−−◦←−−−−◦.

Then the Auslander–Reiten quiver Γ(modH) of H is the cone C(P (8)) of
depth 8

M1,1 M2,2 M3,3 M4,4 M5,5 M6,6 M7,7 M8,8

↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗
M1,2 M2,3 M3,4 M4,5 M5,6 M6,7 M7,8

↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗
M1,3 M2,4 M3,5 M4,6 M5,7 M6,8

↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗
M1,4 M2,5 M3,6 M4,7 M5,8

↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗
M1,5 M2,6 M3,7 M4,8

↘ ↗ ↘ ↗ ↘ ↗
M1,6 M2,7 M3,8

↘ ↗ ↘ ↗
M1,7 M2,8

↘ ↗
P (8) = M1,8

determined by the unique projective-injective H-module

P (8) ∼= I(1).

Recall that M1,j = P (j), Mj,8 = I(j), and Mj,j = S(j), for all j ∈
{1, 2, 3, 4, 5, 6, 7, 8}, and consider the following eight indecomposable H-
modules

T0 = M1,8 = P (8), T1 = M1,1 = S(1), T2 = M3,8 = I(3), T3 = M8,8 = S(8),
T4 = M3,6, T5 = M3,3 = S(3), T6 = M5,6, and T7 = M5,5 = S(5).

One easily checks that the tilting vanishing condition HomH(Ti, τHTj) = 0
holds, for all i, j ∈ {1, 2, 3, 4, 5, 6, 7, 8}. It then follows that

TH = T0 ⊕ T1 ⊕ T2 ⊕ T3 ⊕ T4 ⊕ T5 ⊕ T6 ⊕ T7 ⊕ T8

is a tilting H-module, and the associated tilted algebra H = EndTH is
given by the bound quiver L = (L, I), where L is the quiver
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bound by three zero relations αβ = 0, γσ = 0, and ξδ = 0. Obviously,
L is a branch of capacity 8, the algebra B is isomorphic with the algebra
A′ = A(X, 3, 1) of Example (1.10), the vertex 6 is the extension vertex of
the algebra A′ = A(X, 3, 1), and 0 is the germ vertex of the branch L.
Therefore, the torsion-free part FB and the torsion part TB of the torsion
pair (TB ,FB) in modB ∼= mod A′ determined by the tilting module T are
visible in (1.10).

The previous theorem implies the necessity part of Theorem (2.2) which
is the main result of this section. For the proof of the sufficiency part, we
need the following theorem showing that any branch algebra KL of a branch
L of capacity n is a tilted algebra of the equioriented type Δ(An).

2.7. Theorem. Assume that A = KL = KL/I is a branch algebra of a
branch L = (L, I) of capacity n ≥ 1. Let 0 be the germ vertex of the branch
L. Then there exist an integer r ≥ 0, an increasing sequence of integers
m0 < m1 < . . . < mr = n, and a finite sequence of algebras

A0, A1, . . . , Ar = A

with the following properties.
(i) A0 =KΔ(Am0) is the path algebra of the equioriented quiver Δ(Am0),

for some m0 ∈ {1, 2, . . . , n}.
(ii) For each j ∈ {1, 2, . . . , r}, the algebra Aj is a tilted algebra of the

equioriented type Δ(Amj
) and

Aj = KL(j)

is the branch algebra of a branch L(j) = (L(j), I(j)) of capacity mj.
(iii) For each j ∈ {1, 2, . . . , r}, the algebra Aj is a finite line extension

Aj = Aj−1(X(j), sX(j) , tj)

of the algebra Aj−1 by a torsion-free admissible finite ray Aj−1-
module X(j), with tj ≥ 0 and the ray of length sX(j) in Γ(mod Aj−1).
Moreover,
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• mj = 1 + mj−1 + tj = m0 + j + t1 + . . . + tj ,
• n = mr = m0 + r + t1 + . . . + tr

and the germ vertex 0(j) of the branch L(j) of Aj is the minimal
vertex mj of the quiver Δ(Amj ), that is, the germ vertex of the
quiver Δ(Amj ), viewed as a branch.

(iv) For each j ∈ {1, 2, . . . , r}, the Auslander–Reiten quiver Γ(mod Aj)
of Aj is a standard translation quiver and Γ(mod Aj) is a finite
rectangle insertion of Γ(mod Aj−1).

Proof. We fix an integer n ≥ 1. Assume that A = KL = KL/I is a
branch algebra of a branch L = (L, I) of capacity n ≥ 1, and let 0 be the
germ vertex of the branch L. It follows from the Definition (2.1) that there
is a maximal linear full convex subquiver L(0) of L of the form

L(0) :
0 = am0 am0−1 am0−2 a2 a1◦−−−−−−→

β
◦−−−−−−→

β
◦−−−−−−→

β
. . . . . .−−−−−−→

β
◦−−−−−−→

β
◦

starting from the germ vertex 0 of L and consisting of the β-arrows of L,
where m0 ∈ {1, . . . , n}. Obviously, the quiver L(0) is isomorphic to the
equioriented quiver Δ(Am0) (2.2).

Consider the branch L(0) = (L(0), I(0)) of capacity m0 ≥ 1 with the germ
vertex am0 = 0, where we set I(0) = (0). Let A0 = KL(0) be the branch
algebra of L(0). Note that A0 = KL(0) = KL(0) is the path algebra of the
quiver L(0), because I(0) is the zero ideal of KL(0).

It is easy to see that
• the Auslander–Reiten quiver Γ(modA0) of A0 is the cone C(P (am0))

of depth m0 determined by the unique indecomposable projective-
injective A0-module P (am0) ∼= I(a1), see (2.4),

• the indecomposable injective A0-modules form the unique section

Σ0 : I(a1) −→ I(a2) −→ . . .−→ I(am0−1) −→ I(am0) = S(am0)

of Γ(modA0) of the equioriented type Δ(Am0),
• all indecomposable A0-modules are A0-torsion-free, in the sense of

(2.5),
• the translation quiver Γ(modA0) is standard, that is, the category

indA0 of indecomposable A0-modules is equivalent to the mesh cat-
egory KΓ(mod A0) = KC(P (am0)) of Γ(modA0) = C(P (am0)), by
(2.9),

• the simple A0-modules S(a1), S(a2), . . . , S(am0) = I(am0) coincide
with the finite ray modules in Γ(modA0), and

• each of the simple A0-modules S(a1), S(a2), . . . , S(am0) = I(am0)
is an admissible finite ray module, in the sense of (2.5).
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Now we proceed to the proof of the theorem by induction on n − m0.
If n = m0, we are done, because

L = L0 and A = KL = KL(0) = KL(0) = A0.

Assume that n − m0 ≥ 1. It follows that L �= L(0) and the quiver L
contains a maximal full convex subquiver Δ of the form

Δ :

bt+1 bt bt−1 b2 b1◦−−−−−−→
β

◦−−−−−−→
β

◦−−−−−−→
β

. . . . . .−−−−−−→
β

◦−−−−−−→
β

◦⏐⏐⏐⏐�α

◦
a

such that
• t ≥ 0,
• the vertex b1 is a sink of the quiver L,
• the vertex bt+1 is a source of L, and
• each of the vertices bt, bt−1, . . . , b3, b2 has precisely two neighbours

in L, that is, the arrows of Δ are the only arrows of L starting or
ending at the vertices bt+1, bt, . . . , b2, b1.

Let L∨ = (L∨, I∨) be the branch obtained from L by removing the
subquiver

bt+1 bt bt−1 b2 b1◦−−−−−−→
β

◦−−−−−−→
β

◦−−−−−−→
β

. . . . . .−−−−−−→
β

◦−−−−−−→
β

◦.

Note that germ vertex 0 of the branch L remains the germ vertex of the
branch L∨, the branch L contains the branch L(0), and the capacity of L∨

equals n − t − 1. It follows that the inductive hypothesis applies to the
associated branch algebra

A∨ = KL∨ = KL∨/I∨,

because the assumption t + 1 > 0 yields n − t − 1 − m0 < n − m0.
By the inductive hypothesis, there exist an integer r1 ≥ 0, an increasing

finite sequence of integers m0 < m1 < . . . < mr1 = n − t − 1, and a finite
sequence of algebras

A0 = KΔ(Am0), A1, . . . , Ar1 = A∨

such that the conditions (ii)–(iv) of the theorem are satisfied, with r and r1
interchanged. In particular, for each j ∈ {1, 2, . . . , r1}, the algebra Aj is a
finite line extension

Aj = Aj−1(X(j), sX(j) , tj)
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of the algebra Aj−1 by a torsion-free admissible finite ray Aj−1-module
X(j), with tj ≥ 0 and the ray of length sX(j) in Γ(modAj−1). Moreover,
mj = 1 + mj−1 + tj = m0 + j + t1 + . . . + tj .

Hence, the ordinary quiver QAj
= L(j) of Aj is obtained from the quiver

QAj−1 = L(j−1) of Aj−1 by adding the extension vertex 0(j) of the one-point
extension algebra

Aj−1(X(j), sX(j) , tj) = (Aj−1 × H(j))[X(j) ⊕ P (t(j)j )H(j) ]

as follows

where t
(j)
j = tj , H(j) is the path algebra of the linear subquiver

t
(j)
j t

(j)
j −1 2(j) 1(j)

◦−−−−→◦−−−−→ . . . −−−−→◦−−−−→◦,

of L(j), P (t(j)j )H(j) is the unique projective-injective H(j)-module, and we

set H(j) = 0, and P (t(j)j )H(j) = 0, if tj = 0.
Further, for each j ∈ {1, 2, . . . , r1}, we have

• the Auslander–Reiten quiver Γ(modAj) of Aj is a standard transla-
tion quiver and Γ(modAj) is a finite rectangle insertion that creates
1 + tj additional finite rays in Γ(modAj−1), with injective targets,
as described in (2.8),

• every torsion-free finite ray module in Γ(modAj), except the simple
H(j)-module X(j), is either a finite ray module in Γ(modAj−1) or

is the module X
(j)

= (K, X(j), 1),
• the unique section Σj of Γ(modAj) of type Δ(Amj ) is obtained

from the unique section Σj−1 of Γ(modAj−1) of type Δ(Amj−1) by
inserting the quiver Δ(Atj+1), and

• the source of the section Σj is the indecomposable projective Aj-
module P (0(j))Aj

at the germ vertex 0(j) of L(j), and the target of
Σj is the indecomposable injective Aj-module I(0(j))Aj at the germ
vertex 0(j), by (2.3).

We set r = 1 + r1. Then r1 = r − 1, Ar−1 = Ar1 and, by the inductive
hypothesis, we may assume that every torsion-free finite ray module in
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Γ(mod Ar−1) = Γ(modAr1) is admissible and is one of the following two
forms:

1◦ The simple module over one of the hereditary algebras

H(0) = A0, H
(1), . . . , H(r−1),

except the simple modules in the family X(1), X(2), . . . , X(r−1).
2◦ For each j ∈ {1, . . . , r − 1}, the module X

(j)
= (K, X(j), 1) over

the finite line extension algebra Aj = Aj−1(X(j), sX(j) , tj), provided

X
(j)

is not taken for the extension ray module X(s), for some s > j.
Assume that the unique section Σr−1 of Γ(modAr−1) of the equioriented

type Δ(Amr−1) is of the form

N1 −−−−→ N2 −−−−→ N3 −−−−→ . . . −−−−→ Nmr−1−1 −−−−→ Nmr−1 .

Then the class of torsion-free modules of Γ(modAr−1) coincides with the
class of modules of the form τ s

Ar−1
Nj , with s ≥ 0 and j ∈ {1, . . . , mr−1}.

Let H(r) be the path algebra of the subquiver

bt bt−1 b2 b1◦−−−−−−→
β

◦−−−−−−→
β

. . . . . .−−−−−−→
β

◦−−−−−−→
β

◦.

of the quiver L∨ defining the branch L.
We set tr = t and we denote by P (btr

) the unique indecomposable
projective-injective H(r)-module, if tr > 0; otherwise, we set H(r) = 0
and P (btr ) = 0.

Then the radical radP (bt+1) of the indecomposable projective A-module
P (bt+1) at the vertex bt+1 of the quiver L has a decomposition

radP (bt+1) = X(r) ⊕ P (btr
),

where X(r) is a uniserial Ar−1-module such that X(r)/radX(r) is isomorphic
to the simple Ar−1-module at the vertex a of L∨. Observe that a is a source
of the branch L(r−1) = L∨ = (L∨, I∨) defining the algebra Ar−1 = A∨.

By the preceding observations, we have
• the module X(r) is a simple module over some of the hereditary

algebras H(0) = A0, H
(1), . . . , H(r−1), or

• X(r) is a module of the form X
(j)

= (K, X(j), 1) over the finite
line extension algebra Aj = Aj−1(X(j), sX(j) , tj) of the sequence
A0, A1, . . . , Ar−1 = A∨ of line extensions leading from the heredi-
tary algebra A0 = KΔ(Am0) to the algebra Ar−1 = A∨.
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Because the vertex a is a source of the quiver L(r−1) = L∨ and X(r) is not
a module X

(i)
taken for the extension ray module of a finite line extension

Ai = Ai−1(X(i), sX(i) , ti),

for some i ∈ {1, . . . , r − 1} then, by the inductive hypothesis, X(r) is a
torsion-free admissible finite ray module in Γ(modAr−1), with a ray of
length sX(r) . It follows that A = Ar is a finite line extension of Ar−1 of the
form

A = Ar = Ar−1(X(r), sX(r) , tr) = (Ar−1 × H(r))[X(r) ⊕ P (btr )].

Let

X(r) = X0 −−−−→ X1 −−−−→ X2 −−−−→ . . . −−−−→ Xs−1 −−−−→ Xs, (∗)

with s = sX(r) , be the unique finite ray in Γ(modAr−1) starting at X(r).
Because X(r) is a torsion-free module in Γ(modAr−1), in the sense of (2.5),
then X(r) is a predecessor of the section Σr−1 of Γ(modAr−1). It follows
that the section Σr of Γ(modAr) contains exactly one module of the ray
(∗) starting at X(r); say a module

Np = Xq.

By (2.9), the Auslander–Reiten quiver Γ(modA) = Γ(modAr) of A = Ar

is obtained from Γ(modAr−1) by a finite rectangle insertion procedure de-
scribed in (2.8). Hence we conclude that Γ(modA) admits a section Σr of
the form

N1 → . . . → Np → Zq1 → . . . → Zqt → Xq → Np+1 → . . . → Nmr−1 .

obtained from the section Σr−1 by inserting t + 1 = tr + 1 modules.
Observe that n = mr = 1 + mr1 + tr and

Σr
∼= Δ(Amr ) = Δ(An),

because Σr−1 ∼= Δ(Amr−1), the section Σr−1 is of length mr−1 and n is the
capacity of the branch

L = L(r) = (L(r), I(r)).

Moreover, by (2.9), the category indA = indAr of indecomposable A-
modules is equivalent to the mesh category KΓ(mod A) of Γ(modA). We
also note that
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(a) the simple H(r)-modules, together with the module

X
(r)

= (K, X(r), 1),

form a complete set of the isomorphism classes of indecomposable
finite ray A-modules, that are not Ar−1-modules,

(b) each of the modules listed in (a) is an admissible finite ray module,
(c) Γ(mod A) admits exactly n = mr finite rays starting from torsion-

free finite ray modules and containing all modules of Γ(modA).
The statement (c) follows from the iterated finite line extension procedure

leading from the hereditary algebra A0 to the algebra Ar = A.
Now we show that the section Σr of type Δ(An) is a faithful section of

the Auslander–Reiten quiver Γ(modA) of A = Ar. We recall that
• n = rkK0(A) is the rank of the Grothendieck group K0(A) of A,
• the number of pairwise non-isomorphic indecomposable modules ly-

ing on Σr equals n,
• every indecomposable injective A-module is a successor of Σr in

Γ(mod A), and
• every indecomposable projective A-module is a predecessor of Σr in

the quiver Γ(modA).
Let T be the direct sum of all the indecomposable modules lying on the
section Σr. We show that T is a faithful A-module, by showing that the
module AA is cogenerated by TA. Let P be an indecomposable projective
A-module and let u : P −−−−→ E(P ) be an injective envelope of P in modA.
By the preceding observations, u admits a factorisation

P
u−−−−−−−−→ E(P )

g↘ ↗f

M

in modA, where M is a module in addTA. It follows that g : P −→ M is a
monomorphism, because the map u is injective. This shows that the module
AA is cogenerated by TA. Hence, by (VI.2.2), TA is a faithful A-module and,
equivalently, Σr is a faithful section of the quiver Γ(modA).

Because T is a direct sum of indecomposable modules lying on the section
Σr of Γ(modA), then Γ(modA) is directed and, hence, HomA(TA, τATA) =
0. Hence, by the criterion (VIII.5.6) and the observations made above, we
conclude that

• TA is a tilting A-module,
• the algebra B = EndTA is isomorphic to the path algebra KΔ(An)

of the equioriented quiver Δ(An),
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• T ∗ = D(TA) is a tilting B-module such that A ∼= EndT ∗
B , and

• the quiver Γ(modA) is the connecting component CT ∗ determined
by the module T ∗.

In particular, A is a tilted algebra of the equioriented type Δ(An). This
finishes the proof of the theorem. �

As a consequence of the preceding proof, we get an inductive description
of the Auslander–Reiten quiver Γ(modA) of any tilted algebra A of the
equioriented type Δ(An) : 1 2 n◦←−◦←− . . .←−◦.

2.8. Corollary. Assume that A is a tilted algebra of the equioriented
type Δ(An), with n ≥ 1. There exists a hereditary algebra

H = KΔ(Am), with m ≤ n,

such that the Auslander–Reiten translation quiver Γ(mod A) of A is obtained
from the quiver Γ(mod H) of H by a sequence of finite rectangle insertions.

Proof. By (2.3), any tilted algebra A of the equioriented type Δ(An)
is isomorphic to a branch algebra KL. Then Theorem (2.7) and its proof
apply. �

2.9. Proof of Theorem 2.2. The implication (a)⇒(d) is a consequence
of Theorem (2.3)(i), and the converse implication (d)⇒(a) follows from
Theorem (2.7). The implications (a)⇒(b) and (a)⇒(c) follow from Theorem
(2.3) and Corollary (2.4).

To prove the implication (b)⇒(a), assume that the Auslander–Reiten
translation quiver Γ(modA) of A is finite and admits precisely one section
Σ that is isomorphic to the equioriented linear quiver Δ(An). Let TA be the
direct sum of all modules in the section Σ. By applying the same type of
arguments as in the proof of Theorem (2.7), we show that right A-module T
is faithful. Then, by (VIII.5.6), TA is a tilting A-module, the tilted algebra
H = EndTA is isomorphic to the path algebra KΔ(An) of Δ(An), and there
is a tilting H-module T ′

H such that

A ∼= EndT ′
H .

Then A is a tilted algebra of the equioriented type Δ(An) and (a) follows.
To prove the implication (c)⇒(a), assume that mod A admits a multipli-

city-free tilting module TA such that the algebra

H = EndTA

is isomorphic to the path algebra KΔ(An) of Δ(An). Then, by (VI.3.3),
HT is a left tilting H-module in modH and

A ∼= (EndHT )op ∼= End (T ∗
H).
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This shows that A is a tilted algebra of type Δ(An) and (a) follows.
Because the implication (d)⇒(e) is a consequence of Theorem (2.7)(e),

and the converse implication (e)⇒(d) is obvious, then the proof of Theorem
(2.2) is complete. �

XVI.3. Exercises

1. Describe all branches of capacity 15.

2. Let A be an algebra given by the quiver

bound by three zero relations αβ = 0, γσ = 0, and ξη = 0. Find a tilting
module over the path algebra H = KΔ(A11) such that A ∼= EndTH , where
Δ(A11) is the equioriented quiver (2.2) with n = 11.

3. Assume that A is an algebra given by the quiver

bound by six zero relations αβ = 0, γσ = 0, ξη = 0, ϕψ = 0, νρ = 0, and
ωδ = 0. Find a tilting module over the path algebra H = KΔ(A17) such
that

A ∼= EndTH ,
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where Δ(A17) is the equioriented quiver (1.2) with n = 17.

4. Let n ≥ 2 be an integer and let Hn = KΔ(An) be the path algebra
of the equioriented quiver Δ(An) (2.2). Show that the Auslander–Reiten
quiver Γ(modHn) of Hn admits at least n different sections.

5. Let A be a tilted algebra of the equioriented type Δ(An) (2.2). Prove
that the Auslander–Reiten quiver Γ(modA) of A has precisely one section if
and only if there is a pair of indecomposable projective-injective A-modules
P (i1) and I(i2) such that

P (i1)/radP (i1) ∼= soc I(i2).

6. Let A = KQ be the path algebra of the quiver

bound by two zero relations αβ = 0 and γσ = 0. We recall from (1.10) that
A is a tilted algebra of the equioriented type Δ(A6), see (2.2).

Show that the Auslander–Reiten quiver Γ(modA) of A has precisely one
section. Hint: Apply (1.10) or Exercise 5.

7. Let A′ = KQ′ be the path algebra of the quiver

bound by three zero relations αβ = 0, γσ = 0, and ξδ = 0. We recall from
(1.10) that A′ is a tilted algebra of the equioriented type Δ(A8), see (2.2).

Show that the Auslander–Reiten quiver Γ(modA′) of A′ has precisely
one section. Hint: Apply Exercise 5.
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8. Let B = KQ be the path algebra of the quiver

bound by three zero relations αβ = 0, γσ = 0, and ξη = 0. Prove that the
Auslander–Reiten quiver Γ(modA′) of A′ has precisely two sections.



Chapter XVII

Tilted algebras of Euclidean type

We have already described in Chapter XII the structure and the combi-
natorial invariants of the module categories modA of concealed algebras A
of Euclidean type, while in Chapter XIV we give a complete classification
of these algebras A by means of quivers and relations.

The main objective of this chapter is to describe the structure and the
combinatorial invariants of the module category modB of an arbitrary
representation-infinite tilted algebra B of Euclidean type. Moreover, we
show that these algebras B are domestic branch extensions or domestic
branch coextensions of concealed algebras A of Euclidean type. In Sec-
tion 1, we study the distribution of indecomposable direct summands of a
splitting tilting module among the hereditary standard stable tubes of the
Auslander–Reiten quiver Γ(modB) of an arbitrary algebra B, while in Sec-
tion 2 we show how the structure of the hereditary standard stable tubes in
Γ(mod B) is changed under the related tilting process of B.

The main result of Section 3 asserts that every representation-infinite
tilted algebra B of Euclidean type is a domestic tubular (branch) exten-
sion or a domestic tubular (branch) coextension of a concealed algebra A of
Euclidean type. The inverse implication is proved in Section 4 by show-
ing that every domestic tubular (branch) extension and every domestic
tubular (branch) coextension of a concealed algebra of Euclidean type is
a representation-infinite tilted algebra of Euclidean type.

In Section 5, we present a characterisation of representation-infinite tilted
algebras B of Euclidean type, and we exhibit their module categories modB.
We also show that the number of the isomorphism classes of basic tilted
algebras B of any fixed Euclidean type is finite.

In the final Section 6, we show that the module category modB of an
arbitrary tilted algebra B of Euclidean type is link controlled by the Euler
quadratic form

qB : K0(B) −−−−→ Z

of the algebra B, where K0(B) ∼= Zn is the Grothendieck group of B and
n ≥ 1 is the number of pairwise non-isomorphic simple B-modules.

103
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XVII.1. Stone cones in hereditary standard
stable tubes

Throughout this section, we assume that A is an arbitrary algebra, n =
rkK0(A) is the rank of the Grothendieck group of A, and

TT = {Tλ}λ∈Λ (1.1)

is a Λ-family of standard stable tubes of the Auslander–Reiten quiver
Γ(mod A) of A, where Λ is a non-empty index set. Given a tube Tλ, we
denote by rλ ≥ 1 the rank of Tλ.

Throughout we need the following definition.

1.2. Definition. Let A be an algebra. An A-module N is defined to be
a stone, if N is indecomposable and Ext1A(N, N) = 0.

In the literature, the stone modules (introduced by Kerner in [346]) are
also called rigid modules, or exceptional modules.

It is clear that every indecomposable direct summand N of a partial tilt-
ing A-module T is a stone. We recall from (XI.3.3) that, for any concealed
algebra B of Euclidean type, all tubes in Γ(modB) are hereditary.

The main objective of this section is to study stone cones in a hereditary
standard stable tube Tλ and their connection with partial tilting A-modules
in the abelian subcategory add Tλ of modA.

Throughout, we assume that Tλ is a fixed hereditary standard stable
tube of the Λ-family TT (1.1), r = rλ is the rank of Tλ, and the modules
E1, E2, . . . , Er lying on the mouth of Tλ form a τA-cycle (E1, E2, . . . , Er),
that is, they are ordered in such a way that

τAE2 ∼= E1, τAE3 ∼= E2, . . . , τAEr
∼= Er−1, τAE1 ∼= Er.

Because Tλ is a hereditary standard stable tube of rank r = rλ in Γ(modA),
then

• the modules E1, E2, . . . , Er are pairwise orthogonal bricks in modA,
• the additive subcategory add Tλ of modA is hereditary; in particular

Ext2A(Ei, Ej) = 0, for each pair i, j ∈ {1, 2, . . . , r},
• the category add Tλ has the extension category form

add Tλ = EXTA(E1, E2, . . . , Er). (1.3)
Therefore add Tλ is an abelian category and the modules E1, . . . , Er

form a complete set of pairwise non-isomorphic simple objects of the
category add Tλ, see (X.2.1) and (X.2.6),

• any indecomposable object X of Tλ is a uniserial object of the cate-
gory add Tλ of the form X ∼= Ei[j], with j ≥ 1 and i ∈ {1, 2, . . . , r},

• the module Ei = Ei[1] is the unique simple subobject of X ∼= Ei[j],
and j is the length �λ(X) of X ∼= Ei[j] in add Tλ.
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The length �λ(X) of an object X in the uniserial abelian category add Tλ is
called the Tλ-length of the A-module X.

Here we freely use the terminology and notation introduced in (X.2.2).
In particular, we assume that the indecomposable objects of the category
add Tλ = EXTA(E1, E2, . . . , Er) are the objects Ei[j], with j ≥ 1 and
i ∈ {1, 2, . . . , r}, constructed in (X.2.2). Here we set

E1[1] = E1, E2[1] = E2, . . . , Er[1] = Er, and Ei+kr[1] = Ei[1],

for all i ∈ {1, 2, . . . , r} and k ∈ Z.
For any indecomposable A-module M ∼= Ei[j] we denote by C(M) the

cone in the tube Tλ determined by M in the sense of (XV.1.4). The cone
C(M) is called a stone cone if all A-modules in C(M) are stones.

In the notation of (XV.1.3), given j ≥ 1 and i ∈ {1, 2, . . . , r}, the cone
C(Ei[j]) determined by the module Ei[j] of the tube Tλ consists of the
indecomposable A-modules Es[u], with s ∈ {i, i + 1, . . . , i + j − 1} and
u ≤ i + j − s.

Given a module M ∼= Ei[j], we visualise the cone C(M) = C(Ei[j]) as the
diagram

Ei[1] Ei+1[1] Ei+2[1] . . . Ei+j−2[1] Ei+j−1[1]

↘ui2 ↗pi2 ↘ui+1,2 ↗pi+1,2↘ ↗ ↘ui+j−2,2↗pi+j−2,2

Ei[2] Ei+1[2]
. . . . . . Ei+j−2[2]

↘ui3 ↗pi3 ↘ ↗
Ei[3]

. . . . . . . . . (1.4)

↘ ↘ ↗
. . . Ei+1[j−2] . . .

↘ ↗pi,j−1 ↘ui+1,j−1↗
Ei[j−1] Ei+1[j−1]

↘uij ↗pij

M = Ei[j]
where

• we set Ei[1] = Ei+kr[1], for all k ∈ Z,
• the module M = Ei[j] is the germ of the cone C(M),
• all the arrows pointing down represent monomorphisms,
• all the arrows pointing up represent epimorphisms, and
• each of the squares represents an almost split sequence (as well as

each of the triangles on the top).
We start with three technical lemmata.
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1.5. Lemma. Let A be an algebra and let Tλ be a hereditary tube in
Γ(mod A). For any pair of modules M and N in add Tλ, there exist K-
linear isomorphisms

DHom A(N, τAM) ∼= Ext1A(M, N) ∼= DHom A(τ−1
A N, M)

that are functorial with respect to homomorphisms M → M ′ and N → N ′

of A-modules.

Proof. By our assumption, pdX ≤ 1 and idX ≤ 1, for any module X
in add Tλ. Then the lemma follows from (IV.2.14). �

1.6. Lemma. Let A be an algebra and M an indecomposable A-module
in a hereditary standard stable tube Tλ of Γ(mod A) of rank rλ ≥ 1. The
following conditions are equivalent.

(a) M is a stone.
(b) The cone C(M) (1.4) determined by M is a stone cone.
(c) There exists a module Ei[j] of (X.2.2), with the indices i∈{1, . . . , rλ}

and j ∈ {1, . . . , rλ−1}, such that M ∼= Ei[j].
(d) rλ ≥ 2 and M is a brick such that �λ(M) ≤ rλ − 1, where �λ(M) is

the Tλ-length of M in add Tλ.
(e) There is an equivalence of categories add C(M) ∼= mod KΔ(Am),

where m = �λ(M).

Proof. Assume that M is an indecomposable A-module in a hereditary
standard stable tube Tλ of Γ(modA). By (X.2.2), there exist indices i ∈
{1, . . . , rλ} and j ≥ 1, and an isomorphism M ∼= Ei[j] of A-modules, where
rλ ≥ 1 is the rank of the tube Tλ.

Because the tube Tλ is standard, the full subcategory of modA formed
by the modules in Tλ is equivalent to mesh category K(Tλ) of Tλ. By (1.5),
for any indecomposable module X in Tλ, the equality Ext1A(X, X) = 0 is
equivalent to the equality Hom A(X, τAX) = 0. Hence we conclude that
the A-module M ∼= Ei[j], with i ∈ {1, . . . , rλ}, is a stone if and only if
j ∈ {1, . . . , rλ−1}. Moreover, if an A-module Es[u] lies in the cone C(Ei[j])
then i ≤ s ≤ i + j − 1 and u ≤ i + j − s. It follows that the conditions (a),
(b), (c), and (d) are equivalent.

To prove that (c) implies (e), it is enough to note that �λ(M) ≤ rλ − 1
and the tube Tλ is standard.

To finish the proof, we note that the implication (e)⇒(a) follows from
the fact that the existence of an equivalence of categories add C(M) ∼=
mod KΔ(Am) implies the equality Ext1A(M, M) = 0. �

The upper bound �λ(M) ≤ rλ − 1 given in (1.6)(d) for the Tλ-length of
stones M in Tλ is the best possible, because any indecomposable module X
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in Tλ such that �λ(X) = rλ is a brick and

Ext1A(X, X) ∼= Hom A(X, τAX) ∼= K.

The full translation subquiver Cr(T A
λ ) of a hereditary tube Tλ formed by

the stone modules is defined to be a stone crown of Tλ. It follows from
(1.6) that the stone crown of Tλ consists of the indecomposable A-modules
M in Tλ such that �λ(M) ≤ rλ − 1. Note that any tube Tλ of rank one has
no stone modules.

1.7. Lemma. Let A be an algebra and Tλ a hereditary standard stable
tube in Γ(mod A). For any pair of indecomposable A-modules M and N in
add Tλ such that

Ext1A(M ⊕ N, M ⊕ N) = 0,

one of the following three conditions is satisfied:
(a) C(M) ⊆ C(N),
(b) C(M) ⊇ C(N), or
(c) C(M)∩C(N) = ∅, C(M)∩ τAC(N) = ∅, and C(N)∩ τAC(M) = ∅.

Proof. Because the modules M and N are in Tλ, there exist indices
i, s ∈ {1, . . . , r} and j, u ≥ 1, and isomorphisms of A-modules

M ∼= Ei[j] and N ∼= Es[u].

Moreover, we have τAC(M) = C(τAM) and τAC(N) = C(τAN). In view of
(1.5), our assumption yields

DHomA(M ⊕ N, τAM ⊕ τAN) ∼= Ext1A(M ⊕ N, M ⊕ N) = 0.

Hence, the modules M and N are stones such that

HomA(M, τAN) = 0 and HomA(N, τAM) = 0.

It follows from (1.6) that M ∼= Ei[j], N ∼= Es[u], and i, s ∈ {1, . . . , r},
j, u ∈ {1, . . . , r − 1}.

We assume that the inclusions C(M) ⊆ C(N) and C(M) ⊇ C(N) do not
hold; and we prove that the three conditions listed in (c) are satisfied.

First we observe that the inequality C(M) ∩ C(N) �= ∅, implies that
C(M) ∩ τAC(N) �= ∅, or C(N) ∩ τAC(M) �= ∅. Indeed, the assumption
yields j ≥ 2, u ≥ 2 and, hence, C(M) ∩ C(N) contains a module Ek[1]
such that the module τAEk[1] ∼= Ek−1[1] belongs to C(M), or the module
τAEk[1] ∼= Ek−1[1] belongs to C(N); and our claim follows.

Suppose that C(M) ∩ τAC(N) �= ∅. Then there exist p ∈ {0, 1, . . . , j − 1}
and q ∈ {1, . . . , u} such that Ei+p[j−p] = Es−1[q] ∼= τAEs[q]. Because the



108 Chapter XVII. Tilted algebras of Euclidean type

tube Tλ is standard, there is an epimorphism f : Ei[j] −→ Ei+p[j−p] and
a monomorphism g : Es−1[q] −→ Es−1[u] ∼= τAEs[u]. Consequently, the
composite homomorphism gf ∈ HomA(Ei[j], τAEs[u]) ∼= HomA(M, τAN) is
non-zero, and we get a contradiction. This shows that C(M)∩ τAC(N) = ∅.
Analogously, the equality HomA(N, τAM) = 0 yields C(N) ∩ τAC(M) = ∅.
This completes the proof of the lemma. �

1.8. Lemma. Assume that A is an algebra, Tλ is a hereditary standard
stable tube of Γ(mod A), and M is a stone in Tλ. Let {X1, . . . , Xp} be
an arbitrary non-empty family of pairwise non-isomorphic indecomposable
modules in the cone C(M) determined by M such that the module X =
X1 ⊕ . . . ⊕ Xp has no self-extensions, that is, Ext1A(X, X) = 0. Then

p ≤ depth C(M),

where depth C(M) is the depth of the cone C(M).

Proof. Assume that M is a stone in Tλ and {X1, . . . , Xp} is a fixed
non-empty family of pairwise non-isomorphic indecomposable modules in
the cone C(M) such that Ext1A(X, X) = 0, where X = X1 ⊕ . . . ⊕ Xp.
By (1.5), the equality Ext1A(X, X) = 0 is equivalent to the equalities
Ext1A(Xi, τAXj) = 0, for all i, j ∈ {1, . . . , p}.

Let H = KΔ(Am) be the path algebra KΔ(Am) of the equioriented
quiver Δ(Am) : 1 2 m◦←−◦←− . . .←−◦ , where m = depth C(M). Because the
tube Tλ is standard and the module M is a stone in Tλ then, by (1.6), there
is an equivalence of categories

F : add C(M) −−−−−−→ mod H.

For each j ∈ {1, . . . , p}, we set Yj = F (Xj). Then the H-modules Y1, . . . , Yp

are indecomposable, pairwise non-isomorphic, and Y = Y1 ⊕ . . . ⊕ Yp is a
partial tilting H-module. Hence, by applying (VI.4.4), we get the required
inequality p ≤ m, because m = rkK0(H) is the rank of the Grothendieck
group K0(H) of the algebra H = KΔ(Am). �

XVII.2. Tilting with hereditary standard
stable tubes

We show in this section how the shape of a hereditary standard stable
tube Tλ of the Auslander–Reiten quiver Γ(modA) of an algebra A changes
when we pass from A to a tilted algebra B = EndTA defined by a splitting
tilting A-module TA with non-zero direct summand in add Tλ.

2.1. Proposition. Assume that A is an algebra and M is an indecom-
posable module of Tλ-length m = �λ(M) in a hereditary standard stable
tube Tλ of Γ(mod A). If TA is a tilting A-module such that M is a direct
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summand of TA, then TA admits exactly m = �λ(M) indecomposable direct
summands lying in the cone C(M) (1.4) of Tλ determined by M .

Proof. Assume that TA is a tilting A-module such that M is a di-
rect summand of TA. It follows that the module M is a stone, because
Ext1A(TA, TA) = 0 and M is an indecomposable direct summand of TA. By
(1.6), M ∼= Mi[m], where i ∈ {1, . . . , rλ}, m = �λ(M) ∈ {1, . . . , rλ − 1},
and rλ ≥ 1 is the rank of the tube Tλ.

Assume that X1, . . . , Xp−1, Xp = M are all indecomposable direct sum-
mands of TA lying in the cone C(M), and set

X = X1 ⊕ . . . ⊕ Xp.

The equality Ext1A(TA, TA) = 0 yields HomA(X, X) = 0. Hence, by apply-
ing (1.8), we get p ≤ m = �λ(M).

Now we prove that p = m. Assume, to the contrary, that p ≤ m− 1. Let
H = KΔ(Am) be the path algebra KΔ(Am) of the equioriented quiver

Δ(Am) : 1 2 m◦←−◦←− . . .←−◦ .

Because the tube Tλ is standard, the module M is a stone in Tλ, and m =
�λ(M) = depth C(M) then, according to (1.6), there is an equivalence of
categories

F : add C(M) −−−−−−→ mod H.

For each j ∈ {1, . . . , p}, we set Yj = F (Xj). Then the H-modules Y1, . . . , Yp

are indecomposable, pairwise non-isomorphic, and Yp = F (Xp) = F (M)
is isomorphic to the unique indecomposable projective-injective H-module.
By (1.5), the equality Ext1A(X, X) = 0 is equivalent to the equalities
HomA(Xi, τAXj) = 0, for all i, j ∈ {1, . . . , p}. Hence we get
HomA(Yi, τHYj) = 0, for all i, j ∈ {1, . . . , p} and, consequently,

Ext1H(Y, Y ) ∼= DHomH(Y, τHY ) = 0.

This shows that Y = Y1 ⊕ . . . ⊕ Yp is a partial tilting H-module.
Because we assume that p ≤ m − 1, where m = rkK0(H) is the rank

of the Grothendieck group K0(H) of the algebra H = KΔ(Am), then, by
Bongartz’s lemma (VI.2.4) and (VI.4.4), there exists an H-module V such
that Z = V ⊕ Y is a tilting H-module and V is a direct sum of pairwise
non-isomorphic indecomposable H-modules V1, . . . , Vq, where q = m − p.

Let U1, . . . , Uq be indecomposable A-modules in C(M) such that
V1 ∼= F (U1), . . . , Vq

∼= F (Uq).
We set U = U1⊕. . .⊕Uq and N = U⊕X. The equalities DHomH(Z, τHZ) =
Ext1H(Z, Z) = 0 yield HomH(Z, τHZ) = 0, and consequently we get
Ext1A(N, N) ∼= DHomA(N, τAN) = 0.
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By the choice of X, the tilting A-module has a decomposition T = X⊕X ′,
where X ′ is an A-module having no indecomposable direct summands lying
in the cone C(M).

We show that
T ′ = U ⊕ T

is a partial tilting A-module. To prove it, we note that U belongs to
add C(M), and hence pdAU ≤ 1, because the tube Tλ is assumed to be
hereditary. Hence we conclude that pdAT ′ ≤ 1, because T is a tilting
A-module. Then we have

• T ′ = U ⊕ T = N ⊕ X ′,
• Ext1A(N, N) = 0, and
• Ext1A(X ′, X ′) = 0,

because X ′ is a direct summand of T . Then, it remains to show that

Ext1A(U, X ′) = 0 and Ext1A(X ′, U) = 0.

Assume, to the contrary, that Ext1A(U, X ′) �=0. Hence, by the Auslander–
Reiten formula (IV.2.13), we get HomA(X ′, τAU) �= 0. It follows that there
is an s ∈ {1, . . . , q} and an indecomposable direct summand L of X ′ such
that HomA(L, τAUs) �= 0. Because the module L is not in the cone C(M)
then, by applying (IV.5.1), we infer that there exists a module Ei[j], with
j ∈ {1, . . . , m}, lying on the left border of the cone C(M), see (1.4), such
that HomA(L, τAEi[j]) �= 0. On the other hand, the module τAEi[j] ∼=
Ei−1[j] is isomorphic to a submodule of Ei−1[m] ∼= τAEi[m] ∼= τAM . As
a consequence, we get HomA(L, τAM) �= 0. Because of the assumption
pdAM ≤ 1, (IV.2.14) yields

Ext1A(M, L) ∼= HomA(L, τAM) �= 0.

On the other hand, because each of the modules M and L is a direct sum-
mand of the tilting module T , then Ext1A(M, L) = 0, and we get a contra-
diction.

As a consequence, we get Ext1A(U, X ′) = 0. Similarly, by applying the
inequality idAM ≤ 1 and (IV.2.14), we prove that Ext1A(X ′, U) = 0.

Then, we have proved that T ′ = U ⊕ T is a partial tilting A-module.
Hence, by (VI.4.4), the number of pairwise non-isomorphic indecomposable
direct summands of T ′ is less than or equal to the rank n = rkK0(A) of
the Grothendieck group K0(A). On the other hand, by applying (VI.4.4)
and the fact that T is a tilting module, we conclude that T has exactly n =
rkK0(A) pairwise non-isomorphic indecomposable direct summands. This
forces the module U to be a direct summand of T and we get a contradiction,
because the modules X1, . . . , Xp−1, Xp = M are all indecomposable direct
summands of TA lying in the cone C(M) and Xi �∼= Uj , for all i ∈ {1, . . . , p}
and j ∈ {1, . . . , q}. This finishes the proof. �
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Given a partial tilting A-module V in modA, we consider the following
two classes of A-modules

F(V ) = {MA; HomA(V, M) = 0} ,

T (V ) =
{
MA; Ext1A(V, M) = 0

}
.

(2.2)

We recall from (VI.2.3) that F(V ) is a torsion-free class in mod A with a
torsion class Gen V , and T (V ) is a torsion class in modA with a torsion-free
class Cogen τAV .

The following theorem is the main result of this section.

2.3. Theorem. Let A be an algebra and let Tλ be a hereditary standard
stable tube of rank rλ ≥ 1 in Γ(mod A). Assume that TA is a splitting tilting
module in mod A with a decomposition

TA = U ⊕ V

such that V ∈ add Tλ, V �= 0, and HomA(Tλ, U) = 0. Let T (T ) and F(V )
be the classes defined in (2.2), and we set

B = EndTA and C = EndUA.

(a) The direct summand U of TA is non-zero and dimKC ≥ 1.
(b) T ′

λ = HomA(TA, Tλ ∩ T (T )) is a standard ray tube of rank rλ in
Γ(mod B).

(c) T ′′
λ = HomA(UA, Tλ ∩T (T )∩F(V )) is a standard stable tube of rank

rλ − sV in Γ(mod C), where sV is the number of all pairwise non-
isomorphic indecomposable direct summands of V .

(d) The tube T ′
λ is an iterated rectangle insertion of the stable tube T ′′

λ .
(e) The algebra B is a T ′′

λ -tubular extension of the algebra C.

Proof. Assume that TA is a tilting module in modA with a decomposi-
tion TA = U ⊕ V such that V ∈ add Tλ, V �= 0, and HomA(U, Tλ) = 0. Fix
a decomposition

V = V1 ⊕ . . . ⊕ Vq

of the A-module V into pairwise non-isomorphic indecomposable A-modules
V1, . . . , Vq, where q ≥ 1. For each j ∈ {1, . . . , q}, we consider the cone C(Vj)
of Tλ determined by Vj , and we denote by

mj = depth C(Vj)

the depth of the cone C(Vj).
We view the family A = {C(V1), . . . , C(Vq)} of cones of Tλ as a partially

ordered set, with respect to the inclusion.
Choose an integer p ∈ {1, . . . , q} such that the subfamily

{C(Vi1), . . . , C(Vip)}
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of A consists of all maximal elements of A. Without loss of generality, we
may suppose that i1 = 1, . . . , ip = p, that is,

{C(Vi1), . . . , C(Vip
)} = {C(V1), . . . , C(Vp)}.

Then, (1.7) and the choice of the subfamily {C(V1), . . . , C(Vp)} of A yield
• each of the indecomposable direct summands V1, . . . , Vp, Vp+1, . . . , Vq

of V belongs to one of the cones C(V1), . . . , C(Vp),
• C(Vj) ∩ C(Vk) = ∅, and C(Vj) ∩ τAC(Vk) = ∅, for all j, k ∈ {1, . . . , p}

such that j �= k.
It follows from (2.1) that, for each j ∈ {1, . . . , p}, the cone C(Vj) consists

of mj = depth C(Vj) indecomposable direct summands of V . We assume
that they are the modules W

(j)
1 , . . . , W

(j)
mj = Vj , and we set

Wj = W
(j)
1 ⊕ . . . ⊕ W (j)

mj
.

It follows that
• the A-module V has the decomposition

V = W1 ⊕ W2 ⊕ . . . ⊕ Wp,

• the module Wj belongs to add C(Vj), for each j ∈ {1, . . . , p},
• mj is the number of the mouth modules of Tλ lying in the cone

C(Vj), because mj = depth C(Vj),
• the number sV of all pairwise non-isomorphic indecomposable direct

summands of V has the form
sV = m1 + m2 + . . . + mp,

• HomA(Wj , Wk) = 0, for all j, k ∈ {1, . . . , p} such that j �= k, by the
choice of V1, . . . , Vp and the standardness of the tube Tλ.

It follows that, for each k ∈ {1, . . . , p}, there exists an integer ik ∈
{1, . . . , rλ} such that the A-modules Eik

, Eik+1, . . . , Eik+mk−1 are all mod-
ules of the cone C(Vk) lying on the mouth of the tube Tλ.

Without loss of generality, we may suppose that i1 < i2 . . . < ip. It
follows from (1.6) that mk ≤ rλ − 1. Hence, we get

sV = m1 + m2 + . . . + mp ≤ rλ − p,

because C(Vj)∩C(Vk) = ∅, and C(Vj)∩τAC(Vk) = ∅, for all j, k ∈ {1, . . . , p}
such that j �= k. In particular, this yields U �= 0, dimKEndUA ≥ 1, and (a)
follows.

To prove (b) and (c), we describe first the torsion part Tλ ∩T (TA) of the
standard stable tube Tλ. We recall that

T (TA) =
{
MA; Ext1A(TA, MA) = 0

}
= {MA; HomA(M, τAT ) = 0} .



XVII.2. Tilting with hereditary standard stable tubes 113

Because T = U ⊕ V , V ∈ add Tλ, V �= 0, and HomA(U, Tλ) = 0 then we get
Tλ ∩ T (TA) = Tλ ∩ T (V ).

By our assumption and notation, there are isomorphisms Vk
∼= Eik

[mk] and
τAVk

∼= Eik−1[mk] of A-modules, for each k ∈ {1, . . . , p}.
Given k ∈ {1, . . . , p}, we consider the set

Σk = {ik − 1, ik, . . . , ik + mk − 2} .

It is easy to see that the modules Ei = Ei[1], with i ∈ Σk, are all modules
of the mouth of Tλ lying in the cone C(τAVk) = τAC(Vk). We set

Σ(V ) = Σ1 ∪ Σ2 ∪ . . . ∪ Σk and Ω(V ) = {1, . . . , rλ} \ Σ(V ),

and note that ik −2 ∈ Ω(V ) and ik +mk −1 ∈ Ω(V ), for any k ∈ {1, . . . , p}.
Because Tλ is a standard stable tube of rank r = rλ ≥ 1 with the mouth

modules E1, E2, . . . , Er then, for each k ∈ {1, . . . , r}, there is a coray

(ci) . . . −→ [j+1]Ei −→ [j]Ei −→ . . .−→ [2]Ei −→ [1]Ei = Ei

ending at the coray module Ei, where the irreducible morphisms corre-
sponding to the arrows [j+1]Ei −→ [j]Ei of the coray (ci) are surjective, see
(X.2.2) and (X.2.6).

Now we prove that, for each i ∈ Ω(V ), the coray (ci) is entirely contained
in the torsion part Tλ ∩ T (TA) = Tλ ∩ T (V ) of the tube Tλ.

Fix i ∈ Ω(V ), j ≥ 1, and consider the A-module X = [j]Ei of the coray
(ci). We recall from (X.2.2) and (X.2.6) that X is a uniserial object of the
abelian category

add Tλ = EXTA(E1, E2, . . . , Er)
and Ei = [1]Ei is the unique simple quotient object of X in add Tλ. On the
other hand, for each k ∈ {1, . . . , p}, the modules Eik−1, Eik

, . . . , Eik+mk−2
are the simple composition factors of the objects in the cone

C(Eik−1[mk]) = τAC(Vk).

Hence we conclude that HomA(X, τAY ) = 0, for any indecomposable mod-
ule Y in C(Vk). In particular, we get HomA(X, Wk) = 0. It follows that
HomA(X, τAV ) = 0, that is, the module X belongs to Tλ ∩ T (V ), as we
required.

Next we prove that, for each k ∈ {1, . . . , p} and each i ∈ Σk, if the
module X = [j]Ei of the coray (ci) lies in the torsion part T (V ), then X
lies in the cone C(Vk). Assume, to the contrary, that X does not belong
to the cone C(Vk). There is a unique pair of integers u ∈ {1, . . . , j} and
t ∈ {1, . . . , mk} such that [u]Ei = Eik−1[t]. If we set

Y = [u]Ei = Eik−1[t],
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then there exist an epimorphism f : X −−−−→ Y and a monomorphism
g : Y −→Eik−1[mk]. Then the homomorphism gf : X −→Eik−1[mk] is
non-zero. Because of the isomorphisms

Eik−1[mk] ∼= τAEik
[mk] ∼= τAVk,

we get HomA(X, τAVk) �= 0. This implies that Ext1A(V, X) �= 0, because Vk

is a direct summand of V . Consequently, the module X does not belong
to the torsion part T (V ), contrary to our assumption. Hence we conclude
that i ∈ Σk \ {ik − 1} and

X ∈ C(Eik
[mk−1]) ⊆ C(Eik

[mk]) = C(Vk),

as we claimed.
Fix an index k ∈ {1, . . . , p} and observe that the sectional path

Vk = Eik
[mk] −→Eik+1[mk−1] −→ . . .−→ Eik+mk−2[2]−→Eik+mk−1[1]

in Tλ is the common part of the cone C(Vk) and the coray (cik+mk−1), and
it is contained in the torsion part Tλ ∩ T (TA) = Tλ ∩ T (V ) of the tube Tλ,
because ik + mk − 1 ∈ Ω(V ).

Now we show that
C(Vk) ∩ T (V ) = C(Vk) ∩ T (Wk).

We recall that V = W1 ⊕ W2 ⊕ . . . ⊕ Wp, and the module Wj belongs to
add C(Vj), for each j ∈ {1, . . . , p}. Further, by the choice of the modules
V1, . . . , Vp, we have C(Vj) ∩ C(Vu) = ∅, and C(Vj) ∩ τAC(Vu) = ∅, for all
j, u ∈ {1, . . . , p} such that j �= u. Then, for each j ∈ {1, . . . , p} \ {k} and
any X in C(Vk), we have

Ext1A(Wj , X) ∼= DHomA(X, τAWj) = 0.

It follows that, for any module X in the cone C(Vk), the equality
Ext1A(V, X) = 0 is equivalent to the equality Ext1A(Wk, X) = 0. Hence
the required equality C(Vk) ∩ T (V ) = C(Vk) ∩ T (Wk) follows.

Summarising, we have proved that an indecomposable A-module Z be-
longs to the torsion part Tλ ∩ T (TA) = Tλ ∩ T (V ) of the tube Tλ if and
only if Z lies on a coray (ci), with i ∈ Ω(V ), or Z belongs to a torsion part
C(Vk) ∩ T (Wk) of the cone C(Vk) with respect to a partial tilting module
Wk ∈ add C(Vk), for some k ∈ {1, . . . , p}.

By (1.6), in view of our choice of the modules V1, . . . , Vp and the stan-
dardness of the tube Tλ, for each k ∈ {1, . . . , p}, there exists an equivalence
of categories

Gk : mod Hmk
−−−−−−→ add C(Vk),

where Hmk
= KΔ(Amk

) is the path algebra of the equioriented quiver
Δ(Amk

) of length mk, and mk is the number of the mouth modules of Tλ
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lying in the cone C(Vk). Let R
(k)
1 , R

(k)
2 , . . . , R

(k)
mk be indecomposable modules

in modHmk
such that

Gk(R(k)
1 ) = W

(k)
1 , Gk(R(k)

2 ) = W
(k)
2 , . . . , Gk(R(k)

mk
) = W (k)

mk
.

Then the Hmk
-module

Rk = R
(k)
1 ⊕ R

(k)
2 ⊕ . . . ⊕ R(k)

mk

is a tilting Hmk
-module such that Gk(Rk) = Wk and C(Vk) ∩ T (Wk) is the

image of the torsion part
T (Rk) =

{
XHmk

; Ext1Hmk
(Rk, X) = 0

}
of modHmk

under the equivalence Gk. Moreover, the sectional path

Vk = Eik
[mk] −→Eik+1[mk−1] −→ . . .−→ Eik+mk−2[2]−→Eik+mk−1[1]

in Tλ is isomorphic to the image, under the equivalence Gk, of the sectional
path

I(1)Hmk
−→ I(2)Hmk

−→ . . .−→ I(mk−1)Hmk
−→ I(mk)Hmk

in Γ(modHmk
) formed by the indecomposable injective Hmk

-modules. It
is clear that each of the modules I(1)Hmk

, . . . , I(mk)Hmk
belongs to T (Rk)

and, hence, is generated by the tilting Hmk
-module Rk, by (VI.2.5). It

follows that, for each s ∈ {0, 1, . . . , mk − 1}, the A-module Eik+s[mk−s] is
generated by the partial tilting module Wk of add C(Vk).

Now we describe the part
Tλ ∩ T (TA) ∩ F(V ) = Tλ ∩ T (V ) ∩ F(V )

of the stable tube Tλ. Recall that, for each i ∈ {1, . . . , r}, there is a ray

(ri) Ei = Ei[1]−→Ei[2]−→ . . .−→ Ei[j] −→ Ei[j+1] −→ . . .

starting at the ray module Ei, where the irreducible morphisms correspond-
ing to the arrows Ei[j] −→ Ei[j+1] of the ray (ri) are injective.

Fix an index k ∈ {1, . . . , p}. Then, for each s ∈ {0, 1, . . . , mk − 1} and
j ≥ mk − s, there is a monomorphism Eik+s[mk−s] −→Eik+s[j]. It fol-
lows that HomA(Wk, Eik+s[j]) �= 0, because the A-module Eik+s[mk−s] is
generated by Wk. Because every module X in C(Vk) ∩ T (Wk) is generated
by Wk then HomA(Wk, X) �= 0. Moreover, in view of the decomposition
V = W1 ⊕ W2 ⊕ . . . ⊕ Wp, we get

F(V ) = F(W1) ∩ F(W2) ∩ . . . ∩ F(Wp).

For each k ∈ {1, . . . , p}, we consider the set
Θk = {ik, ik + 1, . . . , ik + mk − 1} ,



116 Chapter XVII. Tilted algebras of Euclidean type

and we set
Θ(V ) = Θ1 ∪ Θ2 ∪ . . . ∪ Θp.

Then, by applying the preceding description of the torsion part Tλ∩T (TA) =
Tλ ∩ T (V ) of the tube Tλ, we infer that Tλ ∩ T (TA) ∩ F(V ) consists of all
modules lying on the corays (ci), with i ∈ Ω(V ), except the modules lying
on the rays (rj), with j ∈ Θ(V ).

Recall from Chapter VI that the tilting A-module T determines the
torsion pair (T (T ),F(T )) in modA and the torsion pair (X (T ),Y(T )) in
mod B, where

B = EndTA.

By the Brenner-Butler theorem (VI.3.8), we know that

• the functor HomA(T, −) induces an equivalence T (T ) �−−−−→ Y(T ),
while

• the functor Ext1A(T, −) induces an equivalence F(T ) �−−−−→ X (T ).

Because the tilting module T is assumed to be splitting then, by (VI.5.2),
any almost split sequence in mod B lies entirely in either X (T ) or Y(T ), or
else it is of the form

0→HomA(T, I) −→ HomA(T, I/soc I)⊕Ext1A(T, radP ) −→ Ext1A(T, P )→0,

where P is an indecomposable projective module not lying in addT and I
is the indecomposable injective module such that P/radP ∼= soc I.

Because the tube Tλ is stable then, for any indecomposable A-module X
lying in the torsion part Tλ ∩ T (T ) of Tλ, the indecomposable B-module
HomA(T, X) is the left hand term of an almost split sequence in modB
contained entirely in the torsion-free part Y(T ). In particular, by (VI.5.3),
if

0 −−−−→ L
f−−−−→ M

g−−−−→ N −−−−→ 0

is an almost split sequence in mod A, with L, M , and N in add Tλ ∩ T (T ),
then the induced exact sequence

0 −→ HomA(T, L)
HomA(T,f)−−−−−−→ HomA(T, M)

HomA(T,g)−−−−−−→ HomA(T, N) −→ 0

is an almost split sequence in mod B. Moreover, if h : X −−−−→ Y is an
irreducible morphism in modA, with X and Y in add Tλ ∩ T (T ), then

HomA(T, f) : HomA(T, X) −−−−−−→ HomA(T, Y )

is an irreducible morphism in modB.
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Now we show that

T ′
λ = HomA(T, Tλ ∩ T (T ))

is a standard ray tube of rank r = rλ in Γ(modB). Because the tube Tλ is
hereditary then (X.2.2) applies and, for each i ∈ {1, . . . , , r} and j ≥ 1, we
have

• a canonical irreducible monomorphism uij : Ei[j−1] −−−−→ Ei[j],
• a canonical irreducible epimorphism pij : Ei[j] −−−−→ Ei+1[j−1], and
• two almost split sequences in mod A

0 −→ Ei[1] ui1−−−−→ Ei[2]
pi1−−−−→ Ei+1[1] −→ 0

0 −→ Ei[j]

[
ui,j+1

pij

]
−−−−−−→ Ei[j+1] ⊕ Ei+1[j−1]

[ pi,j+1 ui+1j ]−−−−−−−−→ Ei+1[j] −→ 0,

where we set Ei+kr[1] = Ei[1], for all k ∈ Z.
Fix an index k ∈ {1, . . . , p}. Because ik −2 ∈ Ω(V ) and ik +mk −1 ∈ Ω(V ),
the corays (cik−2) and (cik+mk−1) are entirely contained in Tλ ∩ T (T ).
Further, because the arrow Eik−1[mk+1] −−−−→ Eik

[mk] lies on the coray
(cik+mk−1) and the module Eik

[mk] is a direct summand of T , then the
indecomposable B-module HomA(T, Eik

[mk]) is projective, the homomor-
phism

HomA(T, pik−1,mk+1) : HomA(T, Eik−1[mk+1]) −−−−−−→ HomA(T, Eik
[mk])

is an irreducible morphism in modB, and HomA(T, pik−1,mk+1) is a mono-
morphism.

Note also that the indecomposable B-module HomA(T, Eik−1[mk+1]) is
not projective, because the A-module Eik−1[mk+1] is not isomorphic to a
direct summand of T .

We show that the composite monomorphism

ϕk = uik−2,mk+2 . . . uik−2,2 : Eik−2[1] −−−−−−→ Eik−2[mk+2]

is a minimal left almost split morphism in T (T ). Let f : Eik−2[1]−−−−→ Z
be a non-zero homomorphism, with Z in T (T ), and assume that f is not a
section.

In case Z lies on the tube Tλ, there is an isomorphism Z ∼= Eik−2[j],
where j ≥ mk + 2, and therefore f admits a factorisation

(∗)

Eik−2[1]
f−−−−−−−−→ Z

ϕk↘ ↗f ′

Eik−2[mk+2]
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in modA. In case Z does not lie on the tube Tλ, (X.2.8) applies and the
homomorphism f admits a factorisation (∗).

Next we observe that there exist an irreducible epimorphism
pik−2,mk+2 : Eik−2[mk+2] −−−−−−−−→ Eik−1[mk+1],

and an exact sequence

0 −→ Eik−2[1]
ϕk−−−−−−→ Eik−2[mk+2]

pik−2,mk+2−−−−−−→ Eik−1[mk+1] −→ 0

in modA. The induced exact sequence of B-modules

0 −→ HomA(T, Eik−2[1])
HomA(T,ϕk)−−−−−−−→ HomA(T, Eik−2[mk+2])
HomA(T,pik−2,mk+2)−−−−−−−−−−−−−→ HomA(T, Eik−1[mk+1]) −→ 0

is then an almost split sequence in mod B.
For each j ≥ 1, there is an exact sequence

(ηj) : 0 −−−−→ [j+1]Eik−2

[
ϕk,j+1

wk,j+1

]
−−−−−−−−→ [mk+2+j]Eik+mk−1 ⊕ [j]Eik−2

[ πk,j+1 ϕk,j ]−−−−−−−−→ [mk+1+j]Eik+mk−1 −→ 0,

where
wk,j+1 : [j+1]Eik−2 −−−−−−−−→ [j]Eik−2, and
πk,j+1 : [mk+2+j]Eik+mk−1 −−−−−−−−→ [mk+1+j]Eik+mk−1

are irreducible epimorphisms, and
ϕk,t : [t]Eik−2 −−−−−−−−→ [mk+1+t]Eik+mk−1, with t ≥ 1,

is the composition of the corresponding irreducible monomorphisms. Note
that ϕk,1 = ϕk.

An obvious induction on j ≥ 1 shows that the exact sequence (ηj) is
almost split in add Tλ ∩ T (T ). In the proof, we apply the fact that the
homomorphisms wk,j+1, πk,j+1, and ϕk are irreducible morphisms in the
category add Tλ ∩ T (T ). The details are left to the reader.

It is easy to see that
• if ik + mk �= ik+1 − 1 then the almost split sequence

0 −→ [1]Eik+mk−1 −−−−→ [2]Eik+mk
−−−−→ [1]Eik+mk

−→ 0

in modA is also an almost split sequence in T (T ),
• if ik + mk �= ik+1 − 1 then, for each j ≥ 1, the almost split sequence

0 −→ [j+1]Eik+mk−1 −→ [j+2]Eik+mk
⊕ [j]Eik+mk−1 −→ [j+1]Eik+mk

−→ 0
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in modA is also an almost split sequence in T (T ),
• if ik−1 + mk−1 �= ik − 1 then the almost split sequence

0 −→ [1]Eik−3 −−−−→ [2]Eik−2 −−−−→ [1]Eik−2 −→ 0

in modA is also an almost split sequence in T (T ),
• if ik−1+mk−1 �= ik−1 then, for each j ≥ 1, the almost split sequence

0 −−−−→ [j+1]Eik−3 −−−−→ [j+2]Eik−2⊕[j]Eik−3 −−−−→ [j+1]Eik−2 −−−−→ 0

in modA is also an almost split sequence in T (T ),
• the functor HomA(T, −) carries such an almost split sequence (ηj)

in modA to the almost split sequence HomA(T, (ηj)) in modB, and
• HomA(T, M) = HomA(Wk, M), for any M in add C(Vk).

We recall that, for each k ∈ {1, . . . , p}, the torsion part

C(Vk) ∩ T (T ) = C(Vk) ∩ T (Wk)

is the image of the torsion part T (Rk) of the tilting module Rk over the path
algebra Hmk

= KΔ(Amk
) via the functor Gk : mod Hmk

−−−−→ add C(Vk),
and the sectional path

Vk = Eik
[mk] −→Eik+1[mk−1] −→ . . .−→ Eik+mk−2[2]−→Eik+mk−1[1]

in Tλ is the image of the sectional path in Γ(modHmk
) formed by the

indecomposable injective Hmk
-modules.

For each k ∈ {1, . . . , p}, consider the algebra

Dk = EndA(Wk) = EndA(Gk(Rk)) ∼= EndHmk
(Rk).

It follows that Dk is a tilted algebra of type Δ(Amk
) given by the tilting

Hmk
-module Rk. By (XVI.2.2), Dk is a branch algebra KL(k) of a branch

L(k) = (L(k), I(k)) of capacity mk, with the germ vertex 0(k) corresponding
to the direct summand R

(k)
mk such that Gk(R(k)

mk) = W
(k)
mk = Vk. Moreover,

HomA(T, C(Vk) ∩ T (T )) = HomA(Wk, C(Vk) ∩ T (Wk))

is equivalent to the torsion-free part Y(Rk) of modDk.
Finally, we recall from (XVI.2.8) that there exists a hereditary algebra

H(k) = KΔ(Ank
),



120 Chapter XVII. Tilted algebras of Euclidean type

with nk ≤ mk, such that the Auslander–Reiten translation quiver
Γ(mod Hmk

) of Hmk
is obtained from the translation quiver Γ(modH(k)) of

H(k) by a sequence of finite rectangle insertions. It follows that for any inde-
composable module X in C(Vk)∩T (T ) such that X �∼= Eik+s[mk−s], for s ∈
{0, 1, . . . , mk −1}, there exists a unique sectional path in Γ(modB) starting
from the indecomposable B-module HomA(T, X) to a module
HomA(T, Eik+t[mk−t]), for some t ∈ {0, 1, . . . , mk − 1}.

Summing up, we have proved that

T ′
λ = HomA(T, Tλ ∩ T (T ))

is a ray tube of Γ(modB), with r = rλ rays; hence of rank rλ. More
precisely, the tube T ′

λ, viewed as a translation quiver, is obtained from the
stable tube Tλ by the following three operations:

(i) deleting all the corays (ci), with i ∈ Σ(V ),
(ii) shrinking the sectional path

[j]Eik−2 −−−−→ [1+j]Eik−1 −−−−→ . . . −−−−→ [mk+1+j]Eik+mk−1,

to one arrow [j]Eik−2−→ [mk+1+j]Eik+mk−1, for each k∈{1, . . . , p}
and j ≥ 1,

(iii) glueing the torsion-free part Y(Rk) of Γ(modDk) along the sectional
path

Eik
[mk] −→Eik+1[mk−1] −→ . . .−→ Eik+mk−2[2]−→Eik+mk−1[1]

to the translation quiver constructed in (i) and (ii), for each
k ∈ {1, . . . , p}.

The ray tube T ′
λ is standard, because Tλ is a standard stable tube of

Γ(mod A) and T ′
λ is the image of the torsion part Tλ∩T (T ) of the hereditary

tube Tλ via the equivalence HomA(T, −) : T (T ) �−−−−→ Y(T ).
Because the right A-module TA has a decomposition T = U ⊕V in modA

such that HomA(V, U) = 0, the tilted algebra B = EndTA is of the lower
triangular matrix form

B ∼=

⎡⎢⎢⎣
EndUA HomA(V, U)

HomA(U, V ) EndVA

⎤⎥⎥⎦ =

⎡⎣ C 0

DMC D

⎤⎦ ,

where C = EndUA, D = EndVA, and DMC = HomA(U, V ) is viewed as a
D-C-bimodule in an obvious way. Note also that

• the algebra D is the product D1 × D2 × . . . × Dp of the branch
algebras D1 = KL(1), D2 = KL(2), . . . , Dp = KL(p),
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• C is a quotient algebra of B, and
• the canonical surjection B −→ C of algebras induces the fully faith-

ful exact embedding modC ↪→ mod B.

Now we prove that HomA(T, Tλ ∩ T (T ) ∩ F(V )) is the family of all in-
decomposable C-modules lying in the ray tube

T ′
λ = HomA(T, Tλ ∩ T (T )).

First, we observe that

HomA(T, Tλ ∩ T (T ) ∩ F(V )) = HomA(U, Tλ ∩ T (T ) ∩ F(V )),

because T = U ⊕V and HomA(V, F(V )) = 0. Next, we recall from (VI.3.1)
that the functor HomA(T, −) restricts to the equivalence of categories

HomA(T, −) : addT
�−−−−−−→ projB,

where projB is the category of finitely generated projective B-modules.
Then every indecomposable projective B-module that is not a C-module
is of the form P = HomA(T, V ′), where V ′ is an indecomposable direct
summand of V . Hence, by (VI.3.8), given an indecomposable A-module X
in Tλ ∩ T (T ), the B-module N = HomA(T, X) is indecomposable and we
get isomorphisms

HomB(P, N) = HomB(HomA(T, V ′), HomA(T, X)) ∼= HomA(V ′, X).

It follows that the B-module N = HomA(T, X), with X in Tλ ∩ T (T ), lies
in the category

mod C ↪→ mod B

if and only if HomA(V, X) = 0, that is, if and only if X lies in Tλ ∩ T (T ) ∩
F(V ). Observe also that HomA(T, Tλ ∩ T (T ) ∩ F(V )) is obtained from the
tube T ′

λ by deleting all rays in T ′
λ passing through the B-modules

HomA(T, Eik
[mk]), HomA(T, Eik+1[mk−1]), . . . HomA(T, Eik+mk−1[1]),

for all k ∈ {1, . . . , p}. This means that the number of rays of the tube T ′
λ,

that are not removed, equals rλ − sV = rλ − (m1 + . . . + mp).
It follows that

T ′′
λ = HomA(T, Tλ ∩ T (T ) ∩ F(V )) = HomA(U, Tλ ∩ T (T ) ∩ F(V )),
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is a stable tube of Γ(modC) of rank rλ − sV , obtained from the tube T ′
λ by

deleting all the B-modules that are not in the category modC ↪→ mod B,
and by shrinking each of the sectional paths in T ′

λ of the form

HomA(T, Eik−1[mk+2+j]) −→ . . . −→ HomA(T, Eik+mk
[j]),

with k ∈ {1, . . . , p}, to one arrow

HomA(U, Eik−1[mk+2+j]) −−−−→ HomA(U, Eik+mk
[j]).

To finish the proof of the theorem, we note that the following properties
of the tube T ′′

λ follow from the preceding considerations.
• T ′′

λ is a standard stable tube of Γ(modC) of rank

rλ − sV = rλ − (m1 + . . . + mp).

• Each of the indecomposable C-modules

Fk = HomA(T, Eik−1[mk+1]) = HomA(U, Eik−1[mk+1]),

with k ∈ {1, . . . , p}, lies on the mouth of the stable tube T ′′
λ .

• The C-modules F1, F2, . . . , Fp are pairwise non-isomorphic.
• The tilted algebra B = EndTA is a T ′′

λ -branch extension of the
algebra C, and B has the form, see (XV.3.4),

B = C[F1,L(1), F2,L(2), . . . , Fp,L(p)].

• B is a T ′′
λ -tubular extension of the algebra C, by (XV.3.9).

• The ray tube T ′
λ of Γ(modB) is obtained from the stable tube

T ′′
λ of Γ(modA) by an iterated rectangle insertion, that creates

sV = m1 + . . . + mp new rays.
This finishes the proof of the theorem. �

The following theorem is an analogue of Theorem (2.3).

2.4. Theorem. Let A be an algebra and let Tλ be a hereditary standard
stable tube of rank rλ ≥ 1 in Γ(mod A). Assume that TA is a splitting tilting
module in mod A with a decomposition

TA = U ⊕ V

such that V ∈ add Tλ, V �= 0, and HomA(U, Tλ) = 0. Let F(T ) and T (V )
be the classes defined in (2.2), and we set

B = EndTA and C = EndUA.
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(a) The direct summand U of TA is non-zero and dimKC ≥ 1.
(b) T ′

λ =HomA(TA,Tλ ∩ F(T )) is a standard coray tube of corank rλ in
Γ(modB).

(c) T ′′
λ = HomA(UA, Tλ ∩ F(T ) ∩ T (V )) is a standard stable tube of

rank rλ − sV in Γ(mod C), where sV is the number of pairwise non-
isomorphic indecomposable direct summands of V .

(d) The tube T ′
λ is an iterated rectangle coinsertion of the stable tube

T ′′
λ .

(e) The algebra B is a T ′′
λ -tubular coextension of the algebra C.

Proof. The arguments used in the proof of Theorem (2.3) modify almost
verbatim. The details are left to the reader. �

Now we illustrate the preceding considerations with an example.

2.5. Example. Let A = KΔ(D̃12) be the path algebra of the quiver

1 12◦ ◦
↖ ↙

Δ(D̃12) : ◦←−◦←−◦←−◦←−◦←−◦ ←−◦←−◦ ←−◦
↙3 4 5 6 7 8 9 10 11↖

◦ ◦
2 13

of the Euclidean type D̃12. It follows from (XII.3.4) that the Auslander–
Reiten quiver Γ(modA) of A consists of three parts:

• a postprojective component P(A) containing all the indecomposable
projective A-modules,

• a preinjective component Q(A) containing all the indecomposable
injective A-modules, and

• a P1(K)-family
TT A = {T A

λ }λ∈P1(K)

of stable tubes T A
λ of tubular type (2, 2, 10) separating P(A) from

Q(A).

Moreover, by (XIII.2.9), the mouth of the unique stable tube

T A
1 = T Δ(D̃12)

1

of rank 10 of Γ(modA) consists of the nine simple A-modules

E1 = S(3), E2 = S(4), E3 = S(5), E4 = S(6),
E5 = S(7), E6 = S(8), E7 = S(9), E8 = S(10), E9 = S(11)
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at the vertices 3, 4, 5, 6, 7, 8, 9, 10, and 11, and the following module

K K

1↖ ↙1

E10 : K
1←−K

1←−K
1←−K

1←−K
1←−K

1←−K
1←−K

1←−K

1↙ ↖1
K K.

We also recall that there are isomorphisms of A-modules

E1 ∼= τAE2, E2 ∼= τAE3, . . . . . . , E9 ∼= τAE10, and E10 ∼= τAE1.

Then, in the notation of (X.2.2), the upper part of the tube T A
1 is of the

form

and we identify the modules along the vertical dotted lines.
Consider the indecomposable projective A-modules

T1 =P (1), T2 =P (2), T3 =P (7), T4 =P (10), T5 =P (12), and T6 =P (13)

at the vertices 1, 2, 7, 10, 12, and 13, and the following seven indecomposable
A-modules

T7 =E2[1], T8 =E2[3], T9 =E4[1], T10 =E2[4],
T11 =E8[1], T12 =E7[2], T13 =E10[1].

We set
TA = U ⊕ V,
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where

U = T1 ⊕ T2 ⊕ T3 ⊕ T4 ⊕ T5 ⊕ T6 ∈ addP(A), and

V = T7 ⊕ T8 ⊕ T9 ⊕ T10 ⊕ T11 ⊕ T12 ⊕ T13 ∈ add T A
1 .

The following properties of the modules T , U , and V are easily verified.
(i) HomA(T A

1 , U) = 0.
(ii) Ext1A(U, T ) = 0, because the module U is projective.
(iii) The modules T7, T8, T9, and T10 belong to the cone C(E2[4]) of

depth 4.
(iv) The modules T11 and T12 belong to the cone C(E7[2]) of depth 2.
(v) The module T13 forms the cone C(E10[1]) of depth 1.
(vi) The modules T7, T8, T9, T11, T12, and T13 satisfy the tilting vanishing

condition HomA(Ti, τATj) = 0, for all i, j ∈ {7, 8, 9, 10, 11, 12, 13}.
(vii) Ext1A(V, V ) ∼= DHomA(V, τAV ) = 0.
(viii) Ext1A(V, U) ∼= DHomA(U, τAV ) = 0.
The statement (vii) is an immediate consequence of (vi). To prove (viii)

we observe that there is an isomorphism

τAV ∼= E1[1] ⊕ E1[3] ⊕ E3[1] ⊕ E1[4] ⊕ E7[1] ⊕ E6[2] ⊕ E9[1],

and each of the following seven A-modules

E1[1] = S(3), E3[1] = S(5), E7[1] = S(9), E9[1] = S(11),

0 0
↖ ↙

E1[3] : K
1←−K

1←−K←−0←−0←−0←−0←−0←−0

↙ ↖
0 0,

0 0
↖ ↙

E1[4] : K
1←−K

1←−K
1←−K←−0←−0←−0←−0←−0

↙ ↖
0 0,

0 0
↖ ↙

E6[2] : 0 ←−0←−0←−0←−0←−K
1←−K←−0←−0

↙ ↖
0 0

has no simple composition factor isomorphic to any of the six simple modules

S(1) ∼= P (1)/radP (1), S(2) ∼= P (2)/radP (2),
S(7) ∼= P (7)/radP (7), S(10)∼=P (10)/radP (10),
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S(12) ∼= P (12)/radP (12), S(13) ∼= P (13)/radP (13).

Because the algebra A is hereditary then, by (VI.4.4), TA is a multiplicity-
free tilting A-module. One easily observes that the algebra

C = EndUA

is isomorphic to the path algebra KΔ(D̃5) of the quiver

1 5◦ ◦
↖ ↙

Δ = Δ(D̃5) : ◦←−−−−−−◦
↙3 4↖

◦ ◦
2 6

of the Euclidean type D̃5. The ordering 1, 2, 3, 4, 5, 6 of the vertices of
the quiver Δ(D̃5) corresponds to the ordering T1, T2, T3, T4, T5, T6 of the
indecomposable direct summands of the module UA.

To determine the tilted algebra B = EndTA, we note that T7 = S(4),
T9 = S(6), T11 = S(10), and the modules T8, T10, T12, and T13 = E10 are
of the forms

0 0
↖ ↙

T8 : 0 ←−K
1←−K

1←−K←−0←−0←−0←−0←−0
↙ ↖

0 0,

0 0
↖ ↙

T10 : 0 ←−K
1←−K

1←−K
1←−K←−0←−0←−0←−0

↙ ↖
0 0,

0 0,
↖ ↙

T12 : 0 ←−0←−0←−0←−0←−0←−K
1←−K←−0

↙ ↖
0 0,

K K

1↖ ↙1

T13 : K
1←−K

1←−K
1←−K

1←−K
1←−K

1←−K
1←−K

1←−K

1↙ ↖1
K K.



XVII.2. Tilting with hereditary standard stable tubes 127

Then a direct calculation shows that the tilted algebra B = EndTA is given
by the quiver

9 7◦ ◦
ξ↘ ↗η

8 ◦ 11 ◦�⏐⏐⏐⏐σ θ

⏐⏐⏐⏐�
10 ◦ 12 ◦

1 5◦
⏐⏐⏐⏐�γ δ

⏐⏐⏐⏐� ◦
β ↖ ↙ϕ ↖ψ

◦ ω←−−−−−−−− ◦ ◦ 13
α ↙ 3 4 ↖ν ↙ρ

◦ ◦
2 6

bound by the following five relations γβ = 0, γα = 0, ξη = 0, δω = 0, and
ψϕ = ρν considered in (XV.4.8). The ordering 7, 8, 9, 10, 11, 12, 13 of the
vertices of the quiver corresponds to the ordering T7, T8, T9, T10, T11, T12,
and T13 of the indecomposable direct summands of the module VA.

Observe that the algebra D = EndVA is isomorphic to the product
D1 × D2 × D3, where

• D1 = KL(1) is the branch algebra of the branch L(1) given by the
quiver

9 7◦ ◦
ξ↘ ↗η

L(1) : 8 ◦�⏐⏐⏐⏐σ

10 ◦

bound by the zero relation ξη = 0,
• D2 = KL(2) is the branch algebra of the branch L(2) given by the

quiver
11 ◦

L(2) : θ

⏐⏐⏐⏐�
12 ◦

• D3 = KL(3) is the branch algebra of the branch L(3) given by the
one vertex quiver consisting of the vertex 13.
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It follows from (XIII.2.9) that the tubular P1(K)-family

TT C = {T C
λ }λ∈P1(K)

of stable tubes in Γ(modC) has a unique stable tube T C
1 of rank 3 with the

following three mouth C-modules

0 0
↖ ↙

F1 = F
(1)
1 : K ←−−−− 0

↙ ↖
0 0,

0 0
↖ ↙

F2 = F
(1)
2 : 0 ←−−−− K

↙ ↖
0 0,

K K
↖1 1↙

F3 = F
(1)
3 : K

1←−−−−K
↙1 1↖

K K

viewed as representations of the quiver Δ(D̃5) of the algebra C. Therefore
the tilted algebra B = EndTA is the T C

1 -branch extension (and T C
1 -tubular

extension)

B ∼= C[F1,L(1), F2,L(2), F3,L(3)]

of the algebra C. According to (XV.4.3), the Auslander–Reiten quiver
Γ(mod B) of B admits a P1(K)-family

TT B = {T B
λ }λ∈P1(K)

of pairwise orthogonal standard ray tubes T B
λ such that

• T B
λ = T C

λ , for each λ ∈ P1(K) \ {1}, and
• T B

1 is obtained from the stable tube T C
1 by the rectangle insertions

corresponding to the branches L(1), L(2), and L(3).
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The tube T B
1 looks as follows:

P (13) −− F1

↗ ↘ ↗|

P (11) −− F3 −− ◦ |
↗ ↘ ↗ ↘ ↗ ↘|

P (12) −− ◦ −− ◦ −− ◦
↗ ↘ ↗ ↘ ↗ ↘ ↗|

P (9) −− ◦ −− F2 −− ◦ −− ◦ −− ◦ |
↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘|

P (7) −− S(8) −− ◦ −− ◦ −− ◦ −− ◦ −− ◦ −− |
↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ |

P (8)−− ◦ −− ◦ −− ◦ −− ◦ −− ◦ −−
. . . |

↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ |

P (10) −− ◦ −− ◦ −− ◦ −− ◦ −−
. . . |

↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ |

F1 =F1[1]−− ◦ −− ◦ −− ◦ −− ◦ −−
. . . |

|↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘
...

| F1[2] −− ◦ −− ◦ −− ◦ −−
. . .

|↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘
◦ −− F1[3] −− ◦ −− ◦ −−

. . .
|↘ ↗ ↘ ↗ ↘ ↗ ↘
| ◦ −− F1[4] −− ◦ −−

. . .
|↗ ↘ ↗ ↘ ↗ ↘
◦ −− ◦ −− F1[5] −−

. . .
|↘ ↗ ↘ ↗ ↘
| ◦ −− ◦ −−

. . .
|↗ ↘ ↗ ↘
...

...
...

where F3 = F3[1], F2 = F2[1], and we identify the modules along the vertical
dotted lines.

We easily observe that, in the notation introduced in the proof of (2.3),
we have

• p = 3, m1 = 4, m2 = 2, m3 = 1, sV = m1 + m2 + m3 = 7,
• V1 = E2[4] = T10, V2 = E7[2] = T12, V3 = E10[1] = T13,
• the sets Σ1, Σ2, Σ3 are of the forms

Σ1 = {1, 2, 3, 4}, Σ2 = {6, 7}, Σ3 = {9},
• Σ(V ) = Σ1 ∪ Σ2 ∪ Σ3 = {1, 2, 3, 4, 6, 7, 9},
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• Ω(V ) = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} \ Σ(V ) = {5, 8, 10},
• the sets Θ1, Θ2, Θ3 are of the forms

Θ1 = {2, 3, 4, 5}, Θ2 = {7, 8}, Θ3 = {10},
and hence

• Θ(V ) = Θ1 ∪ Θ2 ∪ Θ3 = {2, 3, 4, 5, 7, 8, 10}.

It follows that the family of indecomposable A-modules in

T A
1 ∩ T (T ) ∩ F(V )

consists of all the modules lying on the corays (c5), (c8), and (c10) of the
tube T A

1 ending at the modules E5, E8, and E10, except those modules
that lie on the rays (r2), (r3), (r4), (r5), (r7), (r8), and (r10) of the tube T A

1
starting at the modules E2, E3, E4, E5, E7, E8, and E10. Hence

T ′′
1 = HomA(UA, T A

1 ∩ T (T ) ∩ F(V ))

is the unique stable tube T C
1 of Γ(modC) of rank 3.

The partial tilting A-modules W1, W2, and W3 are of the forms

W1 = T7 ⊕ T8 ⊕ T9 ⊕ T10, W2 = T11 ⊕ T12, and W3 = T13.

Then the torsion part T A
1 ∩ T (T ) = T A

1 ∩ T (V ) of the tube T A
1 consists of

all indecomposable modules lying on the corays (c5), (c8), and (c10), and the
indecomposable modules of the torsion parts C(V1)∩T (W1), C(V2)∩T (W2),
and C(V3)∩T (W3) of the maximal cones C(V1), C(V2), and C(V3) determined
by the indecomposable direct summands of the partial tilting A-module V .
Finally, we also observe that

• the indecomposable modules of C(V1) ∩ T (W1) are the modules
T7 = E2[1], T8 = E2[3], E3[2], T9 = E4[1],
T10 = E2[4] = V1, E3[3], E4[2], and E5[1],

• the indecomposable modules of C(V2) ∩ T (W2) are the modules
T12 = E7[2] = V2, and T11 = E8[1],

• C(V3) ∩ T (W3) contains only one indecomposable module
T13 = E10[1] = V3.

It follows that
T ′

1 = HomA(TA, T A
1 ∩ T (T ))

is the ray tube T B
1 of the tubular P1(K)-family TT B = {T B

λ }λ∈P1(K)
described above. This finishes the example.
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XVII.3. Representation-infinite tilted
algebras of Euclidean type

The aim of this section is to show that an arbitrary representation-infinite
tilted algebra of Euclidean type is a domestic tubular extension or a domes-
tic tubular coextension of a concealed algebra of Euclidean type in the sense
of Definition (VI.4.6).

Throughout we use the following notation introduced in Chapter XII.
We assume that Q = (Q0, Q1) is an acyclic quiver whose underlying graph
Q is Euclidean, A = KQ is the path algebra of Q, and

n = rkK0(A) = |Q0|

is the rank of the Grothendieck group K0(A) ∼= Zn of A.
We recall from the structure theorem (XII.3.4) that the Auslander–Reiten

quiver Γ(modA) of A has a disjoint union decomposition

Γ(mod A) = P(A) ∪ R(A) ∪ Q(A),

where P(A) is a unique postprojective component containing all the inde-
composable projective A-modules, Q(A) is a unique preinjective component
containing all the indecomposable injective A-modules, and the regular part
R(A) is a P1(K)-family

TT A = {T A
λ }λ∈P1(K)

of pairwise orthogonal standard stable tubes. The family TT A is of the
tubular type mQ (XV.4.7), separates P(A) from Q(A), and the following
equality holds ∑

λ∈P1(K)

(rA
λ − 1) = n − 2, (3.1)

where rA
λ is the rank of the tube T A

λ , for each λ ∈ P1(K).
Assume that TA is a multiplicity-free tilting A-module and

B = EndTA

is the associated tilted algebra. We decompose the module TA as follows

TA = T pp
A ⊕ T rg

A ⊕ T pi
A , (3.2)

where T pp
A is a postprojective A-module, T rg

A is a regular A-module, and
T pi

A is a preinjective A-module.
We begin with two useful lemmata.
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3.3. Lemma. Let Q be an acyclic quiver whose underlying graph Q is
Euclidean, A = KQ the path algebra of Q, and TA a multiplicity-free tilting
A-module with a fixed decomposition (3.2).

(i) The tilted algebra B = EndTA is representation-finite if and only if
T pp

A �= 0 and T pi
A �= 0.

(ii) If B = EndTA is not a concealed algebra and B is representation-
infinite then T rg

A �= 0.

Proof. Apply (VIII.4.3), (VIII.4.4), (VIII.4.6) and (XI.5.2). �

3.4. Lemma. Let Q be an acyclic quiver whose underlying graph Q
is Euclidean, A = KQ the path algebra of Q, n = rkK0(A), and TA a
multiplicity-free tilting A-module with a fixed decomposition (3.2). Then the
regular summand T rg

A of TA has at most n − 2 pairwise non-isomorphic
indecomposable direct summands.

Proof. Given λ ∈ P1(K), we denote by rA
λ the rank of the standard

stable tube T A
λ of the P1(K)-family TT A = {T A

λ }λ∈P1(K). Let TA be a
multiplicity-free tilting A-module with a decomposition TA = T pp

A ⊕T rg
A ⊕T pi

A

(3.2).
Assume that X is an indecomposable direct summand of the regular

summand T rg
A of TA, and assume that X belongs to a standard stable tube

T A
λ . Because TA is a tilting A-module, the module X is a stone and, hence,

rλ ≥ 2. It follows from (1.6) that �λ(X) ≤ rλ − 1, or equivalently, the
regular length r�(X) of X is at most rλ − 1. We also recall from (1.6) that
the indecomposable direct summands of TA lie in the stone cones of tube
T A

λ and satisfy the condition (1.7)(c). It follows that the number of pairwise
non-isomorphic indecomposable direct summands of T rg

A lying in the tube
T A

λ is less than or equal to rλ − 1. Hence, in view of the formula (3.1),
the number of pairwise non-isomorphic indecomposable direct summands
of T rg

A is at most
∑

λ∈P1(K)
(rA

λ − 1) = n − 2, and the lemma follows. �

3.5. Theorem. Let Q be an acyclic quiver whose underlying graph Q
is Euclidean, A = KQ the path algebra of Q, n = rkK0(A), and TA a
multiplicity-free tilting A-module with a decomposition TA = T pp

A ⊕ T rg
A ⊕

T pi
A (3.2) such that T pi

A = 0. Let B = EndTA, C = EndT pp
A , and let

(T (T ),F(T )) be the torsion pair in mod A induced by the tilting module T .
(a) C is a concealed algebra of Euclidean type, and 2 ≤ rkK0(C) ≤ n.
(b) The tilted algebra B is a domestic tubular extension of C.
(c) gl.dimB ≤ 2.
(d) The Auslander–Reiten quiver Γ(mod B) of B has a disjoint union

decomposition
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Γ(mod B) = P(B) ∪ TT B ∪ Q(B),

with the following properties.
• P(B) is a unique postprojective component of Γ(mod B) and

has the form

P(B) = HomA(T, T (T ) ∩ P(A)) = P(C).

Every indecomposable projective C-module lies in P(B), every in-
decomposable projective B-module P lies in P(B) ∪ TT B, and the
radical radP of P lies in add (P(B) ∪ TT B).

• Q(B) is a unique preinjective component of Γ(mod B). Q(B)
admits a section ΣB

∼= Qop of the Euclidean type, contains all the
indecomposable injective B-modules, and contains the translation
quiver HomA(T, Q(A)). The section ΣB is formed by the images
HomA(T, I(a)) of the indecomposable injective A-modules I(a), with
a ∈ Q0. The set of all proper successors of the section ΣB is finite.

• The preinjective component Q(B) is a glueing along the section
ΣB of the translation quiver HomA(T, Q(A)) and the full translation
subquiver Γ(indX (T )) of Γ(mod B) whose vertices are the indecom-
posable B-modules of indX (T ) = Ext1A(T, indF(T )).

• The regular part TT B of Γ(mod B) has the form

TT B = HomA(T, T (T ) ∩ TT A)

and is a P1(K)-family TT B = {T B
λ }λ∈P1(K) of pairwise orthogonal

standard ray tubes T B
λ = HomA(T, T (T ) ∩ T A

λ ), with rB
λ = rA

λ . The
ray tube T B

λ is stable if the tube T A
λ contains no indecomposable

direct summand of T . In this case T B
λ = T C

λ is a standard stable
tube of the P1(K)-family TT C = {T C

λ }λ∈P1(K) in Γ(mod C).
• The family TT B is of the tubular type mQ (XV.4.7), and sepa-

rates P(B) from Q(B) in the sense of (XII.3.3).
(e) pdX ≤ 1, for all indecomposable B-modules X, except a finite num-

ber of modules lying in Q(B) ∩ X (T ).
(f) idY ≤ 1, for each indecomposable module Y in Q(B).

Proof. Assume that A = KQ is the path algebra of a Euclidean quiver
Q = (Q0, Q1), n = rkK0(A) = |Q0|, TA a multiplicity-free tilting A-module
and TA = T pp

A ⊕ T rg
A ⊕ T pi

A is a decomposition (3.2) such that T pi
A = 0. We

set

B = EndTA and C = EndT pp
A .
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If T rg
A = 0, then B = C is a concealed algebra of the Euclidean type Q,

and the statements (a)–(f) follow from the structure theorems (XII.3.4) and
(VIII.4.5).

Assume that T rg
A �= 0. Then, by (3.3) and (VI.4.4), the postprojective A-

module T pp
A is non-zero and has at least two non-isomorphic indecomposable

direct summands. It follows that the vector space C = EndT pp
A is non-zero,

C is an algebra of finite dimension, and 2 ≤ q = rkK0(C) ≤ n.
Because we assume that T pi

A = 0 and T rg
A �= 0, the module TA admits a

direct sum decomposition

TA = T1 ⊕ . . . ⊕ Tq ⊕ Tq+1 ⊕ . . . ⊕ Tn,

where n = rkK0(A) = |Q0|, 2 ≤ q ≤ n − 1, and T1, . . . , Tq, Tq+1, . . . , Tn

are pairwise non-isomorphic indecomposable A-modules such that

T pp
A = T1 ⊕ . . . ⊕ Tq and T rg

A = Tq+1 ⊕ . . . ⊕ Tn.

We recall from Chapter VI that the tilting A-module determines the torsion
pair (T (T ),F(T )) in modA and the torsion pair (X (T ),Y(T )) in modB.
The Brenner-Butler theorem (VI.3.8) yields

• the functor HomA(T, −) : modA −−−−→ mod B restricts to an equiv-
alence of categories HomA(T, −) : T (T ) �−−−−→ Y(T ), and

• the functor Ext1A(T, −) : modA −−−−→ mod B restricts to an equiv-
alence of categories Ext1A(T, −) : F(T ) �−−−−→ X (T ).

Because the algebra A is hereditary then, by (VI.5.7), the tilting A-module
is splitting, that is, every indecomposable module of modB lies either in
X (T ) or in Y(T ). We recall that F(T ) = {MA; HomA(T, M) = 0}, and
(IV.2.4) yields

T (T ) =
{
MA; Ext1A(T, M) = 0

}
= {MA; HomA(M, τAT ) = 0} .

Because HomA(R(A),P(A)) = 0 then HomA(T rg
A , T pp

A ) = 0 and, in view of
the decomposition TA = T pp

A ⊕ T rg
A of TA the tilted algebra B = EndTA is

of the lower triangular matrix form

B ∼=

⎡⎢⎢⎣
EndT pp

A HomA(T rg
A , T pp

A )

HomA(T pp
A , T rg

A ) EndT rg
A

⎤⎥⎥⎦ =

⎡⎣ C 0

DMC D

⎤⎦ ,

where C = EndT pp
A , D = EndT rg

A , and DMC = HomA(T pp
A , T rg

A ) is viewed
as a D-C-bimodule in an obvious way. The canonical surjection of algebras
B → C induces a full and faithful embedding modC ↪→ mod B. It follows
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from (VI.3.1) that the functor HomA(T, −) : modA −−−−→ mod B restricts
to an equivalence of categories HomA(T, −) : addTA

�−−−−→ projB, where
projB is the category of finite dimensional projective B-modules. Hence,
we derive that

• the indecomposable B-modules

HomA(T, T1), . . . , HomA(T, Tq), HomA(T, Tq+1), . . . , HomA(T, Tn)

form a complete set of pairwise non-isomorphic indecomposable pro-
jective B-modules, and

• the indecomposable B-modules

HomA(T, T1) = HomA(T pp, T1), . . . , HomA(T, Tq) = HomA(T pp, Tq)

lie in modC ↪→ mod B and form a complete set of pairwise non-
isomorphic indecomposable projective C-modules.

To see the preceding statement, we note that, by applying the equality
HomA(T rg

A , T pp
A ) = 0, we get

HomA(T, Tj) = HomA(T pp
A ⊕ T rg

A , Tj) = HomA(T pp, Tj),

for each j ∈ {1, . . . , q}, and therefore the B-module HomA(T, Tj) is a mod-
ule over the algebra C = EndT pp

A , in an obvious way.
We recall that the regular part R(A) of Γ(modA) is a P1(K)-family

TT A = {T A
λ }λ∈P1(K)

of pairwise orthogonal standard stable tubes T A
λ of Γ(modA). Because the

algebra A is hereditary, each of the tubes T A
λ is hereditary. We denote by

rA
λ = rk T A

λ the rank of the stable tube T A
λ .

Because the proof of the theorem is rather long, we split it into several
steps.

Step 1◦. We construct a P1(K)-family

TT B = {T B
λ }λ∈P1(K)

of pairwise orthogonal standard ray tubes T B
λ of Γ(modB) such that

(t1) rB
λ = rA

λ , for each λ ∈ P1(K), and
(t2) the tube T B

λ lies in mod C ↪→ mod B if and only if the tube T A
λ

does not contain an indecomposable direct summand of the regular
A-module T rg

A .
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We denote by Λ(T ) the subset of P1(K) containing all λ ∈ P1(K) such
that the tube T A

λ contains an indecomposable direct summand of the regular
A-module T rg

A .
Note that if T A

μ is a stable tube of TT A of rank 1 then μ �∈ Λ(T ), because
Ext1A(X, X) �= 0, for any indecomposable A-module of the tube T A

μ .
Hence, we easily conclude that

• rA
λ ≥ 2, for each λ ∈ Λ(T ),

• |Λ(T )| ≤ 3, by (XIII.3.4), and
• for each λ ∈ Λ(T ), the image

(+) T B
λ = HomA(T, T A

λ ∩ T (T ))

of T A
λ ∩T (T ) under the functor HomA(T, −) : modA −−−−→ mod B

is a standard ray tube of rank rB
λ = rA

λ , by (2.3).

Assume now that μ ∈ P1(K)\Λ(T ). Because the tubes in TT A are pairwise
orthogonal then

HomA(T A
μ , T A

λ ) = 0 and HomA(T A
λ , T A

μ ) = 0,

for each λ ∈ Λ(T ). It follows that

HomA(T rg
A , T A

μ ) = 0,

because T rg
A = Tq+1 ⊕ . . . ⊕ Tn and each of the indecomposable modules

Tq+1, . . . , Tn belongs to a tube T A
λ , with λ ∈ Λ(T ).

Moreover, because the family TT A separates P(A) from Q(A) then

HomA(T A
μ ,P(A)) = 0.

It follows that, for any indecomposable module X of the tube T A
μ , with

μ �∈ Λ(T ), there are isomorphisms

Ext1A(T, X) ∼= DHomA(X, τAT ) ∼= DHomA(X, τAT pp
A ⊕ τAT rg

A ) = 0.

This shows that any module X of the tube T A
μ , with μ �∈ Λ(T ), belongs to

the torsion class T (T ) and, consequently, the tube T A
μ is entirely contained

in T (T ). Because the tilting A-module TA is splitting then, by (VI.5.2), the
image

(++) T B
μ = HomA(T, T A

μ )

of the tube T A
μ under the functor HomA(T, −) : mod A −−−−→ mod B is a

stable ray tube of Γ(modB) of rank rB
μ = rA

μ , for each μ �∈ Λ(T ). The tube
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T B
μ of Γ(modB) is standard, because T B

μ is contained in the full subcategory
Y(T ) of modB and is the image of the standard stable tube T A

μ of Γ(modA)
via the equivalence of categories HomA(T, −) : T (T ) �−−−−→ Y(T ).

Now we show that the tube T B
μ , with μ �∈ Λ(T ), consists entirely of C-

modules. To see this, we take an indecomposable A-module in T A
μ and note

that

HomA(T, X) = HomA(T pp
A ⊕ T rg

A , X)
∼= HomA(T pp

A , X) ⊕ HomA(T rg
A , X)

= HomA(T pp, X),

because we have observed earlier that HomA(T rg
A , T A

μ ) = 0. It follows that
the B-module HomA(T, X) is a module over the algebra C = EndT pp

A , in a
natural way.

Consequently, the tube T B
μ lies in mod C ↪→ mod B and, therefore,

T C
μ = T B

μ is a standard stable tube in Γ(modC) of rank rC
μ = rB

μ .
Summarising, the formulae (+) and (++), for λ ∈ Λ(T ) and μ �∈ Λ(T ),

define a P1(K)-family
TT B = {T B

λ }λ∈P1(K)

of standard ray tubes T B
λ of Γ(modB) satisfying the properties (t1) and

(t2). The tubes of TT B are pairwise orthogonal, because

TT B = HomA(T, TT A ∩ T (T ))

and the tubes of the family TT A are pairwise orthogonal.
Step 2◦. Now we show that the algebra C = EndT pp

A is connected. Fix a
homogeneous tube T A

μ of Γ(modA), with μ ∈ P1(K), and an indecompos-
able A-module E lying on the mouth of T A

μ . Then μ �∈ Λ(T ),

T C
μ = T B

μ = HomA(T, T A
μ ∩ T (T ))

is a standard stable tube of Γ(modC) of rank rC
μ = rA

μ = 1, and the
indecomposable C-module HomA(T, E) lies on the mouth of T C

μ .
Because T pp

A = T1 ⊕ . . . ⊕ Tq then, by applying (XII.3.6) and the tilting
theorem (VI.3.8), we get

HomB(HomA(T, Tj), HomA(T, E)) ∼= HomA(Tj , E) �= 0

for each j ∈ {1, . . . , q}. This shows that the C-module HomA(T pp, E) =
HomA(T, E) is sincere, because the C-modules

HomA(T, T1) = HomA(T pp, T1), . . . , HomA(T, Tq) = HomA(T pp, Tq)
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form a complete set of pairwise non-isomorphic indecomposable projective
C-modules. Hence easily follows that the algebra C is connected.

Step 3◦. Next we show that

• the preinjective component Q(A) of Γ(modA) is entirely contained
in the torsion part T (T ), and

• the torsion-free part F(T ) = {MA; HomA(T, M) = 0} of modA has
only a finite number of indecomposable modules, up to isomorphism.

The inclusion Q(A) ⊆ T (T ) follows immediately from the description

T (T ) =
{
MA; Ext1A(T, M) = 0

}
= {MA; HomA(M, τAT ) = 0}

of the torsion part T (T ), because HomA(Q(A),P(A) ∪ R(A)) = 0 and
T pi

A = 0, by our assumption.
To prove the second statement of Step 3◦, we note that the torsion-free

part F(T ) does not contain non-zero preinjective modules, because they are
contained in T (T ) and T (T ) ∩ F(T ) is zero.

We recall from the beginning of the proof that T pp
A �= 0,

T pp
A = T1 ⊕ . . . ⊕ Tq, q ≥ 2,

and T1, . . . , Tq are indecomposable modules. Then each of the modules
Tj , with 1 ≤ j ≤ q, lies in the postprojective component P(A) and there
is an isomorphism Tj

∼= τ
−mj

A P (aj), for some vertex aj ∈ Q0 and some
integer mj ≥ 0. Hence, in view of (IV.2.15), there is an isomorphism
HomA(Tj , M) ∼= HomA(P (aj), τ

mj

A M), for any indecomposable postpro-
jective A-module M . If, in addition, the module M lies in F(T ) then
HomA(T, M) = 0 and, hence,

HomA(P (aj), τ
mj

A M) ∼= HomA(Tj , M) = 0,

for j = 1, . . . , q. This means that any such an indecomposable postprojec-
tive A-module τ

mj

A M is not sincere.
On the other hand, it follows from (IX.5.6) that all but a finite number

of indecomposable postprojective A-modules in P(A) are sincere. Hence we
easily conclude that the intersection F(T ) ∩ P(A) has a finite number of
indecomposable modules.

To finish the proof of Step 3◦, we show that the intersection F(T ) ∩ TT A

has also a finite number of indecomposable modules. To show this, we fix
λ ∈ P1(K). It follows from (XII.3.6) that HomA(Tj , X) �= 0, for any
indecomposable module of the tube T A

λ such that r�(X) ≥ rA
λ , where

r�(X) = �λ(X) is the regular length of X. This shows that the tube T A
λ ,

with rA
λ ≥ 2, contains a finite number of indecomposable modules from
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F(T ), and any tube T A
μ , with rA

μ = 1, does not contain indecomposable
modules from F(T ). It follows that the intersection F(T ) ∩ TT A contains
only a finite number of indecomposable modules, because the P1(K)-family
TT A admits at most 3 tubes T A

λ with rA
λ ≥ 2.

Step 4◦. Our next aim is to show that the Auslander–Reiten quiver
Γ(mod B) of B = EndTA admits a unique preinjective component Q(B)
such that

(i) Q(B) contains a section ΣB of the Euclidean type Qop that is formed
by the images HomA(T, I(a)) of the indecomposable injective A-
modules I(a), with a ∈ Q0,

(ii) Q(B) contains all indecomposable injective B-modules,
(iii) Q(B) does not contain an indecomposable projective B-module, and
(iv) the set Q(B)∩X (T ) is finite and consists of all proper successors of

ΣB ,
(v) Q(B) contains the image HomA(T, Q(A)) of the preinjective com-

ponent Q(A) of Γ(modA) under the functor

HomA(T, −) : modA −−−−→ mod B.

More precisely, we show that the connecting component CT of Γ(modB)
determined by T has the properties (i)–(v), and we set Q(B) = CT .

Because the component Q(A) is contained in the torsion part F(T ) and
the tilting module TA is splitting then, according to (VI.5.2), the image
HomA(T, Q(A)) of the preinjective component Q(A) under the functor
HomA(T, −) : modA −→ mod B is a full translation subquiver of Γ(modB)
that is closed under predecessors in Γ(mod B). On the other hand, it follows
from (VIII.3.5) that the class of the B-modules of the form HomA(T, I),
which runs through pairwise non-isomorphic indecomposable injective A-
modules, forms a section ΣB in the connecting component CT of Γ(modB)
determined by T (in the sense of Chapter VIII, page 322) such that

• all predecessors of ΣB in CT lie in Y(T ),
• all proper successors of ΣB in CT lie in X (T ), and
• there is a quiver isomorphism ΣB

∼= Qop.
We show that CT is a unique preinjective component of Γ(modB) such

that the conditions (i)–(v) are satisfied. Because HomA(T, Q(A)) is closed
under predecessors in Γ(mod B) and contains the section ΣB then

HomA(T, Q(A)) = Y(T ) ∩ CT .

Hence, by applying (VIII.4.1) and the assumption T pi
A = 0, we conclude

that CT contains no indecomposable projective B-modules.
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Note that X (T ) has only a finite number of pairwise non-isomorphic
indecomposable B-modules, because the functor

Ext1A(T, −) : F(T ) �−−−−→ X (T )

is an equivalence of categories and the torsion-free class F(T ) has only a
finite number of pairwise non-isomorphic indecomposable A-modules, by
Step 3◦. It follows that the set CT ∩ X (T ) of all proper successors of the
section ΣB in CT is finite. Hence, for any indecomposable injective A-
module I, there exists an integer m ≥ 0 such that τm

B HomA(T, I) is an
indecomposable injective B-module. Because n = |Q0| is the rank of the
Grothendieck group K0(A) and, by (VIII.4.3), there is a group isomorphism
K0(A) �−−−−→ K0(B) then, by the preceding consideration, the component
CT contains all indecomposable injective B-modules.

This shows that Q(B) = CT is a preinjective component of Γ(modB) such
that the conditions (i), (ii), and (iii) are satisfied. Because obviously Q(B) =
CT is a unique preinjective component of Γ(modB) then the statement of
Step 4◦ is proved.

Step 5◦. In this step we show that the image

P(B) = HomA(T, T (T ) ∩ P(A))

of T (T ) ∩ P(A) under the functor HomA(T, −) : mod A −−−−→ mod B is a
postprojective component of Γ(modB) satisfying the conditions stated in
(d) of the theorem.

First we observe that, because HomA(R(A),P(A)) = 0, then, for any
indecomposable A-module Z in T (T ) ∩ P(A), we have HomA(T rg

A , Z) = 0.
It follows that

HomA(TA, Z) = HomA(T pp
A , Z) ⊕ HomA(T rg

A , Z) = HomA(T pp
A , Z).

Thus the B-module HomA(TA, Z) lies in modC ↪→ mod B. This shows that
P(B) = HomA(T, T (T ) ∩ P(A)) lies entirely in modC ↪→ mod B.

Next, we show that the Auslander–Reiten quiver Γ(modC) of C admits
a family of postprojective components such that their union contains all
indecomposable projective C-modules. By (IX.5.1), it is sufficient to show
that there is a common bound of the length of the paths in modC (in the
sense of Section IX.1) ending at the indecomposable projective C-modules.

Let Pi = HomA(T, Ti) be an indecomposable projective C-module, with
i ∈ {1, . . . , q}, and let

(∗) U0
g1−−−−→ U1

g2−−−−→ U2 −−−−→ . . . −−−−→ Us−1
gs−−−−→ Us = Pi
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be a path of indecomposable modules in modC ↪→ mod B. The indecom-
posable C-modules U0, U1, U2, . . . , Us−1, Us, viewed as B-modules, are ob-
viously indecomposable. The path (∗) lies in the torsion-free part Y(T ) of
mod B, because the torsion pair (X (T ),Y(T )) is splitting, the module P
belongs to Y(T ), and Y(T ) is closed under predecessors in mod B. Because
the functor HomA(T, −) : T (T ) �−−−−→ Y(T ) is an equivalence of categories
then there exists a path

(∗∗) Z0
f1−−−−→ Z1

f2−−−−→ Z2 −−−−→ . . . −−−−→ Zs−1
fs−−−−→ Zs = Ti

of indecomposable A-modules in T (T ) such that the path (∗) is the image
of the path(∗∗) under the functor HomA(T, −).

In other words, Uj = HomA(T, Zj) and gj+1 = HomA(T, fj+1), for all j ∈
{0, 1, . . . , q−1}. Because the A-modules T1, . . . , Tq lie in P(A), the algebra
A is hereditary and Q is a Euclidean quiver then, according to (VIII.2.3),
there is a common bound of the length of the paths in modA (in the sense
of Section IX.1) ending at the postprojective modules T1, . . . , Tq. It follows
that there is a common bound of the length of the paths in modC ending
at the indecomposable projective C-modules P1, . . . , Pq. This finishes the
proof of our claim.

Because the algebra C is connected and, according to (VIII.2.5), different
postprojective components of Γ(modC) are orthogonal then any family of
postprojective components of Γ(modC) such that their union contains all
indecomposable projective C-modules has only one component. It then
follows that Γ(modC) admits a unique postprojective component P(C)
containing all the indecomposable projective C-modules.

Now we show that

P(C) = P(B) = HomA(T, T (T ) ∩ P(A)).

To prove the inclusion P(C) ⊇ P(B) = HomA(T, T (T ) ∩ P(A)), take
an indecomposable module N = HomA(T, M) in P(B), where M is an
indecomposable A-module in T (T ) ∩ P(A). Note that HomA(T rg, M) = 0
and, hence, N = HomA(T, M) = HomA(T pp

A , M), that is, the B-module N
lies in mod C ↪→ mod B.

To see that N belongs to P(C), we show first that there exists an inde-
composable projective C-module P such that HomC(P, N) �= 0.

By (VI.2.5), the torsion class T (T ) of modA coincides with the class
Gen TA of all A-modules generated by TA. Then there is an epimorphism
h : T t −→ Z in modA, for some t ≥ 1. Because TA = T pp

A ⊕ T rg
A ,

HomA(T rg
A ,P(A)) = 0, and Z lies in P(A) then h restricts to the epimor-

phism (T pp
A )t −→ M in T (T ) and, consequently, there are a j ∈ {1, . . . , q}
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and a non-zero homomorphism f : Tj −→ M in T (T ). We recall that the
modules T pp

A , T1, . . . , Tq, and M lie in T (T ) ∩ P(A). Because the functor

HomA(T, −) : T (T ) �−−−−→ Y(T )

is an equivalence of categories then the induced homomorphism

f ′ = HomA(T, f) : HomA(T, Tj) −−−−→ HomA(T, M) = N

of B-modules is non-zero. Because Pj = HomA(T, Tj) = HomA(T pp
A , Tj) is

an indecomposable projective C-module, our claim follows.
Assume, to the contrary, that the indecomposable C-module N does

not belong to the postprojective component P(C) of Γ(modC). Because
HomC(Pj , N) �= 0, for an indecomposable projective C-module

Pj = HomA(T, Tj),

and Pj belongs to P(C) then (IV.5.1) applies. It follows that there exist an
infinite sequence

Pj =N0
g1−−−−→ N1

g2−−−−→ N2 −−−−→ . . . −−−−→ Nt−1
gt−−−−→ Nt −−−−→ . . .

of irreducible morphisms between indecomposable C-modules, and an in-
finite sequence h1 : N1 −→ N, h2 : N2 −→ N, . . . , ht : Nt −→ N, . . . of
non-zero homomorphisms in modC such that htgt . . . g1 �= 0, for each t ≥ 1.
Note that each ht is not an isomorphism, because N does not belong to P(C)
and the projective C-module Pj belongs to P(C). Because the algebra A is
hereditary then torsion pair (X (T ),Y(T )) of modC is splitting and it fol-
lows from (VIII.3.2)(b) and its proof that the torsion part Y(T ) of modC is
closed under predecessors. Hence the infinite sequence lies in Y(T ), because
the module N belongs to Y(T ) and each ht : Nt −−−−→ N is a non-zero
non-isomorphism. Because the functor HomA(T, −) : T (T ) �−−−−→ Y(T ) is
an equivalence of categories then there exist an infinite sequence

Tj =M0
f1−−−−→ M1

f2−−−−→ M2 −−−−→ . . . −−−−→ Mt−1
ft−−−−→ Mt −−−−→ . . .

of irreducible morphisms between indecomposable A-modules in
T (A) ↪→ mod A, and a sequence

h′
1 : M1 −→ M, h′

2 : M2 −→ M, . . . , h′
t : Mt −→ M, . . .

of non-zero non-isomorphisms in T (A) ↪→ mod A such that

Nt = HomA(T, Mt), ft = HomA(T, gt), h′
t = HomA(T, ht), for all t ≥ 1,

and htgt . . . g1 �= 0, for each t ≥ 1.
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Because the module M belongs to P(A), the component P(A) is closed
under predecessors, and each h′

t : Mt −−−−→ M is a non-zero non-isomor-
phism then the modules M1, M2, . . . , Mt, . . . belong to P(A). Because the
homomorphisms f1, f2, . . . , ft, . . . are irreducible morphisms, they are non-
zero non-isomorphisms. It follows that the postprojective A-module M has
infinitely many predecessors, and we get a contradiction. This finishes the
proof of the inclusion P(C) ⊇ P(B) = HomA(T, T (T ) ∩ P(A)).

To prove the inverse inclusion P(C) ⊆ P(B) = HomA(T, T (T ) ∩ P(A)),
we take an indecomposable module N in P(C). Because the embedding
mod C ↪→ mod B is full and faithful and the torsion pair (X (T ),Y(T )) is
splitting then N is an indecomposable B-module and N belongs either to
X (T ) or to Y(T ).

Note also that
• P(C) is the postprojective component of Γ(modB),
• P(C) �= Q(B), because Q(B) does not contain any indecomposable

projective B-module,
• P(C) does not contain any indecomposable injective B-module, be-

cause Q(B) contains all indecomposable injective B-modules, and
• the number of pairwise non-isomorphic modules of X (T ) is finite.

It follows that the module N of P(C) is a predecessor of an indecomposable
module N ′ from Y(T ) and, hence, N belongs to Y(T ), because Y(T ) is
closed under predecessors in mod B, by (VIII.3.2).

Because the functor HomA(T, −) : T (T ) �−−−−→ Y(T ) is an equivalence
of categories then there exists an indecomposable A-module M in T (T )
such that N = HomA(T, M). It follows that the module M lies in P(A),
because we have proved in Step 1◦ that

TT B = HomA(T, TT A ∩ T (T ))

is a P1(K)-family of standard ray tubes, and in Step 4◦ that the image
HomA(T, Q(A)) of Q(A) under HomA(T, −) is contained in the preinjec-
tive component Q(B) of Γ(modB). This finishes the proof of the equality
P(C) = P(B) = HomA(T, T (T ) ∩ P(A)).

Step 6◦. The Auslander–Reiten translation quiver Γ(modB) of B has
the disjoint union decomposition

Γ(mod B) = P(B) ∪ TT B ∪ Q(B),

every indecomposable projective B-module P lies in P(B) ∪ TT B , and its
radical radP belongs to add (P(B) ∪ TT B).

First we note that the considerations in Steps 1◦–5◦ show that the three
parts P(B), TT B , and Q(B) are pairwise disjoint. To show that the quiver
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Γ(mod B) admits the decomposition Γ(modB) = P(B) ∪ TT B ∪ Q(B), we
take an indecomposable module N in modB. We recall from (VIII.3.2) that
the torsion pair (X (T ),Y(T )) is splitting. Moreover, the functors

HomA(T, −) : T (T ) �−−−−→ Y(T ) and Ext1A(T, −) : F(T ) �−−−−→ X (T )
are equivalences of categories. Then the indecomposable module N lies
either in X (T ) or in Y(T ) and therefore N is of one of the forms

• N = HomA(T, M), where M is an indecomposable A-module in
T (A), or

• N = Ext1A(T, M), where M is an indecomposable A-module in
F(A).

Because the Auslander–Reiten translation quiver Γ(modA) of A admits the
disjoint union decomposition Γ(modA) = P(A)∪TT A∪Q(A), then the mod-
ule M belongs to one of the parts P(A), TT A, Q(A) of Γ(modA). Hence,
the description of the parts P(B), TT B , and Q(B) of Γ(modB) presented
in Steps 1◦–5◦ implies that the indecomposable B-module N belongs to the
disjoint union P(B) ∪ TT B ∪ Q(B) and, consequently, we get the decompo-
sition Γ(modB) = P(B) ∪ TT B ∪ Q(B).

Finally, if P is an indecomposable projective B-module then P has the
form P ∼= HomA(T, Tj), for some j ∈ {1, . . . , n}, and it follows from the
construction of P(B) and TT B that the module P belongs to P(B) ∪ TT B ,
because Tj lies in P(A)∪TT A. Hence we conclude that the radical radP of an
indecomposable projective B-module belongs to add (P(B) ∪ TT B), because
the embedding radP ↪→ P is an irreducible morphism, any indecomposable
direct summand of radP is a predecessor of P , and P(B) ∪ TT B is closed
under predecessors.

Step 7◦. We complete the proof of the statement (d) of the theorem by
showing that

• the torsion part X (T ) of modB has only finitely many indecompos-
able modules, up to isomorphism, and they lie in Q(B), and

• the preinjective component Q(B) is a glueing along the section ΣB

of the translation subquiver HomA(T, Q(A)) of Q(B) and the full
translation subquiver Γ(indX (T )) of Γ(modB) whose vertices are
the indecomposable modules of

indX (T ) = Ext1A(T, indF(T )).

We recall from Step 4◦ that Q(B) is just the connecting component CT

of Γ(modB) determined by T , and the indecomposable B-modules of the
torsion part X (T ) of modB that lie in CT = Q(B) are just the proper
successors of the section ΣB of CT .
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Because the quiver Q is connected and A = KQ then, by (VI.3.5), the
tilted algebra B = EndTA is also connected. Hence, by applying (IV.5.4),
we infer that every component of Γ(modB) is infinite, because Q is a Eu-
clidean quiver and A = KQ is representation-infinite, by (VII.2.7). We re-
call from Step 3◦ that the torsion-free part F(T ) of modA has only finitely
many indecomposable modules, up to isomorphism. In view of the equiva-
lence of categories Ext1A(T, −) : F(T ) �−−−−→ X (T ), the torsion part X (T )
of modB has only finitely many indecomposable modules, up to isomor-
phism. It follows from the description of P(B) and TT B given in Steps 1◦

and 5◦ that P(B) ∪ TT B does not contain indecomposable module from the
torsion part X (T ) of modB. Then, by the disjoint union decomposition
Γ(mod B) = P(B) ∪ TT B ∪ Q(B), all indecomposable modules of X (T ) lie
in Q(B) = CT .

It is easy to see that the full translation subquiver Γ(ind (Q(B) ∩ Y(T )))
of Γ(modB), whose vertices are the indecomposable preinjective B-modules
that belong to Y(T ), is just the translation subquiver HomA(T, Q(A)) of
Q(B).

Then, by the construction of the section ΣB , the translation quiver Q(B)
is a glueing of the translation subquivers Γ(indX (T )) and HomA(T, Q(A))
of Q(B) along the section ΣB formed by the images HomA(T, I(a)) of in-
decomposable injective A-modules I(a), with a ∈ Q0.

Step 8◦. We prove that C = EndT pp
A is a concealed algebra of Eu-

clidean type, by showing that C is minimal representation-infinite, in the
sense of (XIV.2.1). We recall from the earlier steps that C is connected,
representation-infinite, and Γ(modC) admits a unique postprojective com-
ponent containing all the indecomposable projective C-modules. The direct
sum decomposition

T pp
A = T1 ⊕ . . . ⊕ Tq

of T pp
A into the direct sum of pairwise non-isomorphic indecomposable A-

modules T1, . . . , Tq yields the right ideal decomposition

C = EndT pp
A

∼= HomA(T pp
A , T1) ⊕ . . . ⊕ HomA(T pp

A , Tq)

of the algebra C into a direct sum of pairwise non-isomorphic indecompos-
able projective right C-modules. Let e1, . . . , eq be the pairwise orthogonal
primitive idempotents of C defined by the decomposition T pp

A = T1⊕. . .⊕Tq,
see (VI.3.10). Then 1C = e1 + . . . + eq and

ejC = HomA(T pp
A , Tj) = HomA(TA, Tj),

for any j ∈ {1, . . . , q}. We recall that there is a full and faithful embedding
mod C ↪→ mod B induced by the canonical epimorphism B

�−→ C of alge-
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bras. The tilting A-module TA determines the torsion pair (X (T ),Y(T )) in
mod B such that

• (X (T ),Y(T )) is a splitting torsion pair,
• the number of indecomposable modules in X (T ) is finite, up to iso-

morphism,
• all but finitely many indecomposable B-modules belong to Y(T ),
• every indecomposable B-module N in Y(T ) is of the form N =

HomA(T, M), where M is an indecomposable A-module in T (T ),
and

• for each j ∈ {1, . . . , q}, there are isomorphisms

Nej
∼= HomC(ejC, M)
∼= HomB(HomA(T, Tj), HomA(T, M))
∼= HomA(Tj , M).

To prove that C is a minimal representation-infinite algebra, it is suffi-
cient to show that each of the quotient algebras C/Ce1C, . . . , C/CeqC is
representation-finite, because we have shown in Step 1◦ that C is representa-
tion-infinite.

Fix j ∈ {1, . . . , q}. Note that indecomposable C/CejC-modules are
just the indecomposable C-modules N such that Nej = 0. In view of the
isomorphism Nej

∼= HomA(Tj , M), for a C-module N = HomA(T, M) with
M an indecomposable A-module in T (T ), the C-module N is a C/CejC-
module if and only if HomA(Tj , M) = 0.

It follows from the preceding observations that the algebra C/CejC is
representation-finite, if HomA(Tj , M) �= 0, for all but a finite number of
indecomposable A-modules M , up to isomorphism.

It is already shown in Steps 1◦ and 5◦ that HomA(Tj , M) �= 0, for all but
a finite number of indecomposable A-modules M in P(A) ∪ TT A. Then, it
remains to show this for indecomposable A-modules in Q(A).

We recall that each of the indecomposable A-modules T1, . . . , Tq lies in
the postprojective component P(A) and, for any j ∈ {1, . . . , q}, there is an
isomorphism Tj

∼= τ
−mj

A P (aj), for some vertex aj ∈ Q0 and some integer
mj ≥ 0.

Let M be an indecomposable A-module in Q(A). Then, in view of
(IV.2.15), there is an isomorphism

HomA(Tj , M) ∼= HomA(P (aj), τ
mj

A M),

the module τ
mj

A M is indecomposable, and lies in Q(A). On the other hand,
it follows from (IX.5.6) that all but a finite number of indecomposable A-
modules in Q(A) are sincere. This means that HomA(P (aj), Y ) �= 0, for
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all but a finite number of indecomposable A-modules Y in Q(A). Hence,
we easily conclude that HomA(Tj , M) �= 0, for all but a finite number of
indecomposable A-modules M in Q(A). Consequently, the algebra C is
minimal representation-infinite.

Because the algebra C has a postprojective component, it follows from
the criterion (XIV.2.4) that C is either a concealed algebra of Euclidean
type, or else C is the path algebra of the enlarged Kronecker quiver

with m ≥ 3 arrows α1, . . . , αm.
To exclude the later case, we recall from (VI.4.7) that K0(B) ∼= K0(A) ∼=

Zn, where n = |Q0|, and the Euler quadratic forms qB , qA : Zn −−−−→ Z of
the algebras B and A are Z-congruent, because B = EndTA is a tilted alge-
bra of the Euclidean type Q. By (VII.4.2), the quadratic form qA is positive
semidefinite and, hence, the quadratic form qB is also positive semidefinite.

On the other hand, because B has the lower triangular matrix form

B ∼=
[

C 0
DMC D

]
then the Cartan matrix CB ∈ Mn(Z) of B has the upper triangular form

CB =
[
CC ∗
0 CD

]
,

where CC ∈ Mq(Z) is the Cartan matrix of C, q = rkK0(C), and CD ∈
Mn−q(Z) is the Cartan matrix of D. It follows from the definition of
the Euler quadratic form (III.3.11) that qB(x) = xt(C−1

B )tx and qC(x) =
xt(C−1

C )tx, where
xt = [x1 . . . xq . . . xn] ∈ Zn = K0(B),
xt = [x1 . . . xq] ∈ Zq = K0(C) ↪→ Zn = K0(B), and
Zq ↪→ Zn is the embedding of abelian groups defined by the for-
mula [x1 . . . xq] 
→ [x1 . . . xq 0 . . . 0].

Hence easily follows that qC : Zq −→ Z is the restriction of qB : Zn −→ Z

to Zq ↪→ Zn. Because qB is positive semidefinite then qC is also positive
semidefinite.

It follows that C is not isomorphic to the path algebra H = KKm of the
enlarged Kronecker quiver Km, with m ≥ 3, because the Euler quadratic
form qH : Z2 −−−−→ Z of H is given by the formula

qH([x1 x2]t) = x2
1 + x2

2 − mx1x2

and we have qH([1 1]) = 1 + 1 − m = −m + 2 < 0, when m ≥ 3.
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Consequently, the minimal representation-infinite algebra C is a con-
cealed algebra of Euclidean type. This finishes the proof of the statement
(a) of the theorem.

It remains to prove the statement (b), (e), and (f), because B is a tilted
algebra and, according to (VI.4.2), we get

gl.dimB − gl.dimA = gl.dimB − 1 ≤ 1.

Hence, gl.dim B ≤ 2 and (c) follows. Moreover, it follows from (XV.4.3)
that TT B separates P(B) from Q(B), because we prove in the following step
that B is a tubular extension of C.

Step 9◦. We prove (b) by showing that the tilted algebra B is a domestic
tubular extension of C of tubular type mQ.

We recall that TA has the decomposition TA = T pp
A ⊕T rg

A (3.2), and Λ(T )
is the subset of P1(K) consisting of all λ ∈ P1(K) such that the tube T A

λ

contains an indecomposable direct summand of the regular A-module T rg
A .

Fix λ ∈ Λ(T ) and consider the decomposition

T rg
A = Tλ

A ⊕ T̂λ
A

of the regular A-module T rg
A , where Tλ

A is the direct sum of all indecompos-
able direct summands of T rg

A lying in the stable tube T A
λ of the P1(K)-family

TT A. Denote by sλ the number of pairwise non-isomorphic indecomposable
direct summands of Tλ

A. Further, we set

Uλ
A = T pp

A ⊕ T̂λ
A and Bλ = EndUλ

A.

It is clear that TA = Uλ
A ⊕ Tλ

A and HomA(Tλ
A, Uλ

A) = 0, because different
tubes of the family TT A are orthogonal and HomA(TT A,P(A)) = 0. By
applying (2.3), we infer that

• the translation subquiver T •
λ = HomA(T, T A

λ ∩ T (T ) ∩ F(Tλ
A)) is a

standard stable tube in Γ(modBλ) of rank s•
λ = rA

λ − sλ,
• the standard ray tube T B

λ = HomA(T, T A
λ ∩ T (T )) in Γ(modB) of

rank sB
λ = rA

λ is obtained from the stable tube T •
λ by an iterated

rectangle insertion, and
• the tilted algebra B is a T •

λ -tubular extension of the algebra Bλ.

Because HomA(T̂λ
A, T pp

A ) = 0 then, in view of the decomposition
Uλ

A = T pp
A ⊕ T̂λ

A of the A-module Uλ
A, the algebra Bλ = EndUλ

A is of the
lower triangular matrix form

Bλ ∼=

⎡⎣ C 0

D̂λM̂C D̂λ

⎤⎦ ,
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where C = EndT pp
A , D̂λ = End T̂λ

A, and D̂λM̂C = HomA(T pp
A , T̂λ

A) is viewed
as a D̂λ-C-bimodule in an obvious way. The canonical surjection of algebras
Bλ → C induces a full and faithful embedding modC ↪→ mod Bλ.

Analogously, in view of the decomposition TA = Uλ
A⊕Tλ

A of the A-module
TA, the algebra B = EndTA = End (Uλ

A ⊕ Tλ
A) is of the lower triangular

matrix form

B ∼=

⎡⎣ Bλ 0

DλMBλ Dλ

⎤⎦ ,

where Bλ = EndUλ
A, Dλ = EndTλ

A, and DλMBλ = HomA(Uλ
A, Tλ

A) is
viewed as a Dλ-Bλ-bimodule in an obvious way. The canonical surjection of
algebras B → Bλ induces a full and faithful embedding modBλ ↪→ mod B.

Now we show that the stable tube T •
λ consists entirely of C-modules

in the subcategory modC ↪→ mod Bλ ↪→ mod B of modB, that is, T •
λ

coincides with the stable standard tube T C
λ of Γ(modC).

Let L be an indecomposable Bλ-module lying in the tube T •
λ . Then

L is of the form L = HomA(TA, Z), where Z is an indecomposable A-
module from T A

λ ∩ T (T ) ∩ F(Tλ
A). Then HomA(Tλ

A, Z) = 0, because Z

lies in F(Tλ
A), and HomA(T̂λ

A, Z) = 0, because Z lies in the tube T A
λ and

T̂λ
A belongs to add (T A \ T A

λ ), and different tubes are orthogonal. The
decomposition TA = T pp

A ⊕ Tλ
A ⊕ T̂λ

A yields

L = HomA(TA, Z)
∼= HomA(T pp

A , Z) ⊕ HomA(Tλ
A, Z) ⊕ HomA(T̂λ

A, Z)

= HomA(T pp
A , Z).

It follows that the B-module L ∼= HomA(T pp
A , Z) has a natural structure of

C-module, that is, L belongs to mod C ↪→ mod Bλ ↪→ mod B. Hence, T •
λ

coincides with the standard stable tube T C
λ of Γ(modC).

It follows that the Auslander–Reiten quiver Γ(modC) of C admits a
unique P1(K)-family TT C = {T C

λ }λ∈P1(K) of pairwise orthogonal standard
stable tubes of the form

T C
λ =

{
HomA(T, T A

λ ), for λ ∈ P1(K) \ Λ(T ),

HomA(T, T A
λ ∩ T (T ) ∩ F(Tλ

A)), for λ ∈ Λ(T ),

the algebra B is a TT C-tubular extension of the algebra C, and the P1(K)-
family TT B = {T B

λ }λ∈P1(K) of pairwise orthogonal ray tubes is obtained from
the family TT C by rectangle insertions. The tubular type rC = (rC

λ )λ∈P1(K)

of the P1(K)-family TT C = {T C
λ }λ∈P1(K) is given by the formula
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rC
λ =

{
rB
λ = rA

λ , for λ ∈ P1(K) \ Λ(T ),

r•
λ = rA

λ − sλ, for λ ∈ Λ(T ),
where sλ is the number of pairwise non-isomorphic indecomposable direct
summands of Tλ

A. Because it is shown in Steps 1◦ and 2◦ that the tubu-
lar type rB = (rB

λ )λ∈P1(K) of B coincides with the tubular type rA = mQ

(XV.4.7) of the family TT A then the algebra B is a domestic tubular exten-
sion of the algebra C.

Step 10◦. We complete the proof of the theorem by proving the state-
ments (e) and (f). We recall from Step 8◦ that gl.dimB ≤ 2, that is,
pdX ≤ 2 and idX ≤ 2, for any indecomposable B-module X.

Now we show that the indecomposable B-modules X such that pdX = 2
are contained in Q(B) ∩ X (T ) and the number of pairwise non-isomorphic
such modules X is finite. To prove the claim, assume that X is an inde-
composable B-module such that pdX = 2. It follows from (IV.2.7) that
then HomB(D(B), τBX) �= 0. This implies that X is a proper successor
of ΣB , because ΣB is the section of Q(B) = CT , and Q(B) contains all
the indecomposable injective B-modules, that is, the indecomposable direct
summands of D(B), which are then successors of ΣB . By Step 4◦, the set
Q(B)∩X (T ) consisting of all proper successors of ΣB is finite, and our claim
follows. Hence we derive the statement (e) asserting that pd X ≤ 1, for all
indecomposable modules in modB, except finitely many indecomposable
modules lying in Q(B) ∩ X (T ).

To prove the statement (f), assume that Y is an indecomposable B-
module in Q(B). It follows that HomB(τ−1

B Y, B) = 0, because τ−1
B Y is

zero or is an indecomposable B-module from Q(B), the indecomposable
direct summands of the projective B-module B lie in P(B) ∪ TT B (see Step
6◦) and the separation property established in Step 8◦ yields the equality
HomB(Q(B),P(B)∪TT B) = 0. Then (IV.2.7) applies, and we get idY ≤ 1.
This completes the proof of the theorem. �

We may visualise the structure of the Auslander–Reiten quiver Γ(modB)
of the tilted algebra B = EndTA of Euclidean type Q studied in Theorem
(3.5) in the following picture
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The following tubular coextension analogue of Theorem (3.5) is of im-
portance.

3.6. Theorem. Let Q be an acyclic quiver whose underlying graph Q
is Euclidean, A = KQ the path algebra of Q, n = rkK0(A), and TA a
multiplicity-free tilting A-module with a decomposition (3.2)

TA = T pp
A ⊕ T rg

A ⊕ T pi
A

such that T pp
A = 0. Let B = EndTA, C = EndT pi

A , and let (T (T ),F(T )) be
the torsion pair in mod A induced by the tilting module T .

(a) C is a concealed algebra of Euclidean type, T pi �= 0, and 2 ≤
rkK0(C) ≤ n.

(b) The tilted algebra B is a domestic tubular coextension of C.
(c) gl.dimB ≤ 2.
(d) The Auslander–Reiten quiver Γ(mod B) of B has a disjoint union

decomposition
Γ(mod B) = P(B) ∪ TT B ∪ Q(B),

with the following properties.
• Q(B) is a unique preinjective component of Γ(mod B) and has

the form
Q(B) = Ext1A(T, F(T ) ∩ Q(A)) = Q(C).

Every indecomposable injective C-module lies in Q(B), every inde-
composable injective B-module I lies in TT B ∪ Q(B), and the top
top I = I/rad I of I lies in add (TT B ∪ Q(B)).

• P(B) is a unique postprojective component of Γ(mod B). P(B)
admits a section ΣB

∼= Qop of the Euclidean type, contains all the
indecomposable projective B-modules, and contains the translation
quiver Ext1A(T, P(A)). The section ΣB is formed by the images
Ext1A(T, P (a)) of the indecomposable projective A-modules P (a),
with a ∈ Q0. The set of all predeccessors of the section ΣB is finite.

• The postprojective component P(B) is a glueing along the sec-
tion ΣB of the translation quiver Ext1A(T, P(A)) and the full trans-
lation subquiver Γ(indY(T )) of Γ(mod B) whose vertices are the in-
decomposable modules of indY(T ) = HomA(T, ind T (T )).

• The regular part TT B of Γ(mod B) has the form
TT B = Ext1A(T, F(T ) ∩ TT A)

and is a P1(K)-family TT B = {T B
λ }λ∈P1(K) of pairwise orthogonal

standard coray tubes T B
λ = HomA(T, T A

λ ), with rB
λ = rA

λ . The coray
tube T B

λ is stable if the tube T A
λ contains no indecomposable direct
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summand of T . In this case T B
λ = T C

λ is a standard stable tube of
the P1(K)-family TT C = {T C

λ }λ∈P1(K) in Γ(mod C).

• The family TT B is of the tubular type mQ (XV.4.7), and sepa-
rates P(B) from Q(B) in the sense of (XII.3.3).

(e) idX ≤ 1, for all indecomposable B-modules X, except a finite num-
ber of modules lying in P(B) ∩ Y(T ).

(f) pdY ≤ 1, for each indecomposable module Y in P(B).

Proof. The arguments applied in the proof of Theorem (3.5) modify
almost verbatim. The details of the proof are left to the reader. �

We may visualise the structure of the Auslander–Reiten quiver Γ(modB)
of the tilted algebra B = EndTA of Euclidean type Q studied in Theorem
(3.6) in the following picture

We illustrate the main idea of Theorem (3.5) with an example.

3.7. Example. Let A = KQ be the path algebra of the four subspace
quiver

The indecomposable A-modules and the Auslander–Reiten quiver Γ(modA)
are completely described in Section XIII.3. We recall that the unique post-
projective component P(A) of Γ(modA) is of the form
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and the unique preinjective component Q(A) of Γ(modA) is of the form

The regular part R(A) of Γ(modA) is a P1(K)-family

TT A = {T A
λ }λ∈P1(K)

of standard stable tubes T A
λ of tubular type rA = r̂A = (2, 2, 2), that is, TT A

has three rank two tubes T A
∞ = T Q

∞ , T A
0 = T Q

0 , and T A
1 = T Q

1 presented in
(XIII.3.17), and the remaining tubes of TT A are of rank one. We recall from
(XIII.3.11) that

• the mouth of the tube T A
∞ is formed by the A-modules

• the mouth of the tube T A
0 is formed by the A-modules
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• the mouth of the tube T A
1 is formed by the A-modules

Consider the following indecomposable postprojective A-modules

see (XIII.3.6)(c), and the three indecomposable regular A-modules

T3 = R
(∞)
2 , T4 = R

(0)
1 , and T5 = R

(1)
1

presented above. Now we show that the A-module

TA = T1 ⊕ T2 ⊕ T3 ⊕ T4 ⊕ T5

is a (multiplicity-free) tilting module. To prove it, we observe that

• Ext1A(T2, T1) ∼= DHomA(T1, τAT2) ∼= DHomA(P (1), P (1, 1)) = 0,
because the module τAT2 = τ−1

A P (1) = P (1, 1) has the form

• Ext1A(T1, T ) = 0, because the module T1 is projective,
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• Ext1A(T2, T2) ∼= DHomA(T2, τAT2) = 0, because T2 and τAT2 belong
to the acyclic component P(A).

• Ext1A(Ti, Tj) ∼= DHomA(Tj , τATi) = 0, for all i, j ∈ {3, 4, 5}, because
T3, T4, and T5 lie on the mouth of pairwise orthogonal standard
stable tubes T A

∞ , T A
0 , and T A

1 , respectively,
• Ext1A(T2, T3 ⊕ T4 ⊕ T5) ∼= DHomA(T3 ⊕ T4 ⊕ T5, τAT2) = 0, because

T3, T4, T5 belong to TT A, τAT2 lies on P(A), and HomA(TT A,P(A)) =
0; and hence

• Ext1A(T2, T ) = 0.

Further, there are isomorphisms

Ext1A(T3 ⊕ T4 ⊕ T5, T ) ∼= Ext1A(T3 ⊕ T4 ⊕ T5, T1 ⊕ T2)
∼= DHomA(T1 ⊕ T2, τAT3 ⊕ τAT4 ⊕ τAT5)

∼= DHomA(T1 ⊕ T2, R
(∞)
1 ⊕ R

(0)
2 ⊕ R

(1)
2 )

∼= DHomA(T2, R
(∞)
1 ⊕ R

(0)
2 ⊕ R

(1)
2 )

∼= DHomA(τ−2
A P (1), R(∞)

1 ⊕ R
(0)
2 ⊕ R

(1)
2 )

∼= DHomA(P (1), τ2
AR

(∞)
1 ⊕ τ2

AR
(0)
2 ⊕ τ2

AR
(1)
2 )

∼= DHomA(P (1), R(∞)
1 ⊕ R

(0)
2 ⊕ R

(1)
2 ) = 0,

by the shape of the modules R
(∞)
1 , R

(0)
2 , and R

(1)
2 . Hence Ext1A(T, T ) = 0

and, according to (VI.4.4), TA is a tilting A-module, because the algebra A
is hereditary and the number 5 of pairwise non-isomorphic direct summands
of T equals the rank of the Grothendieck group K0(A) of A.

In the notation of (3.2), we have T pi
A = 0 and

TA = T pp
A ⊕ T rg

A , where T pp
A = T1 ⊕ T2 and T rg

A = T3 ⊕ T4 ⊕ T5.

Let B = EndTA be the associated tilted algebra of the Euclidean type D̃4,
and we set C = EndT pp

A . We show that C is isomorphic to the Kronecker
algebra, and we describe B by means of a bound quiver.

First we recall from (VI.3.10) that the following B-modules

P1 = HomA(T, T1), P2 = HomA(T, T2), P3 = HomA(T, T3),
P4 = HomA(T, T4), and P5 = HomA(T, T5),

form a complete set of pairwise non-isomorphic indecomposable projective
B-modules, the following two C-modules

P1 = HomA(T, T1) = HomA(T pp, T1),
P2 = HomA(T, T2) = HomA(T pp, T2),
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form a complete set of pairwise non-isomorphic indecomposable projective
C-modules, and there are isomorphisms of K-vector spaces

HomB(Pi, Pj) ∼= HomA(Ti, Tj) and HomC(Pa, Pb) ∼= HomA(Ta, Tb)

for all i, j ∈ {1, 2, 3, 4, 5} and a, b ∈ {1, 2}. Moreover, it is easy to see that
there exist isomorphisms of K-vector spaces

• EndA(Tj) ∼= K, for any j ∈ {1, 2, 3, 4, 5},
• HomA(Ti, Tj) = 0, for any i ∈ {3, 4, 5} and j ∈ {1, 2, 3, 4, 5} \ {i},
• HomA(T2, T1) = 0,
• HomA(T1, T2) ∼= HomA(P (1), P (2, 1)) ∼= K,
• HomA(T2, T3) ∼= HomA(T1, T3) ∼= HomA(P (1), R(∞)

2 ) ∼= K,
• HomA(T2, T4) ∼= HomA(T1, T4) ∼= HomA(P (1), R(0)

1 ) ∼= K, and
• HomA(T2, T5) ∼= HomA(T1, T5) ∼= HomA(P (1), R(1)

1 ) ∼= K, because
T3 ∼= τ2T3, T4 ∼= τ2T4, and T5 ∼= τ2T5.

It follows that the algebra C = EndT pp
A = EndA(T1 ⊕ T2) is isomor-

phic to the path algebra of the Kronecker quiver 1 ◦ α←−−−−−−−−−−−−←−−−−−−−−−−−−
β

◦ 2,

where the vertex 1 corresponds to the module T1 and the vertex 2 corre-
sponds to the module T2. Take for the basis {α, β} of the K-vector space
HomC(P1, P2) ∼= HomA(T1, T2) the following two linearly independent com-
positions of irreducible morphisms

fα = (T1 =P (1) u−→ τ−1
A P (0)

g−→ τ−1
A P (3) h−→ τ−2

A P (0) v−→ τ−2
A P (1)=T2),

fβ = (T1 =P (1) u−→ τ−1
A P (0) e−→ τ−1

A P (4) w−→ τ−2
A P (0) v−→ τ−2

A P (1)=T2).

Because HomA(R(A),P(A)) = 0 then HomA(T rg
A , T pp

A ) = 0 and, in view of
the decomposition TA = T pp

A ⊕ T rg
A of TA, the tilted algebra B = EndTA is

of the lower triangular matrix form

B ∼=

⎡⎢⎢⎣
EndT pp

A HomA(T rg
A , T pp

A )

HomA(T pp
A , T rg

A ) EndT rg
A

⎤⎥⎥⎦ =

⎡⎣ C 0

DMC D

⎤⎦ ,

where C = EndT pp
A , D = EndT rg

A , and DMC = HomA(T pp
A , T rg

A ) is viewed
as a D-C-bimodule in an obvious way. It follows from (3.5) that the algebra
B is a domestic tubular extension of the Kronecker algebra

C ∼=
[

K 0
K2 K

]
of tubular type rB = r̂B = (2, 2, 2). It is clear that there are isomorphisms
of algebras

D ∼= EndA(T3) × EndA(T4) × EndA(T5) ∼= K × K × K.
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Hence, we easily conclude that the tilted algebra B is a tubular extension

B ∼= C[E3,L(3), E4,L(4), E5,L(5)],

where E3, E4, E5 are the mouth C-modules of three rank one different tubes
T A

λ3
, T A

λ4
, T C

λ5
of the P1(K)-family TT C = {T C

λ }λ∈P1(K) of standard stable
tubes in Γ(modC), and each of the three branches L(3),L(4),L(5) consists of
one vertex. Then, in the notation of (XI.4.3), we have E3 = T A

λ3
, E4 = T A

λ4
,

and E5 = T A
λ5

. Hence, we conclude that the ordinary quiver QB of B is of
the form ◦ 3

↙γ

1 ◦
α←−−−−−−−−−−−−←−−−−−−−−−−−−
β

◦ σ←−−−−−− ◦ 4.
2 ↖δ

◦ 5

If the points λ3, λ4, and λ5 of the projective space P1(K) are of the form
λ3 = (a3 : b3), λ4 = (a4 : b4), and λ5 = (a5 : b5) then we have the
following relations: b3γα = a3γβ, b4γα = a4γβ, and b5γα = a5γβ. Because
HomA(T2, T3), HomA(T2, T4), and HomA(T2, T5) are one-dimensional vector
spaces then

HomA(T2, T3) = Kfγ , HomA(T2, T4) = Kfσ, and HomA(T2, T5) = Kfδ,

for some non-zero homomorphisms fγ : T2 −→ T3, fσ : T2 −→T4, and
fδ : T2 −→T5. Because

HomA(τ−1
A P (3), T3) ∼= HomA(P (3), τAT3) ∼= HomA(P (3), R(∞)

1 ) = 0,
HomA(τ−1

A P (4), T4) ∼= HomA(P (4), τAT4) ∼= HomA(P (4), R(0)
2 ) = 0

then fγfα = 0 and fσfβ = 0, and the relations γα = 0 and σβ = 0 hold in
the algebra B. It follows that λ3 = (0 : 1) = ∞, λ4 = (1 : 0) = 1, under the
identification P1(K) = K ∪ {∞}, and we get

E3 ∼= E∞ : K
0←−−−−−←−−−−−
1

K , and E4 ∼= E0 : K
1←−−−−−←−−−−−
0

K .

Then the module E5 lies in the tube T C
λ5

, where λ5 ∈ P1(K) \ {0,∞} is of
the form λ5 = (1 : λ), for some λ ∈ K \ {0}. Hence, the module E5 has the
form

E5 ∼= Eλ : K
1←−−−−−←−−−−−
λ

K .

It follows that the relation λfδfα = fδfβ holds in HomA(T1, T5) and, con-
sequently, the relation λδα = δβ holds in the algebra B. This shows that
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the algebra B is isomorphic to an algebra B(λ) given by the quiver

◦ 3

↙γ

1 ◦
α←−−−−−−−−−−−−←−−−−−−−−−−−−
β

◦ σ←−−−−−− ◦ 4
2 ↖δ

◦ 5

and bound by the relations γα = 0, σβ = 0, and λδα = δβ, for some
λ ∈ K \ {0}. It is easy to see that, for any λ ∈ K \ {0}, there is an
isomorphism of algebras ϕ : B(1) �−−−−→ B(λ) given on the basis vectors
of B(1) by ϕ(α) = α, ϕ(β) = λ−1β, ϕ(γ) = γ, ϕ(σ) = σ, ϕ(δ) = δ,
ϕ(γβ) = λ−1γβ, ϕ(σα) = σα, and ϕ(δβ) = λ−1δβ.

It follows that the algebras B and B(1) are isomorphic and, hence, B is
isomorphic to the tubular extension

C[E∞, E0, E1] = C[E∞,L(∞), E0,L(0), E1,L(1)],

where L(∞), L(0), and L(1) are branches of capacity one. Throughout, we
make the identification B = B(1). The remaining part of the example is
split into four steps.

Step 1◦. We determine the torsion-free part F(T ) of modA. It follows
from the description of the postprojective component P(A) of Γ(modA)
given in (XIII.3.7) that HomA(T1, X) = HomA(P (1), X) �= 0, for each in-
decomposable module X that is not isomorphic to one of the five modules

P (0), P (2), P (3), P (4), and τ−1
A P (1) = P (1, 1).

In fact, these are just all indecomposable modules lying in P(A) ∩ F(T ),
because the modules T2 = τ−2

A P (1), T3, T4, and T5 lie in TT A,

HomA(TT A,P(A)) = 0,

and the quiver P(A) is acyclic. Further, it follows from (XII.3.6) that
HomA(T1, X) = HomA(P (1), X) �= 0, for each indecomposable module X
lying in a tube T A

λ of regular length r�(X) ≥ rλ, where rλ is the rank of T A
λ .

Because T A
∞ , T A

0 , and T A
1 are the only tubes of Γ(modA) of rank greater

than one, then TT A ∩ F(T ) consists of the indecomposable modules

R
(∞)
1 = τAT3, R

(0)
2 = τAT4, and R

(1)
2 = τAT5.

Moreover, because T pp = 0 then the preinjective component Q(A) is entirely
contained in the torsion class T (T ). Therefore the modules

P (0), P (2), P (3), P (4), P (1, 1), R
(∞)
1 , R

(0)
2 and R

(1)
2
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form a complete list of pairwise non-isomorphic indecomposable A-modules
lying in F(T ).

Step 2◦. We determine the torsion part P(A) ∩ T (T ) of P(A). First
we note that P(A) ∩ T (T ) consists of all indecomposable A-modules X
satisfying the condition

HomA(X, P (1, 1) ⊕ R
(∞)
1 ⊕ R

(0)
2 ⊕ R

(1)
2 ) = 0,

because Ext1A(T, X) ∼= DHomA(X, τAT ) and τAT ∼= P (1, 1)⊕R
(∞)
1 ⊕R

(0)
2 ⊕

R
(1)
2 .
Next, we recall that any indecomposable A-module in P(A) is of the form

τ−j
A P (i), for some i ∈ {0, 1, 2, 3, 4} and j ≥ 0, and there is an isomorphism

HomA(τ−j
A P (i), R(∞)

1 ⊕R
(0)
2 ⊕R

(1)
2 ) ∼= HomA(τ−j−2

A P (i), R(∞)
1 ⊕R

(0)
2 ⊕R

(1)
2 ),

because R
(∞)
1

∼= τ2
AR

(∞)
1 , R

(0)
2

∼= τ2
AR

(0)
2 , and R

(1)
2

∼= τ2
AR

(1)
2 .

Finally, it is easy to see that:

• HomA(P (0), R(∞)
1 ) �= 0, HomA(P (2), R(∞)

1 ) �= 0, HomA(P (3), R(0)
2 ) �= 0,

and HomA(P (4), R(∞)
1 ) �= 0,

• HomA(τ−1
A P (0), R(∞)

1 )∼=HomA(P (0), τAR
(∞)
1 )∼=HomA(P (0), R(∞)

2 ) �= 0,
• HomA(τ−1

A P (1), R(∞)
1 )∼=HomA(P (1), τAR

(∞)
1 )∼=HomA(P (1), R(∞)

2 ) �= 0,
• HomA(τ−1

A P (3), R(∞)
1 )∼=HomA(P (3), τAR

(∞)
1 )∼=HomA(P (3), R(∞)

2 ) �= 0,
• HomA(τ−1

A P (2), R(1)
2 ) ∼= HomA(P (2), τAR

(1)
2 ) ∼= HomA(P (2), R(1)

1 ) �= 0,
• HomA(τ−1

A P (4), R(0)
2 ) ∼= HomA(P (4), τAR

(0)
2 ) ∼= HomA(P (4), R(0)

1 ) �= 0,
• HomA(P (1), R(∞)

1 ⊕ R
(0)
2 ⊕ R

(1)
2 ) ∼= HomA(T1, τAT3 ⊕ τAT4 ⊕ τAT5) = 0.

It follows that the torsion part P(A) ∩ T (T ) of P(A) consists of the
modules P (2m, 1) ∼= τ−2m

A P (1), with m ≥ 0, constructed in (XIII.3.6)(c).
Moreover, for each m ≥ 0, there are isomorphisms

HomA(P (2m, 1), P (2m + 2, 1))∼=HomA(P (1), τ−2
A P (1))

∼=HomA(T1, T2)∼=K2.

It follows that the image P(B) = HomA(T, P(A)∩T (T )) of the torsion part
P(A)∩T (T ) of P(A) under the functor HomA(T, −) : modA −−−−→ mod B
is indeed the postprojective component

P (2) −−−−− τ−1
C P (2) −−−−− τ−2

C P (2) −−−. . .

↗↗ ↘↘ ↗↗ ↘↘ ↗↗ ↘↘
P (1) −−−−− τ−1

C P (1) −−−−− τ−2
C P (1) −−−−− . . .

of the Auslander–Reiten quiver Γ(modC) of the Kronecker algebra C =
EndT pp

A .
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Step 3◦. We determine the torsion part

TT A ∩ T (T ) =
{
T A

λ ∩ T (T )
}

λ∈P1(K)

of the P1(K)-family TT A =
{
T A

λ

}
λ∈P1(K). In the notation of the proof of

(3.5), the subset Λ(T ) = {0, 1,∞} of the projective line P1(K) consists
of all λ ∈ P1(K) such that the tube T A

λ contains an indecomposable direct
summand of T . It follows that the set P1(K)\Λ(T ) consists of all λ ∈ P1(K)
such that rA

λ = 1. Hence, each stable tube T A
λ , with λ ∈ P1(K) \ Λ(T ), is

of rank one, is contained entirely in T (T ), and its image

T B
λ = HomA(T, T A

λ )

under the functor HomA(T, −) : modA −−−−→ mod B is a standard stable
tube in Γ(modB) of rank rB

λ = rA
λ = 1. Moreover, it follows from the

proof of (3.5) that the tubes T B
λ , with λ ∈ P1(K) \Λ(T ), consist entirely of

C-modules, that is, they form the family{
T C

λ

}
λ∈P1(K)\Λ(T ) =

{
T B

λ

}
λ∈P1(K)\Λ(T )

of standard stable tubes in Γ(modC). On the other hand, it follows from
the proof of (2.3) that

• T A
∞ ∩ T (T ) is formed by all modules of the coray

. . .−→ [j+1]E(∞)
2 −→ [j]E(∞)

2 −→ . . . −→ [2]E(∞)
2 −→ [1]E(∞)

2 = E
(∞)
2

of the tube T A
∞ ending at the coray module E

(∞)
2 = T3,

• T A
0 ∩ T (T ) is formed by all modules of the coray

. . .−→ [j+1]E(0)
2 −→ [j]E(0)

2 −→ . . . −→ [2]E(0)
2 −→ [1]E(0)

2 = E
(0)
2

of the tube T A
0 ending at the coray module E

(0)
2 = T4, and

• T A
1 ∩ T (T ) is formed by all modules of the coray

. . .−→ [j+1]E(1)
2 −→ [j]E(1)

2 −→ . . . −→ [2]E(1)
2 −→ [1]E(1)

2 = E
(1)
2

of the tube T A
1 ending at the coray module E

(1)
2 = T5.
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Therefore

T B
∞ = HomA(T, T A

∞), T B
0 = HomA(T, T A

0 ), and T B
1 = HomA(T, T A

1 )

are the ray tubes in Γ(modB) of rank 2, and they look as follows

P3[1]−−−E∞[1]

↗ ↘ ↗ |
E∞[1]−−P3[2]−− |

|↘ ↗ ↘ |
|−E∞[2]−− P3[3]

|↗ ↘ ↗ |
P3[3] −−E∞[3]−−|

|↘ ↗ ↘ |
|− P3[4] −− E∞[4]

|↗ ↘ ↗ |
E∞[4]−− P3[5]−−|

| ... |

T B
∞

P4[1]−−−E0[1]

↗ ↘ ↗ |
E0[1] −−P4[2]−− |

|↘ ↗ ↘ |
|− E0[2] −− P4[3]

|↗ ↘ ↗ |
P4[3] −− E0[3]−−|

|↘ ↗ ↘ |
|− P4[4] −− E0[4]

|↗ ↘ ↗ |
E0[4] −− P4[5]−−|

| ... |

T B
0

P5[1]−−−E1[1]

↗ ↘ ↗ |
E1[1] −−P5[2]−− |

|↘ ↗ ↘ |
|− E1[2] −− P5[3]

|↗ ↘ ↗ |
P5[3] −− E1[3]−−|

|↘ ↗ ↘ |
|− P5[4] −− E1[4]

|↗ ↘ ↗ |
E1[4] −− P5[5]−−|

| ... |

T B
1

where E∞[1] = E∞, E0[1] = E0, and E1[1] = E1 are the mouth modules
from the homogeneous tubes T C

∞ , T C
0 , and T C

1 of Γ(modC), and
P3[1] = P (3) = HomA(T, T3),
P4[1] = P (4) = HomA(T, T4),
P5[1] = P (5) = HomA(T, T5),

are the indecomposable projective B-modules at the vertices 3, 4, and 5
of QB .

Note that the tubes T B
∞ , T B

0 , and T B
1 are obtained from the tubes T C

∞ ,
T C

0 , and T C
1 by one ray insertions creating the rays starting from the pro-

jective modules P (3), P (4), and P (5).
Step 4◦. Finally, we describe the preinjective component Q(B) of the

Auslander–Reiten quiver Γ(modB) of the algebra B = B(1). We recall
from (3.5) that Q(B) is a glueing of

Q(B) ∩ Y(T ) = HomA(T, Q(A))

and the quiver Γ(X (T )) of X (T ) along the section ΣB formed by the im-
ages Ij = HomA(T, I(j)) of the indecomposable injective A-modules I(j),
with j ∈ {0, 1, 2, 3, 4}. A standard calculation technique shows that the
component Q(B) looks as follows
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where the indecomposable modules are represented by their dimension vec-
tors.

We note that the module T1 = P (1) is the unique indecomposable pro-
jective direct summand of TA and I(1) is the injective envelope of the simple
module S(1) ∼= P (1)/radP (1) in modA. Because TA is a splitting tilting
A-module then, by applying (VI.5.8), we conclude that the B-modules

• I1 = HomA(T, I(1)),
• I2 = Ext1A(T, τAT2),
• I3 = Ext1A(T, τAT3),
• I4 = Ext1A(T, τAT4),
• I5 = Ext1A(T, τAT5),

form a complete set of indecomposable injective B-modules. Then the sec-
tion ΣB of the connecting component Q(B) = CT is of the form

Further, by (VI.5.2), we have the following connecting almost split sequences
in modB

0→HomA(T, I(0)) → HomA(T, I(0)/S(0)) ⊕ Ext1A(T, radP (0))
→ Ext1A(T, P (0))→0,

0→HomA(T, I(2)) → HomA(T, I(2)/S(2)) ⊕ Ext1A(T, radP (2))
→ Ext1A(T, P (2))→0,

0→HomA(T, I(3)) → HomA(T, I(3)/S(3)) ⊕ Ext1A(T, radP (3))
→ Ext1A(T, P (3))→0,

0→HomA(T, I(4)) → HomA(T, I(4)/S(4)) ⊕ Ext1A(T, radP (4))
→ Ext1A(T, P (4))→0.
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It is easy to see that:

• I(0)/S(0) ∼= I(1) ⊕ I(2) ⊕ I(3) ⊕ I(4),
• radP (0) = 0,
• I(2)/S(2) = 0, I(3)/S(3) = 0, and
• I(4)/S(4) = 0.

It follows that the translation quiver Γ(X (T )) = Q(B)∩X (T ) is of the form

where I2 = Ext1A(T, τ−1
A P (1)) and 10101 = Ext1A(T, P (3)).

Finally, we remark that the simple injective B-modules I3, I4, and I5
exhaust the image Ext1A(T, TT A ∩ F(T )) of the torsion-free part

TT A∩F(T ) = (T A
∞∩F(T )) ∪ (T A

0 ∩F(T )) ∪ (T A
1 ∩F(T )) =

{
R

(∞)
1 , R

(0)
2 , R

(1)
2

}
of TT A under the functor Ext1A(T, −) : modA −−−−−−→ mod B. This finishes
the example.

XVII.4. Domestic tubular extensions and
domestic tubular coextensions of concealed

algebras of Euclidean type
The main objective of this section is to prove a converse to Theorems

(3.5) and (3.6). We show that every domestic tubular (branch) extension
and every domestic tubular (branch) coextension of a concealed algebra of
Euclidean type is a representation-infinite tilted algebra of Euclidean type.

We begin with two preparatory propositions.

4.1. Proposition. Let C be a concealed algebra of Euclidean type and let
B = C[E1,L(1), E2,L(2), . . . , Es,L(s)] be a domestic branch extension of C.

(a) The algebra B is isomorphic to a branch extension

B = C[E′
1,L(1), E′

2,L(2), . . . , E′
s,L(s)]

of C such that rB = rB′
and the modules E′

1, E
′
2, . . . , E′

s lie in
T C

∞ ∪ T C
0 ∪ T C

1 .
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(b) If the algebra B is of tubular type (p, q), with 1 ≤ p ≤ q, then the
modules E′

1, E
′
2, . . . , E′

s lie in T C
∞ ∪ T C

0 .

Proof. Because we assume that B = C[E1,L(1), E2,L(2), . . . , Es,L(s)]
is a domestic branch extension of C then the tubular type rB = r̂B of B
is of one of the following five forms (p, q), with 1 ≤ p ≤ q, (2, 2, m − 2),
with m ≥ 4, (2, 3, 3), (2, 3, 4), and (2, 3, 5). It follows that the P1(K)-family
TT B = {T B

λ }λ∈P1(K) of ray tubes of Γ(modB) admits at most 3 tubes of rank
bigger than 1. Hence, if C is any of the concealed algebras C(2, 2, m − 2),
with m ≥ 4, C(2, 3, 3), C(2, 3, 4), C(2, 3, 5) then, by (XII.2.12), the three
tubes T C

∞ , T C
0 , and T C

1 are all stable tubes of Γ(modC) of rank bigger than
1, and therefore the modules E1, E2, . . . , Es lie in T C

∞ ∪ T C
0 ∪ T C

1 . In this
case we set E′

1 = E1, E
′
2 = E2, . . . , E′

s = Es and we are done.
Assume that C = C(p, q), where (p, q) is a pair of integers such that

1 ≤ p ≤ q. Then C is the path algebra C = KΔ(p, q) of the following
acyclic Euclidean quiver

Δ(p, q) = Δ(Ãp,q) :

a1
α2←−−−− a2 ←−−−− . . .

αp−1←−−−− ap−1
α1↙ ↖αp

0 ω

β1
↖ ↙βq

b1 ←−−−−
β2

b2 ←−−−− . . . ←−−−−
βq−1

bq−1

By (XII.2.8), the P1(K)-family TT C = {T C
λ }λ∈P1(K) of standard stable tubes

of Γ(modC) has the following properties:

(a) T C
∞ is a stable tube of rank rC

∞ = p with the mouth modules
E

(∞)
1 , . . . ,E

(∞)
p ,

(b) T C
0 is a stable tube of rank rC

0 = q with the mouth modules
E

(0)
1 , . . . , E

(0)
q ,

(c) for each λ ∈ P1(K), T C
λ is a stable tube of rank rC

λ = 1 and with
the unique mouth module E(λ) described in the tables (XII.2.5).

Let E be a module lying on the mouth of a tube of the family TT C . Let
D = C[E] be the one-point extension of C by E, and let d be the extension
vertex of D. Then (XII.2.5) yields

(a) If E = E
(∞)
i is one of the modules E

(∞)
1 , . . . ,E

(∞)
p then D is the

bound quiver algebra D ∼= KQD/ID, where QD is the quiver ob-
tained from the quiver QC = Δ(p, q) by adding one arrow d

σ−−−−→ ai

and ID is the ideal of KQD generated by the path σαi. Here we set
ap = ω.

(b) If E = E
(0)
j is one of the modules E

(0)
1 , . . . ,E

(0)
q then D is the bound

quiver algebra D ∼= KQD/ID, where QD is the quiver obtained from
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the quiver QC = Δ(p, q) by adding one arrow d
σ−−−−→ bj and ID is

the ideal of KQD generated by the path σβj . Here we set bq = ω.
(c) If E = E(λ) and λ ∈ K\{0} then D is the bound quiver algebra D ∼=

KQD/ID, where QD is the quiver obtained from the quiver QC =
Δ(p, q) by adding one arrow d

σ−−−−→ ω and ID is the ideal of KQD

generated by the commutativity relation λσαp . . . α1 − σβq . . . β1.

Given k ∈ {1, . . . , s}, we denote by L(k) = (L(k), I(k)) the branch, with
the germ dk. Note that dk is the extension vertex of the algebra C[Ek].
Then the quiver QB is obtained from the quiver QC = Δ(p, q) and the
quivers L(1), . . . , L(s) of the branches L(1), . . . ,L(s) by adding the arrows

d1
σ1−−−−→ u1, d2

σ2−−−−→ u2, . . . , ds
σs−−−−→ us,

connecting each of the quivers L(1), . . . , L(s) with the quiver QC , where

u1, . . . , us ∈ {a1, . . . , ap−1, b1, . . . , bq−1, ω = ap = bq}.

Given k ∈ {1, . . . , s}, we choose an index ik ∈ {1, . . . , p} such that uk = aik
,

if Ek lies in the tube T C
∞ , and an index jk ∈ {1, . . . , q} such that uk = bjk

,
if Ek lies in the tube T C

0 .
Now we split the proof into several cases.
Case 1◦. Assume that the tubular type rB = r̂B of B is of one of the

four domestic types (2, 2, m−2), with m ≥ 4, (2, 3, 3), (2, 3, 4), and (2, 3, 5).
We have three subcases to consider.

Case 1.1◦. Assume that q ≥ p ≥ 2. Then each of the tubes T C
∞ and T C

0
of Γ(modC) is of rank at least 2, and there is precisely one module E in
the set {E1, . . . ,Es} such that E does not belong to T C

∞ ∪ T C
0 . It follows

that the module E is the mouth module E
(λ)
1 of a stable rank one tube T C

λ ,
with λ ∈ K \ {0}. Without loss of generality, we may assume that E = Es.
Then the algebra

B = C[E1,L(1), E2,L(2), . . . , Es,L(s)]

is isomorphic to the bound quiver algebra KQB/IB , where IB is an admis-
sible ideal of the path algebra KQB generated by the following elements:

• all the paths of length 2 that generate the ideals I(1), . . . , I(s) of the
branches L(1), . . . , L(s),

• the paths σkαik
, for all k ∈ {1, . . . , s − 1} such that Ek ∈ T C

∞ ,
• the paths σkβjk

, for all k ∈ {1, . . . , s − 1} such that Ek ∈ T C
0 , and

• the commutativity relation λσsαs . . . α1 − σsβq . . . β1.
Now we define the surjective homomorphism of algebras

f : KQB −−−−→ KQB/IB

by setting f(αp) = λαp +IB , and f(γ) = γ +IB , for all arrows γ of QB that
are different from the arrow αp. Note that the ideal I ′

B = Ker f is obtained
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from the ideal IB by interchanging the commutativity relation λσαs . . . α1−
σβq . . . β1 with the commutativity relation σsαp . . . α1 − σsβq . . . β1. Then
f induces the isomorphism KQB/I ′

B
�−→ KQB/IB and, consequently, B is

isomorphic to the bound quiver algebra B′ = KQB/I ′
B and B′ is the branch

extension
B′ = C[E′

1,L(1), E′
2,L(2), . . . , E′

s,L(s)],

where E′
1 = E1, E

′
2 = E2, . . . , E′

s−1 = Es−1, and E′
s = E(1) is the unique

mouth module of the tube T C
1 . Note that the modules E′

1, . . . , E′
s lie in

T C
∞ ∪ T C

0 ∪ T C
1 , and we are done.

Case 1.2◦. Assume that p = 1 and q ≥ 2. Then T C
0 is the unique tube of

Γ(mod C) of rank at least 2, and there are precisely two modules in the set
{E1, . . . ,Es} lying in different tubes of the family

{
T C

λ

}
λ∈K\{0} of stable

tubes of TT C of rank 1. Without loss of generality, we may assume that
E1 ∈ T C

λ1
and Es ∈ T C

λ2
, for some λ1, λ2 ∈ P1(K) \ {0} such that λ1 �= λ2.

If λ1 = ∞ or λ2 = ∞, we proceed as in Case 1.1◦. Indeed, if λ1 = ∞
then σ1α1 belongs to IB and, as in case Case 1.1◦, we show that B ∼= B′ ∼=
KQB/I ′

B , where the ideal I ′
B is obtained from the ideal IB by interchanging

the commutativity relation λ2σ2α1 − σ2βq . . . β1 with the commutativity
relation σ2α1 − σ2βq . . . β1.

Assume that λ1, λ2 ∈ K\{0}. The algebra B = C[E1,L(1), . . . , Es,L(s)]
is then isomorphic to the bound quiver algebra KQB/IB , where IB is an
admissible ideal of the path algebra KQB generated by the following ele-
ments:

• all the paths of length 2 that generate the ideals I(1), . . . , I(s) of the
branches L(1), . . . , L(s),

• the paths σkβjk
, for all k ∈ {2, . . . , s − 1},

• λ1σ1α1 − σ1βq . . . β1,
• λ2σ2α1 − σsβq . . . β1.

We define the surjective homomorphism of algebras
f : KQB −−−−→ KQB/IB

by setting f(α1) = α1 −λ−1
1 βq . . . β1 + IB , f(βq) = (λ−1

2 −λ−1
1 )βq + IB , and

f(γ) = γ + IB , for all arrows γ of QB that are different from the arrows
α1 and βq. The definition is correct, because the inequality λ1 �= λ2 yields
λ−1

2 − λ−1
1 �= 0.

Moreover, the following equalities hold in KQB/IB

f(σ1α1) = f(σ1)f(α1) = (σ1 + IB) · (α1 − λ−1
1 βq . . . β1 + IB)

= (σ1α1 − λ−1
1 σ1βq . . . β1) + IB

= λ−1
1 [(λ1σ1α1 − σ1βq . . . β1) + IB ] = 0 + IB ,
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f(σsα1) = f(σs)f(α1) = (σs + IB) · (α1 − λ−1
1 βq . . . β1 + IB)

= (σsα1 − λ−1
1 σsβq . . . β1) + IB

= λ−1
2 (λ2σsα1 + IB) − (λ−1

1 σsβq . . . β1 + IB)

= λ−1
2 (σsβq . . . β1 + IB) − λ−1

1 (σsβq . . . β1 + IB)

= σs(λ−1
2 − λ−1

1 )βq . . . β1 + IB

= (σs + IB)(λ−1
2 − λ−1

1 )(βq + IB) . . . (β1 + IB)

= f(σs)f(βq) . . . f(β1)

= f(σsβq . . . β1).

This shows that σ1α1 ∈ Ker f , σsα1−σsβq . . . β1 ∈ Ker f and, consequently,
the admissible ideal I ′

B = Ker f of KQB is obtained from the ideal IB by
interchanging

• the commutativity relation λ1σ1α1 − σ1βq . . . β1 with the zero rela-
tion σ1α1,

• the commutativity relation λ2σsα1 − σsβq . . . β1 with the commuta-
tivity relation σsα1 − σsβq . . . β1,

and keeping the remaining generators unchanged. Then f induces the iso-
morphism KQB/I ′

B
�−→ KQB/IB and, consequently, B is isomorphic to

the bound quiver algebra B′ = KQB/I ′
B and B′ is the branch extension

B′ = C[E′
1,L(1), E′

2,L(2), . . . , E′
s,L(s)],

where E′
2 = E2, . . . , E′

s−1 = Es−1 are modules in T C
0 , E′

1 ∈ T C
∞ , and

E′
s ∈ T C

1 . Hence, the modules E′
1, . . . , E′

s lie in T C
∞ ∪T C

0 ∪T C
1 , and we are

done.
Case 1.3◦. Assume that p = 1 and q = 1, that is, C = C(1, 1) is the

Kronecker algebra. It follows from (XI.4.6) that s = 3, all stable tubes of
Γ(mod C) are of rank 1, and there are pairwise different elements λ1, λ2, λ3 ∈
P1(K) such that E1 ∈ T C

λ1
, E2 ∈ T C

λ2
, and E3 ∈ T C

λ3
.

1.3.1◦ Assume that the set {λ1, λ2, λ3} contains the elements 0 and ∞;
say λ1 = ∞ and λ2 = 0. Then λ3 ∈ K \{0}, and by applying the arguments
used in Case 1.1◦, we show that the algebra

B = C[E1,L(1), E2,L(2), E3,L(3)]

is isomorphic to an algebra
B′ = C[E′

1,L(1), E′
2,L(2), E′

3,L(3)],

where E′
1 = E1 ∈ T C

∞ , E′
2 = E2 ∈ T C

0 , and E′
3 ∈ T C

1 .
1.3.2◦ Assume that the set {λ1, λ2, λ3} contains exactly one of the

elements 0 and ∞; say λ1 = ∞. Then, as in 1.2◦, there is an isomorphism
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B = C[E1,L(1), E2,L(2), E3,L(3)] ∼= B′ = C[E′
1,L(1), E′

2,L(2), E′
3,L(3)],

where E′
1 = E1 ∈ T C

∞ , E′
2 ∈ T C

0 , and E′
3 ∈ T C

1 . Similarly, if λ1 = 0 then,
as in 1.2◦, there is an isomorphism

B=C[E1,L(1),E2,L(2),E3,L(3)] ∼= B′ =C[E′
1,L(1), E′

2,L(2), E′
3,L(3)],

where E′
1 ∈ T C

∞ , E′
2 = E2 ∈ T C

0 , and E′
3 ∈ T C

1 .
1.3.3◦ Assume that λ1, λ2, λ3 ∈ K \ {0}. Then B is isomorphic to the

bound quiver algebra KQB/IB , where IB is an admissible ideal of the path
algebra KQB generated by the following elements:

• all paths of length 2 that generate the ideals I(1), I(2), I(3) of the
branches L(1),L(2),L(3), and

• λ1σ1α1 − σ1β1, λ2σ2α1 − σ2β1, and λ3σ3α1 − σ3β1.
We define the surjective homomorphism of algebras

f : KQB −−−−→KQB/IB

by setting
f(α1) = α1−λ−1

1 β1+IB , f(β1) = (λ3−λ2)−1λ−1
1 (λ1−λ3)(β1−λ2α1)+IB ,

and f(γ) = γ +IB , for all arrows γ of QB that are different from the arrows
α1 and β1. Observe that λ1 −λ3 �= 0 and λ3 −λ2 �= 0, because the elements
λ1, λ2, λ3 are pairwise different. Moreover, the following equalities hold in
KQB/IB

f(σ1α1) = f(σ1)f(α1) = (σ1 + IB) · (α1 − λ−1
1 β1 + IB)

= (σ1α1 − λ−1
1 σ1β1) + IB

= λ−1
1 [(λ1σ1α1 − σ1β1) + IB ] = 0 + IB ,

f(σ2β1) = f(σ2)f(β1)

= (σ2 + IB)((λ3 − λ2)−1λ−1
1 (λ1 − λ3)(β1 − λ2α1) + IB)

= (λ3 − λ2)−1λ−1
1 (λ1 − λ3)((σ2β1 − λ2σ2α1) + IB) = 0 + IB ,

f(σ3α1) = f(σ3)f(α1) = (σ3 + IB) · (α1 − λ−1
1 β1 + IB)

= (σ3α1 + IB) − λ−1
1 (σ3β1 + IB)

= (σ3α1 + IB) − λ3λ
−1
1 (σ3α1 + IB)

= (1 − λ3λ
−1
1 )(σ3α1 + IB) = λ−1

1 (λ1 − λ3)(σ3α1 + IB)

= (λ3 − λ2)−1λ−1
1 (λ1 − λ3)((λ3 − λ2)σ3α1 + IB)

= (λ3 − λ2)−1λ−1
1 (λ1 − λ3)((λ3σ3α1 + IB) − (λ2σ3α1 + IB))

= (λ3 − λ2)−1λ−1
1 (λ1 − λ3)((σ3β1 + IB) − (λ2σ3α1 + IB))

= (σ3 + IB)((λ3 − λ2)−1λ−1
1 (λ1 − λ3))((β1 − λ2α1) + IB)

= f(σ3)f(β1) = f(σ3β1).
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This shows that σ1α1 ∈ Ker f , σ2β1 ∈ Ker f , σ3α1 − σ3β1 ∈ Ker f and,
consequently, the I ′

B = Ker f of KQB is an admissible ideal of KQB gen-
erated by σ1α1, σ2β1, σ3α1 − σ3β1, and by all paths of length 2 generating
the ideals I(1), I(2), and I(3) of the branches L(1), L(2), and L(s). Then
f induces the isomorphism KQB/I ′

B
�−→ KQB/IB and, consequently, B is

isomorphic to the branch extension

B′ = C[E′
1,L(1), E′

2,L(2), E′
3,L(3)],

where E′
1 ∈ T C

∞ , E′
2 ∈ T C

0 , and E′
3 ∈ T C

1 . This finish the proof in Case 1◦.
Case 2◦. Assume that rB = r̂B = (p′, q′), for some integers p′ and q′

such that 1 ≤ p′ ≤ q′. Because we assume that C = C(p, q), where (p, q) is
a pair of integers such that 1 ≤ p ≤ q, then rC = r̂C = (p, q), by (XII.2.8).
We have three cases to consider.

Case 2.1◦. Assume that q ≥ p ≥ 2. Then T C
∞ and T C

0 are the unique
tubes of Γ(modC) of rank greater than or equal to 2. Then our assumption
on rB forces that the modules E1, . . . ,Es belong to T C

∞ ∪ T C
0 , and we are

done.
Case 2.2◦. Assume that p = 1 and q ≥ 2. Then T C

0 is the unique tube
of Γ(modC) of rank greater than or equal to 2. Assume that there exists a
module E ∈ {E1, . . . , Es} such that E does not belong to T C

∞ ∪T C
0 . By our

assumption on rB , E is a unique module in {E1, . . . , Es} with this property,
and E ∈ T C

λ , for some λ ∈ K \ {0}. Without loss of generality, we may
assume that E = E1. Observe that then the modules E2, . . . , Es also belong
to the tube T C

0 . It follows that there is an isomorphism B ∼= KQB/IB ,
where IB is an admissible ideal of the path algebra KQB generated by the
following elements:

• all the paths of length 2 that generate the ideals I(1), . . . , I(s) of the
branches L(1), . . . , L(s),

• the paths σkαjk
, for all k ∈ {2, . . . , s}, and

• the commutativity relation λσ1α1 − σ1βq . . . β1.
Now we define the surjective homomorphism of algebras

f : KQB −→ KQB/IB

by setting f(α1) = (α1 − λβq . . . β1) + IB , and f(γ) = γ + IB , for all arrows
γ of QB that are different from the arrow α1. As in Case 1.2◦, we show that
f(σ1α1) = 0 and there is an isomorphism of algebras

B ∼= KQB/IB
∼= KQB/I ′

B ,

where I ′
B = Ker f is an admissible ideal of KQB obtained from the ideal

IB by interchanging the commutativity relation λσ1α1 − σ1βq . . . β1 with
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the zero relation σ1α1, and keeping the remaining generators unchanged.
Therefore, B is isomorphic to the bound quiver algebra B′ = KQB/I ′

B and
B′ is the branch extension

B′ = C[E′
1,L(1), E′

2,L(2), . . . , E′
s,L(s)],

where E′
1 ∈ T C

∞ , the modules E′
2, . . . , E′

s belong to the tube T C
0 .

Case 2.3◦. Assume that p = q = 1, that is, C = C(1, 1) is the Kronecker
algebra and s = 2, by (XI.4.6).

If one of the modules E1 or E2 belongs to T C
∞ ∪T C

0 then, as in Case 2.2◦,
the algebra

B = C[E1,L(1), E2,L(2)]

is isomorphic to an algebra

B′ = C[E′
1,L(1), E′

2,L(2)],

the modules E′
1 and E′

2 belong T C
∞ ∪ T C

0 , and E′
1 = E1, if E1 ∈ T C

∞ ∪ T C
0 ,

and E′
2 = E2, if E2 ∈ T C

∞ ∪ T C
0 .

Assume that both modules E1 and E2 do not belong to T C
∞ ∪ T C

0 . Then
there exist elements λ1, λ2 ∈ K \ {0} such that λ1 �= λ2, E1 ∈ T C

λ1
, and

E2 ∈ T C
λ2

. Moreover, B is isomorphic to the bound quiver algebra KQB/IB ,
where IB is an admissible ideal of the path algebra KQB generated by the
following elements:

• all the paths of length 2 that generate the ideals I(1), I(2) of the
branches L(1),L(2), and

• λ1σ1α1 − σ1β1 and λ2σ2α1 − σ2β1.
We define the surjective homomorphism of algebras

f : KQB −→ KQB/IB

by setting f(α1) = (α1 − λ−1
1 β1) + IB , f(β1) = (β1 − λ2α1) + IB , and

f(γ) = γ + IB , for all arrows γ of QB that are different from the arrows α1
and β1. It is easy to check that the paths σ1α1 and σ2β1 belong to Ker f
and, consequently, the ideal I ′

B = Ker f of KQB is an admissible ideal
of KQB obtained from the ideal IB by interchanging the commutativity
relations λ1σ1α1−σ1α1 and λ2σ2α1−σ2β1 with the zero relations σ1α1 and
σ2β1, respectively, and keeping the remaining relations unchanged. Then f
induces an isomorphism of algebras

KQB/I ′
B

�−→ KQB/IB

and, consequently, the algebra B is isomorphic to the branch extension
B′ = C[E′

1,L(1), E′
2,L(2)], where E′

1 ∈ T C
∞ and E′

2 ∈ T C
0 . This finishes the

proof. �
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4.2. Proposition. Let A be a concealed algebra of Euclidean type, B a
domestic tubular extension of A, and C a canonical algebra of Euclidean type
such that rB = rC . Then there exists a multiplicity-free tilting C-module
TC in the category add (P(C) ∪ TT C) and an isomorphism of algebras

B ∼= EndTC .

Proof. Assume that A is a concealed algebra of Euclidean type. It fol-
lows from the structure theorem (XII.3.4) that the Auslander–Reiten quiver
Γ(mod A) of A has a disjoint union decomposition

Γ(mod A) = P(A) ∪ T A ∪ Q(A)

where P(A) is the unique postprojective component containing all the in-
decomposable projective A-modules, Q(A) is the unique preinjective com-
ponent containing all the indecomposable injective A-modules, and

TT A = {T A
λ }λ∈P1(K)

is a P1(K)-family of pairwise orthogonal standard stable tubes T A
λ . The

family TT A separates the component P(A) from Q(A) in the sense
of (XII.3.3). Moreover, by (XII.2.8) and (XII.2.12), the mouth modules
of the tubes of TT A are described in Tables (XII.2.5) and (XII.2.9).

Assume that B is a domestic tubular extension of A. In view of (4.1) and
(XV.3.9), without loss of generality, we may assume that B is a domestic
branch extension

B = A[E1,L(1), E2,L(2), . . . , Es,L(s)]
of A, where E1, E2, . . . , Es are modules in T C

∞ ∪T C
0 , if B is of tubular type

(p′, q′), with 1 ≤ p′ ≤ q′, and E1, E2, . . . , Es are modules in T C
∞ ∪T C

0 ∪T C
1 ,

if B is of one of the tubular types (2, 2, m−2), with m ≥ 4, (2, 3, 3), (2, 3, 4),
and (2, 3, 5).

We assume that A = C(p, q), with 1 ≤ p ≤ q, or A = C(p, q, r), where
(p, q, r) is a triple of integers such that r ≥ q ≥ p ≥ 2 and 1

p + 1
q + 1

r > 1.
It is easy to check that (p, q, r) is such a triple if and only if it is one of the
following triples (2, 2, m − 2), with m ≥ 4, (2, 3, 3), (2, 3, 4), and (2, 3, 5).

We recall from (XII.1.1) that the canonical algebra C(p, q), with 1 ≤ p ≤
q, is the path algebra KΔ(p, q) of the following acyclic Euclidean quiver

Δ(p, q) = Δ(Ãp,q) :

a1
α2←−−−− a2 ←−−−− . . .

αp−1←−−−− ap−1
α1↙ ↖αp

0 ω

β1
↖ ↙βq

b1 ←−−−−
β2

b2 ←−−−− . . . ←−−−−
βq−1

bq−1
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while C(p, q, r) is the bound quiver algebra KΔ(p, q, r)/I(p, q, r), where
Δ(p, q, r) is the quiver

Δ(p, q, r) :

a1
α2←−−−− a2 ←−−−− . . .

αp−1←−−−− ap−1
α1↙ ↖αp

0
β1←− b1

β2←−−−− b2 ←−−−− . . .
βq−1←−−−− bq−1

βq←− ω

γ1
↖ ↙γr

c1 ←−−−−
γ2

c2 ←−−−− . . . ←−−−−
γr−1

cr−1

and I(p, q, r) is the two-sided ideal of the path K-algebra KΔ(p, q, r) gen-
erated by the element

αp . . . α1 + βq . . . β1 + γr . . . γ1.

Throughout this chapter, we set ap = bq = cr = ω.
Given h ∈ {1, . . . , s}, we denote by

L(h) = (L(h), I(h))

the branch, with the germ Oh. Note that Oh is the extension vertex of the
one-point extension algebra B(h) = A[Eh] inside the algebra

B = A[E1,L(1), E2,L(2), . . . , Es,L(s)].

We denote by Q(h) the ordinary quiver of the algebra B(h) = A[Eh].

The description of the mouth modules of the tubes T A
∞ , T A

0 and T A
1 of

Γ(mod C) yields the following statement, for each h ∈ {1, . . . , s}.
• If the module Eh belongs to T C

∞ then there is a vertex ai(h) ∈
{a1, . . . , ap} and one arrow Oh

σh−−−−→ ai(h) in QB such that B(h) ∼=
KQ(h)/I(h), the quiver Q(h) is obtained from QA by adding the ar-
row Oh

σh−−−−→ ai(h), and I(h) is the ideal generated by IA and the
path σhαi(h).

• If the module Eh belongs to T C
0 then there is a vertex bj(h) ∈

{b1, . . . , bp} and one arrow Oh
σh−−−−→ bj(h) in QB such that B(h) ∼=

KQ(h)/I(h), the quiver Q(h) is obtained from QA by adding the ar-
row Oh

σh−−−−→ bi(h), and I(h) is the ideal generated by IA and the
path σhβi(h).

• If the module Eh belongs to T C
1 then there is a vertex ck(h) ∈

{c1, . . . , cr} and one arrow Oh
σh−−−−→ ck(h) in QB such that B(h) ∼=

KQ(h)/I(h), the quiver Q(h) is obtained from QA by adding the ar-
row Oh

σh−−−−→ ck(h), and I(h) is the ideal generated by IA and the
path σhγk(h).
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It then follows that the algebra

B = A[E1,L(1), E2,L(2), . . . , Es,L(s)]

is isomorphic to the bound quiver algebra KQB/IB , where the quiver QB

is obtained from the disjoint union L(1) ∪ L(2) ∪ . . . ∪ L(s) of the quivers
of the branches L(1),L(2), . . . , L(s) and the quiver QA of the algebra A, by
adding the arrows σ1, . . . , σs. The admissible ideal IB of the path algebra
KQB is generated by the following elements:

• αp . . . α1 + βq . . . β1 + γr . . . γ1, if A = C(p, q, r),
• all paths of length 2 that generate the ideals I(1), I(2), . . . , I(s) of

the branches L(1),L(2), . . . , L(s),
• the path σhαj(h), for each h ∈ {1, . . . , s} such that Eh ∈ T A

∞ ,
• the path σhβj(h), for each h ∈ {1, . . . , s} such that Eh ∈ T A

0 ,
• the path σhγk(h), for each h ∈ {1, . . . , s} such that Eh ∈ T A

1 ,

Because B = A[E1,L(1), E2,L(2), . . . , Es,L(s)] then, by (XV.4.3), the
Auslander–Reiten quiver Γ(modB) of B has a disjoint union decomposition

Γ(mod B) = P(B) ∪ TT B ∪ Q(B)

where

• P(B) = P(A) is the unique postprojective component of Γ(modB),
• Q(B) is a family of components of Γ(modB) consisting of all inde-

composable B-modules X such that the restriction resA(X) of X to
A is a module in the preinjective component Q(A) of Γ(modA), and

• TT B = {T B
λ }λ∈P1(K) is a P1(K)-family of pairwise orthogonal

standard stable tubes T B
λ . It is obtained from the P1(K)-family

TT A = {T A
λ }λ∈P1(K) of pairwise orthogonal standard stable tubes

T A
λ of Γ(modA) by iterated rectangle insertions,

• for each λ ∈ P1(K), the rank rB
λ of the ray tube T B

λ is given by the
formula

rB
λ = rA

λ +
∑

h∈S(λ)

κh,

where rA
λ is the rank of the stable tube T A

λ , κh = |L(h)| is the number
of vertices of the branch L(h), and the sum is taken over the subset
S(λ) of {1, 2, . . . , s} consisting of all h such that the module Eh lies
on T A

λ .
• The family TT A separates P(A) from Q(A) in the sense of (XII.3.3).
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Because we assume that

E1, E2, . . . , Es ∈ T C
∞ ∪ T C

0 ∪ T C
1

then rB
λ = rA

λ , for each λ ∈ P1(K) \ {0, 1,∞}. Moreover, we have rB
1 = rA

1 ,
if B is of the tubular type (p′, q′). The assumption that the algebra B is
a domestic tubular extension of A yields that the tubular type rB = r̂B of
B is one of the five domestic types (p′, q′), with 1 ≤ p′ ≤ q′, (2, 2, m′ − 2),
with m′ ≥ 4, (2, 3, 3), (2, 3, 4), and (2, 3, 5).

Here we warn the reader that, in contrast to the tubular type rA = r̂A of
A, the inequalities rB

0 ≥ rB
∞ and rB

1 ≥ rB
0 ≥ rB

∞ are not necessarily satisfied.
Now we associate to our algebra B, that is a domestic tubular extension of

a concealed algebra A of Euclidean type, a canonical algebra C ∼= KQC/IC

of Euclidean type such that rC = rB .
First we construct the quiver QC from the quiver QA of A as follows.

• for each h ∈ S(∞), we replace the arrow

ai(h)−1
αi(h)←−−−−−− ai(h)

of the quiver QA by the path

ai(h)−1
α

(h)
0←−−−− a

(h)
0

α
(h)
1←−−−− a

(h)
1 ←−−−− . . .

α
(h)
κh−1←−−−− a

(h)
κh−1

α(h)
κh←−−−− a(h)

κh
= ai(h),

• for each h ∈ S(0), we replace the arrow

bj(h)−1
βj(h)←−−−−−− bj(h)

of the quiver QA by the path

bj(h)−1
β

(h)
0←−−−− b

(h)
0

β
(h)
1←−−−− b

(h)
1 ←−−−− . . .

β
(h)
κh−1←−−−− b

(h)
κh−1

β(h)
κh←−−−− b(h)

κh
= bj(h),

• if r̂A = (p, q, r), we replace the arrow

ck(h)−1
γk(h)←−−−−−− cj(h)

of the quiver QA by the path

cj(h)−1
γ
(h)
0←−−−− c

(h)
0

γ
(h)
1←−−−− c

(h)
1 ←−−−− . . .

γ
(h)
κh−1←−−−− c

(h)
κh−1

γ(h)
κh←−−−− c(h)

κh
= cj(h),

for any h ∈ S(1), and
• if r̂A = (p, q), we insert into the quiver QA the path

0
γ
(h)
0←−−−− c

(h)
0

γ
(h)
1←−−−− c

(h)
1 ←−−−− . . .

γ
(h)
κh−1←−−−− c

(h)
κh−1

γ(h)
κh←−−−− c(h)

κh
= ω

with the unique element h ∈ S(1). Note that in case r̂A = (p, q),
T A

1 is a stable tube of rank one and, hence, the set S(1) consists
of one element. We recall that κh = |L(h)| is the capacity of the
branch L(h).
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It follows from the construction that the quiver QC can be described as
follows.

• If r̂A = (p′, q′), the quiver QC consists of three parallel paths u∞,
u0, and u1 with the common source ω and the common target 0.
The path u∞ is of length rB

∞ = p′, and the path u0 is of length
rB
0 = q′.

• If r̂A = (p′, q′, r′), the quiver QC consists of three parallel paths u∞,
u0, and u1 with the common source ω and the common target 0.
The path u∞ is of length rB

∞ = p′, the path u0 is of length rB
0 = q′,

and the path u1 is of length rB
1 = r′.

Having constructed the quiver QC , we define the admissible ideal IC of
KQC by setting

• IC = (0), if r̂B = (p′, q′), and
• IC = (u∞+u0+u1) is the ideal generated by the element u∞+u0+u1

of KQC , if r̂B = (p′, q′, r′).

We define the algebra C to be the bound quiver algebra C = KQC/IC . It
is easy to see that C ∼= C(p′, q′), if r̂B = (p′, q′), and C ∼= C(p′, q′, r′), if
r̂B = (p′, q′, r′). It then follows that C is a canonical algebra of Euclidean
type such that rC = rB . By the results of Chapter XII, the Auslander–
Reiten quiver Γ(modC) of C has a disjoint union decomposition

Γ(mod C) = P(C) ∪ TT C ∪ Q(C)

where P(C) is the unique postprojective component containing all the in-
decomposable projective C-modules, Q(C) is the unique preinjective com-
ponent containing all the indecomposable injective C-modules, and

TT C = {T C
λ }λ∈P1(K)

is a P1(K)-family of pairwise orthogonal standard stable tubes T C
λ separat-

ing P(C) from Q(C). Moreover, the tube T C
∞ is of rank rC

∞ = rB
∞, the tube

T C
0 is of rank rC

0 = rB
0 , the tube T C

1 is of rank rC
1 = rB

1 , and rC
λ = rB

λ = 1,
for all λ ∈ P1(K)\{0, 1,∞}. We should stress here that the tubes T C

∞ , T C
0 ,

and T C
1 correspond to the paths u∞, u0, and u1.

To finish the proof of the proposition, we construct now a partial tilting
C-module T rg

C such that the algebra EndT rg
C is isomorphic to the product

KL(1) × . . . × KL(s) of the branch algebras KL(1), . . . , KL(s).
Fix an element h ∈ {1, . . . , s}. We define a stone cone Ch of TT C , de-

pending on the position of the module Eh in TT A. We do it in three steps.
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Step 1◦. Assume that the module Eh lies on the tube T A
∞ . Then T A

∞
admits a cone of the form

E
(∞)
i(h)−1[1] S(a(h)

0 )[1] S(a(h)
1 )[1] . . . S(a(h)

κh−1)[1] E
(∞)
i(h) [1]

↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗
E

(∞)
i(h)−1[2] S(a(h)

0 )[2]
. . . . . . S(a(h)

κh−1)[2]

↘ ↗ ↘ ↗
E

(∞)
i(h)−1[3]

. . . . . . . . .

↘ ↘ ↗
. . . S(a(h)

0 )[κh] . . .

↘ ↗ ↘ ↗
E

(∞)
i(h)−1[κh+1] S(a(h)

0 )[κh+1]

↘ ↗
E

(∞)
i(h)−1[κh+2]

where
• S(a(h)

t )[1] = S(a(h)
t ) is the simple C-module at the vertex a

(h)
t of the

path u∞, for each t ∈ {0, 1, . . . , κh − 1},
• E

(∞)
i(h)−1[1] is the simple C-module S(ai(h)−1), at the vertex ai(h)−1,

if ai(h)−1 �= 0,
• E

(∞)
i(h) [1] is the simple C-module S(ai(h)), at the vertex ai(h), if

ai(h) �= ω,
• E

(∞)
0 = E

(∞)
ω is the unique non-simple C-module on the mouth of

the tube T C
∞ .

Observe that the rank rC
∞ of the standard stable tube T C

∞ is bigger than κh,
because

rC
∞ = rB

∞ = rA
λ +

∑
h∈S(∞)

κh.

Therefore, by (1.6), the module Mh = S(a(h)
1 )[κh] is a stone and hence

the cone C(h) = C(Mh) determined by Mh is a stone cone. Because κh =
�∞(Mh) is the depth of C(Mh) then there is an equivalence of categories

F (h) : add C(h) −−−−−−→ mod H(h),

where H(h) = KΔ(Aκh
) is the path algebra of the equioriented quiver

Δ(Aκh
). Because L(h) = (L(h), I(h)) is a branch of capacity κh then, by
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(XVI.2.2), there exists a multiplicity-free tilting H(h)-module U
(h)
H(h) such

that the branch algebra KL(h) is isomorphic to the tilted algebra EndU
(h)
H(h) .

It follows that there exists a multiplicity-free module T
(h)
C in add C(h) such

that U
(h)
H(h)

∼= F (h)(T (h)
C ).

Note that T
(h)
C is a partial tilting C-module, because the relation T

(h)
C in

add C(h) yields pdT
(h)
C ≤ 1, and we get the isomorphisms

Ext1C(T (h), T (h)) ∼= DHomC(T (h), τCT (h))
∼= DHomH(h)(U (h), τH(h)U (h))
∼= Ext1H(h)(U (h), U (h)) = 0.

The functor F (h) induces an isomorphism of the algebra EndT
(h)
C with the

algebra EndU
(h)
H(h)

∼= KL(h). Note also that the indecomposable projective
KL(h)-module at the germ Oh of the branch L(h) corresponds to the direct
summand Mh = S(a(h)

1 )[κh] of T
(h)
C , because the unique indecomposable

projective-injective H(h)-module is a direct summand of the tilting H(h)-
module U

(h)
H(h) . Further, we observe that the cone

τCC(h) = C(τCMh)

is the cone C(S(a(h)
0 )[κh]) determined by the module S(a(h)

0 )[κh], and the
simple composition factors of the modules in τCC(h) belong to the family{

S(a(h)
0 ), S(a(h)

1 ), . . . , S(a(h)
κh−1)

}
.

Hence we conclude that HomC(P (d), τCT (h)) = 0, for each indecomposable
projective C-module P (d) at any vertex d of QC , which is a vertex of QA.

Step 2◦. Assume that the module Eh lies on the tube T A
0 . Then, similarly

as in Step 1◦, we show that the tube T A
0 contains a stone cone C(h) = C(Mh)

determined by the indecomposable module Mh = S(b(h)
1 )[κh]. The mouth

modules of the cone C(h) are the modules

S(b(h)
1 )[1]=S(b(h)

1 ), S(b(h)
2 )[1]=S(b(h)

2 ), . . . , S(b(h)
κh−1)[1]=S(b(h)

κh−1), E
(0)
j(h)[1],

where E
(0)
j(h)[1] is the simple C-module S(bj(h)) at bj(h), if bj(h) �= ω, and

E
(0)
j(h)[1] = E

(0)
ω [1] is the unique non-simple C-module on the mouth of the

tube T C
0 , if bj(h) = ω. One shows that there exists a multiplicity-free partial

tilting C-module T
(h)
C in add C(h) such that

• T
(h)
C has κh pairwise non-isomorphic direct summands,
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• the module Mh = S(b(h)
1 )[κh] is a direct summand of T

(h)
C ,

• the algebra EndT
(h)
C is isomorphic to the branch algebra KL(h) and

the germ Oh of the branch L(h) corresponds to the direct summand
Mh of T

(h)
C ,

• the simple composition factors of the modules in the cone

τCC(h) = C(τCMh) = C(S(b(h)
0 )[κh])

belong to the family
{

S(b(h)
0 ), S(b(h)

1 ), . . . , S(b(h)
κh−1)

}
, and

• HomC(P (d), τCT (h)) = 0, for each indecomposable projective C-
module P (d) at any vertex d of QC , which is a vertex of QA.

Step 3◦. Assume that the module Eh lies on the tube T A
1 . Then T A

1

is of rank rC
1 ≥ 2 and, similarly as in Step 1◦, we show that the tube T A

1
contains a stone cone C(h) = C(Mh) determined by the indecomposable
module Mh = S(c(h)

1 )[κh]. The mouth modules of the cone C(h) are the
modules

S(c(h)
1 )[1]=S(c(h)

1 ), S(c(h)
2 )[1]=S(c(h)

2 ), . . . , S(c(h)
κh−1)[1]=S(c(h)

κh−1), E
(1)
k(h)[1],

where E
(1)
k(h)[1] is the simple C-module S(ck(h)) at ck(h), if ck(h) �= ω, and

E
(1)
k(h)[1] = E

(1)
ω [1] is the unique non-simple C-module on the mouth of the

tube T C
1 , if cj(h) = ω. One shows that there exists a multiplicity-free partial

tilting C-module T
(h)
C in add C(h) such that

• T
(h)
C has κh pairwise non-isomorphic direct summands,

• the module Mh = S(c(h)
1 )[κh] is a direct summand of T

(h)
C ,

• the algebra EndT
(h)
C is isomorphic to the branch algebra KL(h) and

the germ Oh of the branch L(h) corresponds to the direct summand
Mh of T

(h)
C ,

• the simple composition factors of the modules in the cone

τCC(h) = C(τCMh) = C(S(c(h)
0 )[κh])

belong to the family
{

S(c(h)
0 ), S(c(h)

1 ), . . . , S(c(h)
κh−1)

}
,

• HomC(P (d), τCT (h)) = 0, for each indecomposable projective C-
module P (d) at any vertex d of QC , which is a vertex of QA.

Define the multiplicity-free C-module TC to be the direct sum

TC = T pp
C ⊕ T rg

C , with T rg
C = T

(1)
C ⊕ . . . ⊕ T

(s)
C and T pp

C =
⊕

d∈(QA)•
0

P (d),
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where P (d) = edC is the indecomposable projective C-module at the vertex
d, and d runs over the set (QA)•

0 of the vertices of the quiver QA that belong
to QC .

First we prove that T rg
C is a partial tilting C-module. Because T rg

C ∈
add TT C then pdT rg

C ≤ 1. If two stone cones C(h) and C(h′), with h, h′ ∈
{1, . . . , s} and h �= h′, are in the same tube of TT C then (1.7) yields

C(h) ∩ C(h′) = ∅, C(h) ∩ τAC(h′) = ∅, and C(h′) ∩ τAC(h) = ∅.

Hence we get the isomorphisms

Ext1C(T rg
C , T rg

C ) ∼= DHomC(T rg
C , τCT rg

C ) = 0,

because the tubes T C
∞ , T C

0 , and T C
1 are pairwise orthogonal. Observe also

that
• EndT rg

C
∼= KL(1) × . . . × KL(s), by our choice of the direct sum-

mands T
(1)
C , . . . , T

(s)
C of T rg

C ,
• the module T pp

C belongs to addP(C) and pdT pp
C ≤ 1, because

the postprojective component P(C) contains all the indecomposable
projective C-modules and the module T pp

C is projective,
• there is an isomorphism of algebras A ∼= EndT pp

C .
Now we show that the multiplicity-free C-module TC = T pp

C ⊕ T rg
C is

tilting. Let nA = rkK0(A), nB = rkK0(B), and nC = rkK0(C) be the
ranks of the Grothendieck groups K0(A), K0(B), and K0(C) of the algebras
A, B, and C, respectively. Then we have

nB = nA +
s∑

h=1

κh

and nC = nB , by the construction of the quiver QC . It follows that
the module TC is a direct sum of nC pairwise non-isomorphic indecom-
posable C-modules. Moreover, TC ∈ add (P(C) ∪ TT C), pdTC ≤ 1, and
Ext1C(T pp

C , TC) = 0, because the module T pp
C is projective. We recall that

Ext1C(T rg
C , T rg

C ) = 0. Finally, it follows that

Ext1C(T rg
C , T pp

C ) ∼= DHomC(T pp
C , τCT rg

C ) = 0,

because T pp
C ∈ addP(C), T rg

C ∈ add TT C , and T pi
C ∈ addQ(C). This shows

that TC is a tilting module.
We note also that HomC(TT C , T pp

C ) = 0. Hence, by applying (3.5) and
using the bound quiver presentation B ∼= KQB/IB described earlier, we
get an isomorphism of algebras B = C[E1,L(1), E2,L(2), . . . , Es,L(s)] ∼=
EndTC . This completes the proof of the proposition. �

Now we prove the sufficiency part of Theorem (3.5).
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4.3. Theorem. Let C be a concealed algebra of Euclidean type, B a
domestic tubular extension of C with the tubular type rB = mΔ, where Δ
is one of the quivers Δ(Ãp,q), with 1 ≤ p ≤ q, Δ(D̃m), with m ≥ 4, Δ(Ẽ6),
Δ(D̃7), and Δ(D̃8). Let A = KΔ be the path algebra of Δ. Then there exists
a multiplicity-free tilting A-module TA such that T pi

A = 0 and B ∼= EndTA.

Proof. Assume that B is a domestic tubular extension of C with the
tubular type rB = mΔ. Then, by (XV.3.9), B is a domestic branch exten-
sion

B = C[E1,L(1), E2,L(2), . . . , Es,L(s)]
of C. By the structure theorem (XII.3.4), the Auslander–Reiten quiver
Γ(mod B) of B has a disjoint union decomposition

Γ(mod B) = P(B) ∪ TT B ∪ Q(B),
where P(B) = P(C) is a unique postprojective component of Γ(modB),
Q(B) is a family of components of Γ(modB) consisting of all modules X
such that the restriction resC(X) to C belongs to addQ(C), and the regular
part TT B of Γ(modB) is a P1(K)-family TT B = {T B

λ }λ∈P1(K) of pairwise or-
thogonal standard ray tubes T B

λ = HomA(T, T A
λ ), with rB

λ = rA
λ separating

P(B) from Q(B). Moreover, by our assumption, the tubular type rB of B
is domestic then it coincides with the tubular type rA = mΔ of the hered-
itary algebra A = KΔ. It follows from (XII.3.1) that there are a uniquely
determined quiver Δ′ in the set{

Δ(Ãp,q), with 1 ≤ p ≤ q, Δ(D̃m), withm ≥ 4, Δ(Ẽ6), Δ(D̃7), Δ(D̃8)
}

and a multiplicity-free postprojective tilting module UA′ over the hereditary
algebra A′ = KΔ′ such that C ∼= EndUA′ . If we denote by Λ′ the canonical
algebra C(Δ′) of the type Δ′ then, according to (XII.1.5), (XII.1.8), and
(XII.1.14), there are a multiplicity-free postprojective tilting Λ′-module VA′

and an isomorphism of algebras
Λ′ ∼= EndVA′ .

Thus, by (VIII.4.5), there exist
(i) a full translation subquiver P ′(A′) ∼= (− N)(Δ′)op of P(A′) closed

under successors,
(ii) a full translation subquiver P ′(C) ∼= (− N)(Δ′)op of P(C) closed

under successors, and
(iii) a full translation subquiver P ′(Λ′) ∼= (− N)(Δ′)op of P(Λ′) closed

under successors,
such that the functors

HomA′(U,−) : modA′ −→ mod C and HomA′(V, −) : modA′ −→ mod Λ′

induce equivalences of categories
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add(P ′(A′) ∪ TT A′
) �−−−−→ add(P ′(C) ∪ TT C),

add(P ′(A′) ∪ TT A′
) �−−−−→ add(P ′(Λ′) ∪ TT Λ′

).
Then, by the Brenner-Butler theorem (VI.3.8), the functor −⊗Λ′ V induces
an equivalence of categories

add (P ′(Λ′) ∪ TT Λ′
) �−−−−→ add (P ′(A′) ∪ TT A′

).
Therefore, the composition of functors − ⊗Λ′ V and HomA′(U,−) defines
an equivalence

F : add (P ′(Λ′) ∪ TT Λ′
) �−−−−→ add (P ′(C) ∪ TT C).

of categories. Let Bpp
B be the direct sum of all indecomposable projective

B-modules in the component P(B) = P(C), and let Brg
B be the direct sum

of all indecomposable projective B-modules in TT B . Then

BB = Bpp
B ⊕Brg

B , C ∼= EndBpp
B , and D = EndBrg

B
∼= KL(1) × . . . ×KL(s).

Because HomB(Brg
B , Bpp

B ) = 0, then B has the lower triangular matrix form

B ∼=

⎡⎢⎢⎣
EndBpp

B 0

HomB(Bpp
B , Brg

B ) EndBrg
B

⎤⎥⎥⎦ =

⎡⎣ C 0

DMC D

⎤⎦ ,

where DMC = HomB(Bpp
B , Brg

B ) is viewed as a D-C-bimodule in an obvious
way. Note also that there is an isomorphism of C-modules

MC
∼= En1

1 ⊕ En2
2 ⊕ . . . ⊕ Ens

s ,

where nk is the number of vertices on the maximal path in the quiver L(k)

with target at the germ Ok of the branch L(k), for each k ∈ {1, . . . , s}.
Because all but at most three tubes of the family TC are of rank one, there
is a common multiple m of the τC-periods of all indecomposable C-modules
in the family TT C . Note also that there is an integer t > 0 such that the
module τ−tm

C CC belongs to addP ′(C). Then, we get isomorphisms
C ∼= EndCC

∼= End τ−tm
C CC , and

MC
∼= HomC(CC , MC)∼=HomC(τ−tm

C CC , τ−tm
C MC)∼=HomC(τ−tm

C CC , MC),
because τ−tm

C MC
∼= MC . Hence we conclude that there are algebra isomor-

phisms

B ∼= EndB(τ−tm
C CC ⊕ Brg

B ) ∼=

⎡⎢⎢⎣
EndB(τ−tm

C CC) 0

HomB(τ−tm
C CC , Brg

B ) EndBrg
B

⎤⎥⎥⎦ .

By applying the equivalence F :add (P ′(Λ′) ∪ TT Λ′
) �−→ add (P ′(C) ∪ TT C),

we find a module Z in addP(Λ′) and indecomposable modules E′
1, . . . , E′

s

in TT Λ′
such that
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F (Z) ∼= τ−tm
C CC and F (E′

1) ∼= E1, . . . , F (E′
s) ∼= Es.

Consider the branch extension

B′ = Λ′[E′
1,L(1), E′

2,L(2), . . . , E′
s,L(s)]

of Λ′, and note that, by (XV.3.8), B′ is a tubular extension of Λ′, with
rB′

= rB , and hence, B′ is a domestic tubular (branch) extension of Λ′.
Decompose the B′-module B′ as B′

B′ = (B′)pp ⊕ (B′)rg, where (B′)pp is the
direct sum of all indecomposable projective modules in P(B′) = P(Λ′) and
(B′)rg is the direct sum of all indecomposable projective B′-modules lying
in TT B′

. Consider the algebra

B′′ = EndB′(τ−tm
C CC ⊕ (B′)rg).

Because the module τ−tm
C CC lies in the category addP(B′) then we have

HomB′((B′)rg, τ−tm
C CC) = 0. Hence, there are isomorphisms of algebras

B′′ ∼=

⎡⎢⎢⎣
End B′(τ−tm

C CC) 0

HomB′(τ−tm
C CC , (B′)rg) EndB′(B′)rg

⎤⎥⎥⎦ ∼=

⎡⎣ C 0

DMC D

⎤⎦ ∼= B,

because it is easy to see that there are isomorphisms of algebras

End B′(τ−tm
C CC) ∼= C,

EndB′(B′)rg ∼= EndC(En1
1 ⊕ En2

2 ⊕ . . . ⊕ Ens
s ) ∼= EndMC

∼= D,
and, under these isomorphisms, there is an isomorphism of D-C-bimodules

HomB′(τ−tm
C CC , (B′)rg) ∼= HomB(τ−tm

C CC , MC) ∼= DMC .

If Λ = C(Δ) is the canonical algebra C(Δ) of type Δ then, by (4.2), there
exist a multiplicity-free tilting Λ-module SΛ ∈ add (P(Λ) ∪ TT Λ) and an
isomorphism of algebras B′ ∼= EndSΛ. Note that rB = rC = mΔ = rA,
where A = KΔ is the path algebra of the quiver Δ. On the other hand, it
follows from (XII.1.5), (XII.1.8), (XII.1.11), and (XII.1.14) that there exist
a multiplicity-free postprojective tilting A-module WA and an isomorphism
of algebras Λ ∼= EndWA. Further, it follows from (VIII.4.5) that there exist

• a full translation subquiver P ′(Λ) ∼= (− N)Δop of P(Λ) closed under
successors, and

• a full translation subquiver P ′(A) ∼= (− N)Δop of P(A) closed under
successors,

such that the functor HomA(W, −) : modA −−−−→ mod Λ induces an equiv-
alence

add (P ′(A) ∪ TT A) �−→ add (P ′(Λ) ∪ TT Λ)
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of categories. Take now the common multiplicity r of ranks of the tubes in
the family TT A =

{
T A

λ

}
λ∈P1(K) and an integer � ≥ 1 such that the module

τ−�r
Λ Spp

Λ lies in addP ′(Λ). Then there are isomorphisms of Λ-modules

τ−�r
Λ SΛ ∼= τ−�r

Λ Spp
Λ ⊕ τ−�r

Λ Srg
Λ

∼= τ−�r
Λ Spp

Λ ⊕ Srg
Λ ,

and hence we derive the isomorphisms of algebras
B′ ∼= EndSΛ ∼= End τ−�r

Λ SΛ ∼= End (τ−�r
Λ Spp

Λ ⊕ Srg
Λ )

Choose a module Npp
A ∈ addP ′(A) and a module Nrg

A ∈ add TT A such that
τ−�r
Λ SΛ ∼= HomA(W, Npp

A ) and Srg
Λ

∼= HomA(W, Nrg
A ). Then the module

NA = Npp
A ⊕Nrg

A is multiplicity-free and lies in add (P(A)∪TT A). Moreover,
there are isomorphisms

Ext1A(NA, NA) ∼= Ext1Λ(HomA(W, NA), HomA(W, NA))
∼= Ext1Λ(τ−�r

Λ SΛ, τ−�r
Λ SΛ)

∼= Ext1Λ(SΛ, SΛ) = 0,

because SΛ is a tilting Λ-module. This shows that NA is a tilting A-module.
Because there are isomorphisms of algebras

EndNA
∼= End HomA(W, NA) ∼= End τ−�r

Λ SΛ ∼= B′

then B′ is a tilted algebra for a tilting module NA with Npi
A = 0. Now, by

applying (3.5), we get
• P(Λ′) = P(B′) = HomA(N, T (N) ∩ P(A)), and
• TT B′

= HomA(N, T (N) ∩ TT A).
It follows that there exist A-modules

T pp
A ∈ add (T (N) ∩ P(A)) and T rg

A ∈ add (T (N) ∩ TT A)

such that HomA(N, T pp) ∼= τ−tm
C CC and HomA(N, T rg) ∼= (B′)rg.

Consider the A-module
TA = T pp

A ⊕ T rg
A ,

and observe that TA is multiplicity-free.
Now we show that TA is a tilting A-module. First, we note that, because

the module (B′)rg is the direct sum of all indecomposable projective mod-
ules lying in TT B′

and B′ is isomorphic to the tilted algebra EndNA, then the
module T rg

A is the direct sum of all indecomposable direct summands of NA

lying in TT A, that is, T rg
A

∼= Nrg
A . It follows that Ext1A(T rg

A , T rg
A ) = 0 and

there are isomorphisms Ext1A(T pp
A , T rg

A ) ∼= DHomA(T rg
A , τAT pp

A ) = 0, be-
cause HomA(TT A,P(A)) = 0. By the Brenner-Butler theorem (VI.3.8), the
functor HomA(N, −) induces an equivalence of categories T (N) �−→ Y(N),
the category T (N) is closed under extensions in modA, and the category
Y(N) is closed under extensions in modB′. Hence, we get isomorphisms
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Ext1A(T pp
A , T pp

A ) ∼= Ext1B′(τ−tm
C CC , τ−tm

C CC) ∼= Ext1C(CC , CC) = 0,
and

Ext1A(T rg
A , T pp

A ) ∼= Ext1B′((B′)rg, τ−tm
C CC) = 0,

because (B′)rg is a projective B′-module.
Next, we note that the Grothendieck groups K0(B), K0(B′), and K0(A)

are isomorphic and, hence, the number of pairwise non-isomorphic inde-
composable direct summands of TA equals the rank of K0(A). This shows
that TA is a multiplicity-free tilting A-module with T pi

A = 0, in the notation
of (3.2). Moreover, B is a tilted algebra given by the module TA over the
hereditary algebra A = KΔ, because of the isomorphisms of algebras

B ∼= B′ ∼= EndB′(τ−tm
C CC ⊕ (B′)rg) ∼= EndB′(HomA(N, TA)) ∼= EndTA.

Because the equalities rB = rA = mΔ hold then the proof of the theorem
is complete. �

We finish this section by a coextension analogue of (4.3) proving the
sufficiency part of Theorem (3.6).

4.4. Theorem. Let C be a concealed algebra of Euclidean type, B a
domestic tubular coextension of C with the tubular type rB = mΔ, where Δ
is one of the quivers Δ(Ãp,q), with 1 ≤ p ≤ q, Δ(D̃m), with m ≥ 4, Δ(Ẽ6),
Δ(D̃7), and Δ(D̃8), see Section XII.1. Let A = KΔ be the path algebra
of Δ. Then there exists a multiplicity-free tilting A-module TA such that
T pp

A = 0 and B ∼= EndTA.

Proof. Apply (XV.4.4) and the arguments given in the proof of (4.3).
The details are left to the reader. �

XVII.5. A classification of tilted algebras
of Euclidean type

The aim of this section is to summarise the results of the preceeding
sections concerning the structure of the representation-infinite algebras of
Euclidean type. In particular, we prove that the number of the isomorphism
classes of basic tilted algebras B of any fixed Euclidean type is finite.

The following theorem provides an important characterisation of repre-
sentation-infinite algebras of Euclidean type, due to Ringel [525].

5.1. Theorem. Let B be an arbitrary basic connected algebra. The fol-
lowing three statements are equivalent.

(a) B is a representation-infinite tilted algebra of Euclidean type.
(b) B is isomorphic to an algebra of one of the following two kinds:
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• a domestic tubular extension of a concealed algebra of Euclidean
type,

• a domestic tubular coextension of a concealed algebra of Eucli-
dean type,

(c) The Auslander–Reiten quiver Γ(mod B) of B admits a connected
component of the following two types:

• an infinite postprojective component P containing all indecom-
posable projective B-modules and a section of Euclidean type,

• an infinite preinjective component Q containing all indecom-
posable injective B-modules and a section of Euclidean type.

Proof. The implication (a)⇒(b) follows from (3.5) and (3.6), while the
converse implication (b)⇒(a) follows from (4.3) and (4.4). Further, the
implication (a)⇒(c) is a consequence of (3.5) and (3.6).

It remains to prove that (c) implies (a). Assume that the Auslander–
Reiten translation quiver Γ(modB) of B admits an infinite postprojective
component P containing all indecomposable projective B-modules and a
section Σ of the Euclidean type. Let TB be the direct sum of all inde-
composable B-modules lying on Σ. Our assumptions on the component P
yield:

• HomB(T, τBT ) = 0, because the component P is directed and closed
under predecessors in mod B, see (VIII.2.5),

• every indecomposable projective B-module is a predecessor of Σ in
P,

• P consists of the τB-orbits of indecomposable projective B-modules
and, hence, there is no indecomposable injective B-module that is a
proper predecessor of Σ in P,

• the injective envelope f : BB ↪→ E(B) in modB has a factorisa-
tion through a direct sum of modules lying on the section Σ, by
(IV.5.1)(a), and hence

• the module BB is cogenerated by TB and TB is a faithful B-module,
see (VI.2.2).

Applying now the criterion (VIII.5.6), we infer that TB is a multiplicity-
free tilting B-module such that A = EndTB is a hereditary algebra isomor-
phic to the path algebra KQ of the Euclidean quiver Q = Σop, and P is
the connecting component CT ∗ determined by the multiplicity-free tilting
A-module T ∗ = D(AT ). It follows that B is a representation-infinite tilted
algebra of the Euclidean type Q, because the component P is infinite. More-
over, by (3.5) and (3.6), P = CT ∗ is a unique postprojective component of
Γ(mod B) containing no indecomposable injective modules, and hence, the
tilting A-module T ∗

A has no postprojective direct summand, see (VIII.4.2).
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Similarly, one shows that if Γ(modB) admits an infinite preinjective com-
ponent Q containing all indecomposable injective B-modules and a section
Σ of the Euclidean type then the direct sum TB of all indecomposable B-
modules lying on Σ is a multiplicity-free tilting B-module, A = EndTB

is a hereditary algebra isomorphic to the path algebra KQ of the Eu-
clidean quiver Q = Σop, T ∗ = D(AT ) is a multiplicity-free tilting A-module
and without indecomposable preinjective direct summands, B ∼= EndT ∗

A

is a representation-infinite tilted algebra of the Euclidean type Q, and the
preinjective component Q is the connecting component CT ∗ of modB deter-
mined by the tilting A-module T ∗. This finishes the proof of the implication
(c)⇒(a) and completes the proof of the theorem. �

We complete Theorem (4.1) with a description of the Auslander–Reiten
quiver of representation-infinite tilted algebras of the Euclidean type.

5.2. Theorem. Let Q be an acyclic quiver whose underlying unoriented
graph Q is Euclidean, and let B be a representation-infinite algebra of Eu-
clidean type. The Auslander–Reiten quiver Γ(mod B) of B has a disjoint
union decomposition

Γ(mod B) = P(B) ∪ TT B ∪ Q(B),

with the following properties.
• P(B) is a unique postprojective component of Γ(mod B).
• Q(B) is a unique preinjective component of Γ(mod B).
• TT B = {T B

λ }λ∈P1(K) is a P1(K)-family of pairwise orthogonal stan-
dard ray tubes, or TT B = {T B

λ }λ∈P1(K) is a P1(K)-family of pairwise
orthogonal standard coray tubes.

• Either P(B) contains all the indecomposable projective B-modules,
or Q(B) contains all the indecomposable injective B-modules.

• TT B separates P(B) from Q(B) in the sense of (XII.3.3).
• The tubular type rB of TT B depends only on the Euclidean graph Q.

Proof. Apply (3.5), (3.6), and (5.1). �

5.3. Theorem. Let Δ be a Euclidean graph. The number of the isomor-
phism classes of basic tilted algebras B of Euclidean types Q such that the
underlying graph Q equals Δ is finite.

Proof. Assume that Δ is a Euclidean graph. First we note that the
number of quivers Q such that Q = Δ is finite.

Fix a Euclidean quiver Q with Q = Δ. Let A = KQ be the path
algebra of Q, TA a multiplicity-free tilting A-module, and B = EndTA

the associated tilted algebra. We recall from (XII.3.4) that the Auslander–
Reiten quiver Γ(modA) of A has a disjoint union decomposition
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Γ(mod A) = P(A) ∪ TT A ∪ Q(A),
where

• P(A) ∼= (− N)Qop is a postprojective component having the starting
section formed by all indecomposable projective A-modules,

• Q(A) ∼= NQop is a preinjective component having the final section
formed by all indecomposable injective A-modules,.

• TT A = {T A
λ }λ∈P1(K) is a P1(K)-family of pairwise orthogonal stan-

dard stable tubes separating P(A) from Q(A).
For each λ ∈ P1(K), we denote by rA

λ the rank of the tube T A
λ , and we set

Λ(A) =
{
λ ∈ P1(K); rA

λ ≥ 2
}
.

It follows from (XII.3.4) that |Λ(A)| ≤ 3.
For each λ ∈ P1(K), we denote by Cr(T A

λ ) the stone crown of the tube
T A

λ consisting of all indecomposable A-modules X in T A
λ of regular length at

most rA
λ −1, and we define the stone crown of A to be the full translation

subquiver
Cr(A) =

⋃
λ∈Λ(A)

Cr(T A
λ )

of TT A. It follows from (1.6) that Cr(A) consists of all stones in TT A, that
is, the indecomposable A-modules M of TT A such that Ext1A(M, M) = 0.

In the notation of (3.2), the tilting A-module TA has a canonical decom-
position

TA = T pp
A ⊕ T rg

A ⊕ T pi
A ,

where T pp
A is a postprojective A-module, T rg

A is a regular A-module, and
T pi

A is a preinjective A-module. Observe that T rg
A ∈ add Cr(A), because all

indecomposable direct summands of TA are stones.
It follows from (VII.5.10) and (XIV.2.4) that A is a minimal representa-

tion-infinite algebra, and hence the number of pairwise non-isomorphic non-
sincere indecomposable A-modules is finite. In particular, there exists a
minimal integer pA ≥ 1 such that HomA(P (a), τ−i

A P (b)) �= 0 for all i ≥ pA

and all vertices a, b ∈ Q0. It is clear that, if M = τ−i
A P (c) and N = τ−j

A P (d)
are two modules in P(A) such that HomA(M, τAN) = 0 then j − i ≤ pA,
because the isomorphisms

0 = HomA(M, τAN) ∼= HomA(τ−i
A P (c), τ−j+1

A P (d))

∼= HomA(P (c), τ−(j−i)+1
A P (d))

and the choice of pA yield j − i ≤ pA.
Following the proof of (XIV.4.3), we define the concealed domain

DP(A) of P(A) to be the full translation subquiver of P(A) whose ver-
tices are the modules τ−i

A P (a), with a ∈ Q0 and i ∈ {0, 1, 2, . . . , pA}.
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Similarly, we define a concealed domain of Q(A). Because A is a minimal
representation-infinite algebra and the number of pairwise non-isomorphic
non-sincere indecomposable A-modules is finite then there exists a minimal
integer qA ≥ 1 such that HomA(I(a), τ i

AI(b)) �= 0 for all i ≥ qA and all
vertices a, b ∈ Q0. It follows as above that if U = τ i

AI(c) and N = τ j
AI(d)

are two modules in Q(A) such that HomA(U, τAV ) = 0 then i− j ≤ qA. We
define the concealed domain DQ(A) of Q(A) to be the full translation
subquiver of Q(A) whose vertices are the modules τ i

AI(a), with a ∈ Q0 and
i ∈ {0, 1, 2, . . . , qA}.

Now we show that the tilted algebra B = EndTA is isomorphic to a
tilted algebra End T̂A, where T̂A is a tilting A-module with a canonical
decomposition (3.2)

T̂A = T̂ pp
A ⊕ T̂ rg

A ⊕ T̂ pi
A

such that T̂ pp
A ∈ addDP(A), T̂ rg

A ∈ add Cr(A), and T̂ pi
A ∈ addDQ(A).

Because DP(A) ∪ Cr(A) ∪ DQ(A) has a finite number of indecomposable
modules, this will imply that the number of the isomorphism classes of basic
tilted algebras B of the Euclidean type Q is finite, and will finish the proof
of the theorem. To construct such a tilting module T̂A, we consider two
cases.

Case 1◦. Assume that the tilted algebra B ∼= EndTA is representation-
finite, and we show that the tilting module TA has the required properties.

It follows from (VIII.4.3) that T pp
A �= 0 and T pi

A �= 0. Now we show that
T pp

A ∈ addDP(A), and T pi
A ∈ addDQ(A). Assume, to the contrary, that

T pp
A �∈ addDP(A), that is, there exists an indecomposable direct summand

X of T pp
A such that X ∈ P(A) \ DP(A). Let Y be an arbitrary module in

Q(A). Then there exists a vertex b ∈ Q0 and s ≥ 0 such that Y ∼= τ s
AI(b).

Because, by the construction of DP(A), the module τ−s
A X is sincere then

we get

HomA(X, Y ) ∼= HomA(X, τ s
AI(b)) ∼= HomA(τ−s

A X, I(b)) �= 0.

On the other hand, because the algebra A is hereditary and the modules T pp
A ,

T pi
A are direct summands of the tilting module TA then HomA(T pp

A , τAT pi
A ) ∼=

DExt1A(T pi
A , T pp

A ) = 0. It follows that HomA(X, Y ) = 0, for any indecom-
posable direct summand Y of τAT pi

A , and we get a contradiction with the
choice of X. This shows that every indecomposable direct summand X
of T pp

A lies in DP(A), that is, T pp
A ∈ addDP(A). Because the relation

T pi
A ∈ addDQ(A) follows in a similar way, then the tilting module T̂A = TA

has the required properties, and the proof is complete in this case.
Case 2◦. Assume that the tilted algebra B = EndTA is representation-

infinite. We know from (3.3) that T pp
A = 0 or T pi

A = 0.
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First we consider the case when T pi
A = 0. It follows from (3.5)(a) that

T pp
A �= 0. Let

TA = T pp
A ⊕ T rg

A = T1 ⊕ . . . ⊕ Tm ⊕ Tm+1 ⊕ . . . ⊕ Tn,

where 1 ≤ m ≤ n, the modules T1, . . . , Tm, Tm+1, . . . , Tn are indecom-
posable, T pp

A = T1 ⊕ . . . ⊕ Tm, and T rg
A = Tm+1 ⊕ . . . ⊕ Tn. If T rg

A = 0,
we set n = m. Because the algebra A is hereditary and the modules
T1, . . . , Tm are in P(A) then, for each i ∈ {1, . . . , m}, there exist a ver-
tex ai ∈ Q0 and an integer si ≥ 0 such that Ti

∼= τ−s
A P (ai). With-

out loss of generality, we may assume that s = s1 is the minimal inte-
ger in the set {s1, . . . , sm}. Then the tilting vanishing condition yields
HomA(T1, τATi) = 0, for all i ∈ {1, . . . , m}, and the choice of pA yields
si − s ≤ pA, for each i ∈ {1, . . . , m}. Consider the A-module

T̂A = T̂1 ⊕ . . . ⊕ T̂m ⊕ T̂m+1 ⊕ . . . ⊕ T̂n,

where T̂i = τ−s
A Ti is an indecomposable module, for each i ∈ {1, . . . , n}.

Note that
HomA(T̂A, τAT̂A) ∼= HomA(τ−s

A TA, τ−s+1
A TA) ∼= HomA(TA, τATA) = 0.

It follows that T̂A is a multiplicity-free tilting A-module such that

• T̂ pp
A

∼= τ−s
A T pp

A ∈ addDP(A), T̂ rg
A

∼= τ−s
A T rg

A ∈ add Cr(A),
• T̂A ∈ add (DP(A) ∪ Cr(A)), and
• there are isomorphisms of algebras

End T̂A
∼= End τ−s

A TA
∼= EndTA = B.

This finishes the proof in case T pi
A = 0. Similarly, if T pp

A = 0 then T pi
A �= 0,

by (3.6), and we find a multiplicity-free tilting A-module

T̂A ∈ add (Cr(A) ∪ DQ(A))

such that End T̂A
∼=EndTA =B. This completes the proof of the theorem.�

5.4. Corollary. Given an integer d ≥ 1, the number of the isomorphism
classes of basic tilted algebras B of Euclidean type with dimKB = d is finite.

Proof. It is easy to see that the rank of the Grothendieck group K0(Λ)
of any algebra Λ of K-dimension d is less than or equal to d. It follows that
the number of Euclidean type quivers Q such that there is a tilted algebra
B of the type Q is finite. Then the corollary is a consequence of (5.3). �

We recall from (VIII.3.2) that every tilted algebra B satisfies the following
distinguished homological conditions:

(a) gl.dimB ≤ 2, and
(b) pdXB ≤ 1 or idXB ≤ 1, for any indecomposable module in modB.
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In particular, this is the case for any tilted algebra B of Euclidean type.
We end this section with an example showing that the class of algebras Λ

satisfying the homological conditions (a) and (b) is larger than the class of
tilted algebras of Euclidean type. However, for each algebra Λ constructed
in our example, the structure of the module category mod Λ is very similar
to the structure of the module category mod Λ for a representation-infinite
tilted algebra B of Euclidean type. As a consequence, it shows that the
finiteness of the number of the isomorphism classes of basic tilted algebras
of Euclidean type of a fixed dimension d ≥ 1, established in (5.4), is a very
exclusive property of tilted algebras of Euclidean type.

5.5. Example. Let Q be the quiver

For each a ∈ K \ {0, 1}, we consider the algebra

Λ(a) = KQ/I(a),

where I(a) is the ideal of the path algebra KQ of Q generated by the com-
mutativity relations βαξ − σγξ and ηβα − aησγ. It is easy to see that

• dimKΛ(a) = 21, for each a ∈ K \ {0, 1},
• (1 − a)ησγξ ∈ I(a), and hence
• ησγξ ∈ I(a) and ηβαξ ∈ I(a).

Now we show that

Λ(a) �∼= Λ(b), for all a, b ∈ K \ {0, 1} such that a �= b.

Assume, to the contrary, that there is an isomorphism of algebras f :
Λ(a) �−→ Λ(b), for some a, b ∈ K \ {0, 1}. We show that a = b. First,
we note that if there is an arrow i−→ j in the quiver Q and ei, ej are the
primitive idempotents of the algebra KQ corresponding to the vertices i, j
of Q, then

ei(radKQ)ej
∼= K and ei(rad 2KQ)ej = 0.

Hence, there exist elements cα, cβ , cγ , cξ, cη ∈ K \ {0} such that

f(α+I(a)) = cαα+I(b), f(β+I(a)) = cββ+I(b), f(γ+I(a)) = cγγ+I(b),
f(σ+I(a)) = cσσ+I(b), f(ξ+I(a)) = cξξ+I(b), f(η+I(a)) = cηη+I(b).

It follows that cβcα = cσcγ , because of the following equalities
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(cβcα − cσcγ)cξβαξ + I(b) = (cβcαcξβαξ + I(b)) − (cσcγcξβαξ + I(b))

= (cβcαcξβαξ + I(b)) − (cσcγcξσγξ + I(b))

= (cββ + I(b))(cαα + I(b))(cξξ + I(b))

− (cσσ + I(b))(cγγ + I(b))(cξξ + I(b))

= f(β + I(a))f(α + I(a))f(ξ + I(a))

− f(σ + I(a))f(γ + I(a))f(ξ + I(a))

= f((βαξ + I(a)) − (σγξ + I(a)))

= f(0 + I(a)) = 0.

Hence, invoking the commutativity relation ηβα = aησγ in Λ(a), we get

(b − a)cηcσcγησγ + I(b) = (bcηcσcγησγ + I(b)) − (acηcσcγησγ + I(b))

= cηcσcγ(bησγ + I(b)) − (acηcσcγησγ + I(b))

= cηcβcα(ηβα + I(b)) − acηcσcγ(ησγ + I(b))

= (cηη + I(b))(cββ + I(b))(cαα + I(b))

− a(cηη + I(b))(cσσ + I(b))(cγγ + I(b))

= f(η + I(a))f(β + I(a))f(α + I(a))

− af(η + I(a))f(σ + I(a))f(γ + I(a))

= f((ηβα + I(a)) − (aησγ + I(a)))

= f(0 + I(a)) = 0.

It follows that b = a, as we required.
Given a fixed element a ∈ K \ {0, 1}, we describe the Auslander–Reiten

quiver Γ(mod Λ(a)) of the algebra Λ(a). Denote by C the path algebra KΔ
of the quiver

By (XII.1.1), C is the canonical algebra C(2.2) and it follows from (XII.2.8)
and (XII.3.4) that the Auslander–Reiten quiver Γ(modC) of C has a disjoint
union decomposition

Γ(mod C) = P(C) ∪ TT C ∪ Q(C),



192 Chapter XVII. Tilted algebras of Euclidean type

where P(C) is a unique postprojective component containing all the inde-
composable projective C-modules, Q(C) is a unique preinjective component
containing all the indecomposable injective C-modules, and TT C is a P1(K)-
family TT C = {T C

λ }λ∈P1(K) of pairwise orthogonal standard stable tubes
such that

• T C
∞ is the stable tube of rank 2 with the mouth modules

E
(∞)
1 = S(3) :

K↙ ↖
0 0,
↖ ↙

0

E
(∞)
2 =

0↙ ↖
K K

1↖ ↙1
K

• T C
0 is the stable tube of rank 2 with the mouth modules

E
(0)
1 = S(4) :

0↙ ↖
0 0↖ ↙

K

E
(0)
2 :

K
1↙ ↖1

K K↖ ↙
0

• for each λ ∈ K \{0}, T C
λ is the stable tube of rank 1 with the unique

mouth module

E(λ) :
K

1↙ ↖1
K K.

λ
↖ ↙1

K

Given a ∈ K \ {0, 1}, we consider the following two quotient algebras

Λ− = KQ−/I− and Λ(a)
+ = KQ+/I

(a)
+

of the algebra Λ(a), where Q− and Q+ are the following subquivers

of the quiver Q of Λ(a), I− is the ideal of the path algebra KQ− of Q−
generated by the commutativity relation βαξ − σγξ, and I

(a)
+ is the ideal

of the path algebra KQ+ of Q+ generated by the commutativity relation
ηβα − aησγ.
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Observe that the algebra Λ− is the domestic tubular (branch) coextension

Λ− = [E(1),L(1)]C

of C of tubular type rΛ− = r̂Λ− = (2, 2, 2), where L(1) is the branch con-
sisting of one vertex. Then, it follows from (3.6) and (4.4) that Λ− is
a representation-infinite tilted algebra of the Euclidean type D̃4 and the
Auslander–Reiten quiver Γ(mod Λ−) of Λ− has a disjoint union decomposi-
tion

Γ(mod Λ−) = P(Λ−) ∪ TT Λ− ∪ Q(Λ−),
where

• P(Λ−) is a unique postprojective component containing all the in-
decomposable projective Λ−-modules,

• Q(Λ−) = Q(C) is a unique preinjective component,
• TT Λ− is a P1(K)-family TT Λ− = {T Λ−

λ }λ∈P1(K) of pairwise orthogonal
standard coray tubes such that T Λ−

λ = T C
λ , for each λ ∈ P1(K)\{1},

and T Λ−
1 is a coray tube of rank 2 obtained from the stable tube T C

1
by insertion of one coray ending at the injective Λ−-module I(1)Λ− .

• TT Λ− separates P(Λ−) from Q(Λ−).

The algebra Λ(a)
+ is the domestic tubular (branch) extension

Λ(a)
+ = C[E(a),L(a)]

of C of tubular type rΛ+ = r̂Λ+ = (2, 2, 2), where L(a) is the branch con-
sisting of one vertex. Then, it follows from (3.5) and (4.3) that Λ(a)

+ is
a representation-infinite tilted algebra of the Euclidean type D̃4 and the
Auslander–Reiten quiver Γ(mod Λ(a)

+ ) of Λ(a)
+ has a disjoint union decom-

position
Γ(mod Λ(a)

+ ) = P(Λ(a)
+ ) ∪ TT Λ(a)

+ ∪ Q(Λ(a)
+ ),

where
• P(Λ(a)

+ ) = P(C) is a unique postprojective component,
• Q(Λ(a)

+ ) is a unique preinjective component containing all the inde-
composable injective Λ(a)

+ -modules,

• TT Λ(a)
+ is a P1(K)-family TT Λ(a)

+ = {T Λ(a)
+

λ }λ∈P1(K) of pairwise or-

thogonal standard ray tubes such that T Λ(a)
+

λ = T C
λ , for each λ ∈

P1(K) \ {a}, and T Λ(a)
+

a is a ray tube of rank 2 obtained from the
stable tube T C

a by insertion of one ray starting from the projective
Λ(a)

+ -module P (6)Λ(a)
+

,

• TT Λ(a)
+ separates P(Λ(a)

+ ) from Q(Λ(a)
+ ).
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It follows that the algebra Λ(a) is both

• the branch extension Λ−[E(a),L(a)] of Λ− using the tube T Λ−
a = T C

a ,
and

• the branch coextension [E(1),L(1)]Λ(a)
+ of Λ(a)

+ using the tube T Λ(a)
+

1 =
T C

1 .
Consequently, for each a ∈ K \ {0, 1}, the algebra Λ(a) has the branch

coextension-extension form

Λ(a) = [E(1),L(1)]C[E(a),L(a)].
By applying (XV.4.3) and (XV.4.4), we conclude that, for a fixed element

a ∈ K \{0, 1}, the Auslander–Reiten quiver Γ(mod Λ(a)) of the algebra Λ(a)

has a disjoint union decomposition
Γ(mod Λ(a)) = P(Λ(a)) ∪ TT Λ(a)

∪ Q(Λ(a)),
where

(i) P(Λ(a)) = P(Λ−) is a unique postprojective component containing
all the indecomposable projective Λ−-modules, except the module
P (6) = P (6)Λ(a) , and the left hand part of P(Λ(a)) looks as follows

where we set P (j) = P (j)Λ(a) , for each j ∈ {1, 2, 3, 4, 5, 6}, and
the indecomposable Λ(a)-modules are represented by their dimension
vectors,

(ii) Q(Λ(a)) = Q(Λ(a)
+ ) is a unique preinjective component containing

all the indecomposable injective Λ(a)
+ -modules, except the module

I(6) = I(6)Λ(a) , and the right hand part of Q(Λ(a)) looks as follows
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where we set I(j) = I(j)Λ(a) , for each j ∈ {1, 2, 3, 4, 5, 6}, and the
indecomposable Λ(a)-modules are represented by their dimension
vectors,

(iii) TT Λ(a)
= {T Λ(a)

λ }λ∈P1(K) is a P1(K)-family of pairwise orthogonal
standard tubes separating P(Λ(a)) from Q(Λ(a)) and such that

• T Λ(a)

∞ = T C
∞ and T Λ(a)

0 = T C
0 are stable tubes of rank 2,

• T Λ(a)

λ = T C
λ is a stable tube of rank 1, for each λ ∈ P1(K) \

{0, 1, a,∞},

• T Λ(a)

1 = T Λ−
1 is a coray tube of rank 2, T Λ(a)

a = T Λ(a)
+

a is a ray
tube of rank 2, and the tubes T Λ(a)

1 and T Λ(a)

a have the forms
E(1) −− I(1)

|↘ ↗ ↘
|−− 2

12 20
2

−− E(1)

|↗ ↘ ↗ |
3

13 30
3

−− 2
02 20

2
−−|

|↘ ↗ ↘ |

|−− 3
03 30

3
−− 3

13 30
3

|↗ ↘ ↗ |
4

04 40
4

−− 4
14 40

4
−−|

|↘ ↗ ↘ |

|−− 5
15 50

5
−− 4

04 40
4

|↗ ↘ ↗ |

| ... |

T Λ(a)

1 = T Λ−
1

P (6)−−− E(a)

↗ ↘ ↗ |

E(a) −− 2
02 21

2
−− |

|↘ ↗ ↘ |

|−− 2
02 20

2
−− 3

03 31
3

|↗ ↘ ↗ |
3

03 31
3

−− 3
03 30

3
−−|

|↘ ↗ ↘ |

|−− 4
04 41

4
−− 4

04 40
4

|↗ ↘ ↗ |
4

04 40
4

−− 5
05 51

5
−−|

|↘ ↗ ↘ |

| ... |

T Λ(a)

a = T Λ(a)
+

a

where E(1) = 1
01 10

1
, I(1) = 1

11 10
1

, P (6) = 1
01 11

1
, E(a) = 1

01 10
1

, and
the indecomposable Λ(a)-modules are represented by their dimension
vectors,

(iv) HomΛ(a)(D(Λ(a)),P(Λ(a)) ∪ (T Λ(a) \ {T Λ(a)

1 })) = 0,
(v) HomΛ(a)(Λ(a)

Λ(a) , (T Λ(a) \ {T Λ(a)

a }) ∪ Q(Λ(a))) = 0,

(vi) pdX ≤ 1, for any module X in P(Λ(a)) ∪ (T Λ(a) \ {T Λ(a)

1 }),
(vii) idY ≤ 1, for any module Y in (T Λ(a) \ {T Λ(a)

a }) ∪ Q(Λ(a)),
(viii) pdX ≤1 or idX ≤1, for any indecomposable module X in mod Λ(a),

and
(ix) gl.dim Λ(a) ≤ 2.

The statements (vi) and (vii) follow from (IV.2.7), because we assume that
a �= 1. The statement (ix) follows from (vi), (vii), and the fact that the
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radical of any indecomposable projective Λ(a)-module lies in

P(Λ(a)) ∪ (T Λ(a) \ {T Λ(a)

1 }),

see (XV.4.3).
Finally, we note that the algebra Λ(a) is representation-infinite, but it is

not a tilted algebra of the Euclidean type, because T Λ(a)

1 is a coray tube,
T Λ(a)

a is a ray tube, and (5.2) applies. This finishes the example.

XVII.6. A controlled property of the Euler form
of tilted algebras of Euclidean type

It was shown in (XII.4.2) that the category modB over a concealed al-
gebra B of Euclidean type is link controlled by the Euler quadratic form
qB : K0(B) −→ Z of B, that is, the following three conditions are satisfied.

• qA(dimX) ∈ {0, 1}, for any indecomposable B-module X.
• For any connected positive vector x ∈ K0(B), with qB(x) = 1, there

is precisely one indecomposable A-module X, up to isomorphism,
such that dimX = x.

• For any connected positive vector x ∈ K0(B), with qB(x) = 0, there
is an infinite family {Xλ}λ∈Λ of pairwise non-isomorphic indecom-
posable modules Xλ in modB such that dimXλ = x, for any λ ∈ Λ.

The aim of this section is to show that the result remains valid, for any
tilted algebra B of Euclidean type.

6.1. Theorem. If B is a tilted algebra of Euclidean type then the mod-
ule category mod B is link controlled by the Euler quadratic form qB :
K0(B) −−−−→ Z of B.

Proof. Let Q be an acyclic Euclidean quiver and let A = KQ be the
path algebra of Q. Assume that B is a tilted algebra of the Euclidean type
Q. Then B ∼= EndTA, where TA is a multiplicity-free tilting A-module. It
follows from (VI.3.5) that the algebra B is connected. We also recall from
(VIII.3.2) that gl.dimB ≤ 2. Now we split the proof into two cases.

Case 1◦. Assume that the tilted algebra B is representation-finite. By
(IV.5.4) and (VIII.4.3), the Auslander–Reiten quiver Γ(modB) of B is both
postprojective and preinjective, and consequently, B is a representation-
directed algebra. Because gl.dim B ≤ 2 then (IX.3.3) applies. Hence,
the Euler quadratic form qB : K0(B) −−−−→ Z of B is weakly positive
and the correspondence X 
→ dimX defines a bijection between the in-
decomposable modules in mod B and the positive roots of qB . Observe
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also that the Grothendieck group K0(B) ∼= K0(A) has no positive vec-
tor x such that qB(x) = 0, although qB is Z-congruent to the positive
semidefinite Euler quadratic form qA : K0(A) −−−−→ Z of A, see (VI.4.7)
and (VII.4.2). It follows that qB(dimX) = 1, for any indecomposable
module X in modB, and hence, the category modB is link controlled by
the Euler quadratic form qB .

Case 2◦. Assume that the tilted algebra B ∼= EndTA is representation-
infinite. In the notation of (3.2), the tilting A-module TA has a canonical
decomposition

TA = T pp
A ⊕ T rg

A ⊕ T pi
A ,

where T pp
A is a postprojective A-module, T rg

A is a regular A-module, and
T pi

A is a preinjective A-module. Because B is representation-infinite then
T pp

A = 0 or T pi
A = 0, by (VIII.4.3) and (VIII.4.4). Without loss of generality,

we may assume that T pi
A = 0. Then, by (3.5), C = EndT pp

A is a concealed
algebra of Euclidean type and B is a domestic tubular extension of C. In
case T rg

A = 0, we have B = C and (XII.4.2) applies. It follows that the
category mod B = mod C is link controlled (and is even controlled) by the
Euler quadratic form qB .

Assume that T rg
A �= 0. Then B is a proper domestic tubular extension of

C and, by (XV.3.9), B is a domestic branch extension

B = C[F1,L(1), F2,L(2), . . . , Fs,L(s)]

of C and the ordinary quiver QB of B has the form

where

• F1, F2, . . . , Fs are pairwise different C-modules lying on the mouths
of the tubes of the P1(K)-family TT C = {T C

λ }λ∈P1(K) of pairwise
orthogonal standard stable tubes of Γ(modC),
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• L(1) = (L(1), I(1)),L(2) = (L(2), I(2)), . . . , L(s) = (L(s), I(s)) are
branches with the germs O1, O2, . . . , Os,

• for each j ⊂ {1, . . . , s}, the vertex Oj is the extension vertex of the
one-point extension algebra C[Fj ], and

• the quivers QC , L(1), L(2), . . . , L(s) are full convex subquivers of QB .
On the other hand, the algebra B has the lower triangular matrix form

B ∼=
[

C 0
DMC D

]
,

where C = EndT pp
A , D = EndT rg

A , and DMC = HomA(T pp
A , T rg

A ) is viewed
as a D-C-bimodule in an obvious way. Moreover, the algebra D is the
product

D ∼= D1 × D2 × . . . × Ds

of the branch algebras D1 ∼= KL(1), D2 ∼= KL(2), . . . , Ds
∼= KL(s). Hence

we easily conclude that the Cartan matrix CB of B has the upper triangular
matrix form

CB
∼=
[

CC ∗
0 CD

]
,

there is a canonical embedding

K0(C) = Z(QC)0 ↪→ Z(QB)0 = K0(B)

of the Grothendieck groups of C and B, and the Euler quadratic form
qC : K0(C) −→ Z is the restriction of qB : K0(B) −→ Z to the subgroup
K0(C) of K0(B).

By (3.5), the Auslander–Reiten quiver Γ(modB) of B has a disjoint union
decomposition Γ(mod B) = P(B) ∪ TT B ∪ Q(B), where

• P(B) = HomA(T, T (T ) ∩ P(A)) = P(C) is a unique postprojective
component of Γ(modB),

• Q(B) is a unique preinjective component of Γ(modB) containing all
the indecomposable injective B-modules,

• TT B = HomA(T, T (T ) ∩ TT A) is a P1(K)-family TT B = {T B
λ }λ∈P1(K) of

pairwise orthogonal standard ray tubes T B
λ = HomA(T, T A

λ ), with rB
λ = rA

λ

obtained from the P1(K)-family TT C = {T C
λ }λ∈P1(K) of pairwise orthogonal

standard stable tubes of Γ(modC) by iterated rectangle insertions, and
• TT B is of the tubular type mQ (see (XVI.4.7)), and separates P(B)

from Q(B).

Because B ∼= EndTA is a tilted algebra then, by (VI.4.3) and (VI.4.5),
there exists a group isomorphism f : K0(A) �−−−−→ K0(B) of the Grothen-
dieck groups of A and B such that, for any A-module M , the following two
equalities hold

• f(dimM) = dimHomA(T, M) − dimExt1A(T, M), and
• qB(f(dimM)) = qA(dimM).
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Now we show that qB(dimX) ∈ {0, 1}, for any indecomposable B-
module X. If X is an indecomposable module in P(B) ∪ Q(B) then X
is directing and, according to (IX.1.5), we have qB(dimX) = 1. As-
sume that X is an indecomposable module in TT B . Then X has the form
X ∼= HomA(T, M), where M is an indecomposable module in T (T ) ∩ TT A.
Because A = KQ is a concealed algebra of Euclidean type then, by(XII.4.2),
the category mod A is link controlled by the Euler quadratic form qA of A
and, hence, qA(dimM) ∈ {0, 1}. Thus, we get

qB(dimX) = qB(dimHomA(T, M))

= qB(f(dimM))

= qA(dimM) ∈ {0, 1}.

We recall from (VI.4.7) and (VII.4.2) that the form qB is semidefinite of
corank one and

rad qB = Z · hB ,

for a vector hB ∈ K0(B). On the other hand, because C is a concealed
algebra of Euclidean type then, by (XI.3.7), there exists a unique positive
vector hC ∈ K0(C) such that rad qC = Z · hC and all coordinates of hC

are positive. It follows that rad qB = rad qC and hB = hC , because qC is
the restriction of qB to K0(C), under the canonical embedding K0(C) ↪→
K0(B).

We recall from (XII.4.2) that if X is an indecomposable module in a
tube T C

λ of rank rC
λ ≥ 1 then dimX = m · hC , for some m ≥ 1, if and

only if r�(X) = m · rC
λ . Hence we conclude that any positive vector x ∈

K0(B), with qB(x) = 0, belongs to the subgroup K0(C) ↪→ K0(B) of K0(B)
and there exists a P1(K)-family {Xλ}λ∈P1(K) of pairwise non-isomorphic
indecomposable C-modules (hence, B-modules) such that dimXλ = x, for
each λ ∈ P1(K). Moreover, each indecomposable B-module X such that
qB(dimX) = 0 is a C-module.

Consequently, to prove that the module category modB is link controlled
by the Euler quadratic form qB : K0(B) −−−−→ Z, it is sufficient to show
that, for every connected positive vector x ∈ K0(B) with qB(x) = 1, there
is precisely one indecomposable B-module X, up to isomorphism, such that
dimX = x.

To show this, assume that x ∈ K0(B) is a connected positive vector
such that qB(x) = 1. We make the identification K0(B) = Z(QA)0 and we
consider the support

suppA(x) = {j ∈ (QA)0; xj �= 0}
of the vector x ∈ K0(B) in the group K0(A). Assume that suppA(x) is con-
tained in (QC)0. Then, by (XII.4.2), there exists a unique indecomposable
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C-module X, up to isomorphism, such that dimX = x. It follows that any
indecomposable B-module Y such that dimY = x is a C-module and there
is an isomorphism Y ∼= X.

Assume now that suppA(x) is not contained in (QDj )0, for some
j ∈ {1, . . . , s}. Because the algebra D = EndT rg

A is the product

D ∼= D1 × D2 × . . . × Ds

of the branch algebras

D1 ∼= KL(1), D2 ∼= KL(2), . . . , Ds
∼= KL(s),

then the Cartan matrix CD of D has the diagonal form

CD
∼=

⎡⎢⎢⎣
CD1 0 0 . . . 0

0 CD2 0 . . . 0
...

. . .
...

0 0 . . . . . . CDs

⎤⎥⎥⎦ ,

and, for each j ∈ {1, . . . , s},
• the Euler quadratic form qDj : K0(Dj) −→ Z is the restriction of the

form qB : K0(B) −→ Z to the subgroup K0(Dj) of K0(B) under a canonical
embedding

K0(Dj) = Z
(QDj

)0 ↪→ Z(QB)0 = K0(B)

of the Grothendieck groups of Dj and B, and hence
• the restriction x(j) of the vector x ∈ K0(B) to the subgroup K0(Dj) of

K0(B) is a positive vector of K0(Dj) and the equality qDj
(x(j)) = 1 holds.

It follows from (XVI.2.2) that, for each i ∈ {1, . . . , s}, Di is a tilted
algebra of the equioriented Dynkin type Δ(Ani), where ni is the capacity of
the branch L(i), and hence, Di is representation-directed. Applying (IX.3.3)
again, we conclude there exists a unique indecomposable Dj-module X,
up to isomorphism, such that dimX = x. Clearly, then X is a unique
indecomposable B-module, up to isomorphism, such that dimX = x.

Assume that suppA(x) is contained neither in (QC)0 nor in (QB)0. Let X
be a B-module with dimX = x such that dimKEndB(X) is minimal, and
X = X1⊕. . .⊕Xt a decomposition of X into a direct sum of indecomposable
B-modules.

If t = 1 then x = dimX = dimX1, and there is nothing to show.
Assume that t ≥ 2. Then Ext1A(Xi, Xj) �= 0, for all i �= j, by (XIV.2.3).
Because gl.dim B ≤ 2 then we have the following equalities
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1 = qB(x)

= qB(dimX)

= χB(X, X)

= dimKEndB(X) − dimKExt1B(X, X) + dimKExt2B(X, X)

=
∑
i �=j

[
dimKHomB(Xi, Xj) + dimKExt2B(Xi, Xj)

]
+

t∑
i=1

[
dimKEndB(Xi) − dimKExt1B(Xi, Xi) + dimKExt2B(Xi, Xi)

]
=
∑
i �=j

[
dimKHomB(Xi, Xj) + dimKExt2B(Xi, Xj)

]
+

t∑
i=1

χB(Xi, Xi)

=
∑
i �=j

[
dimKHomB(Xi, Xj) + dimKExt2B(Xi, Xj)

]
+

t∑
i=1

qB(dimXi).

Now we show that there exists i ∈ {1, . . . , t} such that qB(dimXi) = 1.
Suppose, to the contrary, that qB(dimXi) = 0, for any i ∈ {1, . . . , t}.
Because rad qB = rad qC = Z · hC then the B-modules X1, . . . , Xt are C-
modules. Hence, the equalities X = X1 ⊕ . . . ⊕ Xt and x = dimX imply
that the support suppA(x) is contained in (QC)0 and we get a contradiction.
This shows that there exists i ∈ {1, . . . , t} such that qB(dimXi) = 1.

Without loss of generality, we may suppose that qB(dimX1) = 1. Then
• qB(dimXi) = 0, for i ∈ {2, . . . , t}, and
•
∑
i �=j

[
dimKHomB(Xi, Xj) + dimKExt2B(Xi, Xj)

]
= 0.

In particular, if 2 ≤ i ≤ t, then Xi ∈ T C
λi

= T B
λi

, for some λi ∈ P1(K), and
(XII.4.2) yields dimXi = mi · hC , where mi ≥ 1 is an integer such that
mi · rC

λi
is the regular length r�(Xi) of Xi in T C

λi
. On the other hand, it

follows from our assumption on x that the indecomposable B-module X1 is
not a C-module and, hence, suppA(dimX1) contains a vertex of a branch
L(k), for some k ∈ {1, . . . , s}. Because

x = dimX = dimX1 + . . . + dimXt

and the vectors dimX2, . . . ,dimXt are contained in (QC)0 then the set
suppA(dimX1) contains the germ Ok of the branch L(k), because the vector
x is connected. Note also that X1 is not a postprojective B-module, because
P(B) = P(C) consists of C-modules.

Assume that the module X1 belongs to the preinjective component Q(B)
of the Auslander–Reiten quiver Γ(modB) of B. We prove that the restric-
tion resCX1 of X1 to C is zero. Assume, to the contrary, that the module
Y1 = resCX1 is non-zero. Then (XV.4.3) yields Y1 ∈ addQ(C) and, ap-
plying (XII.3.6), we conclude that HomB(X2, Y1) �= 0, because X2 is an
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indecomposable C-module of regular length

r�(X2) = m2 · rC
λ2

≥ rC
λ2

in T C
λ2

. Hence we get the contradiction

0 = HomB(X2, X1) ∼= HomB(X2, Y1) �= 0.

It follows that if X1 belongs to Q(B) then X1 is an indecomposable module
over the branch algebra Dk of the branch L(k) with the germ Ok that belongs
to the support of dimX1.

Let T B
λ1

be the ray tube of Γ(modB) containing the indecomposable
projective B-module P (Ok)B = eOk

B at the vertex Ok. We know from
(XVI.2.2) and (XVI.2.3) that the branch algebra Dk is a tilted algebra
Dk

∼= EndHnk
(Rk), where Hnk

is the path algebra of the equioriented quiver

Δ(Ank
) :

1 2 nk◦←−◦←− . . .←−◦ ,

Rk is a multiplicity-free tilting Hnk
-module, and nk is the capacity of the

branch L(k). The finite Auslander–Reiten quiver Γ(modHnk
) admits pre-

cisely one section Σk isomorphic to the equioriented linear quiver Δ(Ank
),

the source of Σk is the indecomposable projective Dk-module

P (Ok)Bk
= eOk

Bk

at the germ Ok of L(k), and the sink of Σk is the indecomposable injective
Dk-module I(Ok)Bk

at the germ Ok of L(k). It follows that section Σk

consists of all indecomposable Dk-modules M such that the support of
dimM contains the germ Ok.

On the other hand, the ray tube T B
λ1

is the image of HomA(T, T (T )∩T A
λ1

)
of the torsion part T (T )∩T A

λ1
of the stable tube T A

λ1
of Γ(modA) containing

the indecomposable summand Vk of T rg
A creating the indecomposable pro-

jective B-module P (Ok)B at the vertex Ok. Moreover, the cone C(Vk) of
the tube T A

λ1
determined by Vk is of depth nk and there is an equivalence of

categories Gk : mod Hnk
−−−−−−→ add C(Vk) such that the image Gk(Rk)

of the tilting Hnk
-module Rk via the functor Gk is the direct sum of all

indecomposable direct summands of T rg
A contained in the cone C(Vk). It

follows that the tube T A
λ1

of Γ(modA) admits a coray containing a sectional
path

[nk+1]Ek −→ [nk]Ek −→ [nk−1]Ek −→ . . . −→ [2]Ek −→ [1]Ek
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entirely contained in T (T ) such that Vk = [nk]Ek, Ek lies on the mouth of
T A

λ1
, and the image of this path via the functor Gk is a sectional path

(∗) Znk+1 −→ Znk
−→ Znk−1 −→ . . . −→ Z2 −→ Z1

of the ray tube T B
λ1

of Γ(modB) such that Znk+1 is the B-module Fk and the
direct summand of the radical of the indecomposable projective B-module

Znk
= HomA(T, Vk) ∼= P (Ok)B

at the vertex Ok, by the construction of the ray tube
T B

λ1
= HomA(T, T (T ) ∩ T A

λ1
)

given in the proof of (2.3).
On the other hand, the ray tube T B

λ1
is obtained from the stable tube

T C
λ1

of Γ(modC) by iterated rectangle insertions. Hence we conclude that
by applying the restriction functor

resDk
: mod B −−−−→ mod Dk

to the sectional path (∗) we get the unique section

Σk : P (Ok)Dk
= Nnk

−→ Nnk−1 −→ . . . −→ N2 −→ N1 = I(Ok)Dk
,

of type Δ(Ank
) in Γ(modDk), where

Nnk
= resDk

(Znk
), . . . , N1 = resDk

(Z1).

Hence we conclude that every indecomposable Dk-module M such that
HomDk

(P (Ok)Dk
, M) �= 0 is isomorphic to a module N�, for some � ∈

{1, . . . , nk}. Because T B
λ1

is a ray tube then, for each � ∈ {1, . . . , nk, nk + 1},
there exists a unique infinite sectional path

(S�) Z� = Z�[1] −→ Z�[2] −→ . . . −→ Z�[j] −→ Z�[j+1] −→ . . .

in the tube T B
λ1

. We note also that the infinite path (Snk+1) starting from
the C-module Fk = Znk+1 consists entirely of C-modules and (Snk+1) is
the ray

Fk = Fk[1] −→ Fk[2] −→ . . . −→ Fk[j] −→ Fk[j+1] −→ . . .

of the stable tube T C
λ1

of Γ(modC) starting from the mouth module Fk. It
follows from the rectangle insertion procedure described in (XV.2.5) that
every indecomposable B-module Y in TT B such that HomB(P (Ok)B , Y ) �= 0
is isomorphic to a module Z�[j], for some � ∈ {1, . . . , nk} and some j ≥ 1.
Moreover, for each t ∈ {1, . . . , nk} and j ≥ 1, we have

dimZt[j] = dimNt + dimFk[j].
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Now we define an indecomposable B-module M in T B
λ1

such that
dimM = x. We recall that dimXi = mi · hC , for each i ∈ {2, . . . , t},
where mi · hC = r�(Xi) is the regular length of Xi in T B

λ1
. Let r = rC

λ1
be

the rank of the tube T C
λ1

, and we set m = m2 + . . . + mt. Then (XII.4.2)
yields

dimFk[m · r] = m · hC = dimX2 + . . . + dimXt.
Because the support of the vector dimX1 contains the vertex Ok then
HomB(P (Ok)B , X1) �= 0 and, consequently, the Dk-module resDk

(X1) is
isomorphic to a module N� = resDk

(Z�), for some � ∈ {1, . . . , nk} . To
construct the indecomposable B-module M , we have two cases to consider.

If resDk
(X1) = 0 then we set M = Z�[m · r]. Obviously, M is an inde-

composable B-module in the ray tube T B
λ1

and
dimM = dimN�+dimFk[m·r] = dimX1+dimX2+. . .+dimXt = x.

This shows that M is a required indecomposable B-module such that
dimM = x.

If resDk
(X1) �= 0 then X1 ∼= Z�[j], for some j ≥ 1, and we set M =

Z�[j+m · r]. Then

dimM = dimN� + dimFk[j+m · r]
= (dimN� + dimFk[j]) + dimFk[m · r]
= dimX1 + dimX2 + . . . + dimXt = x.

It follows that M is a required indecomposable B-module such that
dimM = x.

To finish the proof, it suffices to show that if X and Y are indecomposable
B-modules such that

x = dimX = dimY, qB(x) = 1,

and suppB(x) is contained neither in (QC)0 nor in (QD)0, then X ∼= Y .
Assume that X and Y satisfy the preceding conditions. If X belongs to

the preinjective component Q(B) then X is directing and (IX.3.1) yields
X ∼= Y .

Because P(B) = P(C) consists of C-modules then, without loss of gen-
erality, we may suppose that X belongs to TT B . We recall that the P1(K)-
family

TT B = {T B
λ }λ∈P1(K)

of pairwise orthogonal standard ray tubes of the Auslander–Reiten quiver
Γ(mod B) of B is obtained from the P1(K)-family

TT C = {T C
λ }λ∈P1(K)
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of pairwise orthogonal standard stable tubes of Γ(modC) by iterated ray
insertions created by the branch extension

B = C[F1,L(1), F2,L(2), . . . , Fs,L(s)]

of C. By our assumption on x, there is exactly one branch L(k) such that
the support suppB(x) of x contains the germ Ok of L(k). It follows that
HomB(P (Ok)B , X) �= 0 and HomB(P (Ok)B , Y ) �= 0 and, in the notation
introduced earlier, there are isomorphisms X ∼= Zt[j] and Y ∼= Zu[�], for
some j, � ≥ 1 and t, u ∈ {1, . . . , nk}. Hence, there exist isomorphisms
resDk

X ∼= Nt and resDk
Y ∼= Nu of Dk-modules and the dimension vectors

dimNt and dimNu coincide, because they are restrictions of the vector
x = dimX = dimY to (QDk

)0. Thus (IX.3.3) yields Nt
∼= Nu, because

the algebra Dk is representation-directed. It follows that t = u. On the
other hand, the equalities

dimX = dimNt + dimFk[j] and dimY = dimNu + dimFk[�]
yield dimFk[j] = dimFk[�], and hence, there is an isomorphism

Fk[j] ∼= Fk[�],

because the modules Fk[j] and Fk[�] lie on a common ray of a stable tube
of the family TT C . It follows that j = � and, consequently, there is an
isomorphism X ∼= Y . This finishes the proof of the theorem. �

Now we give an example of a tilted algebra B of Euclidean type such
that the module category modB is link controlled by the Euler quadratic
form qB : K0(B) −→ Z, but the category modB is not controlled by qB in
the sense of (4.1).

6.2. Example. Let B be the path algebra given by the quiver
1 2 3 4◦

α←−−−−−−←−−−−−−
β

◦ γ←−−−−−−◦ σ−−−−−−→◦

bound by one zero relation γα = 0. Let A be the path algebra of the
Kronecker quiver

1 2◦
α←−−−−−−←−−−−−−
β

◦ .

In the notation of (XI.4.3), B is a tubular extension B = A[E∞,L(∞)] of A
of domestic tubular type rB = r̂B = (rB

0 , rB
∞) = (1, 3), where

E∞ =
(

K
0←−−−−−←−−−−−
1

K

)
is the mouth A-module of the tube T A

∞ and L(∞) is the branch 3 ◦ −−−−→ ◦ 4

of capacity 2, with the germ vertex 3. The Cartan matrix CB of B and its
inverse C−1

B are of the forms
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CB =

[ 1 2 1 0
0 1 1 0
0 0 1 0
0 0 1 1

]
and C−1

B =

[ 1 −2 1 0
0 1 −1 0
0 0 1 0
0 0 −1 1

]
,

with respect to the canonical ordering P (1), P (2), P (3), and P (4) of the
indecomposable projective B-modules. Then K0(B) = Z4 and the Euler
quadratic form qB : Z4 −−−−−−→ Z is defined by the formula

qB(x) = xt ·(C−1
B )t ·x = x2

1+x2
2+x2

3+x2
4−2x1x2−x2x3−x3x4+x1x3,

for x = [x1 x2 x3 x4]t ∈ Z4 = K0(B).
Then, for the vector y = [1 1 0 1]t ∈ Z4, we have qB(y) = 1, that is, y is

a non-connected root of qB , and obviously, y is not the dimension vector of
any indecomposable B-module. This shows that the category mod B is not
controlled by qB , whereas mod B is link controlled by qB , by (6.1).

We end this section with an interesting example of a representation-finite
tilted algebra of Euclidean type.

6.3. Example. Let A = KΔ be the path algebra given by the Euclidean
quiver

The standard calculation technique shows that the left hand part of the
component P(A) of Γ(modA) looks as follows

and the right hand part of the component Q(A) of Γ(modA) looks as follows
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where the indecomposable modules are represented by their dimension
vectors.

It follows from (XII.2.6) and (XII.2.9) that Γ(modA) admits a stable
tube T A

1 of rank 2 with the mouth formed by the modules

Consider the indecomposable A-modules

T1 = P (1), T2 = P (2), T3 = F
(1)
2 , T4 = I(4), and T5 = I(5),

A simple checking shows that the tilting vanishing condition
HomA(Ti, τATj)=0 is satisfied, for all i, j ∈ {1, 2, 3, 4, 5}, and consequently

TA = T1 ⊕ T2 ⊕ T3 ⊕ T4 ⊕ T5,

is a multiplicity-free tilting A-module such that the summand
T pp

A = T1 ⊕ T2 of TA is postprojective, the summand T pi
A = T4 ⊕ T5 is

preinjective, and the summand T rg
A = T3 is a regular module. Hence, by

(VIII.4.3), B = EndTA is a representation-finite tilted algebra of the Eu-
clidean type Δ(D̃4). It is easy to see that B is given by the quiver

bound by the zero relations γα = 0, γβ = 0, δα = 0, and δβ = 0, where the
ordering 1, 2, 3, 4, 5 of the vertices of QB corresponds to the ordering
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T1, T2, T3, T4, T5 of direct summands of TA. The standard calculation tech-
nique shows that the finite Auslander–Reiten quiver Γ(modB) of B is of
the form

where the indecomposable modules are represented by their dimension
vectors. It follows that B is a representation-directed algebra and, according
to (IX.3.3), the eleven dimension vectors presented in the quiver Γ(modB)
are just all positive roots of the Euler quadratic form qB : Z5 −−−−−−→ Z of
B, where Z5 = K0(B) is the Grothendieck group of B. The Cartan matrix
CB of B and its inverse C−1

B are of the forms

CB =

⎡⎢⎣
1 0 1 0 0
0 1 1 0 0
0 0 1 1 1
0 0 0 1 0
0 0 0 0 1

⎤⎥⎦ and C−1
B =

⎡⎢⎣
1 0 −1 1 1
0 1 −1 1 1
0 0 1 −1 −1
0 0 0 1 0
0 0 0 0 1

⎤⎥⎦ .

Then the Euler quadratic form qB : Z4 −−−−−−→ Z is defined by the formula

qB(x) = xt · (C−1
B )t · x

= x2
1 + x2

2 + x2
3 + x2

4 + x2
5 − x1x3 − x2x3 − x3x4 − x3x5

+x1x4 + x2x4 + x1x5 + x2x4,

for x = [x1 x2 x3 x4 x5]t ∈ Z5 = K0(B). Note that

4qB(x) = (2x1−x3+x4+x5)2+(2x2−x3+x4+x5)2+2x2
3+2(x4−x5)2.

It follows that

• qB is positive semidefinite,
• rad qB = Z · h, where h = 1−1 0 1−1, and
• qB is weakly positive, that is, qB(x) > 0, for any positive vector

x ∈ K0(B).

This finishes the example.
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XVII.7. Exercises
1. Assume that A is an algebra and Tλ is a hereditary standard stable

tube of Γ(modA) of rank rλ ≥ 1, and M is an indecomposable A-module
in Tλ such that �λ(M) = rλ. Prove that

(a) the module M is a brick,
(b) M is not a stone, and
(c) there is an isomorphism Ext1A(M, M) ∼= K.

2. Let B = KQ be the algebra given by the quiver

bound by the relations ρσγ = ρβα, μγ = 0, ξη = 0, νσ = 0, ωδ = 0, and
ϕψ = 0.

(a) Prove that there exists a tilting module TA over the path algebra
A = KΔ(D̃13) of the quiver Δ(D̃13) (XII.1.5) such that B ∼= EndTA.

(b) Describe the Auslander–Reiten quiver Γ(modB) of B.

3. Let B = KQ be the algebra given by the quiver

bound by the zero relations σγρ = 0, βξ = 0, σξ = 0, and μη = 0.
(a) Prove that there exists a tilting module TA over the path algebra

A = KΔ(Ẽ8) of the quiver Δ(Ẽ8) (XII.1.14) such that B ∼= EndTA.
(b) Describe the Auslander–Reiten quiver Γ(modB) of B.

4. Let B = KQ be the algebra given by the quiver
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bound by three commutativity relations ρα = ωβ, ξβ = ηγ, and μγ = εσ.
(a) Prove that there exists a tilting module TA over the path algebra

A = KΔ(Ẽ7) of the quiver Δ(Ẽ7) (XII.1.8) such that B ∼= EndTA.
(b) Describe the Auslander–Reiten quiver Γ(modB) of B.

5. Let B be the algebra given by the quiver
◦ α−−−−→◦

β

⏐⏐�
σ

⏐⏐⏐⏐� ◦ ρ←−−−−−−−− ◦
γ

⏐⏐� ⏐⏐�μ

◦ ε−−−−→◦ δ−−−−→ ◦ ξ←−−−−◦ η←−−−−◦
bound by the commutativity relations σρ = αβγ and ργ = μηξ.

(a) Prove that there exists a tilting module TA over the path algebra
A = KΔ(Ẽ8) of the quiver Δ(Ẽ8) (XII.1.14) such that B ∼= EndTA.

(b) Describe the Auslander–Reiten quiver Γ(modB) of B.

6. Let B be the algebra given by the quiver
◦

α

⏐⏐�
◦ β←−−−−◦ γ−−−−→◦ δ←−−−−◦ η←−−−−◦.

σ

⏐⏐� ξ

⏐⏐�
◦ ◦

bound by the zero relations αβ = 0, γσ = 0, δσ = 0, and ηξ = 0.
(a) Prove that B is a representation-finite tilted algebra of the Euclidean

type Δ(Ẽ7) (XII.1.11).
(b) Find a tilting module TA over the path algebra A = KΔ(Ẽ7) of the

quiver Δ(Ẽ7) such that B ∼= EndTA.
(c) Describe the Auslander–Reiten quiver Γ(modB) of B.
(d) Describe the Euler quadratic form qB : Z8−→Z of the algebra B.
(e) Describe the radical rad qB of the Euler quadratic form qB : Z8−→Z

of B.
(f) Describe the positive roots of the quadratic form qB : Z8−→Z.

7. Let B be the algebra given by the quiver

bound by the relations γσ = αβ, ξμ = 0, ημ = 0, ρε = 0, ϕσ = 0, and
ψν = 0.

(a) Prove that B is a representation-finite tilted algebra of the Euclidean
type Δ(D̃11) (XII.1.5).



XVII.7. Exercises 211

(b) Find a tilting module TA over the path algebra A = KΔ(D̃11) of
the quiver Δ(D̃11) such that B ∼= EndTA.

(c) Describe the Auslander–Reiten quiver Γ(modB) of B.
(d) Describe the Euler quadratic form qB : Z12−−−−→Z of B.
(e) Describe the radical rad qB of the quadratic form qB : Z12−−−−→Z.
(f) Describe the positive roots of the quadratic form qB : Z12−−−−→Z.

8. Let B be the algebra given by the quiver

bound by the zero relations αβ = 0, ηξ = 0, ϕε = 0, ρθ = 0, ιλ = 0, and
ων = 0.

(a) Prove that B is a representation-finite tilted algebra of the Euclidean
type Δ(Ã6,11) (XII.1.1).

(b) Find a tilting module TA over the path algebra A = KΔ(Ã6,11) of
the quiver Δ(Ã6,11) such that B ∼= EndTA.

(c) Describe the Auslander–Reiten quiver Γ(modB) of B.
(d) Describe the Euler quadratic form qB : Z18−−−−→Z of B.
(e) Describe the radical rad qB of the quadratic form qB : Z18−−−−→Z.
(f) Describe the positive roots of the quadratic form qB : Z18−−−−→Z.

9. Let C = B/(σγ) be the quotient algebra of the algebra B of Exercise
8 by the ideal (σγ) of B generated by the path σγ. Prove that C is not a
tilted algebra.

10. Let p ≥ 1 and q ≥ 1 be integers such that 1 ≤ p ≤ q. Describe
all representation-infinite tilted algebras of the Euclidean type Δ(Ãp,q)
(XII.1.1).

11. Classify all tilted algebras of the Euclidean type Δ(D̃4) (XII.1.5).

12. Classify all tilted algebras of the Euclidean type Δ(D̃5) (XII.1.5).

13. Classify all tilted algebras of the Euclidean type Δ(Ẽ6) (XII.1.8).

14. Let Λ(a), with a ∈ K \ {0, 1}, be the algebra given by the quiver
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bound by the commutativity relations βαξ = σγξ and ηβα = aησγ,
see (5.5).

(a) Describe the Euler quadratic form qΛ(a) : Z6−−−−→Z of the algebra
Λ(a).

(b) Describe the radical rad qΛ(a) of qΛ(a) and show that qΛ(a) is positive
semidefinite of corank two.

(c) Show that mod Λ(a) is link controlled by the Euler quadratic form
qΛ(a) : Z6−→Z.

15. Let Λ = Λ(1) be the algebra of Exercise 14, with a = 1, given by the
quiver

bound by the commutativity relations βαξ = σγξ and ηβα = ησγ.
(i) Prove that the algebra Λ is representation-infinite and describe the

Auslander–Reiten quiver Γ(mod Λ) of Λ.
(ii) Prove that gl.dim Λ = 3.
(iii) Prove that pdXΛ ≤ 2 and idXΛ ≤ 2, for any indecomposable

Λ-module XΛ in mod Λ.
(iv Describe the Euler quadratic form qΛ : Z6−−−−→Z of Λ.
(v) Prove that qΛ is positive semidefinite of corank one, describe the

radical rad qΛ of qΛ, and show that the group rad qΛ is generated by
a positive vector.

(vi) Prove that the quadratic form qΛ(a) : Z6−−−−→Z is Z-congruent
to the Euler quadratic form qA : Z6−−−−→Z of the path algebra
A = KΔ(D̃5) of the quiver Δ(D̃5) (XII.1.5).



Chapter XVIII

Wild hereditary algebras and
tilted algebras of wild type

Throughout, we let Q be a connected and acyclic quiver Q with n vertices,
that is, n = |Q0|. We assume that K is an algebraically closed field and we
denote by A the hereditary path K-algebra KQ of Q.

We have seen in Chapters VII and XIII that, for any hereditary alge-
bra A = KQ such that the underlying graph Q of Q is Dynkin or Eu-
clidean, there exists an explicit description of the isomorphism classes of
the indecomposable A-modules and a description of the components of the
Auslander–Reiten quiver Γ(modA) of A. Moreover, the structure of the
quiver Γ(modA) is presented.

One of our objectives in the present chapter is to describe the quiver
Γ(mod A) and its components in case A = KQ is the path algebra of a wild
quiver Q in the following sense.

Definition. (a) A wild quiver (or a representation-wild quiver) is
a finite, connected and acyclic quiver Q whose underlying graph Q is neither
Dynkin nor Euclidean.

(b) A hereditary K-algebra A is wild (or a representation-wild alge-
bra) if A is isomorphic to the path K-algebra KQ of a representation-wild
quiver Q.

We show in Section 4 that any representation-wild quiver Q is wild in the
sense of Drozd [201] and [202], that is, the classification of indecomposable
K-linear representations of Q ‘contains’ the classification of all indecompos-
able modules over any finite dimensional algebra Λ. Because there is a lot
of finite dimensional algebras Λ with very complicated module categories
mod Λ, this justifies why we call such a quiver Q representation-wild.

In the first half of the chapter we study the components in the regular
part R(A) of Γ(modA) in case A = KQ is the path algebra of a wild
quiver Q.

213
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We recall from Chapter VIII that, for any representation-wild algebra
A = KQ, the Auslander–Reiten quiver Γ(modA) of A has the shape

where P(A) is the unique postprojective component containing all the in-
decomposable projective A-modules, Q(A) is the unique preinjective com-
ponent containing all the indecomposable injective A-modules, and R(A) is
the regular part consisting of the remaining components.

In Section 1, we show that the regular A-modules are not τ -periodic, the
regular part R(A) contains no tube and any component C of R(A) is of the
following type

ZA∞ :

◦ ◦ ◦ ◦ ◦↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘
· · · ◦ ◦ ◦ ◦ · · ·

↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗
◦ ◦ ◦ ◦ ◦

↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘
· · · ◦ ◦ ◦ ◦ · · ·

↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗
◦ ◦ ◦ ◦ ◦

...
...

...
...

...
...

Moreover, each component C in R(A) contains at most finitely many non-
sincere indecomposable modules, any indecomposable module M in a reg-
ular component C is uniquely determined in C by the dimension vector
dimM of M , and the set of components in R(A) is of cardinality card(K),
the cardinality of the field K.

In Section 2, we describe the basic properties of homomorphisms between
regular A-modules over wild hereditary algebras A = KQ.

In Section 3, we associate to a given algebra A and a given module X in
mod A a pair of subcategories X⊥ and ⊥X of modA, called the right and
the left perpendicular category of X. This gives a new reduction technique,
that is converse to the one-point extension procedure X 
→ A[X] and the
one-point coextension procedure X 
→ [X]A studied in Section XV.1. We
prove that if A = KQ is a hereditary algebra and T is a partial tilting
A-module then the right perpendicular category T⊥ of T is equivalent to a
module category mod B of a hereditary algebra B and

rkK0(A) = r + rkK0(B),
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where rk K0(A) and rkK0(B) are the ranks of the Grothendieck groups
K0(A) and K0(B) of A and B, and r ≥ 1 is the number of pairwise non-
isomorphic indecomposable direct summands of the module T . This is ap-
plied in Section 4, where the wild behaviour of the module category modA
of a wild hereditary algebra A = KQ is discussed.

In the final section of the chapter, we describe basic properties of the
module category mod B of any concealed algebra B of wild type Q, that is,
the algebra of the form B = EndTA, where TA is a postprojective tilting
module over a connected representation-wild hereditary algebra A = KQ.
We also exhibit other classes of tilted algebras of wild type and we discuss
the structure of their module categories. In particular, we prove a theorem
of Ringel [527] asserting that, given a finite connected quiver Q, there exists
a regular tilting A-module over the path algebra A = KQ if and only if Q
is a wild quiver with at least three vertices. We also present an effective
procedure of Baer [35] and [36], for constructing regular tilting modules over
wild hereditary algebras A = KQ.

XVIII.1. Regular components
Throughout this section, we let A be the path algebra KQ of a wild

quiver Q with n vertices and A = KQ is a wild hereditary algebra.
Without loss of generality we may assume that Q0 = {1, . . . , n}. It

follows from (III.3.5) that the Grothendieck group K0(A) of A is isomorphic
to Z|Q0| = Zn. As usual, we denote by e1, . . . , en the canonical basis of the
free abelian group Zn.

It follows from (VII.4.5) that the algebra A = KQ is representation-wild
if and only if the Euler quadratic form qA : Zn −−−−→ Z of A is not positive
semidefinite or, equivalently, there exists a non-zero vector y ∈ Zn such that
qA(y) < 0.

We recall from Section VII.1 that, for any pair of vectors x,y ∈ Zn, we
have qA(y) = qQ(y) = 〈y,y〉Q, where 〈−,−〉Q : Zn × Zn −−−−→ Z is the
bilinear (non-symmetric) form of the quiver Q defined by the formula

〈x,y〉Q =
∑
i∈Q0

xiyi −
∑

α∈Q1

xs(α)yt(α).

We denote by (−,−)Q : Zn ×Zn −−−−−−→ 1
2 ·Z the symmetric bilinear form

associated to 〈−,−〉Q, that is,

(x,y)Q =
1
2
(〈x,y〉Q + 〈y,x〉Q),

for all x,y ∈ Zn. The bilinear form 〈−,−〉Q equals the Euler bilinear form
〈−,−〉A of A defined in terms of the Cartan matrix CA of A by the formula
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〈x,y〉A = xt(C−1
A )ty, for x,y ∈ Zn. We recall from (III.3.14) that the

Coxeter matrix ΦA of A is the matrix
ΦA = −Ct

AC−1
A .

The Coxeter transformation of A is the group homomorphism ΦA :Zn−→Zn

defined by the formula ΦA(x) = ΦA · x, for all x = [x1 . . . xn]t ∈ Zn. It
follows from (IV.2.9) that, for any regular A-module M , we have

dim τM = ΦA(dimM).
We recall from (VII.1.9) that, because A is hereditary, the Auslander–

Reiten translation τ = DTr is isomorphic to DExt1A(−, A), hence the func-
tor

τ ∼= DExt1A(−, A) : modA −−−−−−→ mod A

is a left exact and defines an equivalence from the full subcategory of modA
formed by the modules without non-zero projective direct summands to the
full subcategory of modA formed by the modules without non-zero injective
direct summands. Dually, there is a functorial isomorphism

τ−1 = Tr D ∼= Ext1A(D(−), A)

and therefore τ−1 is a right exact functor. Moreover, the functors τ and
τ−1 restrict to the mutually inverse exact self-equivalences

addR(A)
τA

−−−−−−−−→←−−−−−−−−
τ−1

A

addR(A)

of the category addR(A) of all regular A-modules. The equivalences pre-
serve the irreducibility and carry almost split sequences to almost split se-
quences.

The main objective of this section is to describe the shape of all regular
components of Γ(modA). We start with the following three technical results
on regular modules.

1.1. Proposition. Let A = KQ be a wild hereditary algebra, X an
indecomposable regular A-module and m ≥ 1 an integer. Then dimX �=
dim τmX.

Proof. Suppose, to the contrary, that dimX = dim τmX. We may
assume that m > 0. Consider the vector d =

∑m−1
i=0 dim τ iX. It follows

from (IV.2.9) that dim τM = ΦA(dimM), for any regular A-module M ,
where ΦA : Zn −−−−→ Zn is the Coxeter transformation of A. Therefore,
we get the equalities

d =
m∑

i=1

dim τ iX =
m∑

i=1

Φi
A(dimX)

= ΦA

( m∑
i=1

Φi−1
A (dimX)

)
= ΦA

(m−1∑
i=0

dim τ iX

)
= ΦA(d).
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Applying now (III.3.16) we conclude that 〈d,−〉Q + 〈−,d〉Q = 0. We recall
from (VII.4) that the symmetric bilinear form (−,−)Q : Zn ×Zn −−−−→ 1

2 ·Z
associated to 〈−,−〉A = 〈−,−〉Q is given by the formula

(x,y)Q =
∑
i∈Q0

xiyi − 1
2

∑
α∈Q1

(xs(α)yt(α) + xt(α)ys(α)),

for any x,y ∈ Zn. Then 0 = 〈d,−〉Q + 〈−,d〉Q = 2(d,−)Q leads to the
equalities

0 = 2(d, ei)Q = 2di −
∑

α∈Q1,t(α)=i

ds(α) −
∑

α∈Q1,s(α)=i

dt(α),

for all i ∈ Q0. We claim that di > 0, for any i ∈ Q0. Suppose that it is
not the case. Because Q is connected, then there exist two vertices i and
j connected by an arrow such that di = 0 and dj > 0, and clearly then
(d, ei)Q < 0, a contradiction.

The above equalities can be written as F · d = 0, where F = FQ = (fij)
is the symmetric n × n-matrix defined as follows:

• fii = 2, for any i ∈ Q0 and,
• −fij is the number of arrows in Q between the vertices i and j, for

each pair i, j ∈ Q0 such that i �= j.
Because Q is a wild quiver, it contains a proper subquiver Q′ whose

underlying graph is Euclidean. Denote by d′ ∈ Z|Q′
0| the restriction of d ∈

Z|Q0| = Zn to Q′
0, and by F′ = FQ′ = (f ′

ij) the corresponding symmetric
matrix associated to Q′. Then, for each i ∈ Q′

0, we have

(F′ · d′)i =
∑

j∈Q′
0

f ′
ijd

′
j = 2di −

∑
α∈Q′

1,t(α)=i

d′
s(α) −

∑
α∈Q′

1,s(α)=i

d′
t(α)

≥ 2di −
∑

α∈Q1,t(α)=i

ds(α) −
∑

α∈Q1,s(α)=i

dt(α) = 0,

and hence F′ · d′ ∈ N|Q′
0|. Moreover, because Q′ is a proper subquiver of

Q, we conclude that either there exist i ∈ Q′
0 and j ∈ Q0 such that fij �= 0

and j is not in Q′
0, or there exist i, j ∈ Q′

0 such that |f ′
ij | < |fij |. Because

di > 0, for any i ∈ Q0, we then conclude that (F′ ·d′)i > 0, for some i ∈ Q0,
and consequently, F′ · d′ �= 0.

Let A′ = KQ′. Because the underlying graph of Q′ is Euclidean then
(VII.4.2) yields rad qA′ = Z · h′, for a vector h′ ∈ Z|Q′

0| whose coordinates
are all positive. Then ΦA′ · h′ = h′, and consequently

2(h′,−)Q′ = 〈h′,−〉Q′ + 〈−,h′〉Q′ = 0.

But then (h′, ei)Q = 0, for any i ∈ Q′
0, and hence F′ · h′ = 0. Then

(F′ · d′)t · h′ = (d′)t · (F′)t · h′ = (d′)t · (F′ · h′) = 0,
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because the matrix F′ is symmetric. On the other hand, F′ · d′ is a non-
zero vector from N|Q′

0| and h′ has all coordinates positive. Therefore, the
obtained contradiction shows that in fact dimX �= dim τmX. �

1.2. Lemma. Let A = KQ be a wild hereditary algebra, M a non-
zero regular A-module, m a positive integer, and f : M −−−−−−→ τ−mM a
homomorphism. Then f is neither a monomorphism nor an epimorphism.

Proof. Observe first that f is not an isomorphism. Indeed, if f is an
isomorphism, then there is an indecomposable direct summand X of M
such that X ∼= τ−smX, for some s ≥ 1; a contradiction with (1.1). Suppose
now that f is a proper monomorphism. Because the functor τ is left exact,
we then get a sequence of proper monomorphisms

· · · −→ τ (r+1)mM
τ(r+1)mf−−−−−→ τ rm −→ · · · −→ τ2mM

τ2mf−→ τmM
τmf−→ M,

a contradiction, because M is finite dimensional. Similarly, if f is a proper
epimorphism, invoking the fact that τ−1 is right exact, we obtain a sequence
of proper epimorphisms

M
f−→ τ−mM

τ−mf−−−−→τ−2mM−→ · · · −→ τ−rmM
τ−rmf−−−−→τ−(r+1)mM−→ · · ·,

again a contradiction. �

1.3. Theorem. Let A = KQ be a wild hereditary algebra, X be an
indecomposable regular A-module and

0 −−−−→ X −−−−−−→
r⊕

i=1

Yi −−−−−−→ Z −−−−→ 0

an almost split sequence, with Y1, . . . , Yr indecomposable. Then

(a) r ≤ 2, and
(b) if r = 2 and dimKY1 ≤ dimKY2 then dimKY1 < dimKX < dimKY2

and dimKY1 < dimKZ < dimKY2.

Proof. (a) We divide the proof into several steps.

Step 1◦ First we show that if
r⊕

i=1
Yi = Y ′ ⊕ Y ′′ is a decomposition

such that dimKX ≤ dimKY ′, then dimKX > dimKY ′′. Suppose, to the
contrary, that dimKX ≤ dimKY ′ and dimKX ≤ dimKY ′′. It follows
that Y ′ �= 0, Y ′′ �= 0 and the induced irreducible morphisms X −→ Y ′,
X −→ Y ′′ are monomorphisms. Because X is finite dimensional then there
exists a positive integer m such that dimKτmX ≤ dimKτm+1X. Moreover,
there is an almost split sequence

0 −→ τm+1X −→ τm+1Y ′ ⊕ τm+1Y ′′ −→ τmX −→ 0,
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where the induced irreducible morphisms τm+1X −−−−→ τm+1Y ′ and
τm+1X −−−−→ τm+1Y ′′ are non-bijective monomorphisms, because
the functor τ is left exact. Then

dimKτm+1Y ′ + dimKτm+1Y ′′ = dimKτm+1X + dimKτmX

≤ 2dimKτm+1X

< dimKτm+1Y ′ + dimKτm+1Y ′′,

and we get a contradiction.
Step 2◦ Next we show that dimKX < dimKYi + dimKYj , for each pair

i, j ∈ {1, . . . , r} such that i �= j. Suppose, to the contrary, that there exists
a pair i, j ∈ {1, . . . , r} such that i �= j and dimKX ≥ dimKYi + dimKYj .
Then the induced irreducible morphism X −−−−→ Yi⊕Yj is an epimorphism.

Choose a positive integer s ≥ 1 such that dimKτ−sX ≤ dimKτ−s−1X.
Because the functor τ−1 carries epimorphisms to epimorphisms then we
derive two irreducible epimorphisms

τ−sX −−−−→ τ−sYi

⊕
τ−sYj and τ−s−1X −−−−→ τ−s−1Yi

⊕
τ−s−1Yj .

Consider the almost split sequences

0 −→τYi−→X ⊕ Vi−→, Yi−→ 0 and 0−→ τYj ,−→ X ⊕ Vj−→Yj−→ 0

ending at Yi and Yj . By applying the functor τ−s−1, we get the almost split
sequences

0 −−−−→ τ−sYi −−−−→ τ−s−1X
⊕

τ−s−1Vi −−−−→ τ−s−1Yi −−−−→ 0,

0 −−−−→ τ−sYj −−−−→ τ−s−1X
⊕

τ−s−1Vj −−−−→ τ−s−1Yj −−−−→ 0.

Altogether this yields the inequalities

2dimKτ−s−1X ≤ dimKτ−sYi + dimKτ−s−1Yi

+ dimKτ−sYj + dimKτ−s−1Yj

< dimKτ−sX + dimKτ−s−1X

≤ 2dimKτ−s−1X,

and we get a contradiction.
Step 3◦ The inequality r ≤ 3 holds. Indeed, otherwise r ≥ 4 and it

follows from Step 2◦ that

dimKX < dimK(Y1 ⊕ Y2) and dimKX < dimK(Y3 ⊕ Y4).

But this is a contradiction with Step 1◦.
Step 4◦ The inequality r ≤ 2 holds. Assume, to the contrary, that r = 3.

We claim that dimKYi < dimKX, for all i ∈ {1, 2, 3}. Suppose, to the
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contrary, that there exists an i ∈ {1, 2, 3} such that dimKX ≤ dimKYi. We
may assume that i = 1. It follows from Step 2◦ that

dimKX < dimK(Y2 ⊕ Y3).

But this contradicts again Step 1◦. Therefore, for each i ∈ {1, 2, 3}, there
exists an irreducible epimorphism X −→ Yi. Hence, the composite homo-
morphism

τZ ⊕ τZ ⊕ τZ ∼= X ⊕ X ⊕ X −−−−−−→ Y1 ⊕ Y2 ⊕ Y3 −−−−−−→ Z

is surjective. By the same type of arguments applied to the regular module
τ tZ, there exists an epimorphism τ t+1Z ⊕τ t+1Z ⊕τ t+1Z −−−−−−→ τ tZ, for
any t ≥ 1.

Now we define inductively a chain of homomorphisms

· · · −→ τ t+1Z
ft+1−−−−→ τ tZ

ft−−−−→ · · · −−−−→ τ2Z
f2−−−−→ τZ

f1−−−−→ Z

such that gt = f1 . . . ft �= 0, for any t ≥ 1. We take for f1 : τZ −→ Z
a non-zero restriction of the epimorphism τZ ⊕ τZ ⊕ τZ −−−−−−→ Z to a
direct summand τZ.

Assume that, for each p ∈ {1, . . . , t}, we have defined a homomorphism
fp : τpZ −−−−→ τp−1Z such that gt = f1 . . . ft �= 0. To define the required
homomorphism ft+1 : τ t+1Z −−−−→ τ tZ, we consider an epimorphism

h = (h1, h2, h3) : τ t+1Z ⊕ τ t+1Z ⊕ τ t+1Z −−−−−−−−−−−−→ τ tZ.

It follows that gth �= 0 and, hence, there exists i ∈ {1, 2, 3} such that
gthi �= 0. Letting ft+1 = hi we have gt+1 = f1 . . . ftft+1 = gthi �= 0. If, for
each t ≥ 1, we denote by Lt the image of gt, then we get a decreasing chain

L1 ⊇ L2 ⊇ . . . ⊇ Lt ⊇ Lt+1 ⊇ . . .

of submodules of Z. Because dimKL1 is finite, then there exists a positive
integer m0 such that Ls = Lt, for all s, t ≥ m0. Let L = Lm0 . Thus,
gt : τ tZ −→ L is an epimorphism, for any t ≥ m0. We note also that L is a
regular module, because the category addR(A) of regular modules is closed
under images. Applying now the right exact functor τ−t, for each t ≥ m0,
we obtain an epimorphism τ−tgt : Z −−−−→ τ−tL. In particular, for each
t ≥ m0, we get dim τ−tL ≤ dimZ.

If U is an indecomposable direct summand of L then dim τ−tU ≤ dimZ,
for all t ≥ m0, and consequently, dim τ−sU = dim τ−tU , for some s > t ≥
m0. It follows that, for the indecomposable regular module M = τ−sU and
m = s− t, we have dimM = dim τmM , contrary to (1.1). This shows that
r ≤ 2, and proves the statement (a) of the theorem.



XVIII.1. Regular components 221

To prove (b), we assume that r = 2 and that dimKY1 ≤ dimKY2. Be-
cause each of the irreducible morphisms X −→ Y1 and X −→ Y2 is a proper
monomorphism or a proper epimorphism then, by Step 1◦,

• either dimKY1 ≤ dimKY2 < dimKX, or
• dimKY1 < dimKX < dimKY2.

Dually, we have
• either dimKY1 ≤ dimKY2 < dimKZ, or
• dimKY1 < dimKZ < dimKY2.

Moreover, in view of the equality

dimKX + dimKZ = dimKY1 + dimKY2,

the inequalities
• dimKY1 ≤ dimKY2 < dimKX and
• dimKY1 ≤ dimKY2 < dimKZ

do not hold simultaneously. It follows also that the inequalities

dimKY1 < dimKX < dimKY2

hold if and only if the inequalities

dimKY1 < dimKZ < dimKY2

hold. This finishes the proof. �
1.4. Definition. Let A = KQ be a wild hereditary algebra. An inde-

composable regular A-module X is said to be quasi-simple if the middle
term E in the almost split sequence 0 −→ X −→ E −→ τ−1X −→ 0 is in-
decomposable.

1.5. Corollary. Assume that A = KQ is a connected wild hereditary
algebra and let X be a quasi-simple regular A-module.

(a) For any integer r ∈ Z, the regular module τ rX is quasi-simple.
(b) There exist an infinite chain of irreducible monomorphisms

X = X[1] −→ X[2] −→ X[3] −→ · · · −→ X[r] −→ · · ·

and an infinite chain of irreducible epimorphisms

· · · −→ [r]X −→ · · · −→ [3]X −→ [1]X = X,

where X[i] and [r]X are indecomposable regular modules, for all
i, r ≥ 1. The chains are uniquely determined by X, up to isomor-
phism.

(c) For each integer m ∈ Z, there exist isomorphisms τmX[i]∼=(τmX)[i]
and τm[i]X ∼=[i](τmX) of A-modules.
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Proof. We recall that the functors τ, τ−1 : addR(A) −−−−−−→ addR(A)
are equivalences of categories inverse to each other. Because the functors
preserve the irreducibility and carry almost split sequences to almost split
sequences then the corollary is an immediate consequence of (1.3) and the
Definition 1.4. �

Let X be a quasi-simple regular A-module and let Y = X[i], Z = [i]X
be as in (1.5). Following Ringel [515], we call the number i ≥ 1 the quasi-
length of the regular modules Y and Z, respectively.

We usually consider the irreducible monomorphisms X[n] −−−−→ X[n+1]
in (1.5) as inclusions. If we think of the infinite chains in (1.5) as a part
of the Auslander–Reiten quiver Γ(modA) of A, we view them as the upper
peak angle

[1]X = X = X[1]

↗ ↘
[2]X X[2]

↗ ↘
[3]X X[3]

↗ ↘
[4]X X[4]

↗ ↘
. . . . . .

We show in the next section that, in contrast to the situation for regular
modules over hereditary algebras of Euclidean type, the quasi-simple mod-
ules over wild hereditary algebras may contain proper regular submodules.

We may now describe the shape of the regular components of Γ(modA).
The result was independently established by Ringel in [515] and Auslander,
Bautista, Platzeck, Reiten, and Smalø in [28].

1.6. Theorem. Let A = KQ be a wild hereditary algebra and C be a
regular component of Γ(mod A). Then C is of type

ZA∞ :

◦ ◦ ◦ ◦ ◦↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘
· · · ◦ ◦ ◦ ◦ · · ·

↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗
◦ ◦ ◦ ◦ ◦

↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘
· · · ◦ ◦ ◦ ◦ · · ·

↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗
◦ ◦ ◦ ◦ ◦

...
...

...
...

...
...
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(see (X.1)) and consists of the modules τmX[i] defined in (1.5), where X is
a quasi-simple regular A-module in C, m ∈ Z and i ≥ 1.

Proof. Let X be an indecomposable module in C of minimal K-dimen-
sion among all indecomposable modules from C. It follows from (1.3) that
X is quasi-simple and, according to (1.5), all modules τmX, with m ∈ Z,
are quasi-simple. Moreover, applying (1.1), we conclude that the modules
τmX, with m ∈ Z, are pairwise non-isomorphic. Further, it follows from
(1.3), that every indecomposable module Z in C has exactly two direct
predecessors and two direct successors, or it is quasi-simple. It follows that
Z is quasi-simple, or Z contains a quasi-simple module X connected with Z
by a finite chain X −→ . . . −→ Z of irreducible monomorphisms. Hence,
in view of (1.5), if

X = X[1] −→ X[2] −→ · · · −→ X[r] −→ · · ·
is a chain of irreducible monomorphisms shown in (1.5), then Z = X[r], for
some r ≥ 1, and we derive the chain

τmX = τmX[1] −→ τmX[2] −→ · · · −→ τmX[r] −→ · · ·

of irreducible monomorphisms, for any m ∈ Z. Similarly, for a chain

· · · −→ [r]X −→ · · · −→ [2]X −→ [1]X = X

of irreducible epimorphisms shown in (1.5), we derive the chain

· · · −→ τm[r]X −→ · · · −→ τm[2]X −→ τm[1]X = τmX

of irreducible epimorphisms, for any m ∈ Z. Therefore, the component C
is of type ZA∞, consists of the modules τmX[i], where m ∈ Z and i ≥ 1,
and is formed by the τm-shifts of the upper peak angle shown above, for all
m ∈ Z. �

We prove now the following interesting fact, due to Y. Zhang [688], as-
serting that, for a hereditary wild algebra A = KQ, there is no pair of
non-isomorphic indecomposable modules M and N , lying in the same reg-
ular component, with dimM = dimN .

1.7. Theorem. Let A = KQ be a wild hereditary algebra and C be
a regular component of Γ(mod A). If M and N are two non-isomorphic
indecomposable modules in C, then dimM �= dimN .

Proof. Suppose, to the contrary, that M and N are non-isomorphic
indecomposable modules in C such that dimM = dimN . Let X be the
quasi-simple module in C such that M ∼= X[r], for some r ≥ 1. Then
N ∼= τmX[r + i], for some integer m and −r < i. Clearly, m �= 0 and,
without loss of generality, we may assume that m > 0. Moreover, it follows
from (1.1) that i �= 0. We have two cases to consider.
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Case 1◦ Assume that i > 0. Let ΦA : Zn −→ Zn be the Coxeter trans-
formation of A (see (III.3.14)). In view of (IV.2.9), the equality dimX[r] =
dim τmX[r + i] yields the equalities

dim τ smX[r] =Φsm
A (dimX[r])

= Φsm
A (dim τmX[r + i])

= dim τ (s+1)mX[r + i],

for all s ≥ 0. Because dim τ smX[r] < dim τ smX[r + i], for any s ≥ 0, we
get a strictly decreasing infinite chain

dimX[r] > dim τmX[r] > dim τ2mX[r] > dim τ3mX[r] > . . . ,

and we get a contradiction.
Case 2◦ Assume that i < 0. By (IV.2.9), the equality dimX[r] =

dim τmX[r + i] yields the equalities

dim τ−smX[r + i] = Φ−sm
A (dimX[r + i]) = Φ−(s+1)mΦm

A (dimX[r + i])

= Φ−(s+1)m
A (dim τmX[r + i]) = Φ−(s+1)m

A (dimX[r])

= dim τ−(s+1)mX[r],

for all s≥0. Together with the inequality dim τ−smX[r+i]<dim τ−smX[r],
for any s ≥ 0, this yields a strictly decreasing infinite chain

dimX[r + i] > dim τ−mX[r + i]

> dim τ−2mX[r + i]

> dim τ−3mX[r + i] > . . . ,

and we get a contradiction. Consequently, dimM �= dimN , and we are
done. �

1.8. Corollary. If A = KQ is a connected wild hereditary K-algebra,
then the Auslander–Reiten quiver Γ(mod A) of A has exactly card(K)
regular components, where card(K) is the cardinality of the field K.

Proof. By our hypothesis, A is the path algebra KQ of a connected,
acyclic and wild quiver Q. It follows that there exists a two-sided ideal
I in KQ generated by some arrows of Q and some idempotents of KQ
such that the quotient algebra A′ = KQ/I is the path algebra KQ′ of a
quiver Q′, whose underlying graph Q′ is Euclidean. By (XI.3.5), (XII.3.4),
and (XII.4.2), there exists a P1(K)-family {Rλ}λ∈P1(K), of pairwise non-
isomorphic indecomposable regular A′-modules Rλ such that

• EndA′(Rλ) ∼= K,
• Ext1A′(Rλ, Rλ) ∼= K, and
• dimRλ = dimRμ, for all λ, μ ∈ P1(K).
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Clearly, each Rλ is an indecomposable A-module and there are isomor-
phisms

Ext1A(Rλ, Rλ) ∼= Ext1A′(Rλ, Rλ) ∼= K.

Hence, the module Rλ is neither in the postprojective component P(A)
nor in the preinjective component Q(A), because both consist of modules
without self-extensions. Consequently, Rλ is a regular module. It follows
now from (1.7) that, for λ �= μ, the modules Rλ and Rμ lie in different
regular components of Γ(modA), because dimRλ = dimRμ and Rλ �∼= Rμ.
This shows that the cardinality of the set of components in R(A) is greater
than or equal to the cardinality of P1(K) = K ∪ {∞}.

On the other hand, because there are only countably many dimension
vectors of indecomposable A-modules then Γ(mod A) has exactly card(K)
regular components. �

1.9. Example. Let A be the path algebra of the enlarged Kronecker
quiver

with m ≥ 3 arrows. Then A is isomorphic to the triangular matrix algebra[
K 0

Km K

]
, called an enlarged Kronecker algebra, the Grothendieck group

K0(A) of A is isomorphic to Z2, the Cartan matrix CA ∈ M2(Z) of A and
its inverse C−1

A ∈ M2(Z) are of the forms

CA =
[

1 m
0 1

]
, C−1

A =
[

1 −m
0 1

]
,

and the Coxeter matrix ΦA = −Ct
AC−1

A ∈ M2(Z) of A and its inverse are
the matrices

ΦA =
[

−1 m
−m m2 − 1

]
, Φ−1

A =
[

m2 − 1 −m
m −1

]
.

Moreover,
• dimP (1) = [10], dimP (2) = [m1 ], dim I(1) = [1m], dim I(2) = [01],
• the postprojective component P(A) of A is of the form
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• the preinjective component Q(A) of A is of the form

where the indecomposable modules are represented by their dimen-
sion vectors.

We recall from (IV.2.9) that dim τmX = Φm
A (dimX), for any non-

postprojective indecomposable module X, and dim τ−mY = Φ−m
A (dimY ),

for any non-preinjective indecomposable module Y and any m ≥ 0. For each
m-tuple

λ = (λ1, . . . , λn) ∈ Km \ {(0, . . . , 0)},

we denote by E(λ) the K-linear representation of the quiver Km given by

Clearly, each E(λ) is a brick and, therefore, it is indecomposable.
By (III.2.12), (III.3.13), and (VII.4.1), the Euler quadratic form

qA : Z2 −→ Z of A is given by the formula qA(x) = x2
1 + x2

2 − mx1x2,
for any x = [x1

x2] ∈ Z2.
It follows that dimE(λ) = [11], and qA(dimE(λ)) = −m + 2 ≤ −1,

because we assume that m ≥ 3. Hence, according to (VIII.2.7), the A-
module E(λ) is neither postprojective nor preinjective. Thus, E(λ) is reg-
ular. Note also that the A-module E(λ) is quasi-simple. Moreover, for
λ = (λ1, . . . , λm) and μ = (μ1, . . . , μm) in Km \ {(0, . . . , 0)}, we have

• E(λ) ∼= E(μ) if and only if there exists a ∈ K \{0} such that μ = aλ,
or equivalently,

• E(λ) ∼= E(μ) if and only if λ and μ define the same point of the
projective space Pm−1(K).

For each λ ∈ Pm−1(K), we denote by CA
λ the component in R(A) con-

taining the module E(λ). It follows from (1.6) and (1.7) that each regular
component of Γ(modA) admits at most one indecomposable module of di-
mension vector (1, 1). Because

E(λ) �∼= E(μ) and dimE(λ) = dimE(μ),
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for λ �= μ in Pm−1(K), then the Pm−1(K)-family

CCA = {CA
λ }λ∈Pm−1(K)

consists of pairwise different regular components. By applying the Cox-
eter transformations ΦA, Φ−1

A : Z2 −−−−−−→ Z2, we show that the regular
component CA

λ is of the form

· · ·
[

m−1
m2−m−1

]
[11]

[
m2−m−1
m−1

]
· · ·

↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗[
m3−m2−m

m4−m3−2m2+m

] [m
m2−m

] [
m2−m
m

] [
m4−m3−2m2+m

m3−m2−m

]
↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘

· · ·
[

m3−m2−m+1
m4−m3−2m2+m+1

] [
m2−1
m2−1

] [
m4−m3−2m2+m+1
m3−m2−m+1

]
· · ·

...
...

...

where the indecomposable modules are represented by their dimension
vectors.

Observe also that

dimKExt1A(E(λ), E(λ)) = m − 1 ≥ 2,

for any λ ∈ Pm−1(K). Indeed, because qA(x) = x2
1 + x2

2 − mx1x2, for any
vector x = [x1

x2] ∈ Z2, then we get the equalities

2 − m = qA(dimE(λ))

= 〈dimE(λ),dimE(λ)〉A

= χA(E(λ), E(λ))

= dimKEndA(E(λ)) − dimKExt1A(E(λ), E(λ))

= 1 − dimKExt1A(E(λ), E(λ)),

and, consequently, dimKExt1A(E(λ), E(λ)) = m − 1.
Finally, we note that, by the Auslander–Reiten formulae (IV.2.14), there

are isomorphisms of K-vector spaces

Ext1A(E(λ), E(λ)) ∼= HomA(E(λ), τE(λ)) ∼= HomA(τ−1E(λ), E(λ)).

It follows that there is a lot of A-homomorphisms from τ−1E(λ) to E(λ),
and from E(λ) to τE(λ).
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1.10. Example. Let A = KQ be the path algebra of the quiver

Q : 1 α←−−−−−←−−−−−
β

2
γ←−−−− 3.

Then A is isomorphic to the triangular matrix algebra
[

K 0 0
K2 K 0
K2 K K

]
with the

obvious multiplication, K0(A) ∼= Z3, and

CA =
[ 1 2 2

0 1 1
0 0 1

]
, C−1

A =
[

1−2 0
0 1−1
0 0 1

]
,

ΦA =
[−1 2 0

−2 3 1
−2 3 0

]
, Φ−1

A =
[

3 0 −2
2 0 −1
0 1 −1

]
.

Moreover, we have

(i) dimP (1) =
[
1
0
0

]
, dimP (2) =

[
2
1
0

]
, dimP (3) =

[
2
1
1

]
, and

(ii) dim I(1) =
[
1
2
2

]
, dim I(2) =

[
0
1
1

]
, dim I(3) =

[
0
0
1

]
.

Therefore, the postprojective component P(A) and the preinjective compo-
nent Q(A) of Γ(modA) are of the forms

P(A) :

[
2
1
1

] [
4
3
0

] [
12
8
3

]
· · ·

↗ ↘ ↗ ↘ ↗ ↘ ↗[
2
1
0

] [
6
4
1

] [
16
11
3

] [
47
29
8

]
↗↗ ↘↘ ↗↗ ↘↘ ↗↗ ↘↘ ↗↗ ↘↘[

1
0
0

] [
3
2
0

] [
9
6
2

] [
23
16
4

]
. . .

Q(A) :
· · ·

[
4
8
5

] [
2
3
3

] [
0
1
0

] [
0
0
1

]
↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗[

16
29
21

] [
6
11
8

] [
2
4
3

] [
0
1
1

]
↗↗ ↘↘ ↗↗ ↘↘ ↗↗ ↘↘ ↗↗

. . .
[
9
16
12

] [
3
6
4

] [
1
2
2

]
respectively, where the indecomposable modules are represented by their
dimension vectors.

Consider the P1(K)-family

EA = {E(λ)}λ∈P1(K)
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of the indecomposable A-modules E(λ) defined as follows

E(λ) : K
1←−←−
λ

K ←− 0, for λ ∈ K, and

E(∞) : K
0←−←−
1

K ←− 0, for λ = ∞,

where P1(K) = K ∪ {∞} is the projective line with ∞ = (0 : 1). It is clear
that the family EA = {E(λ)}λ∈P1(K) is induced from the P1(K)-family of
pairwise non-isomorphic simple homogeneous modules over the Kronecker
algebra described in Section XI.4, that is, the path algebra of the Kronecker
quiver ◦ α←−−−−−←−−−−−

β
◦ .

We note that, for each λ ∈ P1(K), the A-module E(λ) is indecomposable
and regular. To see this, we apply the explicit description of P(A) and
Q(A) presented above, or we use (VIII.2.7) and the isomorphism

Ext1A(E(λ), E(λ)) ∼= K

of vector spaces. It is easy to check that, for each λ ∈ P1(K), the A-module
E(λ) is quasi-simple.

For each λ ∈ P1(K), we denote by CA
λ the connected component in R(A)

containing the module E(λ). It follows from (1.6) and (1.7) that the P1(K)-
family

CCA = {CA
λ }λ∈P1(K)

consists of pairwise different regular components.
By applying the Coxeter transformations ΦA : Z3 −−−−→ Z3 and its in-

verse Φ−1
A : Z3 −−−−→ Z3, we show that the regular component CA

λ is of the
form [

1
2
1

] [
1
1
1

] [
1
1
0

] [
3
2
1

] [
7
5
1

]
↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘

· · ·
[
2
3
2

] [
2
2
1

] [
4
3
1

] [
10
7
2

]
· · ·

↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗
CA

λ :
[
5
8
6

] [
3
4
2

] [
5
4
2

] [
11
8
2

] [
29
20
6

]
↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘

· · ·
[
6
9
6

] [
6
6
3

] [
12
9
3

] [
30
21
6

]
· · ·

↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗
...

...
...

...
...

where the indecomposable modules are represented by their dimension
vectors.
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We also note that there are isomorphisms

Ext1A(τmE(λ), τmE(λ)) ∼= Ext1A(E(λ), E(λ)) ∼= K,

for any m ∈ Z and λ ∈ P1(K); hence all quasi-simple modules in the
component CA

λ have self-extensions.
Consider now the indecomposable A-module X of the form

K
(0,1)←−−−−−←−−−−−
(1,0)

K2 ←−−−− 0,

induced by the indecomposable injective module over the Kronecker algebra.
It is clear that

dimX = [1, 2, 0]t =
[

1
2
0

]
,

and X is the unique indecomposable A-module of dimension vector [1, 2, 0]t.
It follows also from the above description of the postprojective compo-

nent P(A) of Γ(modA) and the preinjective component Q(A) of Γ(modA)
that X is a regular A-module. Hence, by applying (1.6), (1.7), and the Cox-
eter transformations ΦA,Φ−1

A : Z3 −−−−→ Z3, we conclude that the regular
component CA

X of Γ(modA) containing the module X is of the form

CA
X :

[
5
10
6

] [
3
4
4

] [
1
2
0

] [
3
2
2

] [
5
4
0

]
↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘

· · ·
[
8
14
10

] [
4
6
4

] [
4
4
2

] [
8
6
2

]
· · ·

↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗[
23
40
30

] [
9
16
10

] [
7
8
6

] [
9
8
2

] [
23
16
6

]
↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘

· · ·
[
24
42
30

] [
12
18
12

] [
12
12
4

] [
24
18
6

]
· · ·

↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗
...

...
...

...
...

We also note that, for each m ∈ Z, there exist isomorphisms

EndA(τmX)∼=EndA(X)∼=K and Ext1A(τmX, τmX)∼=Ext1A(X, X) = 0,

of vector spaces. Consequently, the quasi-simple modules in the component
CA

X are bricks, have no self-extensions and, hence, are stones, by (XV.1.2).
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XVIII.2. Homomorphisms between regular
modules

Throughout this section, Q is a connected wild quiver and A = KQ the
associated connected wild hereditary K-algebra. The main objective of this
section is to describe basic properties of homomorphisms between regular
A-modules. We start with the following lemma showing that the category
addR(A) of regular A-modules is not closed under kernels and cokernels,
and consequently is not abelian (in contrast to the Euclidean case).

2.1. Lemma. Let A = KQ be a connected wild hereditary K-algebra.
(i) Let X be a non-zero regular A-module without non-trivial regular

quotient modules. Then there exist a positive integer m ≥ 1 and a
short exact sequence

0 −−−−→ X −−−−→ τmX −−−−→ I −−−−→ 0

in mod A, with a preinjective module I.
(ii) Let Y be a non-zero regular A-module without non-trivial regular

submodules. Then there exist a positive integer m ≥ 1 and a short
exact sequence

0 −−−−→ P −−−−→ τ−mY −−−−→ Y −−−−→ 0

in mod A, with a postprojective module P .

Proof. We prove only (i), because the proof of (ii) is dual.
Let n ≥ 1 be the rank of the Grothendieck group K0(A) of A. Consider

the module Z =
n⊕

i=0
τ2iX. It follows from our assumption that X is an

indecomposable regular module. By (1.6), X lies in a component of type
ZA∞. Hence, in view of (1.7) we conclude that Z is a direct sum of n +
1 pairwise non-isomorphic indecomposable regular modules, and therefore
HomA(Z, τZ) �= 0, by (VIII.5.3). Hence we conclude that

HomA(X, τ2(j−i)+1X) ∼= HomA(τ2iX, τ2j+1X) �= 0,

for some i �= j. Let m = 2(j − i) + 1 and let f : X −→ τmX be a non-zero
homomorphism. Observe that f has to be injective, because Im f is regular
and X has no non-trivial regular quotient modules. Hence, by applying
(1.2), we conclude that m ≥ 1. We then get a short exact sequence

0 −→ X
f−→ τmX

g−→ I −→ 0,
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where I is the cokernel of f . Clearly, I �= 0, because f is not an isomorphism,
by (1.7). Because the functor τ−m is right exact, we infer that τmX has no
non-trivial regular quotient modules. Therefore, I is preinjective, and the
proof is complete. �

We note that if R is an arbitrary non-zero regular A-module and X is a
non-zero regular quotient module of R of minimal dimension, then X has no
non-trivial regular quotient modules. Dually, a non-zero regular submodule
Y of R of minimal dimension, has no non-trivial regular submodules.

2.2. Lemma. Let A = KQ be a wild hereditary algebra and X a non-
zero regular A-module. Then there exists a natural number m0 such that, for
any regular A-module R and any m ≥ m0, all homomorphisms
f : τmX −→ R have regular kernel and all homomorphisms g : R −→ τ−mX
have regular cokernel.

Proof. We prove only the first claim, because the proof of the second
one is similar. We know from (IX.5.4) that there exists a natural number m0
such that dimKτ−mP > dimKX, for all non-zero postprojective A-modules
P and all m ≥ m0. Let R be a regular A-module and f : τmX −→R a
homomorphism. Denote by I the image of f and by L the kernel of f . We
have a short exact sequence

0 −→ L−→ τmX −→ I −→ 0.

Observe that I is regular and L has no preinjective direct summands. Thus,
applying the functor τ−m, we get a short exact sequence

0 −→ τ−mL−→ X −→ τ−mI −→ 0,

and hence dimKτ−mL ≤ dimKX. Then, by our choice of m, L has no
non-zero postprojective direct summands, and so L is regular. �

We know from (IX.5.6) and its dual that all but finitely many modules
from the postprojective (respectively, preinjective) component of Γ(modA)
are sincere. We prove now that all regular components of Γ(modA) have
the same property. First we prove the following technical fact.

2.3. Lemma. Let A = KQ be a wild hereditary algebra and X an in-
decomposable regular A-module. Then all but finitely many modules τ iX,
with i ∈ Z, are sincere.

Proof. Assume first that X has no non-trivial regular quotient modules.
Then, by (2.1), there exists a short exact sequence

0 −→ X −→ τmX −→ I −→ 0,
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with m ≥ 1 and I non-zero preinjective. Because the modules in the se-
quence have no non-zero postprojective direct summands then, for each
t ≥ 0, we have the induced exact sequence

0 −→ τ tX −→ τm+tX −→ τ tI −→ 0.

On the other hand, by (IX.5.6), there is a natural number n0 ≥ 0 such
that all modules τ tI, with t ≥ n0, are sincere. Clearly, then all modules
τm+tX, with t ≥ n0, are also sincere.

Now, let X be an arbitrary indecomposable regular A-module. By ap-
plying (2.2), we conclude that there is a natural number n ≥ 1 such that
all homomorphisms f : τnX −→ R, with R regular, have regular kernel.

Let Y be a regular quotient module of τnX having no non-trivial regular
quotient modules. Then we have a short exact sequence

0 −→ L−→ τnX −→ Y −→ 0,

with L regular. Then, for each s ≥ 0, we have the induced exact sequence

0 −→ τ sL−→ τn+sX −→ τ sY −→ 0.

It follows from the first part of our proof that all but finitely many modules
τ sY , with s ≥ 0, are sincere. Therefore, we have proved that all but finitely
many modules τ iX, with i ≥ 0, are sincere. Invoking the functor τ−1 we
prove similarly that all but finitely many modules τ iX, with i ≤ 0, are also
sincere. �

2.4. Corollary. Let A = KQ be a wild hereditary algebra and C be a
regular component of Γ(mod A). Then all but finitely many modules in C
are sincere.

Proof. Let X be a quasi-simple module from C. It follows from (1.6)
that, for any m ∈ Z, there exist a chain of irreducible monomorphisms

τmX = τmX[1] −→ τmX[2] −→ · · · −→ τmX[r] −→ · · ·
and a chain of irreducible epimorphisms

· · · −→ τm[r]X −→ · · · −→ τm[2]X −→ τm[1]X = τmX,

such that C consists of the modules τmX[i] = τm−i[i]X, with m ∈ Z and
i ≥ 1. From (2.3) we know that all but finitely many modules τmX, with
m ∈ Z, are sincere. This clearly implies that all but finitely many modules
from C are also sincere. �

We have also the following interesting fact.
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2.5. Corollary. Let A = KQ be a wild hereditary algebra, C be a regular
component of Γ(mod A), P an indecomposable postprojective A-module, and
I an indecomposable preinjective A-module. Then, for all but finitely many
modules X from C, we have HomA(P, X) �= 0 and HomA(X, I) �= 0.

Proof. Because P is an indecomposable postprojective module, then
there exist an m ≥ 0 and an indecomposable projective A-module P (i),
with i ∈ Q0, such that P ∼= τ−mP (i). Then, for each module X from
C, we have HomA(P, X) ∼= HomA(P (i), τmX). It follows from (2.4) that
HomA(P (i), Z) �= 0, for all but finitely many modules Z from C, and con-
sequently, HomA(P, X) �= 0, for all but finitely many modules X from C.
The second statement follows from the first one by applying the standard
duality functor D : mod A −→ mod Aop, or by the dual arguments. �

We are now in position to prove the following important facts on homo-
morphisms between regular modules, due to Baer [35] and Kerner [343].

2.6. Theorem. Let A = KQ be a wild hereditary algebra and X, Y be
non-zero regular A-modules. Then there exists a natural number m0 such
that

HomA(τmX, Y ) = 0 and HomA(X, τmY ) �= 0,

for all m ≥ m0.

Proof. We recall from (IV.2.9) that

dim τ−mZ = Φ−m
A dimZ,

for each regular A-module Z and any natural number m ∈ N, where
ΦA : K0(A) −−−−→ K0(A) is the Coxeter transformation of A.

Let X and Y be non-zero regular A-modules. Let {x(1), . . . ,x(r)} be the
set of the dimension vectors x(i) of all regular A-modules such that ||x(i)|| ≤
dimKY , where ||z|| =

∑
i∈Q0

zi, for any vector z ∈ K0(A) = Z|Q0|. We recall

from (1.7) that two non-isomorphic modules from the same regular compo-
nent of Γ(modA) have different dimension vectors. Altogether this implies
that there exists an integer m1 ≥ 1 such that ||Φ−m(x(i))|| > dimKX, for
all m ≥ m1 and i = 1, . . . , r.

Suppose now that there exists a non-zero homomorphism f : τmX −→Y ,
for some m ≥ m1. Consider the exact sequence

0 −→ L−→ τmX −→ Z −→ 0,

where L is the kernel of f and Z is the image of f . Because Z is a regular
submodule of Y then dimZ = x(j), for some j ∈ {1, . . . , r}. Hence, by
applying the functor τ−m, we get the induced short exact sequence

0 −→ τ−mL−→ X −→ τ−mZ −→ 0.
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Because, on the other hand, we have

dimKτ−mZ = ||dim τ−mZ||= ||Φ−m
A dimZ||= ||Φ−m

A x(j)|| > dimKX,

we get a contradiction. It follows that HomA(τmX, Y ) = 0, for all m ≥ m1.
To prove the second claim, we may assume without loss of general-

ity that the module X has no non-trivial regular quotient modules. In-
deed, there is an epimorphism X −→ X ′, where X ′ is a regular module
without non-trivial regular quotient modules, and clearly HomA(X ′, Z) �=
0 implies HomA(X, Z) �= 0. By (2.1), there exists an exact sequence
0 −→ X −→ τmX −→ I −→ 0, with m > 0 and I non-zero preinjective. Be-
cause Y is a regular A-module then, by applying (2.5) and the Auslander–
Reiten formulae (IV.2.14), we conclude that there is a natural number m2
such that

Ext1A(I, τsY ) ∼= DHomA(τ s−1Y, I) �= 0,

for all s ≥ m2. Further, it follows from the first part of the proof that there
exists a natural number m3 such that

Ext1A(τmX, τ sY ) ∼= DHomA(τ sY, τm+1X) = 0,

for all s ≥ m3. Let m4 = max{m2, m3}. By applying HomA(−, τsY ),
with s ≥ m4, to the exact sequence 0 −→ X −→ τmX −→ I −→ 0 we get the
induced long exact sequence

· · · −−−−→HomA(X, τ sY )−−−−→Ext1A(I, τsY ) −−−−→ Ext1A(τmX, τ sY )=0.

It follows that HomA(X, τ sY ) �= 0. Therefore, if m0 = max{m1, m4} then
HomA(τmX, Y ) = 0 and HomA(X, τmY ) �= 0, for all m ≥ m0. �

We have also the following interesting fact.

2.7. Lemma. Let A = KQ be a wild hereditary algebra. Let X be an
indecomposable regular A-module and assume that HomA(X, τ−mX) �= 0,
for some m ≥ 1. Then HomA(X, τ−iX) �= 0, for all i ∈ {1, . . . , m}.

Proof. Suppose, to the contrary, that HomA(X, τ−iX) = 0, for some
index i ∈ {1, . . . , m}. Then m ≥ 2 and there exists a j ∈ {1, . . . , m}
such that HomA(X, τ−(j−1)X) = 0 and HomA(X, τ−sX) �= 0, for any
s ∈ {j, . . . , m}. Then the Auslander–Reiten formulae (IV.2.13) yields

Ext1A(τ−jX, X) ∼= DHomA(X, τ−(j−1)X) = 0.

Then, it follows from (VIII.3.3) that any non-zero homomorphism from X
to τ−jX is a monomorphism or an epimorphism. But this contradicts (1.2).

�
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It follows from (XI.2.8) and (XII.3.4) that the regular part R(A) of the
Auslander–Reiten quiver Γ(modA) of a hereditary algebra A = KQ of
Euclidean type is a disjoint union of a P1(K)-family

TT A =
{
T A

λ

}
λ∈P1(K)

of pairwise orthogonal standard stable tubes T A
λ , and hence consists entirely

of nondirecting indecomposable A-modules.

2.8. Lemma. Let A = KQ be a wild hereditary algebra.
(a) For every pair of indecomposable regular A-modules M and N , there

exists a path M = Z0−→Z1−→Z2 −→ . . . −→ Zm−1−→Zm = N
in mod A.

(b) Every indecomposable regular A-module is nondirecting.

Proof. (a)Assume that M and N are indecomposable regular A-modules.
It follows from (1.6) that N belongs to a component C of Γ(modA) of type
ZA∞. Then there exists a quasi-simple module X in C and an integer n ≥ 1
such that N ∼= X[n]. On the other hand, by (2.6), there exists an integer
m ≥ 1 such that HomA(M, τmX) �= 0. Hence (a) follows, because there
exists a path of irreducible morphisms

τmX = τmX[1]−→ . . . −→ X[1]−→ . . . −→X[n] = N

in modA.
The statement (b) is a direct consequence of (a). �
We recall that a brick in modA is an indecomposable A-module X such

that EndA(X) ∼= K. A stone is an indecomposable A-module X such that
Ext1A(X, X) = 0, see (XV.1.2).

We know from (VIII.3.3) that every stone in modA is a brick. On the
other hand, we have seen in (1.9) that for enlarged Kronecker algebras
there are bricks (even quasi-simple regular) which are not stones. We also
recall from (VIII.2.7) that all indecomposable postprojective modules and
all indecomposable preinjective modules are stones.

The following proposition characterises the quasi-simple regular bricks.

2.9. Proposition. Let A = KQ be a wild hereditary algebra and X a
regular brick in mod A. Then X is quasi-simple if and only if
HomA(X, τ−1X) = 0.

Proof. Because X is a regular brick then Ext1A(τ−1X, X) ∼= DEndA(X)
is a one-dimensional vector space over K generated by an almost split se-
quence

0 −→ X −→ Y −→ τ−1X −→ 0.
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Moreover, Y is indecomposable if and only if X is quasi-simple, because X
lies in a component of the form ZA∞, by (1.6).

Assume that HomA(X, τ−1X) �= 0, and let f : X −→ τ−1X be a non-
zero homomorphism. We know from (1.2), that f is neither a monomor-
phism nor an epimorphism. Letting M = Im f we get a short exact sequence

0 −→ Ker f −→ X
g−→ M −→ 0,

where Ker f �= 0 and M is a proper submodule of τ−1X. Applying the
functor HomA(τ−1X/M, −) we get an epimorphism

Ext1A(τ−1X/M, g) : Ext1A(τ−1X/M, X) −−−−−−−−→ Ext1A(τ−1X/M, M),

because A is hereditary. Therefore there is a commutative diagram

0 −−−−→ X
h′

−−−−→ N −−−−→ τ−1X/M −−−−→ 0

g

⏐⏐� g′
⏐⏐� 1

⏐⏐�
0 −−−−→ M

h−−−−→ τ−1X −−−−→ τ−1X/M −−−−→ 0

with exact rows. It follows that the exact sequence

0 −−−−→X
[ g
−h′ ]

−−−−−−−−→M
⊕

N
[h g′]−−−−−−−−→τ−1X −−−−→0

is non-split, because dimKM < dimKX and dimKM < dimKτ−1X. Hence
there exists a non-split exact sequence

0 −→ X −→ E −→ τ−1X −→ 0,

with E decomposable. But then Y ∼= E is decomposable, and consequently
X is not quasi-simple. On the other hand, if X is not quasi-simple then there
is a non-zero homomorphism from X to τ−1X, which is the composition of
an irreducible epimorphism and an irreducible monomorphism, because X
lies in a component of type ZA∞. �

2.10. Corollary. Let A = KQ be a wild hereditary algebra and X be a
quasi-simple brick in mod A. Then HomA(X, τ−mX) = 0, for all m ≥ 1.

Proof. Apply (2.7) and (2.9). �

2.11. Lemma. Let A = KQ be a wild hereditary algebra and X an inde-
composable regular A-module which is not a stone. Then HomA(X, τmX) �=
0, for all m ≥ 1.

Proof. Because Ext1A(X, X) �= 0, we have

HomA(X, τX) �= 0 and HomA(τ−1X, X) �= 0.
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To show the claim, suppose to the contrary, that there is an integer m ≥ 1
such that HomA(X, τm+1X) = 0 and HomA(X, τmX) �= 0. Then

Ext1A(τmX, X) ∼= DHomA(X, τm+1X) = 0.

Take a non-zero homomorphism f : X −→ τmX. It follows from (VIII.3.3)
that f is a monomorphism or an epimorphism. If f is a monomorphism,
then composing it with a non-zero homomorphism g ∈ HomA(τ−1X, X) we
get a non-zero homomorphism fg : τ−1X −→ τmX and, consequently,

HomA(X, τm+1X) ∼= HomA(τ−1X, τmX) �= 0.

Similarly, if f is an epimorphism then, for a non-zero homomorphism

h ∈ HomA(τmX, τm+1X) ∼= HomA(X, τX),

the composite homomorphism hf ∈ HomA(X, τm+1X) is non-zero, and
hence HomA(X, τm+1X) �= 0. This finishes the proof. �

To establish a further relationship between regular bricks and stones over
wild hereditary algebras A = KQ we need the following lemma.

2.12. Lemma. Let Y be an indecomposable A-module, X be a quasi-
simple regular A-module,

X = X[1] −→ X[2] −→ X[3] −→ · · · −→ X[r] −→ · · ·

an infinite sequence of irreducible monomorphisms (1.5), and i ≥ 1 a natural
number.

(a) If Y �∼= X[i]/X[j], for 1 ≤ j < i, then each homomorphism
f : X[i] −→ Y factors through the canonical irreducible monomor-
phism ε : X[i] ↪→ X[i+1].

(b) If Y �∼= X[j], for 1 ≤ j < i, then each homomorphism g : Y −→ X[i]
factors through the canonical irreducible epimorphism
π : (τX)[i+1] −→ X[i].

Proof. We prove only (a), because the proof of (b) is dual. If i = 1,
then the irreducible monomorphism ε : X −→ X[2] is a minimal left almost
split morphism, and consequently any homomorphism f : X −→ Y with
X �∼= Y factors through ε.

Assume that i ≥ 2. Consider the canonical almost split sequence

0 −→ X[i]
[ε,π]t−−−−→ X[i+1]

⊕
τ−1X[i−1]

[π′,ε′]−−−−→ τ−1X[i] −→ 0.

Then each homomorphism f : X[i] −→ Y , with Y �∼= X[i]/X[j], 1 ≤ j < i,
factors through [ε, π]t, that is, f = gε + hπ, for some homomorphisms
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g : X[i+1] −→ Y and h : τ−1X[i−1] −→ Y.

By induction, we have h = h′ε′, for some homomorphism h′ : τ−1X[i] −→Y .
Hence

f = gε + hπ = gε + h′ε′π = gε − h′π′ε = (g − h′π′)ε,

as required. �

Throughout this chapter we freely use the terminology and notation
introduced in Section XVI.1. In particular, given an indecomposable A-
module M in a component C of the Auslander–Reiten quiver Γ(modA) of
an algebra A, by a cone determined by M we mean a full translation sub-
quiver C(M) of C of the form

M1,1 M2,2 M3,3 . . . Mm−2,m−2 Mm−1,m−1 Mm,m

↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗
M1,2 M2,3 . . . Mm−2,m−1 Mm−1,m

↘ ↗ ↘ . . . . . . ↗ ↘ ↗
M1,3 Mm−2,m

↘ . . . . . . ↗
. . . ↘ ↗ . . .

M2,m−1

↘ ↗ ↘ ↗
M1,m−1 M2,m

↘ ↗
M = M1,m

The module M = M1,m is called the germ of the cone C(M), see (XVI.1.4).
It is easy to see that, for a wild hereditary algebra A = KQ, the definition

of cone coincides with the following one.

2.13. Definition. Let A = KQ be a wild hereditary algebra.
(a) A full translation subquiver C of Γ(modA) is said to be mesh-

closed if any mesh of Γ(modA) with source and target in C is
contained in C.

(b) Let A = KQ be a wild hereditary algebra, let C be a regular com-
ponent of Γ(modA), X a quasi-simple module in C, and m ≥ 1 a
natural number.

(b1) The mesh-closed full subquiverof C formed by the modules
τ−iX[j] (1.5), with 1 ≤ i + j ≤ m, is called the cone with germ
X[m], and denoted by C(X[m]).
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(b2) The cone C([X[m]) is called standard if the full subcat-
egory of modA formed by the modules from C(X[m]) is equivalent
to the mesh subcategory KC(X[m]) of C(X[m]).

We recall that a pair of A-modules X and Y in modA is said to be
orthogonal if HomA(X, Y ) = 0 and HomA(Y, X) = 0.

2.14. Proposition. Let A = KQ be a wild hereditary algebra, X a
quasi-simple regular A-module,

X = X[1] −→ X[2] −→ · · · −→ X[r] −→ · · ·

be a chain of irreducible monomorphisms (1.5) and m ≥ 2 be a natural
number. The following conditions are equivalent.

(a) The cone C(X[m]) is standard.
(b) The module X[m] is a brick.
(c) The module X[m−1] is a stone.
(d) The modules X, τ−1X, . . . , τ−(m−1)X are pairwise orthogonal stones.

Proof. The implication (a) implies (b) is obvious.
To prove that (b) implies (c), we assume that the module X[m] is a brick

and X[m−1] is not a stone. Then

DHomA(τ−1X[m−1], X[m−1]) ∼= Ext1A(X[m−1], X[m−1]) �= 0,

and so there exists a non-zero homomorphism f : τ−1X[m−1] −→ X[m−1].
Moreover, there are

• an irreducible epimorphism π : X[m] −−−−→ τ−1X[m−1], and
• an irreducible monomorphism ε : X[m−1] −−−−→ X[m].

Hence εfπ is a non-zero homomorphism in rad EndA(X[m]). This is a con-
tradiction, because X[m] is a brick.

To prove that (c) implies (d), we recall from (VIII.3.3) that every stone
in modA is a brick. Assume that X[m−1] is a stone. It follows that X[m−1]
is a brick, and, by the implication (b)⇒(c) applied to the brick X[m−1],
the module X[m−2] is a stone. An easy induction shows that the modules

X[m−1], X[m−2], . . . , X[2], X[1] = X

are stones and bricks. In particular, it follows from (2.10) that, for each
t ≥ 1, we have HomA(X, τ−tX) = 0 and, hence, HomA(τ−iX, τ−jX) = 0,
for all 0 ≤ i < j ≤ m − 1. Moreover, the modules

X, τ−1X, τ−2X, . . . , τ−(m−1)X
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are stones. It remains to show that HomA(τ−iX, τ−jX) = 0, for all
0 ≤ j < i ≤ m − 1. Assume, to the contrary, that this is not the case,
that is, HomA(τ−iX, τ−jX) �= 0, for some j < i such that 0 ≤ j, i ≤ m − 1.
Then, for r = (m − 1) − i and s = j + r, we have

HomA(τ−(m−1)X, τ−sX) ∼= HomA(τ−iX, τ−jX) �= 0.

Let h : τ−(m−1)X −→ τ−sX be a non-zero homomorphism. Applying
(2.12)(b) to h, we conclude that h has a factorisation h = h2h1, where

h1 : τ−(m−1)X −→ X[s +1] and h2 : X[s +1] −→ τ−sX.

Note that s + 1 ≤ m − 1 and, hence, there exists a monomorphism
w : X[s + 1] −−−−→ X[m−1]. Clearly, there exists also an epimorphism
p : τ−1X[m−1] −−−−→ τ−(m−1)X. Consequently, the composite homomor-
phism wh1p : τ−1X[m−1] −−−−→ X[m−1] is non-zero and, hence,

Ext1A(X[m−1], X[m−1]) ∼= DHomA(τ−1X[m−1], X[m−1]) �= 0,

which is a contradiction. Hence, the modules X, τ−1X, . . . , τ−(m−1)X are
pairwise orthogonal.

To prove that (d) implies (a), we assume, to the contrary, that (d)
holds and there exists a non-zero homomorphism f : U −→ V , for some

U = τ−rX[l] and V = τ−sX[t],

with r + l ≤ m and s + t ≤ m.
We show, by applying the induction on l ≥ 1, that f is either an isomor-

phism and a scalar multiple of the identity map 1U on U , or a composition
of irreducible morphisms corresponding to arrows of the cone C(X[m]).

Step 1◦ We assume that l = 1. Because the module U = τ−rX[1] is a
brick, we may assume that f is not an isomorphism. Then the assumption
(d) forces t ≥ 2. For each i ∈ {0, 1, . . . , t − 2}, we look at the canonical
short exact sequences

0 −→ τ−(s+i)X −−−−→ τ−(s+i)X[t−i]
πi+1−−−−→ τ−(s+i+1)X[t−i−1] −→ 0,

with π1, . . . , πt−1 irreducible morphisms. Observe that

radA(U, τ−(s+t−2)X) = radA(τ−rX, τ−(s+t−2)X) = 0,

because the modules X, τ−1X, . . . , τ−(m−1)X are pairwise orthogonal
stones and, hence, bricks. In particular, we have πt−1 · . . . · π2 · π1 · f = 0.

By considering the composite homomorphism
πi+1πi . . . π2π1f : U −−−−−−→ τ−(s+i+1)X[t−i−1],
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for each i ∈ {0, 1, . . . , t−2}, we conclude that there exists exactly one index
i ∈ {0, 1, . . . , t − 2} such that πi+1 . . . π1f = 0 but πi . . . π1f �= 0 (we put
π0 = id ). Then HomA(τ−rX, τ−(s+i)X) �= 0, or equivalently r = s + i.
Hence s ≤ r and t − (r − s) ≥ 2, because i ∈ {0, 1, . . . , t − 2}.

We claim that s = r. Suppose, to the contrary, that s < r. Consider the
composite epimorphism

π = πr−s . . . π1 : τ−sX[t] −−−−−−→ τ−rX[t−(r−s)] = τ−(s+r−s)X[t−(r−s)]

and the canonical exact sequence

0 −→ τ−rX −−−−→ τ−rX[t−(r−s)]
πr−s+1−−−−→ τ−(r+1)X[t−(r−s)−1] −→ 0.

Because πf = πi . . . π2π1f �= 0 and πr−s+1(πf) = πi+1πi . . . π2π1f = 0,
then the image of

πf : τ−rX −−−−→ τ−rX[t−(r−s)]

is contained in the submodule τ−rX of τ−rX[t−(r−s)] and, consequently,
rad EndA(τ−rX) �= 0. This is a contradiction, because τ−rX is a brick.
Therefore r = s, and f is a composition of irreducible monomorphisms
corresponding to the arrows of a path from τ−rX to τ−rX[t] in C(X[m]).

Step 2◦ Now we assume that l ≥ 2, and we consider the restriction of f to
τ−rX. If this restriction is non-zero, it follows from the assumption (d) and
the earlier considerations that r = s, l ≤ t, and f : τ−rX[l] −→ τ−rX[t]
is either an isomorphism and a scalar multiple of the identity map 1U on
U (if l = t), or is a composition of irreducible morphisms corresponding to
the arrows of a path from τ−rX[l] to τ−rX[t] in C(X[m]). Assume that the
restriction of f to τ−rX is zero. Then f = gπ, where

• g : τ−r−1X[l − 1] −−−−→ τ−sX[t] is a homomorphism , and
• π : τ−rX[l] −−−−→ τ−r−1X[l−1] is the canonical irreducible epimor-

phism.

By the inductive hypothesis, g is either an isomorphism and a scalar multi-
ple of the identity map on X[l−1], or a composition of irreducible morphisms
corresponding to some arrows of the cone C(X[m]). Hence, the homomor-
phism f has also this property. Therefore we have proved that the cone
C(X[m]) is standard. This finishes the proof. �

2.15. Proposition. Let A = KQ be a wild hereditary algebra and let X
be a quasi-simple regular A-module such that the chain

X = X[1] −→ X[2] −→ · · · −→ X[r] −→ · · · ,
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see (1.5), of irreducible monomorphisms contains a brick X[m], for some
m ≥ 2.

(a) The module T = X[1] ⊕ . . . ⊕ X[m−1] is a partial tilting A-module,
(b) m ≤ n − 1, where n is the rank of K0(A),
(c) The cone C(X[m]) is standard and consists of bricks,
(d) All modules in the cone C(X[m]), except the module X[m], are

stones.

Proof. (a) By (2.14), the cone C(X[m]) is standard. Because the mod-
ules X[i] and τ−1X[i], for 1 ≤ i ≤ m − 1, lie in the standard cone C(X[m]),
we have Ext1A(T, T ) ∼= DHomA(τ−1T, T ) = 0, and so T is a partial tilting
A-module.

(b) Let n = rkK0(A) = |Q0| be the rank of the Grothendieck group
K0(A) of A. Because, by (a), TA = X[1] ⊕ . . . ⊕ X[m−1] is a multiplicity-
free partial tilting A-module then applying (VI.2.4) and (VI.4.4) yields
m − 1 ≤ n, that is, m ≤ n + 1. To prove that m ≤ n − 1, we need to
exclude the equalities m = n + 1 and m = n.

First, assume to the contrary, that m − 1 = n. Then T is a direct sum
of n pairwise non-isomorphic indecomposable A-modules and, hence, is a
tilting A-module, by (VI.4.4). Because the cone C(X[m]) is standard then
the tilted algebra B = EndTA is isomorphic to the hereditary path algebra
KΔ(Am−1) of the equioriented quiver

Δ(Am−1) :
1 2 m−1◦←−◦←− . . .←−◦ .

Then, by (VI.5.6), TA is a separating tilting module. Because B is represen-
tation-finite, the algebra A = KQ is representation-finite. This is a contra-
diction, because we assume that Q is not a Dynkin quiver, see (VII.5.10).

Finally, assume to the contrary, that m = n. Because TA is a multiplicity-
free partial tilting A-module and TA is a direct sum of n−1 = m−1 pairwise
non-isomorphic indecomposable A-modules then, by (VI.2.4) and (VI.4.4),
there exists an indecomposable A-module N such that T ′

A = TA⊕N is a tilt-
ing A-module and the tilting vanishing condition yields HomA(T ′

A, τAT ′
A) ∼=

DExt1A(T ′
A, T ′

A) = 0. Moreover, we have the torsion pair (T (T ′),F(T ′)) in
mod A, where

T (T ′) =
{
XA; Ext1A(T ′, X) = 0

}
= {XA; HomA(X, τAT ′) = 0}, and

T (T ′) = {YA; HomA(T ′, Y ) = 0}.
We set M = X[m−1]. We prove that the module N does not belong to
the cone C(M) determined by M . Assume, to the contrary, that N belongs
to C(M). Because N �∼= X[i], for any i ∈ {1, . . . , m − 1}, then m ≥ 3
and N belongs to the cone C(τ−1

A X[m−2]) determined by τ−1
A X[m−2]. But

then there is an epimorphism X[j] −→ τAN , for some j ∈ {1, . . . , m − 2}.
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Hence, HomA(T ′
A, τAT ′

A) �= 0 and we get a contradiction. This shows that
N �∈ C(M).

Now we note that, to finish the proof of (b), it is sufficient to show that

(i) the tilted algebra B′ = EndT ′
A is hereditary,

(ii) T ′
A is a separating tilting A-module, and hence

(iii) any indecomposable module in modA belongs to T (T ′) or to F(T ′).

Indeed, if (i) holds then (VI.5.6) yields (ii) and, hence, we get (iii). It follows
that any successor of an indecomposable A-module from T (T ′) in modA lies
in T (T ′). Because, by (2.8), there is a path in modA from the module X[1]
to τAX[1] then τAX[1] lies in T (T ′). On the other hand, HomA(T ′

A, τAT ′
A) =

0 implies that τAX[1] lies in F(T ′) and we get a contradiction. This shows
that m ≤ n − 1 and finishes the proof of (b).

Then, to complete the proof, it remains to show that (i) holds. We recall
from the first part of the proof that the algebra B = EndTA is isomorphic
to the hereditary path algebra Hm−1 = KΔ(Am−1) of the equioriented
quiver Δ(Am−1) :

1 2 m−1◦←−◦←− . . .←−◦ . Further, by (VIII.3.3), the equality
Ext1A(N, N) = 0 yields EndNA

∼= K.
Now we show that HomA(N, M) = 0 or HomA(M, N) = 0. Indeed,

because the tilting vanishing condition yields

Ext1A(M, N) = 0 and Ext1A(N, M) = 0

then (VIII.3.3) yields

• any non-zero homomorphism N → M is a monomorphism or an
epimorphism, and

• any non-zero homomorphism M → N is a monomorphism or an
epimorphism,

because the algebra A = KQ is hereditary. It follows that HomA(N, M) = 0
or HomA(M, N) = 0, because the modules M and N are non-isomorphic
bricks.

Assume that m ≥ 3. We prove that HomA(N, Y ) = 0, for any inde-
composable module Y in the cone C(X[m−2]). Assume, to the contrary,
that there is a non-zero homomorphism f : N −→Y in modA, with Y ∈
C(X[m−2]). Because C(X[m−2]) ⊆ C(X[m−1]) = C(M) and N �∈ C(M)
then, by (IV.5.1), there exist i ∈ {1, . . . , m − 1} and a chain of irreducible
morphisms

τAX[i] = Yt
gt−→Yt−1

gt−1−→Yt−1 −→ . . . −→ Y1
g1−→Y0 = Y.

and a homomorphism h : N −→ Yt in modA such that g1 · . . . · gt · h �= 0.
This shows that DExt1A(X[i], N) ∼= HomA(N, τAX[i]) �= 0 and we get a
contradiction. Consequently, HomA(N, Y ) = 0, for any indecomposable
module Y ∈ C(X[m−2]).
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Because the cone C(M) is standard then the additive category add C(M)
is equivalent to the module category modHm−1, where Hm−1 =KΔ(Am−1).
Hence, for each j ∈ {2, . . . , m − 1}, there exists a short exact sequence

0 −→X[j−1]
uj−→X[j] −→ Ej −→ 0,

where uj is a canonical irreducible monomorphism and Ej = τ
−(j−1)
A X[1].

By applying the functor HomA(−, N), we derive an exact sequence

0−→HomA(Ej , N) −→ HomA(X[j], N) −→ HomA(X[j−1], N)

−→ Ext1A(Ej , N)−→0.

Because τ
−(j−2)
A X[1] ∈ C(X[m−2]) then

Ext1A(Ej , N) ∼= DHomA(N, τAEj) ∼= DHomA(N, τ
−(j−2)
A X[1]) = 0.

Moreover, because there exists an epimorphism τ−1
A X[j−1] −→Ej then the

isomorphisms

HomA(τ−1
A X[j−1], N) ∼= DExt1A(N, X[j−1]) = 0

force HomA(Ej , N) = 0 and, for each j ∈ {2, . . . , m − 1}, we derive an
isomorphism

HomA(uj , N) : HomA(X[j], N) �−−−−−−→ HomA(X[j−1], N).

Assume that HomA(N, M) = 0. Then HomA(N, T ) = 0. Moreover, there
is an isomorphism HomA(X[i], N) ∼= HomA(M, N), for each i ∈ {1, . . . , m−
1}. Further, by (VI.3.5), the tilted algebra B′ = EndT ′

A = EndA(T ⊕ N)
is connected. It follows that HomA(M, N) �= 0 and B′ is isomorphic to the
path algebra of the quiver

where r = dimKHomA(M, N).
Now assume that HomA(M, N) = 0. Then HomA(T, N) = 0, because

there is an isomorphism

HomA(X[i], N) ∼= HomA(M, N),

for any i ∈ {1, . . . , m−1}. Moreover there is an isomorphism HomA(N, T ) ∼=
HomA(N, M), for each i ∈ {1, . . . , m − 1}. Further, by (VI.3.5), the
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tilted algebra B′ = EndT ′
A = EndA(T ⊕ N) is connected. It follows that

HomA(N, M) �= 0 and B′ is isomorphic to the path algebra of the quiver

where r′ = dimKHomA(N, M). It follows that, in each of the two cases, the
tilted algebra B′ is hereditary. This finishes the proof of (b).

Because the statements (c) and (d) are direct consequences of the stan-
dardness of C(X[m]), the proof of the proposition is complete. �

2.16. Corollary. Let A = KQ be a wild hereditary algebra and X be a
quasi-simple regular A-module such that the chain

X = X[1] −→ X[2] −→ · · · −→ X[r] −→ · · · ,

see (1.5), of irreducible monomorphisms contains a stone X[r], for some
r ≥ 1. If n is the rank of K0(A), then r ≤ n − 2.

Proof. Apply (2.14) and (2.15). �

It follows from (2.16) that if A is a wild hereditary algebra with two
simple modules (that is, A is an enlarged Kronecker algebra) then every
stone is either postprojective or preinjective. The same holds for the tame
hereditary algebra with two simple modules (that is, for the Kronecker
algebra).

The following example shows that, for n ≥ 3, the upper bound n − 2 on
the positions of regular stones given in (2.14) is the best possible.

2.17. Example. Let n ≥ 3 be a positive integer. Consider the wild
quiver

Denote by Δ = Δ(1, n) the subquiver of Q obtained from Q by deleting the
arrow β, and by Σ the subquiver

Δ(An) :
0 1 3 n−2 n−1◦←−−−−

γ1
◦←−−−−

γ2
◦←− · · · ←−◦←−−−−

γn−1
◦.

of Q obtained from Q by removing the vertex ω and the arrows α, β, γn.
The path algebras of the quivers Q, Δ and Σ have the forms
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A = KQ ∼=

⎡⎣ K 0 ... 0
K K ... 0
...

...
. . .

...
K3 K ... K

⎤⎦
Λ = KΔ ∼=

⎡⎣ K 0 ... 0
K K ... 0
...

...
. . .

...
K2 K ... K

⎤⎦
H = KΣ ∼=

⎡⎣K 0 ... 0
K K ... 0
...

...
. . .

...
K K ... K

⎤⎦ .

Clearly, there are canonical algebra surjections A −−−−→ Λ −−−−→ H, Λ is
the hereditary canonical algebra C(1, n) of the Euclidean type Ãn, and H
is a hereditary algebra of the Dynkin type An. Note also that A is the
one-point extension A = H[M ] of H by the projective H-module

M = P (0) ⊕ P (0) ⊕ P (n−1).

We know from (XII.2.8) that Γ(mod Λ) contains a standard stable tube
T of rank n ≥ 1 such that the simple modules S(1), . . . , S(n−1) are mouth
modules in T . Moreover, it follows from the standardness of T that, for
each i ∈ {1, . . . , n − 1}, the module S(i)[n−1] (respectively, S(i)[n]) is a
stone (respectively, brick), and clearly n − 1 = (n + 1) − 2, where n + 1 is
the rank of the Grothendieck group K0(Λ) of Λ.

Observe now that the simple modules S(1), . . . , S(n−1) are also regu-
lar A-modules. Indeed, these modules are non-directing modules in mod Λ,
hence in mod A and, consequently, they are neither postprojective nor prein-
jective.

Further, the Auslander–Reiten quiver Γ(modH) of H is of the form

P (0) = S(0) S(1) S(2) S(n−2) S(n−1)
↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗

P (1) τ−1P (1) τ−(n−2)P (1)

↘ ↗ ↘ . . . . . . ↗
P (2)

↘ . . . . . . . . .

. . . ↘ ↗ . . .

τ−1P (n−3)
↘ ↗ ↘ ↗
P (n−2) τ−1P (n−2)

↘ ↗
P (n−1)
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Let X = S(1), Y = τ−1P (n−2), and denote by C the full translation
subquiver of Γ(modH) formed by all modules except P (0), . . . , P (n − 1),
that is, by all non-projective modules.

Observe that HomH(M, Z) = 0, for any indecomposable H-module Z in
the cone C(τ−1P (n−3)). Then, by (XV.1.7), C is a mesh-closed translation
subquiver of Γ(modA). Moreover, X = S(1) is a quasi-simple regular A-
module, because S(1) is simple. Therefore, C is a mesh-closed translation
subquiver of the cone C(X[n]) of a component of type ZA∞ in Γ(modA),
and Y = X[n−1]. Clearly, there are isomorphisms Ext1A(X[n−1], X[n−1]) ∼=
Ext1H(Y, Y ) = 0, and so X[n−1] is a stone in modA and n−1 = (n+1)−2,
with n + 1, being the rank of K0(A). Moreover, by (2.14), X[n] is a brick.

Finally, we note that, although X[n−1] is not a sincere A-module, by
(2.3), all but finitely many modules from the family τ rX[n−1] = (τ rX)[n],
with r ∈ Z, are sincere stones.

We have also the following consequence of (2.14).

2.18. Lemma. Let A = KQ be a wild hereditary algebra, X be a quasi-
simple regular A-module and Y = X[m], for some m ≥ 2. Then Y is a
brick if and only if HomA(Y, X) = 0.

Proof. If Y is a brick, then it follows from (2.14) that the cone C(Y ) =
C(X[m]) is standard, and consequently HomA(Y, X) = 0.

To prove the inverse implication, we assume that HomA(Y, X) = 0. We
prove that the A-modules X, τ−1X, . . . , τ−(m−1)X are pairwise orthogonal
stones. This implies, by (2.14), that Y = X[m] is a brick.

It follows from (2.12)(a) that any non-zero non-isomorphism f : X −→ X
factors through Y = X[m], and so our assumption implies that X is a brick.
Because X is quasi-simple, by (2.10), we obtain that HomA(X, τ−rX) =
0, for all r ≥ 1. Clearly, this implies that HomA(τ−iX, τ−jX) = 0, for
0 ≤ i < j ≤ m − 1.

We prove now that

HomA(τ−sX, X) = 0, for all 1 ≤ s ≤ m − 1.

Suppose, to the contrary, that there exists a non-zero homomorphism
g : τ−tX −−−−−−→ X, for some 1 ≤ t ≤ m − 1. Applying (2.13)(a), we
deduce that g factors through (τ−tX)[m−t], and hence there is a non-zero
homomorphism h : (τ−tX)[m−t] −−−−−−→ X. Composing now h with the
canonical epimorphism π : Y −−−−−−→ (τ−tX)[m−t] we obtain a non-zero
homomorphism hπ : Y −→ X, a contradiction.

Hence, we get HomA(τ−sX, X) = 0, for all 1 ≤ s ≤ m − 1. But this
implies that HomA(τ−iX, τ−jX) = 0, for all 0 ≤ j < i ≤ m − 1. In
particular, Ext1A(X, X) = DHomA(τ−1X, X) = 0, that is, the module X is
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a stone. Consequently, the modules X, τ−1X, . . . , τ−(m−1)X are pairwise
orthogonal stones. This finishes the proof. �

We end our discussion on the distribution of regular stones with the
following proposition.

2.19. Proposition. Assume that A = KQ, where Q is an acyclic con-
nected wild quiver with at least three vertices. Then Γ(mod A) admits infin-
itely many pairwise different regular components containing sincere quasi-
simple stones.

Proof. Observe first that, if an indecomposable regular A-module X is
a stone then its whole τ -orbit τmX, with m ∈ Z, consists of stones and, by
(2.3), infinitely many of them are sincere. Moreover, it follows from (2.15)
that if a regular component C of Γ(modA) contains a stone then C contains
a quasi-simple stone.

Therefore, it remains to show that Γ(modA) admits infinitely many pair-
wise different regular components containing stones. Because Q has at least
three vertices and the underlying graph Q of Q is neither Dynkin nor Eu-
clidean, there exists a full connected proper subquiver Q′ of Q such that
A′ = KQ′ is representation-infinite. Consider the postprojective compo-
nent P(A′) of Γ(modA′). We know that P(A′) consists of directing mod-
ules, and hence of stones. Obviously, these indecomposable A′-modules are
non-sincere stones in the category of A-modules.

On the other hand, it follows from (IX.5.6) and its dual that all but
finitely many indecomposable postprojective A-modules are sincere and
all but finitely many indecomposable preinjective A-modules are sincere.
Hence, all but finitely many modules from P(A′) are regular stones.

Finally, note that, by (2.4), all but finitely many modules of any given
regular component of Γ(modA) are sincere. Clearly, then the required claim
follows. �

XVIII.3. Perpendicular categories
In Chapter XV we have associated to a given K-algebra A and an A-

module X the one-point extension algebra A[X] and the one-point coex-
tension algebra [X]A having one more simple module than the algebra A
has. Here, we associate to X two subcategories X⊥ and ⊥X of modA, and
we show that under some assumptions they are again module categories of
some algebras having less simple modules than the algebra A has.

3.1. Definition. Let A be an arbitrary (not necessarily hereditary) K-
algebra and X an A-module. Then the full subcategory of modA

X⊥ = {MA | HomA(X, M) = 0 = Ext1A(X, M)}
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is said to be the right perpendicular subcategory of X, and the full
subcategory of modA

⊥X = {MA | HomA(M, X) = 0 = Ext1(M, X)}
is said to be the left perpendicular category of X.

3.2. Example. Let A be an algebra, e an idempotent of A, P = eA
the corresponding projective A-module and I = D(Ae) the corresponding
injective A-module. Then clearly we have P⊥ ∼= mod A/AeA ∼= ⊥I. In
particular, if P is the new indecomposable projective module over the one-
point extension algebra B[X] then P⊥ = mod B. Similarly, if I is the new
indecomposable injective module over the one-point coextension algebra
[X]B then ⊥I = mod B.

3.3. Example. Let A be a hereditary algebra and X an A-module
without non-zero projective direct summands. Then X⊥ = ⊥(τX). This
follows from the functorial isomorphisms

HomA(M, τX)∼=DExt1A(X, M) and Ext1A(M, τX)∼=DHomA(X, M)
established in (IV.2.14).

3.4. Example. Let A = KQ be the path algebra of the quiver

Q :

1 ↖
3 ←−−−− 4 −−−−→ 5 −−−−→ 6↙

2
of Dynkin type D6. Then Γ(modA) is of the form

1
0000

0
−−−−− 0

1000
1

−−−−− 1
1111

0
−−−−− 0

1110
1

−−−−− 1
1100

0

↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘
0
0000

1
−→1

1000
1

−→1
1000

0
−→ 1

2111
1

−→0
1111

1
−→1

2221
1

−→1
1110

0
−→1

2210
1

−→0
1100

1
−→ 0

1100
0

↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘
1
1111

1
−−−−− 1

2110
1

−−−−− 1
2211

1
−−−−− 0

1110
0

−−−−− 0
0100

0

↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗
0
0011

0
−−−−− 1

1110
1

−−−−− 1
2100

1
−−−−− 0

1111
0

−−−−− 0
0110

0

↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗
0
0001

0
−−−−− 0

0010
0

−−−−− 1
1100

1
−−−−− 0

1000
0

−−−−− 0
0111

0

where the indecomposable modules are replaced by their dimension vectors.
Now we describe the categories X⊥ and ⊥X, for three particular choices

of the module X.
Case 1◦ We take for X the indecomposable A-module with dimX = 1

2221
1

.
Because the algebra A is hereditary, we have
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Ext1A(X, −) ∼= DHomA(−, τX) and Ext1A(−, X) ∼= DHomA(τ−1X, −).

Then a direct calculation shows that X⊥ consists of direct sums of the
following indecomposable modules

1
1111

0

0
1111

1

1
2110

1

↗ ↘
1
1110

1
1
2100

1

↗ ↘ ↗ ↘
0
0010

0
1
1100

1
0
1000

0

while ⊥X consists of direct sums of indecomposable modules

0
1110

1

1
1110

0

1
2211

1

↗ ↘
1
2100

1
0
1111

0

↗ ↘ ↗ ↘
1
1100

1
0
1000

0
0
0111

0
.

Observe that there exist equivalences of categories X⊥ ∼= mod KQ′ ∼= ⊥X,
where Q′ is the (non-connected) quiver

1 2 3 ←−−−− 4 ←−−−− 5.

Case 2◦ Now take for X the simple A-module S(3) at the vertex 3. Then
the category S(3)⊥ consists of direct sums of all indecomposable A-modules
except those of dimension vectors

1
0000

0
, 0

0000
1

, 1
1000

1
, 1

1111
1

, 1
1110

1
, 1

1100
1

, 0
1000

0
, 0

1111
0

, 0
1110

0
, 0

1100
0

.

Hence, we get an equivalence of categories S(3)⊥ ∼= repK(Δ) ∼= mod KΔ,
where Δ is the quiver
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1 ↖
3 ←−−−− 4 −−−−→ 5.↙

2
Similarly, the category ⊥S(3) consists of direct sums of all indecompos-

able A-modules except those of dimension vectors

1
1000

1
, 0

1000
1

, 1
1000

0
, 1

2111
1

, 1
2110

1
, 1

2100
1

, 0
1000

0
, 0

0111
0

, 0
0110

0
, 0

0100
0

,

and again we have an equivalence of categories ⊥S(3)∼=repK(Δ)∼=mod KΔ.
Case 3◦ Finally, take for X the injective A-module I = I(1)⊕I(2)⊕I(3).

We already know that
⊥I ∼= mod KQ′′,

where Q′′ is the full subquiver of Q formed by the vertices 4, 5 and 6.
On the other hand, a direct calculation shows that the category I⊥ con-

sists of direct sums of indecomposable modules of dimension vectors

0
0001

0
, 0

1000
0

, 0
1111

0
, 0

1110
0

, 0
0111

0
, 0

0110
0

,

and that I⊥ ∼= repK(Γ), where Γ is the quiver 1←−2−→3.
Note that, in this case, the category I⊥ is not equivalent to ⊥I, and the

category I⊥ is not the dual category of ⊥I.
3.5. Example. Let A be the path algebra KQ of the four subspace

quiver

The indecomposable A-modules have been described in Chapter XIII. In
particular, it was shown that Γ(modA) consists of the following components:

• the postprojective component P(A) is of the form
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• the preinjective component Q(A) is of the form

• the stable standard tubes T A
0 , T A

1 , T A
∞ of rank 2 are of the forms,

see (XIII.3.17),

10 01
1

01 10
1

10 01
1

| ↘ ↗ ↘ ↗ |
| 11 11

2
11 11

2 |

| ↗ ↘ ↗ ↘ |
12 21

3
21 12

3
12 21

3

| ↘ ↗ ↘ ↗ |
| 22 22

4
22 22

4 |

| ↗ ↘ ↗ ↘ |

| ... |

T A
0

11 00
1

00 11
1

11 00
1

| ↘ ↗ ↘ ↗ |
| 11 11

2
11 11

2 |

| ↗ ↘ ↗ ↘ |
11 22

3
22 11

3
11 22

3

| ↘ ↗ ↘ ↗ |
| 22 22

4
22 22

4 |

| ↗ ↘ ↗ ↘ |

| ... |

T A
1

10 10
1

01 01
1

10 10
1

| ↘ ↗ ↘ ↗ |
| 11 11

2
11 11

2 |

| ↗ ↘ ↗ ↘ |
12 12

3
21 21

3
12 12

3

| ↘ ↗ ↘ ↗ |
| 22 22

4
22 22

4 |

| ↗ ↘ ↗ ↘ |

| ... |

T A
∞

where the indecomposable modules are represented by their dimen-
sion vectors.

• For each λ ∈ K \ {0, 1}, the tube T A
λ of rank one whose simple

regular module has the dimension vector hQ = 11 11
2 .

Now we describe the categories X⊥ and ⊥X, for two particular choices
of the module X.

Case 1◦ We take for X the direct sum of three indecomposable modules
U , V , W of dimension vectors 10 01

1 , 11 00
1 , and 10 10

1 , respectively, lying
in different tubes of rank 2. Then the right perpendicular subcategory

X⊥ = {M | HomA(X, M) = 0 = Ext1A(X, M)}
= {M | HomA(X, M) = 0 = HomA(M, τX)}

to X consists of direct sums of the following indecomposable modules:
• the postprojective modules τ−2mP (1), with m ≥ 0,
• the preinjective modules τ2m+1I(1), with m ≥ 0,
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• the modules (τU)[2m], (τV )[2m], (τW )[2m], with m ≥ 1, from the
tubes T A

0 , T A
1 , T A

∞ , respectively, and
• all modules from the tubes T A

λ , with λ ∈ K \ {0, 1}.
It follows that there exist equivalences of categories

X⊥ ∼= mod
[

K 0
K2 K

]
∼= repK(Δ),

where Δ is the Kronecker quiver 1 ◦ ←−−−−−−←−−−−−− ◦ 2. Similarly, one can show
that there exist equivalences of categories

⊥X ∼= mod
[

K 0
K2 K

]
∼= repK(Δ).

Case 2◦ Take now Y = P (1) ⊕ I(2). A simple analysis shows that the
right perpendicular subcategory Y ⊥ to Y consists of direct sums of six
indecomposable modules with the dimension vectors

01 00
1 , 00 10

0 , 00 01
0 , 01 11

1 , 01 10
1 , 01 01

1 .

One can easily show that there exist equivalences of categories

Y ⊥ ∼= mod KΩ ∼= repK(Ω),

where Ω is the Dynkin quiver 2 −→ 1 ←− 3 of type A3.
Similarly, the left perpendicular subcategory ⊥Y to Y consists of direct

sums of indecomposable modules of the dimension vectors
00 10

1 , 00 01
1 , 10 11

2 , 10 01
1 , 10 10

1 , 10 00
0 ,

and, consequently, there exist equivalences of categories
⊥Y ∼= mod KΩop ∼= repK(Ωop).

3.6. Lemma. Let A be an arbitrary (not necessarily hereditary) algebra,
X an A-module and 0 −→ M ′ −→ M −→ M ′′ −→ 0 an exact sequence in
mod A.

(a) If pdAX ≤ 1 then X⊥ is an abelian subcategory of mod A which is
closed under extensions. Moreover, if two of the modules M ′, M ,
M ′′ belong to X⊥, the third one also belongs to X⊥.

(b) If idAX ≤ 1 then ⊥X is an abelian subcategory of mod A which is
closed under extensions. Moreover, if two of the modules M ′, M ,
M ′′ belong to ⊥X, the third one also belongs to ⊥X.

Proof. We prove only (a), because the proof of (b) is dual. Assume that
pdAX ≤ 1. Then, for any short exact sequence

0 −→ M ′ −→ M −→ M ′′ −→ 0
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in modA, we get the exact sequence

0 −→ HomA(X, M ′) −→ HomA(X, M) −→ HomA(X, M ′′)

−→ Ext1A(X, M ′) −→ Ext1A(X, M)

−→ Ext1A(X, M ′′) −→ Ext2A(X, M ′) = 0.

Hence, if two of the modules M ′, M , M ′′ belong to X⊥, the third one also
belongs to X⊥. Let f : M −→ N be a homomorphism in modA with M
and N from X⊥. Then we have two exact sequences

0 −→ Ker f −→ M −→ Im f −→ 0
0 −→ Im f −→ N −→ Coker f −→ 0.

The equalities HomA(X, M) = 0 = HomA(X, N) yield HomA(X, Ker f) = 0
and HomA(X, Im f) = 0. But then from the above long exact sequence
applied to M ′ = Ker f and M ′′ = Im f we get Ext1A(X, Ker f) = 0 =
Ext1A(X, Im f), because Ext1A(X, M) = 0. Hence, we conclude that Ker f ,
Im f , and hence also Coker f , belong to X⊥. This finishes the proof. �

3.7. Proposition. Let A be an arbitrary (not necessarily hereditary) al-
gebra and T a partial tilting A-module. Then the inclusion functor
T⊥ ↪→ mod A admits a canonical left adjoint functor pT : mod A −→ T⊥,
that is, for each module N ∈ T⊥ and each module M in mod A, there is a
functorial isomorphism of K-vector spaces

HomA(pT (M), N) �−→ HomA(M, N).

In particular, pT (N) ∼= N , for each module N in T⊥.

Proof. Consider the torsion class Gen(T ) in modA consisting of all A-
modules generated by T (VI.2.3), and denote by t the associated idempotent
radical such that Gen(T ) = {M | tM = M}, see (VI.1.4). Let M be an
A-module and dimKExt1A(T, M) = d. We show that there exists a universal
exact sequence

0 −→ M −→ UT (M) −→ T d−→ 0

with Ext1A(T, UT (M)) = 0. If d = 0 we put UT (M) = M . For d ≥ 1 we get
the sequence by a slight generalisation of the Bongartz lemma (VI.2.4) as
follows. Let ε1, . . . , εd be a basis of the K-vector space Ext1A(T, M), and
represent each εi by a short exact sequence

0 −−−−→ M
fi−−−−→ Ei

gi−−−−→ T −−−−→ 0.



256 Chapter XVIII. Wild hereditary algebras

Consider the commutative diagram

0 −−−−→ Md f−−−−→
d⊕

i=1
Ei

g−−−−→ T d −−−−→ 0

k

⏐⏐� h

⏐⏐� 1

⏐⏐�
(∗) 0 −−−−→ M

v−−−−→ UT (M) w−−−−→ T d −−−−→ 0,

with exact rows, where

f =

[ f1 0
. . .

0 fd

]
, g =

[ g1 0
. . .

0 gd

]
,

and k = [1, . . . , 1] is the codiagonal homomorphism. Denote by ε the el-
ement of Ext1A(T d, M) represented by the lower sequence (∗). Moreover,
for each i ∈ {1, . . . , d}, let ui : T −→ T d be the inclusion homomorphism
in the ith coordinate. Then εi = εui, for each i ∈ {1, . . . , d}. Applying
HomA(T, −) to (∗) we derive an exact sequence

· · · → HomA(T, T d) δ−→Ext1A(T, M)→Ext1A(T, UT (M))→Ext1A(T, T d)=0.

Because εi = εui = δ(ui), each basis element of Ext1A(T, M) lies in the image
of the connecting homomorphism δ, which is therefore surjective. Hence,
we get Ext1A(T, UT (M)) = 0, as required. For each M in modA, we put

pT (M) = UT (M)/t(UT (M)).

Because t(pT (M)) = 0, then we get HomA(T, pT (M)) = 0. Moreover,

{X | tX = X} = Gen(T ) ⊆ T (T ) = {X | Ext1A(T, X) = 0},

by (VI.2.3), and Ext1A(T, t(UT (M))) = 0. Hence, Ext1A(T, UT (M)) = 0
forces Ext1A(T, pT (M)) = 0, and consequently pT (M) ∈ T⊥.

Denote by fM : M −→ pT (M) the composite homomorphism

M
v−−−−→ UT (M) π−−−−→ pT (M),

where π is the canonical epimorphism. Let X be a module in T⊥. Observe
that the canonical exact sequence

0 −−−−→ t(UT (M)) −−−−→ UT (M) π−−−−→ pT (M) −−−−→ 0

induces an exact sequence

0 −→ HomA(pT (M), X)−→HomA(UT (M), X)−→HomA(t(UT (M)), X)=0.
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Applying HomA(−, X) to the exact sequence (∗) we get an exact sequence

0=HomA(T d, X)→HomA(UT (M), X)→HomA(M, X)→Ext1A(T d, X)=0.

Therefore, the homomorphism fM : M −→ pT (M) induces an isomorphism

HomA(fM , X) : HomA(pT (M), X) �−→ HomA(M, X).
In particular, for each A-module N , we have a commutative diagram

HomA(pT (M), N)
HomA(fM ,N)−−−−−−−−−−−−→ HomA(M, N)

HomA(pT (M),fN )

⏐⏐⏐⏐�∼= HomA(M,fN )

⏐⏐⏐⏐�∼=

HomA(pT (M), pT (N))
HomA(fM ,pT (N))−−−−−−−−−−−−→ HomA(M, pT (N)),

where the lower horizontal map is an isomorphism. Then we may assign
to each homomorphism g : M −→ N in modA the unique homomorphism
pT (g) : pT (M) −−−−−−→ pT (N) such that pT (g)fM = fNg. Clearly, then pT

becomes a K-linear functor from modA to T⊥. Moreover, for each N ∈ T⊥,
we have a natural isomorphism of K-vector spaces

HomA(pT (M), N) �−−−−→ HomA(M, N),
and consequently pT is left adjoint to the inclusion functor T⊥ ↪→ mod A. �

3.8. Corollary. Let A be an arbitrary (not necessarily hereditary) alge-
bra, T be a partial tilting A-module, and let pT : mod A −−−−−−→ T⊥ be as
in (3.7). Then the functor

HomA(pT (A),−) : T⊥ −−−−−−→ mod EndA(pT (A))
is an equivalence of categories.

Proof. For any A-module N , the vector space HomA(pT (A), N) has a
natural structure of a right module over EndA(pT (A)). We know from (3.6)
that T⊥ is an abelian subcategory of modA which is closed under exten-
sions. Further, by (3.7), the functor HomA(pT (A),−) : T⊥ −−−−→ mod K
is equivalent to the restriction of HomA(A, −) to T⊥. It follows that pT (A)
is a projective object of the category T⊥.

We claim that, for any module N in T⊥, there is an epimorphism
pT (A)r −−−−→ N,

with r ≥ 0. To see this, we choose an integer r ≥ 0 and an epimorphism
f : Ar −−−−→ N . Because the module N lies in T⊥, it follows from (3.7) that
pT (N) ∼= N . Moreover, the functor pT : mod A −−−−→ T⊥ is right exact and,
hence, the homomorphism pT (f) : pT (Ar) −−−−−−→ pT (N) is surjective.
This proves our claim, because pT (Ar) ∼= pT (A)r and pT (N) ∼= N .

Now, by applying the next result to the category A = T⊥, we conclude
that the functor HomA(pT (A),−) : T⊥ −−−−−−→ mod EndA(pT (A)) is an
equivalence of categories. �
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3.9. Proposition. Let A be a K-algebra and let A be an abelian full
subcategory of mod A containing a projective object P such that, for any
module N of A, there exist an s ≥ 0 and an epimorphism P s −→ N in
mod A. Then the K-linear exact functor

HomA(P,−) : A −−−−−−→ mod EndA(P )

is an equivalence of categories.

Proof. Let B = EndA(P ). For any right A-module M , the K-vector
space HomA(P, M) has a structure of right B-module defined by the formula
(f · ϕ)(p) = f(ϕ(p)), for f ∈ HomA(P, M), ϕ ∈ EndA(P ), and p ∈ P .
In view of (A.2.5) in [11, Appendix], it suffices to prove that the functor
HomA(P,−) is full, faithful, and dense.

To show that the functor HomA(P,−) is faithful, assume that ϕ : M−→N
is a homomorphism in A such that the induced B-module homomorphism
HomA(P, ϕ) : HomA(P, M) −→ HomA(P, N) is zero. By our assumption,
there is an epimorphism h : P s −→ Im ϕ of A-modules, where s ≥ 1. By
the projectivity of P , there is an A-module homomorphism h′ : P s −→ M
such that h = ϕh′. This shows that h = ϕh′ = HomA(P, ϕ)(h′) = 0. It
follows that Im ϕ = 0 and therefore ϕ = 0. Consequently, the functor
HomA(P,−) is faithful.

To show that the functor HomA(P,−) is full, we prove that the K-linear
map

HM,N : HomA(M, N) −−−−−−→ HomB(HomA(P, M), HomA(P, N)),

given by ϕ 
→ HomA(P, ϕ), is surjective, for all modules M and N in A.
We note that the map HM,N is injective, because HomA(P,−) is faithful.

The surjectivity of HM,N is obvious when M is a direct sum of finitely
many copies of P , because then the dimensions of both sides are equal.

Assume that M and N are arbitrary modules in A and let f be an element
of HomB(HomA(P, M), HomA(P, N)). By our assumption, there are exact
sequences

P r h1−−−−→ P s h0−−−−→ M −−−−→ 0 and Pu h′
1−−−−→ P v h′

0−−−−→ N −−−−→ 0

in modA (and in A). It follows that there is a commutative diagram

HomA(P, P r)
HomA(P,h1)−−−−−−−→ HomA(P, P s)

HomA(P,h0)−−−−−−−→ HomA(P, M) −→ 0⏐⏐⏐⏐�f1

⏐⏐⏐⏐�f0

⏐⏐⏐⏐�f

HomA(P, Pu)
HomA(P,h′

1)−−−−−−−→ HomA(P, P v)
HomA(P,h′

0)−−−−−−−→ HomA(P, N) −→ 0
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with exact rows in mod B. The B-module homomorphisms f0 and f1 do
exist, because the B-modules of the form HomA(P, P i) on the left of the
diagram are free. Because the map HM,N is bijective, for any A-module M
in addP , then there exist A-homomorphisms ϕ1 : P r −→ Pu and ϕ0 :
P s −→ P v such that f1 = HomA(P, ϕ1) and f0 = HomA(P, ϕ0). Because
the above diagram is commutative and the functor HomA(P,−) is faithful,
then the diagram

P r h1−−−−−−→ P s h0−−−−−−→ M −−−−→ 0⏐⏐�ϕ1

⏐⏐�ϕ0

Pu h′
1−−−−−−→ P v h′

0−−−−−−→ N −−−−→ 0

with exact rows is commutative, and there is an A-module homomorphism
ϕ : M −→ N such that ϕh0 = h′

0ϕ0. Hence it easily follows that f =
HomA(P, ϕ) and consequently that the functor HomA(P,−) is full.

Finally, we show that the functor HomA(P,−) is dense. Assume that X
is a module in modB and fix an exact sequence

Br h−−−−→ Bs −−−−→ XB −−−−→ 0

in modB. Because the map HM,N is bijective, for any pair of A-modules
M and N in A, then the composite B-module homomorphism

HomA(P, P r) ∼= Br h−−−−−−→ Bs ∼= HomA(P, P s)

is of the form HomA(P, d′), where d′ ∈ HomA(P r, P s). By our assump-
tion on A, the image Im d′ of d′ belongs to A and, hence, the module
M = P s/Im d′ also belongs to A. Moreover, there is a commutative
diagram

Br h−−−−−−→ Bs −−−−→ XB −→ 0

∼=
⏐⏐� ∼=

⏐⏐�
HomA(P, P r)

HomA(P,d′)−−−−−−→ HomA(P, P s) −−−−→ HomA(P, M) −→ 0

in modB, with exact rows and bijective vertical homomorphisms, because
P is projective in A. It follows that there is a B-module isomorphism

g : XB
�−−−−−−→ HomA(P, M)

completing the above diagram to a commutative right hand square. This
finishes the proof. �

For hereditary algebras we have even more precise information on the
right perpendicular categories induced by partial tilting modules.
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3.10. Theorem. Let A be a hereditary algebra and T be a partial tilting
module.

(i) There exist a hereditary algebra B and a K-linear equivalence of
categories T⊥ �−−−−−−→ mod B.

(ii) rkK0(A) = rkK0(B)+r, where r ≥ 1 is the number of pairwise non-
isomorphic indecomposable direct summands of T and rkK0(A),
rkK0(B) are the ranks of the Grothendieck groups K0(A) and K0(B)
of A and B.

Proof. It follows from (3.8) that there exists an equivalence of categories
T⊥ �−→ mod B, where B = EndA(pT (A)). We claim that B is hereditary.
Because T⊥ is an abelian category, the notions of an Ext -projective object
in T⊥ and a relative projective object in T⊥ coincide. Let X be a submodule
of pT (A). Then, for each module N from T⊥, we have an exact sequence

0 = Ext1A(pT (A), N) −−−−→ Ext1A(X, N) −−−−→ Ext2A(pT (A)/X, N) = 0,

because A is hereditary and pT (A) is projective in T⊥. Hence X is Ext -
projective in T⊥. Therefore, any submodule of pT (A) is a projective object
of T⊥, and so B = EndA(pT (A)) is hereditary.

To prove the second statement, we may assume that T = T1 ⊕ . . . ⊕ Tr,
where Ti �∼= Tj , for i �= j. Moreover, because Ext1A(T, T ) = 0 and A is
hereditary, we may also assume that T1, . . . , Tr are ordered in such a way
that HomA(Ti, Tj) �= 0 implies i ≤ j, see (VIII.3.3) and (VIII.3.4). We
apply induction on r ≥ 1.

First we assume that r = 1, that is, T is indecomposable. If T = eA, for
some primitive idempotent e of A, then there is an equivalence of categories

T⊥ ∼= mod A/AeA

and our claim follows.
Next we assume that T is not projective and consider the universal exact

sequence
0 −−−−→ A −−−−→ UT (A) −−−−→ T d −−−−→ 0,

where d = dimKExt1A(T, A). We know from (VI.2.4) that T ⊕ UT (A) is a
tilting A-module and there exists an exact sequence

0 →HomA(T, A)→HomA(T, UT (A))→HomA(T, T d) δ−→Ext1A(T, A)→0.

Because T is an indecomposable module and Ext1A(T, T )=0, then (VIII.3.3)
yields a K-algebra isomorphism EndA(T ) ∼= K, and so δ is an isomorphism.
Moreover, we have HomA(T, A) = 0, because A is hereditary and T is
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not projective. Therefore, we get HomA(T, UT (A)) = 0, and so UT (A) =
pT (A) ∈ T⊥. Clearly, then K0(B) has rank n − 1, where n = rkK0(A).

Now we assume that r ≥ 2. From the first part of the proof we know that
there is an equivalence of categories T⊥

r
∼= mod H, where H is a hereditary

algebra such that K0(H) ∼= Zn−1. If we take V = T1 ⊕ . . . ⊕ T r−1, then V
is a partial tilting module belonging to T⊥

r . Observe also that{
X ∈ T⊥

r ; HomA(V, X) = 0 = Ext1A(V, X)} = 0
}

=
{
X ∈ mod A | HomA(T, X) = 0 = Ext1A(T, X)

}
= T⊥ ∼= mod B.

Therefore, by induction, the rank rkK0(B) of the Grothendieck group
K0(B) equals

rkK0(B) = (n − 1) − (r − 1) = n − r = rkK0(A) − r,

and (ii) follows. �
We have seen in (3.4) that the right perpendicular category X⊥ of a

stone X over a hereditary algebra is a module category of not necessarily
connected (hereditary) algebra. Further, as the example (3.5) shows, the
right perpendicular category of a partial tilting module over a hereditary
algebra of Euclidean type can be a module category of a representation-finite
algebra.

We show later that this cannot happen for the perpendicular categories of
quasi-simple regular stones over connected representation-infinite hereditary
algebras.

From now on we assume that A is a representation-infinite connected
hereditary algebra, n is the rank of K0(A), and X is a quasi-simple regular
stone in mod A.

Clearly, then n ≥ 3, by (2.16). Our main objective is to prove that X⊥

has the same representation type as mod A. We know from (3.10) that X⊥

is equivalent to a module category modC, where C is a hereditary algebra
with K0(C) of rank n − 1. Moreover, there are pairwise non-isomorphic
indecomposable modules Y1, . . . , Yn−1 such that

Y = Y1 ⊕ . . . ⊕ Yn−1

is a projective object of X⊥, C = EndA(Y ), and the functor HomA(Y,−)
induces an equivalence of categories

HomA(Y,−) : X⊥ �−−−−−−→ mod C.

We identify X⊥ with modC. Then the Auslander–Reiten translations τC

and τ−1
C induce functors τC , τ−1

C : X⊥ −→ X⊥.
We have the following lemma.
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3.11. Lemma. Let A be a representation-infinite connected hereditary
algebra, X be a quasi-simple regular stone in mod A,

0 −→ τAX −→ Z −→ X −→ 0

an almost split sequence in mod A, and Y the module defined above. Then
(a) the module Z is an object of X⊥, and
(b) the module TA = X ⊕ Y is a tilting A-module.

Proof. (a) Applying HomA(X, −) to the given almost split sequence
ending at X, we obtain the exact sequence

0 −→ HomA(X, τAX) −→ HomA(X, Z) −→ HomA(X, X)
�−→ Ext1A(X, τAX) −→ Ext1A(X, Z) −→ Ext1A(X, X) = 0,

where HomA(X, τAX)∼=DExt1A(X, X) = 0 and Ext1A(X, τAX)∼=DEnd(X)
∼= K, because X is a stone and, hence, a brick. Therefore, we have
HomA(X, Z) = 0 and Ext1A(X, Z) = 0, and so Z ∈ X⊥.

(b) First observe that the module T = X ⊕ Y is a direct sum of n
pairwise non-isomorphic indecomposable A-modules. By our assumption
Ext1A(X, X) = 0. Next we note that Ext1A(Y, Y ) = 0 and Ext1A(Y, Z) = 0,
because Y is a projective object of X⊥ and Z ∈ X⊥.

Because Y ∈ X⊥, then Ext1A(X, Y ) = 0. Finally, the given almost split
sequence 0 −→ τAX −→ Z −→ X −→ 0 induces an exact sequence

0 = Ext1A(Y, Z) −−−−→ Ext1A(Y, X) −−−−→ Ext2A(Y, τAX) = 0

and, therefore, Ext1A(Y, X) = 0. It follows that Ext1A(T, T ) = 0 and
T = X ⊕ Y is a tilting A-module. �

The tilting A-module T = X⊕Y in (3.11) induces the torsion pair (F , T )
in modA with

F = F(T ) = {M ; HomA(T, M) = 0} = Cogen (τT ) and
T = T (T ) = {M ; Ext1A(T, M) = 0} = Gen(T ),

see (VI.2.5). Denote by gT the torsion radical such that T = {M | gT M =
M}. We may then define a functor τT : T −→ T which assigns to each
module M in T the module gT τAM . The following lemma shows that
X⊥ ⊆ T and so we may investigate the relationship between τC , τT and
τA.

3.12. Lemma. Let A be a representation-infinite connected hereditary
algebra, M be an A-module, T = X ⊕ Y the tilting module in (3.11) and
(F , T ) the torsion pair in mod A defined above. Then M ∈ T if and only if
Ext1A(X, M) = 0. In particular, X⊥ is a full subcategory of T .
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Proof. If M is a module in T = {N | Ext1A(T, N) = 0} then obviously
Ext1A(X, M) = 0. Conversely, assume that Ext1A(X, M) = 0. Denote by
gXM the largest submodule of M generated by X. Because pdAX ≤ 1
then, by applying HomA(X, −) to the exact sequence

0 −→ gXM −→ M −→ M/gXM −→ 0,

we derive an exact sequence

0 → HomA(X, gXM) α−→ HomA(X, M) −→ HomA(X, M/gXM)

−→Ext1A(X, gXM) −→ Ext1A(X, M) −→ Ext1A(X, M/gXM) → 0,

where α is an isomorphism, Ext1A(X, gXM)=0, by (VI.2.3) (because gXM
is in Gen(X)) and Ext1A(X, M) = 0, by our assumption. Hence we obtain

HomA(X, M/gXM) = 0 = Ext1A(X, M/gXM),

and so M/gXM ∈ X⊥. Because Y is a projective object in X⊥ we then
have Ext1A(Y, M/gXM) = Ext1C(Y, M/gXM) = 0. Moreover, there exists
an epimorphism Xr −→ gXM , for some r ≥ 1, and hence we get an exact
sequence

Ext1A(Y, Xr) −−−−→ Ext1A(Y, gXM) −−−−→ 0.

Because X ⊕ Y is a tilting module then Ext1A(Y, X) = 0 and we get
Ext1A(Y, gXM) = 0. This, together with Ext1A(Y, M/gXM) = 0, implies
Ext1A(Y, M) = 0. Therefore, Ext1A(T, M) = Ext1A(X ⊕ Y, M) = 0, and the
module M belongs to T = T (T ). �
For M and N from X⊥, we have the following chain of natural isomorphisms
HomC(N, τCM) �−→ DExt1C(M, N) �−→ DExt1A(M, N) �−→ HomA(N, τAM)
of K-vector spaces. Hence there exists a natural homomorphism of A-
modules

ΘM : τCM −−−−−−→ τAM

inducing an isomorphism HomC(N, τCM) �−→ HomA(N, τAM) of K-vector
spaces, for any A-module N ∈ X⊥.

3.13. Lemma. Let T = X ⊕ Y and (F , T ) be as in (3.11). If M ∈ X⊥

then the image of the natural homomorphism ΘM : τCM −−−−→ τAM is the
module τT M , and the kernel of ΘM is isomorphic to

τAX ⊗K DExt1A(M, X) ∼= (τAX)r,

where r = dimKExt1A(M, X).
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Proof. Because τCM ∈ X⊥ ⊆ T then we have Im ΘM ⊆ gT τAM =
τT M . Conversely, for each N ∈ X⊥, we have an isomorphism

HomC(N, τCM) �−−−−−−→ HomA(N, τAM)

induced by ΘM , and so any homomorphism from N to τAM factors through
Im ΘM . Because T = X ⊕ Y is an epimorphic image of the module Z ⊕ Y
in X⊥, we easily conclude that Im ΘM = gT τAM = τT M .

To prove the second claim, consider the universal exact sequence

ηM : 0 −−−−→ (τAX)r ξM−−−−→ E
�M−−−−→ τT M −−−−→ 0,

where r = dimKExt1A(τT M, τAX) = dimKDExt1A(τT M, τAX).
We recall that if the exact sequences

ηi : 0 −−−−→ τAX
fi−−−−→ Ei

gi−−−−→ τT M −−−−→ 0,

viewed as elements of Ext1A(τT M, τAX), form a K-basis of Ext1A(τT M, τAX)
then the sequence ηM is the upper sequence in the following commutative
diagram

0 −−−−→ (τAX)r −−−−→ E −−−−→ τT M −−−−→ 0

id

⏐⏐⏐⏐� u

⏐⏐⏐⏐� v

⏐⏐⏐⏐�
0 −−−−→ (τAX)r f−−−−→

r⊕
i=1

E
g−−−−→ (τT M)r −−−−→ 0,

with exact rows, where

f =

[ f1 0
. . .

0 fd

]
, g =

[ g1 0
. . .

0 gd

]
,

and v = [1, . . . , 1]t is the diagonal homomorphism. Applying HomA(X, −),
we obtain the exact sequence

0 −→ HomA(X, (τAX)r) −→ HomA(X, E) −→ HomA(X, τT M)
∂−→ Ext1A(X, (τAX)r) −→ Ext1A(X, E) −→ Ext1A(X, τT M) −→ 0,

where

HomA(X, (τAX)r) �−→ DExt1A(X, X)r = 0,

dimKHomA(X, τT M) = dimKDExt1A(τT M, τAX) = r,

dimKExt1A(X, (τAX)r) = dimKDHomA(X, Xr) = r,
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because X is a brick (being a stone), and Ext1A(X, τT M) = 0, because
τT M is in T = T (X ⊕ Y ). Moreover, it follows from the construction of
ηM that ∂ is an isomorphism. Therefore, we obtain HomA(X, E) = 0 and
Ext1A(X, E) = 0, that is, E is an object of X⊥. Let N ∈ X⊥. Applying
HomA(N, −) to the sequence ηM yields the exact sequence

0 = HomA(N, (τAX)r) −→ HomA(N, E)

−→ HomA(N, τT M) −→ Ext1A(N, (τAX)r) = 0,

because Ext1A(N, τAX) ∼= DHomA(X, N) = 0. This gives a sequence

HomA(N, E) �−→HomA(N, τT M) �−→ HomA(N, τAM) �−→HomC(N, τCM),

of isomorphisms, which is moreover functorial in N ∈ X⊥. Consequently,
there is an isomorphism E ∼= τCM in X⊥ = mod C whose composition with
ΘM is the homomorphism 
M : E −→ τT M occurring in the exact sequence
ηM . Hence we get an isomorphism Ker ΘM

∼= (τAX)r. To finish the proof
we observe that there are isomorphisms

DExt1A(τT M, τAX) ∼= HomA(X, τT M) ∼= HomA(X, τAM) ∼= DExt1A(M, X)

and, consequently, Ker ΘM
∼= (τAX)r ∼= τAX ⊗K DExt1A(M, X). �

3.14. Lemma. Let T = X ⊕ Y and (F , T ) be as in (3.11).
(a) For any module M ∈ T with HomA(M, X) = 0, we have τT M =

τAM .
(b) For any module M ∈ X⊥ with Ext1A(M, Z) = 0, the epimorphism

Θ′
M : τCM −−−−→ τT M induced by ΘM : τCM −−−−→ τAM is an

isomorphism.

Proof. (a) By applying the Auslander–Reiten formulae (IV.2.14), we
get the isomorphisms

Ext1A(X, τAM) ∼= DHomA(τAM, τAX) ∼= DHomA(M, X) = 0

and, hence, τAM ∈ T , by (3.12). Hence τT M = gT τAM = τAM .
(b) By (3.13), there is an exact sequence

0 −→ (τAX)r u−−−−→ τCM
Θ′

M−−−−→ τT M −→ 0.

We show that u = 0. By applying the functor HomA(−, τCM) to the almost
split sequence 0 −→ τAX −→ Z −→ X −→ 0, we derive the exact sequence

0 −→ HomA(X, τCM) −→ HomA(Z, τCM)

−→ HomA(τAX, τCM) −→ Ext1A(X, τCM).
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Because M ∈ X⊥ = mod C then τCM ∈ X⊥ and, hence, HomA(X, τCM) =
0 and Ext1A(X, τCM) = 0. Thus the above exact sequence yields

HomA(τAX, τCM) ∼= HomA(Z, τCM) = HomC(Z, τCM)
∼= DExt1C(M, Z) = DExt1A(M, Z) = 0.

It follows that the homomorphism u is zero, and therefore the epimorphism
Θ′

M is an isomorphism. �

We are now in position to prove the following important fact on the right
perpendicular categories of quasi-simple regular stones.

3.15. Theorem. Let A be a representation-infinite connected hereditary
algebra, X a quasi-simple regular stone in mod A, and C a basic hereditary
algebra such that X⊥ ∼= mod C. Then

(a) the algebra C is connected and representation-infinite,
(b) C is of Euclidean type if and only if A is of Euclidean type,
(c) the module [2]X is a quasi-simple regular brick in mod C.

Proof. (a) It follows from (XI.3.5) and (2.15) that there exists r ≥ 2 such
that X[r−1] is a stone, but X[r] is not a stone in modA. Then X[r] is a brick
and the cone C(X[r]) in the regular component of Γ(modA) containing X
is standard, see (XI.3.4), (XVII.1.6) and (2.14). Then the module [r−1]X =
τ r−2
A X[r−1] is a stone and the module [r]X = τ r−1

A X[r] is a brick but not
a stone. There is a chain

[r]X −→ [r−1]X −→ · · · −→ [1]X = X

of irreducible epimorphisms in modA, and these modules, as well as τAX,
belong to the standard cone C([r]X) = C((τ r−1X)[r]). Hence, we conclude
that

HomA(X, [t]X) = 0 and Ext1A(X, [t]X) ∼= DHomA([t]X, τX) = 0,

for any t ∈ {2, . . . , r}, and consequently, we have the chain

[r]X −→ [r−1]X −→ · · · −→ [2]X

of irreducible epimorphisms in the category X⊥ = mod C.
Further, because Ext1C([r]X, [r]X) = Ext1A([r]X, [r]X) �= 0, we deduce

that C is representation-infinite and [2]X, [3]X, . . . , [r−1]X, [r]X are inde-
composable regular C-modules.
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We prove now that the algebra C is connected. Without loss of gener-
ality, we may assume that C = EndA(Y ), where Y is a projective object
of the category X⊥ and Y is a direct sum of pairwise non-isomorphic inde-
composable modules.

Suppose, to the contrary, that C has a non-trivial K-algebra decomposi-
tion C = C ′ ×C ′′. It follows that there exists a decomposition Y = Y ′ ⊕Y ′′

of Y into a direct sum of two orthogonal non-zero submodules Y ′ and Y ′′

such that
C ′ ∼= EndA(Y ′)and C ′′ ∼= EndA(Y ′′).

Because the module [2]X is indecomposable, we may assume that [2]XC ′′ =
0. We know from (3.11) that T = X ⊕ Y is a tilting A-module. In view
of (VI.3.5), the assumption that A is connected implies that the associated
tilted algebra B = EndA(T ) is also connected.

On the other hand, by applying the functor HomA(Y ′′,−) to the almost
split sequence

0 −→ τAX −→ [2]X −→ X −→ 0,

we derive an exact sequence

HomA(Y ′′, [2]X) −−−−−−→ HomA(Y ′′, X) −−−−−−→ Ext1A(Y ′′, τAX).

Because [2]XC ′′ = 0 and X is an epimorphic image of [2]X then also XC ′′ =
0, and consequently

HomA(Y ′′, [2]X) = 0 and Ext1A(Y ′′, τAX) ∼= DHomA(X, Y ′′) = 0.

It follows that the middle term of the preceding sequence is also zero, that
is, HomA(Y ′′, X) = 0.

On the other hand, Y ∈ X⊥ yields Y ′′ ∈ X⊥ and therefore
HomA(X, Y ′′) = 0. Consequently, the decomposition Y = Y ′ ⊕ Y ′′ induces
a non-trivial K-algebra direct product decomposition

B = EndA(T ) = EndA(X ⊕ Y ) ∼= EndA(X ⊕ Y ′) × EndA(Y ′′)

of a connected algebra B, a contradiction. This proves that the algebra C
is connected.

(b) First we observe that if A is of Euclidean type then Γ(modA) admits
a stable tube T which is orthogonal to the tube containing the module X.
Clearly, then all modules from the tube T belong to X⊥, and consequently
T is a connected component of Γ(mod C). Because C is hereditary and
connected, we then deduce that C is of Euclidean type.
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Conversely, assume that A is not of Euclidean type, that is, A is wild
hereditary. We claim that C is also wild hereditary. Suppose, to the con-
trary, that C is of Euclidean type. Take a module M from a stable tube of
rank one in Γ(modC) which does not contain the module [2]X. Then we
get

• HomA(M, [2]X) = HomC(M, [2]X) = 0, and
• Ext1A(M, [2]X) = Ext1C(M, [2]X) ∼= DHomC([2]X, τCM) = 0,

because different tubes in Γ(modC) are orthogonal. Note that the equality
HomA(M, [2]X) = 0 implies HomA(M, X) = 0, because [2]X is the unique
immediate predecessor of X in Γ(modA). By applying (3.14), we then
conclude that

M = τCM ∼= τT M ∼= τAM

and we get a contradiction, because A is wild hereditary, see (1.6), (VIII.2.3),
and (VIII.2.7). This finishes the proof of the statement (b).

(c) Assume first that A is of Euclidean type. Then X lies in a standard
stable tube C of Γ(modA) and, in view of (XI.3.5), it follows from the choice
of r that C is of rank r.

By passing from modA to X⊥, we remove from C all modules lying on the
ray of C starting from X and all modules lying on the coray of C ending at
τX, and, by shrinking the corresponding paths of length 2 to single arrows,
we obtain a tube C′ of rank r − 1 in Γ(modC) whose quasi-simple modules
are

[2]X, τ2X, . . . , τ r−1X,

see the construction of the stable tube T ′′
λ in (XVII.2.3), with V , Tλ and

X, C interchanged. In particular, the module [2]X is a quasi-simple regular
brick in modC.

Assume now that A is a wild hereditary algebra. We know that [2]X is
a regular C-module and also a brick, because r ≥ 2. Hence, to show that
[2]X is quasi-simple in mod C, it is sufficient to prove that

HomC(τC [2]X, [2]X) = 0,

by (2.9). Because X is a quasi-simple brick in modA, by applying (2.9) and
(2.10), we conclude that HomA(τn

AX, X) = 0, for all n ≥ 1. In particular,

Ext1A(X, τ2
AX) ∼= DHomA(τAX, X) = 0,

and hence τ2
AX ∈ T = T (T ), by (3.12). Moreover, because TA = X ⊕ Y is

a tilting A-module then

HomA(T, τAX) ∼= DExt1A(T, X) = 0,
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and, consequently, the module τAX belongs to the torsion-free part F =
F(T ). Because there exists an almost split sequence

0 −→ τ2
AX −→ τA[2]X −→ τAX −→ 0,

we get τT [2]X = gT τA[2]X ∼= τ2
AX. Thus, in view of (3.13), there exists a

short exact sequence

0 −→ (τAX)s −→ τC [2]X −→ τ2
AX −→ 0.

It follows that HomA((τAX)s, X) = 0. Hence, HomA(τ2
AX, X) = 0 yields

HomA(τC [2]X, X) = 0.
We also recall that HomA(τC [2]X, τAX) ∼= DExt1A(X, τC [2]X) = 0, be-

cause τC([2]X) ∈ X⊥. Thus, by applying HomA(τC [2]X, −) to the exact
sequence

0 −→ τAX −→ [2]X −→ X −→ 0,

we get HomC(τC [2]X, [2]X) ∼= HomA(τC [2]X, [2]X) = 0. It follows that
the module [2]X is a quasi-simple regular brick in modC. This finishes the
proof. �

XVIII.4. Wild behaviour of the module
category

We have seen in Chapters VII and XIII that for any hereditary algebra of
Dynkin or Euclidean type there exists an explicit description of the isomor-
phism classes of indecomposable modules, and consequently of all modules.
One of our objectives in this section is to show that, if Q is a connected
acyclic quiver whose underlying graph Q of Q is neither Dynkin nor Eu-
clidean and A = KQ, then a classification of indecomposable A-modules
‘contains’ the classification of all indecomposable modules over any finite
dimensional algebra Λ. Because there is a lot of finite dimensional algebras
Λ with very complicated module categories mod Λ, this justifies why we call
such hereditary algebras A = KQ (respectively, quivers Q) wild or, equiva-
lently, representation-wild. More precisely, we prove the following theorem
(see [104] and [235]).

We recall that a connected acyclic quiver Q is called wild if the underlying
graph Q of Q is neither Dynkin nor Euclidean.

4.1. Theorem. Let Q be a finite connected acyclic quiver with n = |Q0|
points, qQ : Zn −−−−→ Z be the quadratic form of Q, and let A = KQ. The
following four conditions are equivalent.

(a) Q is a wild quiver.
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(b) There exists a full, faithful, exact, K-linear functor

F : mod Λ0 −−−−−−→ mod A,

where Λ0 is the local algebra K[t1, t2]/(t1, t2)2 of dimension three.
(c) For any (finite dimensional) K-algebra Λ, there exists a full, faith-

ful, exact, and K-linear functor F : mod Λ −−−−→ mod A.
(d) For any (finite dimensional) K-algebra Λ, there exists a full, faith-

ful, exact, and K-linear functor F : mod Λ −−−−→ mod A such that

qQ(dimF (M)) ≤ −1,

for all non-zero modules M in mod Λ.

Proof. We recall from (VII.4.1) that the quadratic form qQ : Zn −→ Z

of Q coincides with the Euler quadratic form qA of the algebra A = KQ.
It is obvious that (d) implies (c), and (c) implies (b). To prove that

(b) implies (a), we assume that there exists a full, faithful, exact, and
a K-linear functor F : mod Λ0 −→ mod A, where Λ0 is the local alge-
bra K[t1, t2]/(t1, t2)2. We claim that then Q is a wild quiver. Indeed,
denote by S = Λ0/rad Λ0 the unique simple Λ0-module, up to isomor-
phism. Then the Grothendieck group K0(Λ0) of Λ0 is infinite cyclic, (that
is K0(Λ0 ∼= Z), dimKEndΛ0 S = 1 and, according to (III.2.12), we get
dimKExt1Λ0

(S, S) = 2, because

Λ0 = KQ′/I,

where Q′ is the quiver

consisting of one vertex and two loops α and β, and I is the ideal of KQ′

generated by the four paths αβ, βα, α2, and β2 of Q′.
Because the functor F is full, faithful, exact, and K-linear, we then obtain

dimKEndA(F (S)) = 1 and dimKExt1A(F (S), F (S)) ≥ 2.

Therefore, in view of (III.3.13), we get

qA(dimF (S)) = dimKEndA(F (S)) − dimKExt1A(F (S), F (S)) < 0,

that is, the Euler quadratic form qA : K0(A) −→ Z of A is indefinite. Be-
cause qA = qQ, by (VII.4.1), then, according to (VII.4.5), the quiver Q is
wild.

To prove that (a) implies (d), we assume that Q is a wild quiver and
A = KQ. Let Λ be an arbitrary finite dimensional K-algebra. We show by
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induction on the number |Q0| of vertices of the quiver Q that there exists
a full, faithful, exact and K-linear functor F : mod Λ −→ mod A such that
qA(dimF (M)) < 0, for all non-zero modules M in mod Λ.

Because Q is wild and acyclic then |Q0| ≥ 2. Consider first the case when
Q has only two vertices, that is, Q is the enlarged Kronecker quiver

with r ≥ 3 arrows. Let m = dimKΛ and b1, . . . , bm be a K-basis of Λ. We
identify modA with repK(Kr), according to (III.1.6). We define a K-linear
functor F : mod Λ −→ mod A by associating to each module M from mod Λ
the representation

F (M) = (Mm+2, Mm+2; fα1 , . . . , fαr
),

where fα1 , fα2 : Mm+2 −→ Mm+2 are K-linear maps defined by the matri-
ces

fα1 =

⎡⎢⎢⎣
0 1 0 ... 0
0 0 1 ... 0
...

...
...
. . .

...
0 0 0 ... 1
0 0 0 ... 0

⎤⎥⎥⎦ , fα2 =

⎡⎢⎢⎢⎢⎢⎢⎣

0 0 0 ... 0 0 0
1 0 0 ... 0 0 0
b̃1 1 0 ... 0 0 0
0 b̃2 1 ... 0 0 0
...

...
. . . . . .

...
...

...

0 0 0
. . . 1 0 0

0 0 0 ... b̃m 1 0

⎤⎥⎥⎥⎥⎥⎥⎦ ,

and fα3 , . . . , fαr
: Mm+2 −−−−→ Mm+2 are the identity maps. Here

b̃j : M −→ M is the K-linear map defined by m 
→ m·bj . For any homomor-
phism g : M −→ N in mod Λ, we define the homomorphism
F (g) : F (M) −→ F (N) to be the diagonal K-linear map

F (g) =

⎡⎢⎣
g 0 ... 0
0 g ... 0
...

...
. . .

...
0 0 ... g

⎤⎥⎦
from Mm+2 to Mm+2. It is clear that F is a K-linear, exact and faithful
functor.

We claim that F is also full. Let M , N be Λ-modules. Assume that
ϕ = (ϕ1, ϕ2) is a homomorphism from F (M) to F (N) in the category
mod A ∼= repK(Kr). Then ϕ1, ϕ2 : Mm+2 −→ Nm+2 are K-linear maps
such that ϕ1fαi = fαi

ϕ2, for any i ∈ {1, . . . , r}. Because r ≥ 3 and
fα3 = id , we get ϕ1 = ϕ2. From the equalities ϕ1fα1 = fα1ϕ2 = fα1ϕ1 we
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easily conclude that ϕ1 : Mm+2 −→ Nm+2 is given by a matrix

h =

⎡⎢⎢⎢⎢⎢⎣
h1 h2 h3 ... hm hm+1 hm+2

0 h1 h2 ... hm−1 hm hm+1

0 0 h1 ... hm−2 hm−1 hm

...
...

...
. . .

...
...

...
0 0 0 ... h1 h2 h3

0 0 0 ... 0 h1 h2

0 0 0 ... 0 0 h1

⎤⎥⎥⎥⎥⎥⎦ ,

where h1, . . . , hm+2 : M −→ N are K-linear maps.
The equalities ϕ1fα2 = fα2ϕ2 = fα2ϕ1 yield

• h2 = h3 = . . . = hm+1 = hm+2 = 0 and
• b̃jh1 = h1b̃j , for any j ∈ {1, . . . , m}.

Because b1, . . . , bm is a K-basis of Λ, we conclude that g = h1 : M −→ N
is a Λ-homomorphism such that ϕ = F (g), that is, the functor F is full, see
also (XIX.1.7).

By (III.3.13) and (VII.4.1), the Euler form qA : Z2 −→ Z of the algebra
A is given by the formula

qA(x) = x2
1 + x2

2 − rx1x2, for any x = [x1
x2] ∈ Z2.

Because dimF (M) = (dimKM) ·
[

m+2
m+2

]
and r ≥ 3 then

qA(dimF (M)) = (dimKM)2(m + 2)2(2 − r) < 0,

for any non-zero module M in mod Λ. This finishes the proof in case
|Q0| = 2.

Assume now that n ≥ 2, A = KQ, |Q0| = n + 1 and, for each con-
nected wild hereditary algebra A′ = KQ′, with 2 ≤ |Q′

0| ≤ n, there exists
a full, faithful, exact, and K-linear functor F ′ : mod Λ −→ mod A′ such
that qA′(dimF ′(M)) < 0, for all non-zero modules M in mod Λ.

It follows from (2.19) that modA contains a quasi-simple regular stone X.
Then, by (3.10) and (3.15), the right perpendicular category X⊥ is equiva-
lent to a module category modC, where C is a connected wild hereditary
algebra whose quiver has n vertices. For simplicity, we identify X⊥ with
mod C. Hence, by our inductive assumption applied to A′ = C, there exists
a full, faithful, exact and K-linear functor

G : mod Λ −−−−→ X⊥ = mod C

such that qC(dimG(M)) < 0, for all non-zero modules M in mod Λ. Then
the composition of G with the canonical embedding

mod C = X⊥ ↪→ mod A
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gives the required full, faithful, exact and K-linear functor

F : mod Λ −→ mod A.

By (3.6), the category X⊥ is closed under extensions. Then the canonical
embedding X⊥ ↪→ mod A induces a K-algebra isomorphism

EndC(G(M)) ∼= EndA(F (M))

and a K-linear isomorphism

Ext1C(G(M), G(M)) ∼= Ext1A(F (M), F (M)),

for any non-zero module M in mod Λ. Hence, in view of (III.3.13) and
(VII.4.1), for any non-zero module M in mod Λ, we get

qA(dimF (M)) = dimKEndA(F (M)) − dimKExt1A(F (M), F (M))

= dimKEndC(G(M)) − dimKExt1C(G(M), G(M))

= qC(dimG(M)) < 0.

This finishes the proof. �

Following Drozd [201] and [202], a finite dimensional K-algebra R is
called strictly representation-wild if, for every finite dimensional
K-algebra Λ, there exists a full, faithful, exact, and K-linear functor
F : mod Λ −→ mod R.

It follows from the definition that the functor F induces a K-linear iso-
morphism

HomΛ(M, N) �−→ HomR(F (M), F (N)),

given by f 
→ F (f), for any M and N in mod Λ. In particular, F reflects
isomorphisms and carries indecomposable Λ-modules to indecomposable R-
modules, because the algebra homomorphism

EndΛ(M) �−→EndR(F (M)),

given by f 
→ F (f), is an isomorphism, see (I.4.8). This shows that a
classification of indecomposable A-modules contains a corresponding clas-
sification of indecomposable Λ-modules (via the functor F ), where Λ is an
arbitrary finite dimensional K-algebra.

It follows from (4.1) that the path K-algebra A = KQ of a finite, acyclic
and connected wild quiver Q is strictly representation-wild. We also have
the following important improvement of (4.1).
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4.2. Corollary. Let Q be a finite connected acyclic wild quiver and let
A = KQ. Then, for any finite dimensional K-algebra Λ, there exists a full,
faithful, exact and a K-linear functor

F : mod Λ −→ addR(A),

where addR(A) is the category of all regular A-modules.

Proof. Let Λ be an arbitrary finite dimensional K-algebra. By (4.1),
there exists a full, faithful, exact and K-linear functor F : mod Λ −→ mod A
such that qA(dimF (M)) < 0, for any indecomposable Λ-module M . Hence,
according to (VIII.2.7), the indecomposable module F (M) is regular. It
follows that the image of F is contained in the category addR(A) of all
regular A-modules. �

Recall that if A is a hereditary algebra of Dynkin type then every fi-
nite dimensional indecomposable A-module is a brick. Recall also from
(VIII.2.7) that all indecomposable postprojective modules and all indecom-
posable preinjective modules over any algebra are bricks. Moreover, if A is
a hereditary algebra of Euclidean type then according to (X.2.7) (see also
(XI.3.5)) the endomorphism algebra of any finite dimensional indecompos-
able A-module is isomorphic to a truncated polynomial algebra K[t]/(tr),
for some r ≥ 1. It follows that not all finite dimensional local K-algebras
are of the form EndA(M), where M is a finite dimensional indecomposable
A-module.

Our second objective in this section is to prove that, if A is a wild heredi-
tary algebra then, for any finite dimensional local K-algebra Λ, there exists
a quasi-simple regular A-module M such that EndA(M) is isomorphic to Λ.
We need some preliminary facts.

Let A be a connected wild hereditary algebra and X a family of pairwise
orthogonal bricks which are not stones. Consider the full subcategory

EA(X ) = EXTA(X )

of modA formed by all modules Y in modA having a chain of submodules

0 = Y0 ⊂ Y1 ⊂ . . . ⊂ Ym−1 ⊂ Ym = Y,

for some m ≥ 1, such that Yi/Yi−1 ∈ X , for each i ∈ {1, . . . , m}.
It follows from (X.2.1) that EA(X ) is an exact abelian subcategory of

mod A which is closed under extensions, and X is the family of all simple
objects in EA(X ). We then have the following useful fact.
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4.3. Lemma. Let A be a connected wild hereditary algebra and X a
family of pairwise orthogonal bricks which are not stones.

(a) For each non-zero module Y in the category EA(X ) = EXTA(X ), we
have Ext1A(Y, Y ) �= 0. In particular, the category EA(X ) consists of
regular A-modules.

(b) Every τ -orbit in mod A of an indecomposable regular module con-
tains at most one module from EA(X ), up to isomorphism.

Proof. (a) Let Y be a non-zero module from EA(X ) = EXTA(X ). Then
there exist modules X1, . . . , Xr in X and positive integers m1, . . . , mr such

that dimY =
r∑

i=1
midimXi. Because X1, . . . , Xr are bricks and they are

not stones, then dimKEndA(Xi) = 1, dimKExt1A(Xi, Xi) ≥ 1 and, hence,

qA(dimXi) = dimKEndA(Xi) − dimKExt1A(Xi, Xi) ≤ 0,

for any i ∈ {1, . . . , r}. Then, in view of (III.3.13) and (VII.4.1), we get

dimKEndA(Y ) − dimKExt1A(Y, Y ) = qA(dimY ) = 〈dimY,dimY 〉Q

=
r∑

i=1

m2
i 〈dimXi,dimXi〉Q +

∑
i �=j

mimj〈dimXi,dimXj〉Q

=
r∑

i=1

m2
i qA(dimXi) +

∑
i �=j

mimjdimKHomA(Xi, Xj)

−
∑
i �=j

mimjdimKExt1A(Xi, Xj)

=
r∑

i=1

m2
i qA(dimXi) −

∑
i �=j

mimjdimKExt1A(Xi, Xj) ≤ 0,

because the bricks X1, . . . , Xr are pairwise orthogonal. It follows that
Ext1A(Y, Y ) �= 0. Hence, in view of (VIII.2.7), every indecomposable module
in EA(X ) is neither postprojective nor preinjective and, therefore, is regular.
Consequently, the category EA(X ) consists of regular modules.

(b) Suppose, to the contrary, that there exist an indecomposable regular
A-module Y in EA(X ) and an integer n ≥ 1 such that the module τnY
also belongs to EA(X ). Because Y is a non-zero module from EA(X ), then
there exists a monomorphism X −→ Y , for some X ∈ X , which induces a
monomorphism f : τnX −→ τnY by applying the left exact functor τn.

Further, because X is not a stone then

Ext1A(X, X) �= 0 and HomA(X, τnX) �= 0,

by (2.11). Clearly, then the composition fg : X −→ τnY of f with any
non-zero homomorphism g : X −→ τnX is non-zero. Because X is a simple
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object of EA(X ) and τnY belongs to EA(X ), we then conclude that all
non-zero homomorphisms from X to τnX are proper monomorphisms, by
(1.1). Take a non-zero homomorphism h : X −→ τnX. Then h is a proper
monomorphism and we obtain a commutative diagram

0 −→ X
h−→ τnX

u−→ M −→ 0

1

⏐⏐� f

⏐⏐� w

⏐⏐�
0 −→ X

fh−→ τnY −→ N −→ 0
with exact rows, where M = Coker h and N = Coker fh. Observe that w is
a monomorphism, because so is f . Because EA(X ) is an abelian category we
conclude that N belongs to EA(X ), and consequently N is a regular module.
This implies that M is also a regular module. We know also that the re-
striction of the functor τ−1 to the category of regular A-modules is an exact
functor. Thus, applying the exact functors τ−n, τ−2n, τ−3n, . . . , τ−sn, . . .
to the proper monomorphism h, we derive a chain of proper monomorphisms

· · · −→ τ−snX −→ · · · −→ τ−2nX −→ τ−nX −→ X,

a contradiction. This finishes the proof. �
4.4. Lemma. Let A be a connected wild hereditary algebra and X a

family of pairwise orthogonal bricks in mod A which are not stones. Let
Z be a quasi-simple regular A-module and X a module in X such that
HomA(X, Z) �= 0 and the module Y = Z[r] belongs to EA(X ) = EXTA(X ),
for some r ≥ 2. Then the modules Z and τ−1Z[r−1] also belong to EA(X ).

Proof. It follows from (1.5) that there exists an infinite chain of irre-
ducible monomorphisms

Z = Z[1] −→ Z[2] −→ Z[3] −→ · · · −→ Z[r] −→ · · ·

between indecomposable regular modules in modA. Let ε : Z ↪→ Y = Z[r]
be the composed embedding and f : X −→ Z a non-zero homomorphism.
Clearly, εf : X −→ Y is non-zero. Because X and Y belong to the abelian
category EA(X ) = EXTA(X ) and X is simple in EA(X ), we conclude that
in fact εf is a monomorphism. If f is an isomorphism then Z belongs to
X ⊂ EA(X ), and hence τ−1Z[r−1] ∼= Y/Z also belongs to EA(X ).

Assume that f is not an isomorphism. Denote by π : Y −→ Y/Z the
irreducible epimorphism Y = Z[r] −→ τ−1Z[r−1] ∼= Y/Z. Then π has the
factorisation π = hg with

Y
g−→ Y/f(X) h−→ Y/Z.

The irreducibility of π implies that h is a split epimorphism, and so

Y/f(X) ∼= Y/Z ⊕ Z/f(X).
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Because EA(X ) is an abelian full subcategory of modA and εf : X −→ Y
is a morphism between two objects of EA(X ), we conclude that the module
Y/f(X) ∼= Y/εf(X) is an object of EA(X ), and consequently Y/Z and
Z/f(X) also belong to EA(X ). Finally, Z is an object of EA(X ), because
it is the kernel of the epimorphism π : Y −→ Y/Z between two objects of
EA(X ). Consequently, Z and τ−1Z[r−1] belong to EA(X ). �

We may present now the following important properties of the category
EA(X ).

4.5. Proposition. Let A be a connected wild hereditary algebra and X
a family of pairwise orthogonal bricks in mod A which are not stones.

(a) Every indecomposable non-brick in EA(X ) = EXTA(X ) is a quasi-
simple regular A-module.

(b) Every regular component in Γ(mod A) contains at most one module
of EA(X ).

Proof. (a) Let Y be an indecomposable module in EA(X ) = EXTA(X )
and assume that Y is not a brick. According to (1.5) and (1.6), there exist
a quasi-simple regular A-module Z and an infinite chain

Z = Z[1] −→ Z[2] −→ Z[3] −→ · · · −→ Z[r] −→ · · ·
of irreducible monomorphisms between indecomposable regular modules in
mod A such that Y = Z[r], for some r ≥ 1.

Assume, to the contrary, that Y = Z[r] is not quasi-simple, that is,
r ≥ 2. Then it follows from (2.18) that HomA(Y, Z) �= 0, and consequently
HomA(X, Z) �= 0, for some X ∈ X . Applying now (4.4), we conclude that
the modules Z and τ−1Z[r−1] belong to EA(X ). We know from (4.3) that all
modules in EA(X ) are not stones, and hence Z and τ−1Z[r−1] are not stones.
In particular, it follows from (2.16) that the modules Z[2], . . . , Z[r] = Y are
not bricks.

If r ≥ 3, repeating the preceding arguments for Y ′ = τ−1Z[r−1], we
conclude that the modules

τ−1Z and τ−2Z[r−2] = τ−1((τ−1Z)[r−2])

belong to EA(X ). Applying the above arguments again (if r ≥ 4), we
finally show that all modules Z, τ−1Z, . . . , τ−(r−1)Z belong to EA(X ), and
consequently the cone C(Y ) = C([Z[r]) is contained in EA(X ). Because
r ≥ 2, this contradicts (4.3)(b). Therefore, each indecomposable non-brick
Y in EA(X ) is a quasi-simple regular A-module.

(b) Let C be a component of Γ(modA) containing a module Y from
EA(X ). By (1.6), C is of the form ZA∞ presented in (1.6). We have two
cases to consider.
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Assume first that Y is not a brick. Then it follows from the part (a)
that Y is quasi-simple. Note that C does not contain any brick, because
otherwise, in view of (1.6), C contains a brick X[r], where r ≥ 1 and X is
a quasi-simple module. By (2.16), X is a brick and therefore Y is a brick,
because C is of the form ZA∞ and Y = τ sX, for some s ∈ Z. Recall that τ
carries regular bricks to bricks. This is a contradiction which shows that C
does not contain any brick.

Hence we easily conclude that any common module of EA(X ) and C has
to be quasi-simple. Then (b) follows from (4.3)(b).

Finally, assume that Y is a brick. In view of (1.6), Y = Z[r], for some
r ≥ 1 and a quasi-simple regular A-module Z. We know from (4.3)(a) that
Y is not a stone. Then, by (2.16), the modules Z[1], . . . , Z[r−1] (if r ≥ 2)
are stones but the modules Z[i], with i > r, are not bricks. Hence the
common modules of EA(X ) and C can be only contained in the τ -orbit of
Y . Our claim follows from (4.3)(b). �

As an application of our considerations we obtain the following already
announced fact.

4.6. Theorem. Let A = KQ be a connected wild hereditary K-algebra
and let Λ be an arbitrary finite dimensional local K-algebra. Then there
exists a full, faithful, exact and K-linear functor

F : mod Λ −→ addR(A)

such that the A-module M = F (Λ) is quasi-simple and EndA(M) ∼= Λ.

Proof. Assume that rad Λ = 0, that is, Λ ∼= K. It follows from (1.9)
and (2.19) that modA admits many quasi-simple regular bricks. Take a
quasi-simple brick X in modA and consider the full subcategory addX of
mod A formed by all A-modules which are isomorphic to finite direct sums
of the module X. Because EndAX ∼= K ∼= Λ, it follows from (VI.3.1) that
the exact K-linear functor

HomA(X, −) : addX −−−−−−→ mod EndAX ∼= mod Λ

is an equivalence of categories. It is obvious that the quasi-inverse
F : mod Λ −→ addX of HomA(X, −) is a full, faithful, exact and K-linear
functor such that X ∼= F (Λ), and we are done.

Assume now that rad Λ �= 0, and let S = Λ/rad Λ. It follows from (4.2)
that there exists a full, faithful, exact, K-linear functor

F : mod Λ ↪→ addR(A),
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and therefore Λ ∼= EndAM , where M = F (Λ). Observe that the A-module
X = F (S) is a brick, but X is not a stone, because F induces a K-linear
monomorphism

0 �= Ext1Λ(S, S) −→ Ext1A(F (S), F (S)).

We set X = {X}. It follows from (X.2.1) and (4.3)(a) that EA(X ) is an exact
abelian subcategory of addR(A) ⊂ mod A which is closed under extensions.
Because Λ is a local algebra and S is a unique simple Λ-module, up to
isomorphism, then F has a factorisation F : mod Λ −→ EA(X ) through
EA(X ) ⊆ addR(A). By our assumption, the Λ-module Λ is not a brick and,
consequently, F (Λ) is not a brick in modA. Because F (Λ) belongs to EA(X )
we conclude from (4.5) that M = F (Λ) is a quasi-simple regular A-module
and obviously EndA(M) ∼= EndΛ(Λ) ∼= Λ. This finishes the proof. �

4.7. Corollary. Let A = KQ, where Q is a finite, acyclic and connected
quiver. The algebra A is strictly representation-wild if and only if Q is a
wild quiver.

Proof. First assume that Q is a wild quiver. It follows from (4.1) that
the path K-algebra A = KQ is strictly representation-wild.

Conversely, assume, to the contrary, that Q is not a wild quiver and
the algebra A = KQ is strictly representation-wild. It follows that Q is
either Dynkin or Euclidean and, for the finite dimensional local K-algebra
Λ = K[t1, t2]/(t1, t2)2, there exists a full, faithful, exact and K-linear func-
tor F : mod Λ −→ mod A. Therefore the A-module F (Λ) is indecomposable
and F induces a K-algebra isomorphism EndA(F (Λ)) ∼= Λ. This is a con-
tradiction, because A is hereditary algebra of Dynkin or Euclidean type
and, according to (VII.5.14), (X.2.7), and (XI.3.5), the endomorphism al-
gebra of any finite dimensional indecomposable A-module is isomorphic to
a truncated polynomial algebra K[t]/(tr), for some r ≥ 1. �

XVIII.5. Tilted algebras of wild type
The main objective of this section is to describe basic properties of the

module categories mod B of concealed algebras B of wild type and exhibit
some other classes of tilted algebras of wild type.

Throughout this section, we let A = KQ be the path K-algebra of a
connected, acyclic, wild quiver Q with n vertices, that is, n = |Q0|. Then,
for any (multiplicity-free) tilting A-module T , the associated tilted algebra

B = EndA(T )

is called a tilted K-algebra of wild type Q. Recall that by the tilting
theorem (VI.3.8) the functor HomA(T, −) : mod A −→ mod B induces an
equivalence from the category
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T (T ) = {M ∈ mod A; Ext1A(T, M) = 0}
of torsion modules in modA to the category

Y(T ) = {N ∈ mod B; TorB
1 (N, T ) = 0}

of torsion-free modules in modB, and the functor

Ext1A(T, −) : modA −→ mod B

induces an equivalence from the category
F(T ) = {M ∈ mod A; HomA(T, M) = 0}

of torsion-free modules in modA to the category
X (T ) = {N ∈ mod B; N ⊗B T = 0}

of torsion modules in modB. Moreover, the torsion theory (Y(T ),X (T ))
in modB is splitting, and so every indecomposable B-module belongs ei-
ther to Y(T ) or X (T ). Further, B is a basic connected algebra of global
dimension at most 2, with the acyclic connected quiver QB , and there is an
isomorphism f : K0(A) −→ K0(B) of the Grothendieck groups of A and B
such that

f(dimM) = dimHomA(T, M) − dimExt1A(T, M),

for any module M in modA. In particular, if T is postprojective, then the
functor

HomA(T, −) : addR(A) �−−−−−−→ addR(B)

is an equivalence of the categories of regular modules over A and over the
concealed algebra B = EndA(T ) such that dimHomA(T, M) = f(dimM),
for any M in addR(A). We then obtain the following important information
on the module category modB of an arbitrary concealed algebra B of wild
type.

5.1. Theorem. Let A = KQ be a connected wild hereditary K-algebra.
Let T be a postprojective tilting A-module and B = EndA(T ). Then the
following hold.

(a) The Auslander–Reiten quiver Γ(mod B) of B consists of a postpro-
jective component P(B) containing all indecomposable projective B-
modules, a preinjective component Q(B) containing all indecompos-
able injective B-modules, and card(K) many regular components of
type ZA∞.

(b) If C is a component of Γ(mod B) then all but finitely many modules
in C are sincere.

(c) If C is a component of Γ(mod B) and M , N is a pair of non-
isomorphic indecomposable modules in C then dimM �= dimN .
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Proof. (a) In view of the K-linear equivalence of categories

HomA(T, −) : addR(A) �−−−−→ addR(B),

the statement (a) is a consequence of (1.6), (1.8) and (VIII.4.5).
(b) Observe that if T ′ is an indecomposable direct summand of T then

T ′ = τ−s
A P , for some s ≥ 0 and some indecomposable projective A-module

P . Therefore,
HomA(T ′, M) ∼= HomA(P, τs

AM),

for any module M in R(A), and (2.5) implies that all but finitely many
modules in any regular component of Γ(modB) are sincere. Moreover, by
(IX.5.7) and its dual, all but finitely many modules in P(B) and in Q(B)
are also sincere. Hence (b) follows.

(c) For the components P(B) and Q(B), the statement (c) follows from
the fact that the directing modules are uniquely determined by their com-
position factors (see (IX.3.1)). For the regular components in Γ(modB),
the statement (c) is a direct consequence of (1.7) and the equality

f(dimM) = dimHomA(T, M),

for any M from R(A), where f : K0(A) −→ K0(B) is the group isomor-
phism defined above. �

5.2. Theorem. Let A = KQ be a connected wild hereditary K-algebra.
Let T be a postprojective tilting A-module, B = EndA(T ), and M , N inde-
composable regular B-modules. Then the following hold.

(a) There exists a natural number m0 such that HomB(M, τ−mN) = 0
and HomB(M, τm

B N) �= 0, for all m ≥ m0.
(b) If HomB(M, τ−r

B M) = 0, for some r ≥ 1, then HomB(M, τ−s
B M) =

0, for all s ≥ r.
(c) If Ext1B(M, M) �= 0, then HomB(M, τ r

BM) �= 0, for all r ≥ 1.
(d) The B-module M is a quasi-simple brick if and only if

HomB(M, τ−1
B M) = 0.

(e) There exist paths

M → . . . → N and N → . . . → M

in mod B.
(f) M and N are non-directing B-modules.

Proof. In view of the K-linear equivalence of categories

HomA(T, −) : addR(A) �−−−−→ addR(B)

the statements (a)–(d) are direct consequences of (2.6)–(2.9) and (2.11). �
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5.3. Proposition. Let A = KQ be a connected wild hereditary K-
algebra. Let T be a tilting A-module and

B = EndA(T ).

Then every stone in mod B is a brick.

Proof. By (VIII.3.3), every stone in modA is a brick. Then the same
holds in modB, because (Y(T ),X (T )) is a splitting torsion theory in modB
and the functors

HomA(T, −) : T (T ) −→ Y(T ) and Ext1A(T, −) : F(T ) −→ X (T )

are equivalences of categories inducing isomorphisms between the corre-
sponding extension vector spaces and homomorphism vector spaces. �

The following theorem describes properties of regular bricks and stones
over concealed algebras of wild type. Note that the rank of the Grothendieck
group K0(B) of any tilted algebra B of type Q is equal to n = |Q0|, the
rank of K0(A).

5.4. Theorem. Let A = KQ be a connected wild hereditary K-algebra.
Let T be a postprojective tilting A-module, B = EndA(T ), M a quasi-simple
regular B-module, and r ≥ 1 a natural number. Then, in the notation of
(1.5), we have:

(a) M [r] is a stone if and only if M [r + 1] is a brick;
(b) if M [r] is a brick then r ≤ n − 1; and
(c) if M [r] is a stone then r ≤ n − 2.

Proof. In view of the equivalence HomA(T, −) : addR(A) �−→ addR(B)
the statements (a)–(c) follow directly from (2.14) and (2.15). �

The following theorem shows the strict wildness of the category of regular
modules, hence all modules, over concealed algebras of a wild type Q.

5.5. Theorem. Let A = KQ be a connected wild hereditary K-algebra.
Let T be a postprojective tilting A-module,

B = EndA(T ),

and Λ an arbitrary finite dimensional K-algebra. Then there exists a full,
faithful, exact and K-linear functor

F : mod Λ −→ addR(B).

If, in addition, Λ is a local algebra, then F (Λ) is a quasi-simple regular
module and there is a K-algebra isomorphism EndB(F (Λ)) ∼= Λ.

Proof. Note that the equivalence HomA(T, −) : addR(A) �−→ addR(B)
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is a full, faithful, exact and K-linear functor preserving the quasi-simplicity.
Then our claim is a direct consequence of (4.1), (4.2) and (4.6). �

5.6. Example. Let A = KQ be the path algebra of the wild quiver

1 5◦ ◦
↖ ↙

Q = Δ(˜̃D5) : ◦←−−−−◦
↙3 4↖

◦ ◦←−−−−◦.
2 6 7

The standard calculation technique shows that the left hand part of the
postprojective component P(A) of Γ(modA) looks as follows

P (7)=
1 0
11

1 11
− − −− 1 1

21
1 00

− − −− 1 0
22

1 10
− − −

↗ ↘ ↗ ↘ ↗ ↘
P (6)=

1 0
11

1 10
− − −− 2 1

32
2 11

− − −− 2 1
43

2 10
− − −−

↗P (5) ↘ ↗ ↘ ↗ ↘ ↗
||

P (4)=
1 0
11

1 00
→ 1 1

11
1 00

→2 1
32

2 10
→1 0

21
1 10

→3 1
54

3 21
→2 1

33
2 11

→5 3
76

5 31
→

↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘
P (1)=

1 0
00

0 00
→1 0

10
1 00

→ 0 0
10

1 00
→ 1 0

21
1 00

→0 0
11

1 00
→2 1

33
2 10

→2 1
11

1 10
→4 2

54
4 31

→2 1
43

3 21
→

||↗P (3) ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗
P (2)=

0 0
00

1 00
− − −− 1 0

10
0 00

− − −− 1 0
11

0 00
− − − 1 1

22
2 10

− − − 3 1
32

2 21
−−

and the indecomposable modules are represented by their dimension vectors.

Case 1◦ Consider the A-module

TA = T1 ⊕ T2 ⊕ T3 ⊕ T4 ⊕ T5 ⊕ T6 ⊕ T7,

where

T1 = τ−1P (1), T2 = τ−2P (2), T3 = τ−1P (4), T4 = τ−3P (1),

T5 = P (5), T6 = τ−1P (6), and T7 = τ−1P (7).

It is easy to check that TA is a multiplicity-free tilting A-module and

the concealed algebra B = EndTA of wild type Q = Δ(˜̃D5) is given by the
quiver
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bound by the commutativity relation αβ = γσ, where the ordering of the
vertices of QB corresponds to the ordering T1, T2, T3, T4, T5, T6, T7 of the
indecomposable direct summands of TA.

Case 2◦ Consider the A-module

T ′
A = T ′

1 ⊕ T ′
2 ⊕ T ′

3 ⊕ T ′
4 ⊕ T ′

5 ⊕ T ′
6 ⊕ T ′

7,

where
T ′

1 = P (5), T ′
2 = τ−1P (6),

T ′
3 = τ−2P (3), T ′

4 = τ−2P (4),
T ′

5 = τ−2P (1), T ′
6 = τ−3P (2), and

T ′
7 = P (7).

It is easy to check that T ′
A is a multiplicity-free tilting A-module and the

concealed tilted algebra B′ = EndT ′
A of wild type Q = Δ(˜̃D5) is given by

the quiver

bound by the commutativity relation αβ = γσ.

It follows from (5.5) that any concealed K-algebra B of wild type Q is
strictly representation-wild, and therefore a classification of all indecompos-
able B-modules leads to corresponding classifications of the indecomposable
modules over all finite dimensional K-algebras, which is an impossible task.
On the other hand, the following examples show that there are tilted alge-
bras of wild type Q for which all indecomposable modules can be described
explicitly.

5.7. Example. Let B be given by the quiver
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bound by the zero relations γα = 0, γβ = 0, σα = 0, σβ = 0, δα = 0 and
δβ = 0. Then Γ(modB) is of the form

P (1) I(2) P (4) M/P (4) S(4)
↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗

P (3) S(3) → P (5) → M → M/P (5) → I(3) →S(5)
↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘

P (2) I(1) P (6) M/P (6) S(6)
where M is the indecomposable module with dimM =

0 1
21

0 1
. Note that the

modules
I(1), I(2), S(3), P (4), P (5), and P (6)

form a faithful section Σ such that HomA(U, τBV ) = 0, for all modules
U, V ∈ Σ. Then, by (VIII.5.6), B is a representation-finite tilted algebra
of the wild type Δ = Σop = QB , and obviously C = Γ(modB) is the
unique connecting component of Γ(modB). Moreover, because this com-
ponent contains projective modules and injective modules, then it follows
from (VIII.4.1) that, if B = EndKΔ(T ), for a tilting KΔ-module T , then
T contains at least one postprojective and at least one preinjective direct
summand.

We also notice that the Euler quadratic form qB : Z6 −→ Z of the
algebra B is indefinite, because qB is Z-congruent to the Euler quadratic
form qKΔ = qΔ : Z6 −→ Z of KΔ, see (VI.4.7) and (VII.4.5). On the
other hand, qB is weakly positive, because B is representation-directed and
(IX.3.3) applies.

5.8. Example. Let B be given by the quiver

Δ : 1 ◦
α←−−−−−←−−−−−
β

2
◦

γ←−−−−−←−−−−−σ
◦ 3,

bound by the zero relations γα = 0, γβ = 0, σα = 0, and σβ = 0. Then
Γ(mod B) has a component C of the form

P (3) −−− τ−1P (3)−−− · · ·
↗↗ ↘↘ ↗↗ ↘↘ ↗↗

−−− τ2S(2) −−− τS(2) −−− S(2) −−−τ−1S(2)−−−τ−2S(2) −−−

↗↗ ↘↘ ↗↗ ↘↘ ↗↗
. . . −−− τI(1) −−− I(1)

and obviously the modules I(1), S(2), P (3) form a faithful section Σ in
C such that HomB(U, τV ) = 0, for all modules U, V ∈ Σ. Hence, B is a
representation-infinite tilted algebra of wild type

Δ = Σop = QB

and, according to (VIII.5.6), C is the connecting component CT in Γ(modB)
determined by a tilting module T over KΔ such that B = EndKΔ(T ).



286 Chapter XVIII. Wild hereditary algebras

Moreover, if H ′ and H ′′ denote the Kronecker algebras given respectively
by the vertices 1 and 2, and 2 and 3 then, according to (VIII.3.5), the quiver
Γ(mod B) is of the form

Γ(mod B) = P(H ′) ∪ R(H ′) ∪ CT ∪ R(H ′′) ∪ Q(H ′′),

and C = CT is a glueing of Q(H ′) with P(H ′′) using the simple module S(2).
In particular, B is a representation-infinite tilted algebra of wild type Δ for
which all indecomposable modules can be described explicitly. Finally, we
note also that the tilting KΔ-module T has both a postprojective and a
preinjective direct summand, because the connecting component C = CT

contains a projective module and an injective module (see (VIII.4.1)).
It follows from (VI.4.7) that K0(B) = Z3 and the Euler quadratic form

qB : Z3 −→ Z of the algebra B is indefinite, because qB is Z-congruent to
the indefinite Euler quadratic form

qKΔ = qΔ : Z3 −→ Z

of KΔ, see (VII.4.5).
Now we show that qB :Z3 −→ Z is weakly non-negative, that is, qB(x)≥0,

for any non-negative vector x ∈ Z3. To see this we note that the Cartan
matrix CB of B and its inverse C−1

B are of the forms

CB =
[

1 2 0
0 1 2
0 0 1

]
and C−1

B =
[

1−2 4
0 1−2
0 0 1

]
.

Then the Euler quadratic form qB : Z3 −→ Z of the algebra B is defined by
the formula

qB(x) = xt · (C−1
B )t · x = x2

1 + x2
2 + x2

3 − 2x1x2 − 2x2x3 + 4x1x3
= (x1 − x2 + x3)2 + 2x1x3,

for x = [x1 x2 x3]t ∈ Z3 = K0(B). It follows easily that q(x) ≥ 0, for each
vector x ∈ Z3, with x1 ≥ 0, x2 ≥ 0, and x3 ≥ 0, that is, qB : Z3 −→ Z is
weakly non-negative. Because qB(y) = −1, for y = [1 1 −1]t ∈ Z3, then qB

is indefinite.

Our next aim is to describe the regular components of tilted algebras
of wild type Q given by tilting modules without preinjective (respectively,
postprojective) direct summands. We need the following technical lemma.

5.9. Lemma. Let A = KQ be a connected representation-infinite hered-
itary algebra, T be a tilting A-module without preinjective direct summands,
T = T (T ) be the associated torsion class and B = EndA(T ).

(a) If Z ∈ T is an indecomposable module then there exists a short exact
sequence

0 −→ τT Z −→ τAZ −→ F −→ 0,
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where τTZ is the largest submodule of τAZ from T and F ∈add(τAT).
(b) If Z ∈ T is an indecomposable module with τm

T Z �= 0, for some
positive integer m, then, for each 1 ≤ i ≤ m, there exists a short
exact sequence

0 −→ τ−i
A τ i

T Z −→ τ−i+1
A τ i−1

T Z −→ τ−i
A F (i) −→ 0,

with F (i) ∈ add(τAT ).

Proof. (a) It follows from (VI.1.5) that there exists a canonical exact
sequence 0 −→ τT Z −→ τAZ −→ F −→ 0, with F ∈ F = F(T ). Because
D(A) ∈ T = T (T ), F has no injective direct summands, and applying the
functor τ−1

A we obtain a short exact sequence

0 −→ τ−1
A τT Z −→ Z −→ τ−1

A F −→ 0.

Observe that Z ∈ T implies τ−1
A F ∈ T . Therefore τ−1

A F ∈ T , τA(τ−1
A F ) =

F ∈ F , and invoking (VI.1.11) we conclude that τ−1
A F is an Ext-projective

module in T . Applying now (VI.2.5) we obtain τ−1
A F ∈ add(T ), and hence

F ∈ add(τAT ).
(b) Assume that Z is an indecomposable module in T with τm

T Z �= 0,
for some m ≥ 1. For i = 1, we may take F (1) = F and the above sequence
ending at τ−1

A F satisfies the required conditions. Assume that there exists
a short exact sequence

0 −→ τ−i
A τ i

T Z −→ τ−i+1
A τ i−1

T Z −→ τ−i
A F (i) −→ 0,

with F (i) ∈ add (τAT ), and i < m. Applying now (a) to the module τ i
T Z ∈

T we obtain a short exact sequence

0 −→ τ i+1
T Z −→ τAτ i

T Z −→ F (i+1) −→ 0,

with F (i+1) ∈ add (τAT ). Because F (i+1) ∈ F = F(T ) and all preinjective
A-modules belong to T = T (T ), applying the functor τ

−(i+1)
A to the above

exact sequence, we obtain the required exact sequence

0 −→ τ
−(i+1)
A τ i+1

T Z −→ τ−i
A τ i

T Z −→ τ
−(i+1)
A F (i+1) −→ 0.

Therefore our claim follows by induction on i ∈ {1, . . . , m}. �
Given a component C of Γ(modA) and a module X in C, we denote

• by C(−→X) the full translation subquiver of C formed by all pre-
decessors of X in C, and

• by C(X−→) the full translation subquiver of C formed by all succes-
sors of X in C.
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5.10. Proposition. Let A = KQ be a connected wild hereditary K-
algebra. Let T be a tilting A-module without preinjective direct summands
and B = EndA(T ).

(a) For each regular component C in Γ(mod A), there exists a quasi-
simple module X in C such that C(−→X) is contained in T (T ), and
the image of C(−→X) via the functor

HomA(T, −) : modA −−−−→ mod B

is the full translation subquiver D(−→HomA(T, X)) of Γ(mod B),
where D = HomA(T, C).

(b) For each regular component D of Γ(mod B) completely contained in
Y(T ), there exists a module Y = HomA(T, X) in D such that X is
a quasi-simple module of a regular component C of Γ(mod A) and
D(−→Y ) is the image of C(−→X) via the functor

HomA(T, −) : modA −−−−→ mod B.

In particular, D is of type ZA∞.
(c) The quiver Γ(mod B) contains a card(K)-family of regular compo-

nents of type ZA∞, that is, a family of cardinality card(K).

Proof. If T is postprojective, then

HomA(T, −) : addR(A) �−−−−→ addR(B)

is an equivalence of categories, and the statements (a)–(c) follow from the
corresponding results proved for A = KQ in previous sections.

Then, we may assume that T is not postprojective. Suppose that T =
T pp ⊕ T rg, where T pp is postprojective and T rg �= 0 is regular.

(a) Let C be a regular component of Γ(modA). First note that, in view of
(VIII.2.3) and (VIII.2.5), we have Ext1A(T pp, M) ∼= DHomA(M, τAT pp) = 0,
for any regular A-module M . By applying (2.6) to the regular module T rg

we conclude that HomA(τm
A X, τAT rg) = 0, for some quasi-simple module

X in C and all m ≥ 0.
Then Ext1A(T, τm

A X) ∼= DHomA(τm
A X, τAT ) = 0, for all m ≥ 0. Ob-

serve also that if HomA(Z, τAT ) �= 0, for some Z in C( −→ X), then
HomA(τ r

AX, τAT ) �= 0, for some r ≥ 0. Therefore

Ext1A(T, Z) = DHomA(Z, τAT ) = 0,

for any module Z in C(−→X), and so C(−→X) is contained in T (T ).
Hence the image of C(−→X) via HomA(T, −) is a full translation sub-
quiver of Γ(modB) which is closed under predecessors, and so is equal to
D(−→HomA(T, X)), where D = HomA(T, C), see (VI.5.2).
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(b) Let D be a regular component of Γ(modB) which is contained in
Y(T ). Let M be a module in D. Then there exists an indecomposable
regular A-module Z ∈ T (T ) such that M = HomA(T, Z).

Let C be the regular component of Γ(modA) containing Z. Because D
is a regular component and Y(T ) is closed under predecessors, for all i ≥ 0,
we have 0 �= τ i

BM = HomA(T, τ i
T Z), and hence τ i

T Z �= 0. By applying
(5.9)(b), we construct an infinite chain of monomorphisms

· · · −→ τ−i−1
A τ i+1

T Z −→ τ−i
A τ i

T Z −→ · · · −→ τ−2
A τ2

T Z −→ τ−1
A τT Z −→ Z.

It follows that there exists an m ≥ 0 such that τ−m−r
A τm+r

T Z ∼= τ−m
A τm

T Z,
for all r ≥ 0. For N = τm

T Z, we then have τ−m−r
A τ r

T N ∼= τ−m
A N , and

hence τ r
T N ∼= τ r

AN , for all r ≥ 0. In particular, the module N is not
postprojective.

Because T has no preinjective direct summands, the whole preinjective
component Q(A) of Γ(modA) is mapped by the functor HomA(T, −) to the
connecting component CT of Γ(modB) determined by the tilting module T .
Moreover, CT is not a regular component contained in Y(T ). Therefore, N
is a regular A-module.

Finally, because the modules τ r
AN ∼= τ r

T N , with r ≥ 0, belong to T =
T (T ) we conclude that C(−→N) is entirely contained in T . Take now a
quasi-simple module X in C(−→N), and set

Y = HomB(T, X).

Then X is a quasi-simple module of the regular component C, Y belongs to
D and D(−→Y ) is the image of C(−→X) via the functor HomA(T, −). In
particular, D is type ZA∞.

(c) In view of (a) and (b), the statement (c) is a consequence of (1.8) and
(5.1). This completes the proof. �

We have also the following fact that is dual to (5.10).

5.11. Proposition. Let A = KQ be a connected wild hereditary K-
algebra, T a tilting A-module without postprojective direct summands, and
B = EndA(T ).

(a) For each regular component C in Γ(mod A), there exists a quasi-
simple module X in C such that C(X−→) is contained in F(T ), and
the image of C(X−→) via the functor

Ext1A(T, −) : modA −−−−→ mod B

is the full translation subquiver D(Ext1A(T, X)−→) in Γ(mod B),
where D = Ext1A(T, C).
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(b) For each regular component D of Γ(mod B) completely contained in
X (T ), there exists a module Y = Ext1A(T, X) in D such that X is
a quasi-simple module of a regular component C of Γ(mod A) and
D(Y −→) is the image of C(X−→) via the functor

Ext1A(T, −) : modA −−−−→ mod B.

In particular, D is of type ZA∞.
(c) The quiver Γ(mod B) contains a card(K)-family of regular compo-

nents of type ZA∞.

Proof. Modify the arguments given in the proof of (5.10). �

5.12. Corollary. Let A = KQ be a connected wild hereditary K-algebra,
T a regular tilting A-module, and B = EndA(T ).

(a) For each regular component C of Γ(mod A), there exists a quasi-
simple module X in C and a natural number m such that C(−→X)
is contained in T (T ) and C(τ−mX−→) is contained in F(T ). The
image of C(−→X) via HomA(T, −) is a full translation subquiver of
Γ(mod B), and the image of C(τ−mX−→) via Ext1A(T, −) is a full
translation subquiver of Γ(mod B).

(b) Every regular component D of Γ(mod B) different from the con-
necting component CT is of type ZA∞ and is contained either in
Y(T ) or in X (T ). In particular, there exists a regular component
C of Γ(mod A) and a quasi-simple module X in C such that either
X ∈ T (T ) and D(−→HomA(T, X)) is a full translation subquiver
of D or X ∈ F(T ) and D(Ext1A(T, X)−→) is a full translation sub-
quiver of D.

(c) The quiver Γ(mod A) contains two different card(K)-families of reg-
ular components of type ZA∞.

Proof. The statement (a) follows from (5.10) and (5.11). To prove (b),
observe that every regular component of Γ(modB) different from CT lies
entirely in Y(T ) or in X (T ). Then, in view of (a) and (b), the statement
(c) is a consequence of (5.10) and (5.11). �

We also note that if a tilting A-module T contains a non-zero postpro-
jective (respectively, preinjective) direct summand then, for each regular
component C of Γ(modA), the set F(T ) ∩ C (respectively, T (T ) ∩ C) has at
most finitely many modules. Indeed, it is a direct consequence of the fact
(2.4) that all but finitely many modules in C are sincere.
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5.13. Example. Let A be a connected wild hereditary algebra and as-
sume that X is a quasi-simple regular stone in modA.

It follows from (3.10), (3.11), and (3.15) that there exists a multiplicity-
free tilting A-module T = X ⊕ Y such that Y is a projective generator of
X⊥, and HomA(Y,−) establishes an equivalence

X⊥ �−−−−→ mod C,

where
C = EndA(Y )

is a connected wild hereditary algebra. The Grothendieck group K0(C) of
C is of rank n − 1, where n is the rank of K0(A). Moreover, the module
R = [2]X is a quasi-simple regular brick in modC.

Because HomA(Y, τAX) ∼= DExt1A(X, Y ) = 0, then the irreducible epi-
morphism R −→ X induces the isomorphism HomA(Y, R) ∼= HomA(Y, X).

Consider the tilted algebra

B = EndA(T ).

Because HomA(X, Y ) = 0, then B is the one-point extension C[R] of C by
the quasi-simple regular C-module R, that is,

B ∼= C[R].

Denote by ω the extension vertex of C[R]. Because HomC(R, M) = 0,
for any postprojective C-module M , then (XV.1.7) implies that the post-
projective component P(C) of Γ(modC) is a postprojective component of
Γ(mod B) containing all indecomposable projective B-modules, except the
module P (ω).

Now we describe the shape of the component of Γ(mod B) containing the
projective module P (ω).

Because R is a quasi-simple regular brick in modC, we know by (2.10)
that

HomC(R, τ−m
C R) = 0, for all m ≥ 1.

Consequently, the full translation subquiver D of Γ(modC) formed by all
successors of the module τ−1

C R in Γ(modC) remains a full translation sub-
quiver (of type (−N)A∞) of Γ(modB), and clearly is closed under successors
in Γ(modB). Applying the notation of (1.5) and the formula (XV.1.6) on
the lifting of almost split sequences for the one-point extension B ∼= C[R],
we deduce that there are almost split sequences of the forms

0 −→ R[i] −−−−→ R[i+1] ⊕ R[i] −−−−→ R[i+1] −→ 0,

0 −→ R[i+1] −−−−→ τ−1
C R[i] ⊕ R[i+2] −−−−→ τ−1

C R[i+1]] −→ 0,

0 −→ τBR[i+1] −−−−→ R[i] ⊕ τBR[i+2] −−−−→ R[i+1] −→ 0,



292 Chapter XVIII. Wild hereditary algebras

in modB, for all i ≥ 1, and almost split sequences

0 −→ R[1] −−−−→ R[2] −−−−→ τ−1
C R[1] −→ 0,

0 −→ τBR[1] −−−−→ τBR[2] −−−−→R[1] −→ 0,

where R = R[1], and P (ω) = R[1]. Because B is a tilted algebra, then
the only component of Γ(modB) containing both a projective module and
an injective module is the connecting one. Therefore, the component of
Γ(mod B) containing P (ω) is of the form

P (ω) = R[1] τ−1
C R[1] τ−2

C R[1] τ−3
C R[1]

↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘
τ2
BR[1] τBR[1] R = R[1] R[2] τ−1

C R[2] τ−2
C R[2]

↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘
τ2
BR[2] τBR[2] R[2] R[3] τ−1

C R[3]

. . . ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ . . .

τ2
BR[3] τBR[3] R[3] R[4]

. . . ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ . . .
τ2
BR[4] τBR[4] R[4]

. . . ↗ ↘ ↗ ↘ ↗ ↘ . . .
τ2
BR[5] τBR[5]

. . . ↗ ↘ ↗ ↘ . . .

. . . . . . . . . . . .

and consists of the τB-orbits of the modules R[i], i ≥ 1. From (2.6) we also
know that if C is a regular component on Γ(modC) then there exists a quasi-
simple module Z in C such that HomC(R, τ−m

C Z) = 0, for all m ≥ 0, and
consequently, by (XV.1.7), the full translation subquiver of C formed by all
successors of Z in C is a full translation subquiver of Γ(modB) closed under
successors in Γ(mod B). Therefore, Γ(modB) admits a card(K)-family of
regular components of type ZA∞.

5.14. Example. Let n ≥ 1 and let H = KΔ, where Δ is the wild
quiver

0 ←−←− 1←− 2 ←− · · · ←− n ←−←− ω.

For i, j ∈ {1, . . . , n} with i ≤ j, denote by [i, j] the indecomposable H-
module
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[i, j] : 0 ←−←− 0 ← . . . ← 0 ← K ← . . . ← K ← 0 ← . . . ← 0 ←−←− 0

whose support is the subquiver i ← (i + 1) ← . . . ← j of Δ.
Let Σ be the full subquiver of Δ given by the vertices 0, . . . , n and Ω the

full Dynkin subquiver of Δ formed by the vertices 1, . . . , n. We set

D = KΣ and Λ = KΩ.

Then the Auslander–Reiten quiver Γ(mod Λ) of the algebra Λ is finite of
the form

[1, 1] [2, 2] [3, 3] [n−1, n−1] [n, n]

↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗
[1, 2] [2, 3] [n−1, n]

↘ ↗ ↘ . . . . . . ↗
[1, 3]

↘ . . . . . . . . .

. . . ↘ ↗ . . .

[2, n−1]

↘ ↗ ↘ ↗
[1, n−1] [2, n]

↘ ↗
[1, n].

Calculating the end of the preinjective component Q(D) of D, we con-
clude that Γ(mod Λ) is a full translation subquiver of Q(D) which is closed
under successors.

Observe now that H ∼= D[ID(0) ⊕ ID(0)] that is, the algebra H is a one-
point extension of D by the direct sum of two copies of the injective module
ID(0). Because

ID(0)/soc ID(0) ∼= [1, n] ⊕ [1, n] and HomΛ([1, n], [i, j]) = 0,

for each [i, j] �∈ {[1, n], [2, n], . . . , [n, n]}, then from the formula (XV.1.6)
on the lifting of almost split sequences for one-point extensions, we conclude
that Γ(mod Λ) is a full translation subquiver of Γ(modH).

Moreover, a direct analysis of the beginning of the postprojective compo-
nent P(H) and the end of the preinjective component Q(H) shows that the
simple Λ-modules S(1) = [1, 1], . . . , S(n) = [n, n] are neither in P(H) nor
in Q(H). Therefore, Γ(mod Λ) is the cone C([1, n]) of a regular component
of Γ(modH). Let

M = [1, n] ⊕ [2, n] ⊕ . . . ⊕ [n−1, n] ⊕ [n, n] and N = τ−1
H M.
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Because the Λ-module M is injective, then Ext1H(N, N) ∼= Ext1Λ(M, M) = 0,
and therefore N is a partial tilting H-module. It then follows from (3.10)
that there exists a basic hereditary algebra C such that N⊥ ∼= mod C, and
the Grothendieck group K0(C) of C is of rank 2 = (n + 2) − n. Moreover,

• Ext1H(N, P (0) ⊕ P (ω)) ∼= DHomH(P (0) ⊕ P (ω), τHN) = 0, and
• HomH(N, P (0) ⊕ P (ω)) = 0,

because τHN ∼= M is a Λ-module, N is a regular H-module, and P (0)⊕P (ω)
lies in P(H). Hence the H-module P (0) ⊕ P (ω) is a minimal projective
generator in N⊥, and there is a K-algebra isomorphism

C ∼= EndH(P (0) ⊕ P (ω)).

It follows that C is the path algebra of the wild quiver

Further,
T = P (0) ⊕ P (ω) ⊕ N

is a tilting H-module without preinjective direct summands. The torsion-
free class F(T ) in modH determined by T is of the form

F(T ) = {X ∈ mod H | HomA(T, H) = 0} = Cogen (τAT ) = Cogen (M)

= Cogen (D(Λ)) = mod Λ = add C([1, n]).

It is clear that the torsion class

T (T ) = {X ∈ mod H | Ext1H(T, X) = 0}

contains the category N⊥ ∼= mod C.
Consider the tilted algebra B = EndH(T ). We describe the shape of all

connected components in Γ(mod B).
First we prove that the connecting component CT of Γ(modB) deter-

mined by T is a preinjective component containing all indecomposable in-
jective B-modules, and all but finitely many modules in CT are sincere
B-module. Because T has no preinjective direct summands, we know from
(VIII.4.1) that CT does not contain projective modules.

Moreover, by (VIII.3.5), the modules

HomH(T, IH(i)), with i ∈ {0, 1, . . . , n, ω},

form a section Σ ∼= Δop of CT such that the set of all predecessors of modules
from Σ in CT is exactly the set Y(T ) ∩ CT of all torsion-free modules in CT .
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Further, the fact that T has no preinjective direct summands implies that
the whole preinjective component Q(H) is contained in T (T ). Therefore,
we infer that Y(T ) ∩ CT is the image of Q(H) via HomH(T, −).

Finally, because the category F(T ) = mod Λ has only finitely many iso-
morphism classes of indecomposable objects, the functor Ext1H(T, −) re-
stricts to an equivalence of categories

Ext1H(T, −) : F(T ) �−−−−→ X (T ),

and every indecomposable B-module belongs either to Y(T ) or X (T ), we
conclude from (VI.5.2) that CT is a preinjective component consisting of
the indecomposable modules from Y(T ) ∩ CT and X (T ). Moreover, all
indecomposable injective B-modules belong to CT , because the section Σ of
CT consists of n + 2 modules. Let

T0 =P (0), T1 =τ−1
H [1, n], T2 =τ−1

H [2, n−1], . . . , Tn =τ−1
H [n, n], Tω =P (ω),

and we set
T = T0 ⊕ T1 ⊕ . . . ⊕ Tn ⊕ Tω.

Then the modules

HomA(T, T0), HomA(T, T1), . . . , HomA(T, Tn), HomA(T, Tω)

form a complete set of indecomposable projective B-modules. Hence, to
show that all but finitely many modules in CT are sincere (equivalently, in

Y(T ) ∩ CT = CT \ X (T )

are sincere) it is sufficient to prove that HomH(Ti, X) �= 0, for each
i ∈ {0, 1, . . . , n, ω} and all but finitely many modules X in Q(H).

Because all but finitely many modules in Q(H) are sincere H-modules,
in view of (VIII.5.6), we infer that

• HomH(T0, X) ∼= HomH(P (0), X) �= 0, and
• HomH(Tω, X) ∼= HomH(P (ω), X) �= 0, for all but finitely many

modules X from Q(H).
Fix now i ∈ {1, . . . , n}. It follows from (2.3) that all but finitely many mod-
ules in the τA-orbit {τ r

ATi, r ∈ Z} are sincere, and consequently
HomA(τ r

HTi, I(j)) �= 0, for all j ∈ {0, 1, . . . , n, ω} and all but finitely many
r ∈ Z. Because there is an isomorphism

HomA(Ti, τ
s
HI(j)) ∼= HomH(τ−s

H Ti, I(j)),

for any s ≥ 0, and any module in Q(H) is of the form τ s
HI(j), for some

s ≥ 0 and j ∈ {0, 1, . . . , n, ω}, then HomH(Ti, X) �= 0, for all but finitely
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many modules X in Q(H). Therefore, all but finitely many modules in CT

are sincere B-modules.
Observe also that, in the notation of (1.5), we have

Tn = [1]Tn, Tn−1 = [2]Tn, . . . , T2 = [n−1]Tn, T1 = [n]Tn.

Our next objective is to show that the module R = [n + 1]Tn is a quasi-
simple regular brick in the category

(T1 ⊕ . . . ⊕ Tn)⊥ = N⊥ = mod C.

Because the modules N = τ−1
H M and M belong to the standard cones

τ−1
H C([1, n]) and C([1, n]), respectively, then Ti ∈ (Ti+1 ⊕ . . .⊕Tn)⊥, for any

i ∈ {1, . . . , n − 1}. Hence, by applying (3.15), we deduce that
• the module Tn−1 is a quasi-simple regular brick in T⊥

n ,
• the module Tn−2 is a quasi-simple regular brick in (Tn−1 ⊕ Tn)⊥,
• the module Tj is a quasi-simple regular brick in (Tj+1 ⊕ . . . ⊕ Tn)⊥,

for each j ∈ {2, . . . , n − 3},
• the module T1 is a quasi-simple regular brick in (T2 ⊕ . . . ⊕ Tn)⊥,

and finally
• R is a quasi-simple regular brick in (T1 ⊕ . . .⊕Tn)⊥ = N⊥ = mod C.

Observe also that we have canonical irreducible epimorphisms (see (1.5))

R −→ T1 −→ T2 −→ · · · −→ Tn−1 −→ Tn

which induce the sequence of isomorphisms of vector spaces

HomH(P (0) ⊕ P (ω), R) �−→ HomH(P (0) ⊕ P (ω), T1)
�−→ · · · �−→ HomH(P (0) ⊕ P (ω), Tn).

Therefore, we get a sequence of isomorphisms

HomH(T, R) ∼= rad HomH(T, T1),

HomH(T, T1) ∼= rad HomH(T, T2),
...

...
...

HomH(T, Tn−1) ∼= rad HomH(T, Tn),

and
HomH(T, R) = HomH(P (0) ⊕ P (ω), R) ∼= RC

is the largest C-module among the projective B-modules HomH(T, Ti), with
1 ≤ i ≤ n.
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It follows that the algebra B = EndH(T ) is obtained from the one-point
extension C[R] by identifying the extension vertex of C[R] with the vertex
1 of the equioriented quiver

1 ←− 2 ←− · · · ←− n−1 ←− n,

and without extra relations. Because R is a quasi-simple brick in modC
then, by applying (2.10), we get HomC(R, τ−m

C R) = 0, for all integers m ≥
1, and, consequently, HomC(R, X) = 0, for any successor X of τ−1

C R in
Γ(mod C).

Thus, by (XV.1.7), the full translation subquiver of Γ(modC) formed
by all successors of τ−1

C R remains a full translation subquiver of Γ(modB).
Moreover, we know that all injective B-modules lie in the connecting com-
ponent CT .

Then, similarly as in Example 5.13, we deduce that Γ(modB) contains
a component of the form

PB(n) τ−1
C R[1] τ−2

C R[1]
↗ ↘ ↗ ↘ ↗ ↘

PB(n − 1) • τ−1
C R[2]

↗ ↘ ↗ ↘ ↗ ↘
• •

. . . ↗ ↘ ↗ ↘ . . .
•

↗ . . . ↗ ↘ . . .
PB(2)

↗ ↘ ↗ . . . . . .
PB(1) •

↗ ↘ ↗ ↘ ↗
τ2
BR τBR R = R[1] • •

↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘
• • R[2] •

↗ ↘ ↗ ↘ ↗ ↘ ↗ ↘ . . .
• • R[3]

. . . ↗ ↘ ↗ ↘ ↗ ↘ . . .
• •

. . . ↗ ↘ ↗ ↘ . . .
•

. . . ↗ ↘ . . .

. . . . . .

By (XV.1.7), the postprojective component P(C) of Γ(modC) remains
a complete component in Γ(mod B), because HomC(R, Y ) = 0, for any
postprojective C-module Y .
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Therefore, all indecomposable projective B-modules lie either in the post-
projective component P(C) or in the component described above. We know
also that all indecomposable injective B-modules lie in the preinjective con-
necting component CT . Because X (T ) is finite we also conclude that every
regular component D of Γ(modB) is entirely contained in Y(T ).

Then, by (5.10), for each regular component D of Γ(modB), there exists
a regular component C of Γ(modH) and a quasi-simple module X in C such
that Y = HomH(T, X) belongs to D and ( −→ Y ) is the image of ( −→ X)
via the functor HomH(T, −). In particular, D is of the type ZA∞.

Conversely, for every regular component C of Γ(modH), there exists a
quasi-simple module X in C such that the image of C(−→X) via the functor
HomH(T, −) is a full translation subquiver of a component D of Γ(modB)
which is closed under predecessors. Therefore, there is a bijection between
the components of Γ(mod H) and Γ(modB).

Now we prove that there is also a bijection between the set of regular
components of Γ(mod H) and Γ(modC).

Let Γ be a regular component of Γ(modC). Then there is a quasi-simple
module Z in Γ such that HomH(R, W ) = 0, for any module W in (Z −→ ),
and consequently Γ(Z−→) remains a full translation subquiver of Γ(modB)
under the consecutive one-point extensions creating the projective modules
PB(1), . . . , PB(n). Clearly, Γ(Z−→) is then a full translation subquiver of
a component D of Γ(modB).

Conversely, let D be a regular component of Γ(modB). Because all
injective modules lie in the preinjective component CT , then HomB(U, V ) =
HomB(U, V ), for all B-modules U and V lying outside CT . For each 1 ≤ i ≤
n, there is an isomorphism τ i−n−1

B PB(i) ∼= τ−1
C R[n+1−i]. Then, for a quasi-

simple module Z in D and each i ∈ {1, . . . , n}, we get the isomorphisms

HomB(PB(i), Z)= HomB(PB(i), Z)

= HomB(PB(i), τB(τ−1
B Z))

∼= DExt1B(τ−1
B Z, PB(i))

= DExt1B(τ−1
B Z, τB(τ−1

B PB(i)))
∼= HomB(τ−1

B PB(i), τ−1
B Z) ∼= . . . . . .

∼= HomB(τ i−n−1
B PB(i), τ i−n−1

B Z)
∼= HomB(τ−1

C R[n+1 −i], τ i−n−1
B Z).

Note that, for each i ∈ {1, . . . , n}, the module τ−1
C R[n+1−i] and all modules

lying in D are images of regular H-modules via the functor HomH(T, −).
Hence, we conclude that there is a quasi-simple module Y in D such that
HomB(PB(i), V ) = 0, for any module V in D(Y −→) and any i ∈ {1, . . . , n}.
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Therefore, D(Y −→) is a full translation subquiver of D consisting entirely
of regular C-modules. This shows our claim, and finishes the example.

5.15. Remarks. Assume that A is a hereditary algebra, T a tilting
A-module, and B = EndTA the associated tilted algebra.

(i) The connecting component CT of Γ(mod B) determined by T is
regular (without projective and injective modules) if and only if T
is a regular module, see (VIII.4.2).

(ii) If TA is a regular tilting A-module, then
• the postprojective component P(A) is contained in the torsion-

free part F(T ) of Γ(mod A),
• the preinjective component Q(A) is contained in the torsion part

T (T ) of Γ(mod A), and
• the connecting component CT of Γ(mod B) determined by T is

the glueing of the torsion-free part

Y(T ) ∩ CT = HomA(T, Q(A))

of CT with the torsion part

X (T ) ∩ CT = Ext1A(T, P(A))

of CT via the connecting almost split sequences

0 → HomA(T, I) → HomA(T, I/soc I) ⊕ Ext1A(T, radP ) → Ext1A(T, P ) → 0,

where I = I(a), P = P (a), and a runs over all vertices of QA, see
(VI.5.2).

Now we prove a theorem on the existence of regular tilting modules over
hereditary algebras, due to Baer [35] and [36].

5.16. Proposition. Let A be a wild hereditary algebra and X a regular
stone in mod A. Then there exists a regular tilting A-module T = X ⊕ Y .

Proof. We know that X is a brick (VIII.3.3) and all but finitely many
modules in the τA-orbit of X are sincere (2.3), and clearly all of them are
stones. Moreover, if T = X ⊕ Y is a regular tilting A-module then τm

A T is
a regular tilting A-module, for any m ∈ Z.

Therefore, without loss of generality, we may assume that the modules
τm
A X, m ≥ 1 are sincere. From the Bongartz lemma (VI.2.4) we know

that there exists an exact sequence 0 −→ A −→ E −→ Xd −→ 0, where
d = dimKExt1A(T, A) and X ⊕ E is a tilting A-module. Moreover, by
applying HomA(X, −) to the sequence we derive an exact sequence

0 → HomA(X, A) → HomA(X, E) → HomA(X, Xd) ∂−→ Ext1A(X, A) → 0.
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Because X is a brick then dimKHomA(X, Xd) = d = dimKExt1A(X, A),
and hence ∂ is an isomorphism. Further, HomA(X, A) = 0, because X
is a regular module. Consequently, we get HomA(X, E) = 0, and hence
E ∈ X⊥.

Let Y be the direct sum of a complete set of pairwise non-isomorphic in-
decomposable direct summands of E. Then T = X ⊕Y is a multiplicity-free
tilting A-module and Y ∈ X⊥. Because HomA(Y ′, X) �= 0, for any inde-
composable direct summand Y ′ of Y , we conclude that T has no preinjective
direct summands.

We claim that T has no indecomposable postprojective modules. It is
enough to show that X⊥ has no postprojective direct summands. Let Z
be an indecomposable postprojective A-module. Then Z = τ−rP , for
some indecomposable projective A-module P and some r ≥ 0. By our
assumption, the module τ r+1

A X is sincere. It follows that HomA(Z, τAX) =
HomA(P, τ r+1

A X) �= 0, and hence Ext1A(X, Z) �= 0. This shows that Z �∈ X⊥

and, hence, T = X ⊕ Y is a regular tilting A-module. �

As a consequence of our main results of this chapter we get the following
important fact proved by Ringel [527].

5.17. Theorem. Let Q be a finite connected acyclic quiver and A = KQ.
There exists a regular tilting module in mod A if and only if Q is neither a
Dynkin quiver nor a Euclidean quiver, and Q has at least three vertices.

Proof. The sufficiency follows from (2.19) and (5.16). To prove the
necessity, assume that there exists a regular tilting module in modA. Then
A is representation-infinite and Q is not a Dynkin quiver. Moreover, it
follows from (XVII.3.5) and (XVII.3.6) that Q is not a Euclidean quiver.

It remains to show that Q has at least three vertices. Assume, to the
contrary, that Q is a wild quiver with two vertices, that is, Q has the form

with m ≥ 3 arrows. Then, according to (2.16), every stone in modA is either
postprojective or preinjective. Consequently, the category modA does not
contain regular tilting modules, and we get a contradiction. This finishes
the proof. �

The following example illustrates the procedure of finding regular tilting
modules described in the proof of (5.16).
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5.18. Example. Let A = KQ be the path algebra of the quiver

Q : 1 ◦
α←−−−−−←−−−−−
β

2
◦ γ←−−−−◦ 3.

Let X be the indecomposable A-module of the form

K
(1,0)←−−−−−←−−−−−
(0,1)

K2 ←−−−− 0.

It was shown in (1.10) that X is a quasi-simple regular A-module, and the
component of Γ(modA) containing X was described there. In particular,
it follows that dim τX = [3, 4, 4]t and the module τm

A X is sincere, for any
m ≥ 1.

Note that X is a stone, because it is an injective module over the Kro-
necker algebra H given by the full subquiver of Q consisting of the vertices
1 and 2. Therefore, the procedure described in the proof of (5.16) applies
to X.

Because A = P (1) ⊕ P (2) ⊕ P (3), where

dimP (1) = [1, 0, 0]t, dimP (2) = [2, 1, 0]t and dimP (3) = [2, 1, 1]t,

then the Auslander–Reiten formulae (IV.2.13) yields

dimKExt1A(X, P (1)) = dimKDHomA(P (1), τX) = 3,

dimKExt1A(X, P (2)) = dimKDHomA(P (2), τX) = 4,

dimKExt1A(X, P (3)) = dimKDHomA(P (3), τX) = 4.

The universal exact sequence 0 −→ A −→ E −→ Xd −→ 0, described in
the Bongartz lemma (VI.2.4), is the direct sum of the following three uni-
versal exact sequences

0 −→ P (1) −→ V1 −→ X3 −→ 0,

0 −→ P (2) −→ V2 −→ X4 −→ 0,

0 −→ P (3) −→ V3 −→ X4 −→ 0,

and therefore d = 3 + 4 + 4 = 11. Moreover, we have
• dimV1 = 3 · dimX + dimP (1) = [4, 6, 0]t,
• dimV2 = 4 · dimX + dimP (2) = [6, 9, 0]t,
• dimV3 = 4 · dimX + dimP (3) = [6, 9, 1]t.

By (5.16), the A-modules V1, V2, and V3 are regular and belong to X⊥.
In (1.10), we have exhibited the dimension vectors of the modules in the
postprojective component P(A) of A, and in the preinjective component
Q(A) of A. Hence, we easily deduce that V1 ∼= Z2 and V2 ∼= Z3, where Z is
an indecomposable regular A-module with dimZ = [2, 3, 0]t. It is easy to
see that the module Z is of the form
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K2
[ 1 0 0
0 1 0 ]←−−−−−←−−−−−

[ 0 1 0
0 0 1 ]

K3 ←−−−− 0,

and there is an almost split sequence 0 −→ Z −→ X2 −→ S(2) −→ 0 in
mod H. We describe now the module V3. Note that

qA(x1, x2, x3) = qQ(x1, x2, x3) = x2
1 + x2

2 + x2
3 − 2x1x2 − x2x3.

In view of (III.3.13) and (VII.4.1), we get qA(dimV3) = 1. Because
Ext1A(V3, V3) = 0, we get EndA(V3) ∼= K. It follows that the module V3
is indecomposable. Further, the restriction of V3 to H is isomorphic to
V2 ∼= Z3. Then a simple analysis shows that V3, viewed as a representation
of Q, is of the form

K6 Φ←−−−−−←−−−−−
Ψ

K9 Ω←−−−− K

where Φ, Ψ and Ω are given in the canonical bases by the matrices

Φ =

⎡⎢⎢⎢⎣
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0

⎤⎥⎥⎥⎦ , Ψ =

⎡⎢⎢⎢⎣
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

⎤⎥⎥⎥⎦ , Ω =

⎡⎢⎢⎢⎢⎣
1
0
0
1
1
1
0
0
1

⎤⎥⎥⎥⎥⎦ .

Then it follows from (5.16) that T = X⊕Z⊕V3 is a regular tilting A-module.
Let T1 = Z, T2 = V3 and T3 = X. Then EndA(Ti) ∼= K, for i ∈ {1, 2, 3},

and HomA(Ti, Tj) = 0, for all i, j ∈ {1, 2, 3} such that i > j. Moreover, a
simple analysis shows that

dimKHomA(T1, T2)=3, dimKHomA(T2, T3)=4, and dimKHomA(T1, T3)=2,

and the tilted algebra

B = EndA(T ) = EndA(T1 ⊕ T2 ⊕ T3)

is given by the quiver

bound by the relations
• α1β2 = α1β3 = α4β1 = α4β2 = 0,
• −α2β1 = α2β2 = −α3β2 = −α3β1 = α4β3, and
• α1β1 = −α2β3 = α3β2 = −α3β3.
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We also note that the regular connecting component CT of Γ(modB) deter-
mined by T has a section

HomA(T,IA(3))

↗
HomA(T,IA(2))

↗↗
HomA(T,IA(1))

of type Qop with
• dimHomA(T, IA(1)) = [2, 6, 1]t,
• dimHomA(T, IA(2)) = [3, 9, 2]t,
• dimHomA(T, IA(3)) = [0, 1, 0]t.

Denote by C the path algebra of the full subquiver of QB given by the
vertices 1 and 2, and by D the path algebra of the full subquiver of QB

given by the vertices 2 and 3. Then
• B = C[R], where R = radPB(3), and
• B = [S]C, where S = IB(1)/soc IB(1).

Note that dimPB(3) = [2, 4, 1]t and dim IB(1) = [1, 3, 2]t. Invoking now
the descriptions of the postprojective components and preinjective compo-
nents of enlarged Kronecker algebras given in (1.9), we conclude that R is
a regular C-module and S is a regular D-module.

Together with (XV.1.7) and its dual, this shows that the postprojective
component P(C) of Γ(modC) is also the unique postprojective component
in Γ(modB) and the preinjective component Q(D) of Γ(modD) is also the
unique preinjective component of Γ(modB).

Moreover, we note that, by (5.12), each regular component of Γ(modB)
that is different from CT is of type ZA∞.

Finally, the Auslander–Reiten quiver Γ(modB) of B contains a compo-
nent containing the projective module PB(3) and a component containing
the injective module IB(1). This finishes the example.

We end this section with an example showing that the Auslander–Reiten
quiver Γ(modB) of a tilted algebra B of wild type Q may have both stable
tubes and components of type ZA∞.

5.19. Example. Let B be the algebra given by the quiver
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bound by the four zero relations σγ = 0, ξγ = 0, ηγ = 0, and ργ = 0.
Consider

• the full subquiver
Δ : 1 ◦

α←−−−−−←−−−−−
β

2
◦ γ←−−−−◦ 3,

of Q, and
• the full subquiver Ω of Q given by the vertices 3, 4, 5, 6, and 7,

and consider the three path algebras

A = KQ, H = KΔ, and Λ = KΩ.

Obviously, there are fully faithful exact embeddings

mod H ↪→ mod B ←↩ mod Λ

induced by the algebra surjections H←−−−−B −−−−→Λ. The strong zero re-
lations defining the algebra B force that every indecomposable B-module
belongs to the subcategory modH of modB, or to the subcategory mod Λ of
mod B. The simple B-module S(3) = e3B at the vertex 3 is a unique inde-
composable B-module that belongs to the intersection (modH) ∩ (mod Λ).

Then the Auslander–Reiten quiver Γ(modB) of B has a disjoint union
decomposition

Γ(mod B) = P(H) ∪ R(H) ∪ C ∪ R(Λ) ∪ Q(Λ),

where
• P(H) is the postprojective component of Γ(modH),
• R(H) is the regular part of Γ(modH) consisting of components of

type ZA∞,
• R(Λ) is a P1(K)-family TT Λ = {T Λ

λ }λ∈P1(K) of pairwise orthogonal
standard stable tubes of the tubular type rΛ = r̂Λ = (2, 2, 2),

• Q(Λ) is the preinjective component of Γ(mod Λ), and
• C is an acyclic component of Γ(mod B) obtained from the preinjec-

tive component Q(H) of Γ(modH) and the postprojective compo-
nent P(Λ) of Γ(mod Λ) by glueing at the simple B-module S(3) as
follows
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see also (1.10) and (XIII.3.6) for a classification of indecomposable modules
in this component.

Then C admits a unique section Σ ∼= Qop of the form

with the property HomA(U, τAV ) = 0, for each pair of modules U and V
lying on Σ. Note also that the section Σ is faithful, because the module
I(1) ⊕ I(2) ⊕ S(3) = D(H) is a faithful H-module and the module S(3) ⊕
P (4) ⊕ P (5) ⊕ P (6) ⊕ P (7) = ΛΛ is a faithful Λ-module.

Hence, by applying (VIII.5.6), we conclude that B is a tilted algebra
of the wild type Q ∼= Σop, because there are isomorphisms of algebras
B ∼= EndT ∗

A and EndTB
∼= A = KQ, where T ∗

A = D(AT ) and T is the
direct sum of all modules lying on the section Σ.

XVIII.6. Exercises

1. Let A be the path algebra KQ of a connected acyclic quiver Q with
n points. Let qQ : Zn −−−−→ Z be the quadratic form of Q. Show that the
algebra A is representation-wild if and only if there exists a non-zero vector
y ∈ Zn such that qQ(y) < 0.

2. Let A = KQ be the path algebra of the quiver

Find a tilting A-module TA such that the tilted algebra B = EndTA is given
by the same quiver Q and bound by the six zero relations γα = 0, γβ = 0,
σα = 0, σβ = 0, δα = 0 and δβ = 0, see (5.7).

3. Let A = KQ be the path algebra of the quiver

Q : 1 ◦
α←−−−−−←−−−−−
β

2
◦

γ←−−−−−←−−−−−σ
◦ 3.

Find a tilting A-module TA such that the tilted algebra B = EndTA is
given by the same quiver Q and bound by the four zero relations γα = 0,
γβ = 0, σα = 0, σβ = 0, see (5.8).
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4. Prove that the algebra C given by the quiver

bound by the relation α2α1 +β2β1 + γ2γ1 +σ2σ1 = 0 is a concealed algebra
of the wild type Δ, where

Show that every basic concealed algebra of type Δ is isomorphic either to
C or to the path algebra KQ of a quiver such that the underlying graphs
Q and Δ coincide.

5. Prove that the algebra B given by the quiver

bound by the commutativity relation σγ = βα is a concealed algebra of the
wild type

Δ(˜̃E6) :

◦
↓
◦
↓

◦−→◦−→◦←−◦←−◦←−◦.
6. Prove that the algebra B given by the quiver

bound by the zero relation αβγ = 0 is a concealed algebra of the wild type



XVIII.6. Exercises 307

Δ(˜̃E7) :
◦
↓

◦−→◦−→◦−→◦←−◦←−◦←−◦←−◦.

7. Prove that the algebra B given by the quiver

bound by the relations αβ = γσ and ξα = 0 is a concealed algebra of the
wild type

Δ(˜̃E8) :
◦
↓

◦−→◦−→◦←−◦←−◦←−◦←−◦←−◦←−◦.

8. Prove that the algebra B given by the quiver

and bound by the commutativity relation βα = σγ is a concealed algebra
of the wild type

9. Prove that the algebra given by the quiver

bound by the relation α6α5α4α3α2α1 + β2β1 + γ2γ1 = 0 is a concealed
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algebra of the wild type

Δ( ˜̃D8) :
◦ ◦↖ ↙◦←−◦←−◦←−◦←−◦↙ ↖◦ ◦←−◦

10. Let B be the algebra given by the quiver
10 11◦ ◦

ξ↘ ↗η

9 ◦ 13 ◦�⏐⏐⏐⏐σ θ

⏐⏐⏐⏐�
8 ◦ 12 ◦

1 5◦
⏐⏐⏐⏐�γ δ

⏐⏐⏐⏐� ◦
β ↖ ↙ϕ

◦ ω←−−−−−−−− ◦ ◦ 7
α ↙ 3 4 ↖ν ↙ρ

◦ ◦
2 6

bound by the relations γβ = 0, γα = 0, ξη = 0, and δω = 0.
(i) Prove that there exists a tilting module TA over the path algebra A

of the wild quiver

Δ( ˜̃D11) :
◦ ◦↖ ↙◦←−◦←−◦←−◦←−◦←−◦←−◦←−◦
↙ ↖◦ ◦←−◦.

(ii) Describe the shape of the component C of Γ(modB) containing the
simple B-module S(3) at the vertex 3.

Hint: Consult (5.14) and Examples (XV.4.8) and (XVII.2.5).

11. Let A = KΔ be the path algebra of the wild quiver

of type ˜̃
D4 and let X be the indecomposable A-module of the form

(a) Prove that X is a quasi-simple regular stone in modA.
(b) Find a regular tilting module of the form TA = X ⊕ Y .

Hint: Consult (XIII.3) and apply the procedure described in the
proof of (5.16).



Chapter XIX

Tame and wild representation
type of algebras

Throughout, we let Q be a connected and acyclic quiver Q with n vertices,
that is, n = |Q0|. We assume that K is an algebraically closed field and we
denote by KQ the (hereditary) path K-algebra of Q.

We have seen in Chapters VII and XIII that, for any hereditary algebra
KQ such that the underlying graph Q of Q is Dynkin or Euclidean, there ex-
ists an explicit description of the isomorphism classes of the indecomposable
A-modules and a description of the components of the Auslander–Reiten
quiver Γ(modKQ) of KQ. On the other hand, we have seen in Chapter
XVIII that, for any connected hereditary algebra KQ such that Q is acyclic
and the underlying graph Q of Q contains a Euclidean graph as proper sub-
graph, then the module category mod KQ is very complicated and if we
are able to classify the indecomposable modules in modKQ then, for any
finite dimensional algebra B, we are also able to classify the indecomposable
modules in modB. Such a behaviour of the module category modKQ is
called wild.

In the present chapter, following Drozd [201] and [202], we split all finite
dimensional K-algebras A over an algebraically closed field K in two classes:
those having tame representation type and those having wild representation
type. Precise definitions of tameness and wildness are given below.

Intuitively, the tameness of A means that there is a classification of the
isomorphism classes of the indecomposable modules in mod A in the sense
that, for each integer d ≥ 1, the indecomposable modules in modA of di-
mension d form at most finitely many one-parameter families. The wildness
of A means that the category mod A has a wild behaviour mentioned above.
Moreover, any algebra of finite representation type is of tame representation
type.

We prove that concealed algebras of Euclidean type are of tame
representation type and, in particular, that any hereditary algebra KQ such

309
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that the underlying graph Q of Q is Dynkin or Euclidean, is of tame repre-
sentation type. The converse implication is proved by applying the tame-
wild dichotomy of Drozd, see Theorem (3.4). It follows that if Q is a finite
connected and acyclic quiver such that the path algebra A = KQ is of
tame representation type then A is not wild and hence we conclude that
the underlying graph Q of Q is Dynkin or Euclidean. We also present a
characterisation of the group algebras KG of finite groups G that are of
tame representation type.

Although we are dealing in this book with finite dimensional K-algebras,
in the context of the wild representation type and of the tame representation
type we use also infinite dimensional K-algebras and, in particular, the
infinite dimensional free associative K-algebra K〈t1, . . . , tn〉 of polynomials
of the non-commuting indeterminates t1, . . . , tn, where n ≥ 1.

Throughout, given an arbitrary (not necessarily finite dimensional) K-
algebra Λ, we denote by mod Λ the category of finitely generated right
Λ-modules, and by fin Λ the full exact subcategory of mod Λ whose objects
are the finite dimensional modules.

XIX.1. Wild representation type

Throughout this section, we let A be a finite dimensional K-algebra.

1.1. Definition. Let Λ and Λ′ be arbitrary (not necessarily finite di-
mensional) K-algebras and assume that A ⊆ Mod Λ and A′ ⊆ Mod Λ′ are
additive full exact subcategories of Mod Λ and Mod Λ′, respectively, that
are closed under direct summands. Let T : A −→ A′ be a K-linear functor.

(a) The functor T respects the isomorphism classes if, for each
pair of modules X and Y in A, the existence of an isomorphism
T (X) ∼= T (Y ) in A′ implies the existence of an isomorphism X ∼= Y
in A.

(b) The functor T is defined to be a representation embedding if T is
exact, respects the isomorphism classes, and carries indecomposable
modules to indecomposable ones.

(c) A functor T : A −→ A′ is defined to be a representation equiva-
lence if T is full, dense, and respects the isomorphisms, that is,
a homomorphism f : X −→ Y in A is an isomorphism if and only
if the induced homomorphism F (f) : F (X) −→ F (Y ) in A′ is an
isomorphism.

It is easy to prove that a representation equivalence respects the isomor-
phism classes and carries indecomposable modules to indecomposable ones.
The following simple observation is also of importance.
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1.2. Lemma. Let Λ, Λ′ be arbitrary (not necessarily finite dimensional)
K-algebras and assume that A is an additive full exact subcategory of Mod Λ
that is closed under direct summands. Let T : A −−−−→ Mod Λ′ be a
K-linear functor. If T is full, faithful, and exact then T is a representation
embedding.

Proof. Assume that the functor T is full, faithful and exact. It follows
that, for each module X in A, the K-linear map End X −→ End T (X) de-
fined by the formula ϕ 
→ T (ϕ) is a K-algebra isomorphism. Hence, if X
is an indecomposable module, then the algebra End X has no non-trivial
idempotents. Therefore, also the algebra End T (X) has no non-trivial idem-
potents and, hence, the module T (X) is indecomposable. This shows that
the functor T carries indecomposable modules to indecomposable ones.

It remains to prove that T respects the isomorphism classes. For this
purpose, assume that X, Y are modules in A and f : T (X) −→ T (Y ) is
an isomorphism of Λ′-modules. Because the functor T is full then there
exist ϕ ∈ HomΛ(X, Y ) and ψ ∈ HomΛ(Y, X) such that f = T (ϕ) and
f−1 = T (ψ). It follows that

T (ϕψ) = T (ϕ)T (ψ) = ff−1 = 1T (Y ) = T (1Y ),
T (ψϕ) = T (ψ)T (ϕ) = f−1f = 1T (X) = T (1X).

Because T is faithful then the equalities yield ϕψ = 1Y and ψϕ = 1X .
Consequently, ϕ is an isomorphism. This finishes the proof. �

Note that if A and B are finite dimensional K-algebras such that there
exists a representation embedding functor T : mod B −−−−→ mod A then T
induces an injection from the set of the isomorphism classes of the inde-
composable modules in mod B to the set of the isomorphism classes of the
indecomposable modules in modA, and T reduces the classification of the
indecomposable modules in modB to the classification of some indecom-
posable modules in modA. �

1.3. Definition. Let A be a finite dimensional K-algebra.

(a) A is of wild representation type (or representation-wild; shor-
tly wild) if, for each finite dimensional K-algebra B, there exists a
representation embedding functor T : mod B −−−−→ mod A. In this
case we also say that the category mod A is of wild representation
type.

(b) If, for each finite dimensional K-algebra B, there exists a fully faith-
ful exact K-linear functor T : mod B −−−−→ mod A then the alge-
bra A is called of strictly wild representation type (or strictly
representation-wild; shortly strictly wild) and the category
mod A is called of strictly wild representation type; shortly
strictly wild.
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It is clear that any algebra of strictly wild representation type is of wild
representation type. It follows from the definition that the classification of
the indecomposable modules in mod A, where A is a representation-wild
algebra, is very complicated and, for each finite dimensional algebra B, it
contains the classification of the indecomposable modules in modB.

The next lemma shows that the preceding definitions are right-left sym-
metric.

1.4. Lemma. Let A be a finite dimensional K-algebra. If A is of wild
representation type (or of strictly wild representation type) then the algebra
Aop opposite to A is also of wild representation type (or of strictly wild
representation type, respectively).

Proof. Assume that A is of wild representation type. Then, for each
finite dimensional K-algebra B, there exists a representation embedding
functor T : mod Bop −−−−→ mod A. It follows that the composite functor

mod B
D−−−−→∼=

mod Bop T−−−−→ mod A
D−−−−→∼=

mod Aop

is a representation embedding, where D is the standard duality. This shows
that the algebra Aop opposite to A is also of wild representation type. The
remaining statement follows in a similar way. �

The results below show that, for any finite dimensional representation-
wild algebra A, the classification of the indecomposable modules in mod A is
much more complicated than can be expected directly from the definition,
because we show that, for each algebra quotient Λ (not necessarily finite
dimensional) of the free asscociative algebra K〈t1, . . . , tn〉, with n ≥ 1,
the classification of the indecomposable modules in mod A contains the
classification of the indecomposable modules in the category fin Λ of finite
dimensional right Λ-modules. In particular it contains the classification of
the indecomposable modules in finK[t1, . . . , tn] and in finK〈t1, . . . , tn〉 for
any n ≥ 1.

The following lemma due to S. Eilenberg [210] and C.E. Watts [672] shows
that the representation embedding functors between module categories that
commute with arbitrary direct sums can be viewed as a tensoring by a
bimodule. We recall that an additive functor T : ModA −−−−→ ModB
commutes with arbitrary direct sums if, for each family {Mj}j∈J of right A-
modules Mj , with the direct summand embeddings uj : Mj −→

⊕
j∈J Mj ,

the sections T (uj) : T (Mj) −−−−−−→ T (
⊕

j∈J Mj), with j ∈ J , induce the
isomorphism of B-modules(

T (uj)
)
j∈J

:
⊕
j∈J

T (Mj)
�−−−−−−→ T (

⊕
j∈J

Mj).
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The following lemma shows that the class of strictly wild algebras coin-
cides with the class of fully wild algebras in the sense of [591], see also [6],
[327], [577], and [593].

1.5. Lemma. Assume that R and Λ are arbitrary (not necessarily
finite dimensional) K-algebras.

(a) If T : Mod Λ−→ModR is a right exact additive functor that com-
mutes with arbitrary direct sums then there exists a functorial iso-
morphism − ⊗Λ MR

∼= T , where ΛMR = T (Λ) is viewed as a Λ-R-
bimodule in a natural way.

(b) If Λ is a right noetherian K-algebra and T : mod Λ −→ mod R is
a right exact additive functor then there exists a functorial isomor-
phism − ⊗Λ MR

∼= T , where ΛMR = T (Λ) is viewed as a Λ-R-
bimodule in a natural way.

(c) If T is a functor as in (a) or in (b), and the left Λ-module ΛM =
T (Λ) is free then T is a faithful functor.

Proof. (a) First we note that the right R-module T (Λ) has a natural
left Λ-module structure defined by the formula λ · y = T (λ̂)(y), for any
λ ∈ Λ and any y ∈ T (Λ), where λ̂ : ΛΛ −→ ΛΛ is the homomorphism of
right Λ-modules defined by the formula λ̂(x) = λ · x, for any x ∈ Λ. It is
easy to check that we have defined a Λ-R-bimodule structure on the vector
space ΛMR = T (Λ).

Now, for each module X in Mod Λ, we define a homomorphism

ΦX : X ⊗Λ MR −−−−→ T (X)

of right R-modules as follows. Given u ∈ X, we denote by û : Λ −→ X the
unique Λ-homomorphism such that û(1) = u. For any m ∈ T (Λ), we set
ΦX(u ⊗ m) = T (û)(m). It is clear that ΦX is functorial at X. Let

F1
h1−→ F0

h0−→ X −→ 0

be an exact sequence in mod Λ, where F0 and F1 are free Λ-modules. We
derive the commutative diagram

F1 ⊗Λ T (Λ) h1⊗id−−−−→ F0 ⊗Λ T (Λ) h0⊗id−−−−→ X ⊗Λ T (Λ) −−−−→ 0

ΦF1

⏐⏐� ΦF0

⏐⏐� ΦX

⏐⏐�
T (F1)

T (h1)−−−−→ T (F0)
T (h0)−−−−→ T (X) −−−−→ 0

and, by our hypothesis, the rows are exact. Because T commutes with
arbitrary direct sums then the functorial homomorphisms ΦF1 and ΦF0 are
isomorphisms. Hence ΦX is an isomorphism too. It is easy to see that the
family Φ = {ΦX}X defines an isomorphism of functors − ⊗Λ MR

∼= T and
(a) follows.
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(b) The arguments given in the proof of (a) apply. Note only that, given a
module X in mod Λ, the free modules F0 and F1 in a free presentation of X
can be chosen to be finitely generated. Moreover, because T is assumed to
be additive then T commutes with finite direct sums. Hence we conclude,
as in (a), that the family Φ = {ΦX}X defines a functorial isomorphism
− ⊗Λ MR

∼= T and (b) follows.
(c) By (a) (or (b), respectively), there is a functorial isomorphism

− ⊗Λ MR
∼= T . Because the left Λ-module T (Λ) is free then the right

R-module T (X) ∼= X ⊗Λ T (Λ) is a direct sum of rankΛT (Λ) copies of X,
for any non-zero Λ-module X. Hence (c) easily follows and the proof is
complete. �

1.6. Corollary. Let A be a finite dimensional K-algebra.
(a) The algebra A is representation-wild if and only if, for any finite di-

mensional K-algebra B, there exists a B-A-bimodule BMA such that
the left B-module BM is finitely generated projective and the induced
functor − ⊗B MA : mod B −−−−→ mod A respects the isomorphism
classes and carries indecomposable modules to indecomposable ones.

(b) The algebra A is strictly representation-wild if and only if, for any
finite dimensional K-algebra B, there exists a B-A-bimodule BMA

such that the left B-module BM is finitely generated projective and
the induced functor − ⊗B MA : mod B −−−−→ mod A full, faithful
and exact.

Proof. (a) Because the sufficiency is obvious, we prove the necessity.
Assume that, for any finite dimensional K-algebra B, there exists a repre-
sentation embedding K-linear functor

T : mod B −−−−−−→ mod A.

By (1.5), there exists a finite dimensional B-A-bimodule BMA and an iso-
morphism of functors − ⊗B MA

∼= T . Because T is exact, then the functor
−⊗B MA is exact and, hence, the left B-module BM is flat in the sense that
TorB

1 (−, BM) = 0. Because B is a finite dimensional K-algebra then B is
a perfect ring and, according to the well-known result of H. Bass (see [2,
28.4] and [102, Exercise I.15]) the left B-module BM is finitely generated
and projective. This finishes the proof of (a). The proof of (b) is similar
and we leave it to the reader. �

The following theorem shows that the category finK〈t1, t2〉 of finite di-
mensional right modules over the infinite dimensional algebra K〈t1, t2〉 is
strictly representation-wild. To formulate it, we recall that an arbitrary
(not necessarily finite dimensional) K-algebra Λ is finitely generated as
an algebra if there exist an integer m ≥ 1 and a K-algebra surjection

ϕ : K〈t1, . . . , tm〉 −−−−→ A
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or, equivalently, if there exist elements a1, . . . , an ∈ A (called K-algebra
generators of A) such that any element of A is a K-linear combination of fi-
nite products of the elements of the form as1

1 , as2
2 , . . . , asm

m , where
s1 ≥ 0, s2 ≥ 0, . . . , sm ≥ 0 are integers.

A correspondence between the K-algebra surjections ϕ and the sets of
K-algebra generators a1, . . . , an of A is given by the formula

ϕ(t1) = a1, . . . , ϕ(tn) = an.

1.7. Theorem. Let Λ be an arbitrary K-algebra which is finitely gen-
erated as an algebra over K. Then there exists a Λ-K〈t1, t2〉-bimodule
ΛMK〈t1,t2〉 such that

(a) the left Λ-module ΛM is finitely generated and free,
(b) the induced functor

(−) ⊗Λ M : Mod Λ−−−−−−→ ModK〈t1, t2〉

is full, faithful, exact and restricts to the full and faithful represen-
tation embedding

(−) ⊗Λ M : fin Λ−−−−−−→ finK〈t1, t2〉.

Proof. Let L(2) be the two loop quiver

We know from (II.1.3) that the path algebra KL(2) is isomorphic to the free
associative algebra K〈t1, t2〉 of polynomials in two non-commuting indeter-
minates t1 and t2. The isomorphism KL(2) ∼= K〈t1, t2〉 is defined by setting
ε1 
→ 1, α1 
→ t1, α2 
→ t2.

We recall that the category RepK(L(2)) of all K-linear representations of
the quiver L(2) consists of the triples

X = (X; ϕα1 , ϕα2 : X −−−−−−→ X),

where X is a K-vector space and ϕα1 , ϕα2 are K-linear endomorphisms.
Let

F : ModK〈t1, t2〉 −−−−→ RepK(L(2))

be the functor that associates to each module X in modK〈t1, t2〉 the rep-
resentation F (X) = (X; ϕα1 , ϕα2 : X −→ X) of L(2), where ϕα1(x) = x · t1
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and ϕα2(x) = x · t2, for any x ∈ X. Moreover, F associates to each homo-
morphism f : X −→Y of K〈t1, t2〉-modules the underlying K-linear map
F (f) = f : X −→ Y .

It follows from (III.1.6) that F is a K-linear equivalence of categories and
restricts to the equivalence

F ′ : finK〈t1, t2〉
�−−−−→ repK(L(2)).

Throughout, we identify ModK〈t1, t2〉 with the category RepK(L(2)) along
the functor F .

To prove the theorem, we assume that Λ is a finitely generated K-algebra
and we define a K-linear fully faithful embedding functor

G : Mod Λ−−−−−−→ RepK(L(2)) ∼= ModK〈t1, t2〉
by applying the arguments used in the proof of (XVIII.4.1) as follows. We
fix a set {a1, . . . , an} of K-algebra generators of Λ. Given a module X in
Mod Λ, we put

G(X) = (Xn+2; ϕX
α1

, ϕX
α2

: Xn+2 −→Xn+2),

where Xn+2 is the direct sum of n + 2 copies of X and the K-linear endo-
morphisms ϕX

α1
, ϕX

α2
of Xn+2 are defined by the matrices

A1 =

⎡⎢⎢⎣
0 1 0 ··· 0 0
0 0 1 ··· 0 0...

...
. . .

...
...

0 0 0 ··· 1 0
0 0 0 ··· 0 1
0 0 0 ··· 0 0

⎤⎥⎥⎦ and A2 =

⎡⎢⎢⎢⎣
0 0 ··· 0 0 0
1 0 ··· 0 0 0
â1 1 ··· 0 0 0
0 â2 ··· 0 0 0...

...
. . .

...
...

...
0 0 ··· ân 1 0

⎤⎥⎥⎥⎦ ,

where â1, . . . , ân : X −→ X are K-linear endomorphisms defined by the
formula âj(x) = x · aj , for x ∈ X and j = 1, . . . , n. This means that
the K-linear endomorphisms ϕX

α1
, ϕX

α2
: Xn+2 −→ Xn+2 are defined by the

formulae

ϕX
α1

(x) = (x2, . . . , xn+1, xn+2, 0) = (A1 · xt)t,

ϕX
α2

(x) = (0, x1, x1 · a1 + x2, x2 · a2 + x3, . . . , xn · an + xn+1) = (A2 · xt)t,

where x = (x1, . . . , xn+2) ∈ Xn+2 and x1, . . . , xn+2 ∈ X.
Given a homomorphism f : X −→ Y of Λ-modules, we define the K-linear

map G(f) : Xn+2 −−−−→ Y n+2 by the formula

G(f)(x1, . . . , xn+2) = (f(x1), . . . , f(xn+2)),

for x1, . . . , xn+2 ∈ X.
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It is easy to check, using the formulae above, that G(f) is a morphism
of quiver representations, that is, the following equalities hold

G(f) ◦ ϕX
α1

= ϕY
α1

◦ G(f) and G(f) ◦ ϕX
α2

= ϕY
α2

◦ G(f).

It follows immediately from the definition that the functor G is exact
and faithful. To show that the functor G is full, we take a homomorphism
h : G(X) −→ G(Y ) of right K〈t1, t2〉-modules. Then h can be viewed as a
K-linear map Xn+2 −→Y n+2 such that

h ◦ ϕX
α1

= ϕY
α1

◦ h and h ◦ ϕX
α2

= ϕY
α2

◦ h.

Assume that h is given by an (n + 2) × (n + 2)-matrix

h̃ =

⎡⎣ h11 ... h1 n+2

...
. . .

...
hn+2 1 ... hn+2 n+2

⎤⎦ ,

where hij : X −→Y is a K-linear map. Then h(x) = (h̃ · xt)t, for any
x ∈ Xn+2, and the equalities h ◦ ϕX

α1
= ϕY

α1
◦ h and h ◦ ϕX

α2
= ϕY

α2
◦ h are

equivalent to the matrix equalities

A1 · h̃ = h̃ · A1 and A2 · h̃ = h̃ · A2.

Because

h̃ · A1 =

⎡⎣ 0 h11 ... h1 n+1

...
...

. . .
...

0 hn+2 1 ... hn+2 n+1

⎤⎦ and A1 · h̃ =

⎡⎢⎣
h21 h22 ... h2 n+2

...
...

. . .
...

hn+2 1 hn+2 2 ... hn+2 n+2

0 0 ... 0

⎤⎥⎦
then the equality h̃ · A1 = A1 · h̃ yields

• hij = 0, for all i > j,
• h11 = · · · = hn+2 n+2, h12 = h23 = · · · = hn+1 n+2, and
• h1 j = h2 j+1 = · · · = hn−j+3 n+2, for any j ≤ n + 1.

It follows that the matrix h̃ is of the form

h̃ =

⎡⎢⎢⎢⎢⎣
h11 h12 h13 ··· h1 n+1 h1 n+2

0 h11 h12

. . . h1 n h1 n+1...
...

. . . . . . . . .
...

0 0 0
. . . h12 h13

0 0 0 ··· h11 h12

0 0 0 ··· 0 h11

⎤⎥⎥⎥⎥⎦ .

On the other hand, we have
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A2 · h̃ =

⎡⎢⎢⎣
0 0 ... 0

h11 h12 ... h1 n+2

â1h11+h21 â1h12+h22 ... â1h1 n+2+h2 n+2

...
...

. . .
...

ânhn1+hn+1 1 ânhn2+hn+1 2 ... ânhn n+2+hn+1 n+2

⎤⎥⎥⎦ , and

h̃ · A2 =

⎡⎢⎣
h12+h13â1 h13+h14â2 ... h1 n+1+h1 n+2ân h1 n+2 0
h22+h23â1 h23+h24â2 ... h2 n+1+h2 n+2ân h2 n+2 0

...
...

. . .
...

...
hn+2 2+hn+2 3â1 hn+2 3+hn+2 4â2 ... hn+2 n+1+hn+2 n+2ân hn+2 n+2 0

⎤⎥⎦ .

Then the equality h̃ · A2 = A2 · h̃ yields
• h12 = h13 = · · · = h1 n+2 = 0, and
• âjh11 = h11âj , for j = 1, . . . , n.

It follows that h11(x · λ) = (h11(x)) · λ, for all x ∈ X and λ ∈ Λ, because
the elements a1, . . . , an generate the algebra Λ. Consequently, h11 is a
Λ-homomorphism and h̃ has the diagonal form

h̃ =

⎡⎣ h11 0 ··· 0
0 h11 ··· 0...

...
. . .

...
0 0 ··· h11

⎤⎦ .

This shows that h = G(h11) and that the functor G is full, as we required.
Because the functor G is faithful and it is easy to check that G commutes
with arbitrary direct sums then the composition

G′ : Mod Λ−−−−−−→ ModK〈t1, t2〉

of the functor G : Mod Λ −−−−−−→ RepK(L(2)) with the equivalence
RepK(L(2)) −→ ModK〈t1, t2〉 is full, faithful, and exact. Hence, according
to (1.2), the restriction

G′′ : fin Λ−−−−−−→ finK〈t1, t2〉

of G′ to fin Λ is a fully faithful representation embedding functor. It follows
from (1.5) that there is a functorial isomorphism

G′ ∼= − ⊗Λ M,

where

ΛMK〈t1,t2〉 = G(Λ) = (Λn+2; ϕΛ
α1

, ϕΛ
α2

: Λn+2 −→ Λn+2)

is viewed as a Λ-K〈t1, t2〉-bimodule in a natural way. Because the left Λ-
module ΛM is finitely generated free of rank n + 2, then the theorem is
proved. �
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1.8. Corollary. The category finK〈t1, t2〉 of finite dimensional right
K〈t1, t2〉-modules is strictly representation-wild.

Proof. Apply (1.7) and the definition of strictly wild representation
type. �

1.9. Corollary. Let B =
[

K 0
K3 K

]
be the enlarged Kronecker K-algebra

of dimension 5.
(a) There exists a K〈t1, t2〉-B-bimodule K〈t1,t2〉NB such that

(i) the left K〈t1, t2〉-module K〈t1,t2〉N is finitely generated free,
(ii) the induced functor

− ⊗K〈t1,t2〉 NB : ModK〈t1, t2〉 −−−−→ ModB

is full, faithful, exact and restricts to the full and faithful represen-
tation embedding

− ⊗K〈t1,t2〉 NB : finK〈t1, t2〉 −−−−−−→ mod B.

(b) The algebra B is strictly representation-wild.

Proof. (a) First we note that there is a K-algebra isomorphism B ∼=
KK3, where K3 is the enlarged Kronecker quiver

It follows from (III.1.6) that there is a K-linear equivalence of categories
RepK(K3) ∼= ModB, that restricts to the equivalence repK(K3) ∼= mod B.
On the other hand, we have observed in the proof of (1.7) that there ex-
ists a K-linear equivalence of categories Mod K〈t1, t2〉 −→ RepK(L(2)), that
restricts to the equivalence of categories fin K〈t1, t2〉 −→ repK(L(2)), where
L(2) is the two loop quiver

Then, to prove (a), we construct a K-linear functor

R : RepK(L(2)) −→ RepK(K3)
as follows. Let

X = (X; ϕα1 , ϕα2 : X −−−−−−→ X)
be an object in RepK(L(2)), where X is a K-vector space and ϕα1 , ϕα2 are
K-linear endomorphisms. We set
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R(X) = (X1, X2; ϕβ1 , ϕβ2 , ϕβ3),

where X1 = X, X2 = X, ϕβ1 = ϕα1 , ϕβ2 = ϕα2 , and ϕβ3 = 1X .
If f : X −→ Y is a morphism in RepK(L(2)), we set R(f) = (f1, f2),

where f1 = f and f2 = f .
It is clear that R is an exact K-linear functor. A simple calculation shows

that R is full, faithful and commutes with arbitrary direct sums.
We denote by R′ the composite functor

ModK〈t1, t2〉
�−−−−−−→ RepK(L(2)) R−−−−−−→ RepK(K3)

�−−−−−−→ ModB.

It follows that R′ is a full, faithful, K-linear functor and it commutes with
arbitrary direct sums. Hence, by (1.5), there exists a functorial isomorphism
− ⊗K〈t1,t2〉 NB

∼= R′, where

K〈t1,t2〉N = R′(K〈t1, t2〉) = K〈t1, t2〉 ⊕ K〈t1, t2〉

is viewed as a K〈t1, t2〉-B-bimodule, with the right B-module structure
given by the formula

(f, g) ·
[

x′ 0
x1β1 + x2β2 + x3β3 x′′

]
=
(
fx′ + g(x1t1 + x2t2 + x3), gx′′),

for f, g ∈ K〈t1, t2〉 and x′, x′′, x1, x2, x3 ∈ K. This means that the right
B-module NB , viewed as a representation of K3, has the form

NB = (K〈t1, t2〉, K〈t1, t2〉, ϕβ1 , ϕβ2 , ϕβ3),

where ϕβ1 , ϕβ2 : K〈t1, t2〉 −→K〈t1, t2〉 are the K-linear maps defined by
formulae ϕβ1(f) = f · t1, ϕβ2(f) = f · t2, and ϕβ3 : K〈t1, t2〉−→K〈t1, t2〉 is
the identity map. The left K〈t1, t2〉-module structure on NA is the obvious
one. This finishes the proof of (a).

(b) By (ii) of the statement (a), there is a full, faithful, exact and K-
linear functor finK〈t1, t2〉 −−−−−−→ mod B. On the other hand, it follows
from (1.8) that the category finK〈t1, t2〉 is of strictly wild representation
type, that is, for any finite dimensional K-algebra A, there is a full, faithful,
exact and K-linear functor modA −−−−→ finK〈t1, t2〉. Consequently, for
any finite dimensional K-algebra A, there is a full, faithful, exact and K-
linear functor modA −→ mod B. This shows that the algebra B is strictly
representation-wild. �

Following [577], we prove the following useful result.
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1.10. Proposition. Let A be a finite dimensional K-algebra.
(a) There exists a representation embedding functor

finK〈t1, t2〉 −−−−→ mod A

if and only if there exists a K〈t1, t2〉-A-bimodule K〈t1,t2〉MA such
that the left K〈t1, t2〉-module K〈t1,t2〉M is finitely generated free and
the functor

− ⊗K〈t1,t2〉MA : finK〈t1, t2〉 −−−−−−→ mod A

respects isomorphism classes and carries indecomposable modules to
indecomposable ones.

(b) There exists a full, faithful, and exact functor
finK〈t1, t2〉−−−−→mod A,

that is K-linear, if and only if there exists a K〈t1, t2〉-A-bimodule
K〈t1,t2〉MA such that the left K〈t1, t2〉-module K〈t1,t2〉M is finitely
generated free and the functor

− ⊗K〈t1,t2〉 MA : finK〈t1, t2〉 −−−−−−→ mod A

is full.

Proof. (a) The sufficiency is obvious, because we know from (1.5) that
the functor −⊗K〈t1,t2〉 MA : finK〈t1, t2〉 −−−−−−→ mod A is exact and faith-
ful if the left K〈t1, t2〉-module M is free.

To prove the necessity, we assume that there exists a representation em-
bedding functor finK〈t1, t2〉 −−−−→ mod A. Let

B =
[

K 0
K3 K

]
be the enlarged Kronecker K-algebra of dimension 5. It follows from (1.2)
and (1.7) that there exists a representation embedding functor
mod B −→ finK〈t1, t2〉, and, hence, there exists a representation embedding
functor T : mod B −→ mod A.

By (1.6), there exists an B-A-bimodule BLA and an isomorphism of
functors − ⊗B LA

∼= T such that the left B-module BL is finitely gen-
erated projective and the functor − ⊗B LA : mod B −→ mod A is a repre-
sentation embedding. Further, by (1.9), there exists a K〈t1, t2〉-B-bimodule
K〈t1,t2〉NB such that the left K〈t1, t2〉-module K〈t1,t2〉N is finitely generated
free and the induced functor

− ⊗K〈t1,t2〉NB : finK〈t1, t2〉 −−−−−−→ mod B

is full. Consider the K〈t1, t2〉-A-bimodule K〈t1,t2〉MA = K〈t1,t2〉N ⊗ BLA.
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Because the left B-module BL is finitely generated projective and the
left K〈t1, t2〉-module K〈t1,t2〉N is finitely generated free then the left
K〈t1, t2〉-module K〈t1,t2〉M is finitely generated projective. It follows that
the K〈t1, t2〉-module K〈t1,t2〉M is a finitely generated free module, because,
by a well-known result of P. M. Cohn, every submodule of a free left
K〈t1, t2〉-module is a free module (see [146]). This finishes the proof of (a),
because the functor − ⊗K〈t1,t2〉 MA : finK〈t1, t2〉 −−−−→ mod A is a com-
position of two representation embedding functors and therefore respects
isomorphism classes and carries indecomposable modules to indecompos-
able ones. The proof of (b) is similar. �

Now we present a characterisation of representation-wild algebras.

1.11. Theorem. Let A be a finite dimensional K-algebra. The following
conditions are equivalent.

(a) The algebra A is representation-wild.
(b) There exists a representation embedding functor

mod
[

K 0
K3 K

]
−−−−→ mod A.

(c) There exists a representation embedding functor
finK〈t1, t2〉 −−−−→ mod A.

(d) There exists a K〈t1, t2〉-A-bimodule K〈t1,t2〉MA such that the left
K〈t1, t2〉-module K〈t1,t2〉M is finitely generated free and the functor

− ⊗K〈t1,t2〉MA : finK〈t1, t2〉 −−−−→ mod A

respects the isomorphism classes and carries indecomposable mod-
ules to indecomposable ones.

(e) For every finitely generated K-algebra Λ there exists a representation
embedding functor fin Λ−−−−→ mod A.

(f) There exists a representation embedding functor
finK[t1, t2] −−−−→ mod A.

(g) There exists a representation embedding functor
H : mod R −−−−→ mod A,

where C ′ = K[t1, t2, t3]/(t1, t2, t3)2 is a commutative local K-algebra
of dimension four.

Proof. It follows from the definition that (a) implies (b). By (1.9) and
(1.7), (b) implies (c) and (c) implies (e), respectively. The equivalence of the
statements (c) and (d) is a consequence of (1.10). Because the implications
(e)⇒(a), (e)⇒(f), (e)⇒(g) are obvious, then the statements (a)–(e) are
equivalent and it remains to prove the implications (g)⇒(c) and (f)⇒(c).

(g)⇒(c) In Remark 1.13 and Example 1.17, we construct a faithful rep-
resentation embedding functor
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F : finK〈t1, t2〉 −−−−→ mod C ′,

see also [104] and [202]. Hence, if H : mod C ′ −→ mod A is a representation
embedding functor, then the composite functor

H ◦ F : finK〈t1, t2〉 −−−−→ mod A

is a representation embedding functor and (c) follows.
(f)⇒(c) Assume that there exists a representation embedding functor

T ′ : finK[t1, t2] −−−−→ mod A.

We construct a representation embedding
T ′′ : finK〈t1, t2〉 −−−−→ finK[t1, t2]. (1.11a)

Hence T ′′ ◦ T ′ : finK〈t1, t2〉 −−−−→ finA is a representation embedding and
(c) follows.

To construct the functor T ′′, we note that there is a K-algebra iso-
morphism K[t1, t2] ∼= K〈t1, t2〉/(t1t2 − t2t1) and the algebra surjection
K〈t1, t2〉 −→ K[t1, t2] induces the embedding finK[t1, t2] ↪→ finK〈t1, t2〉.
Moreover, we make the identifications

finK〈t1, t2〉 = repK(L(2)) and finK[t1, t2] = repK(L(2), I) ⊆ repK(L(2)),

where L(2) is the two loop quiver

and I is the two-sided ideal of KL(2) ∼= K〈t1, t2〉 generated by the commu-
tativity relation αβ − βα.

We construct a K-linear representation embedding endofunctor

R : RepK(L(2)) −−−−−−→ RepK(L(2)) (1.11b)

as follows. Let

X = (X; ϕα, ϕβ : X −→ X)
be an object in RepK(L(2)), where X is a K-vector space and ϕα, ϕβ are
K-linear endomorphisms. We set

R(X) = (X4; ϕ̂α, ϕ̂β : X4 −→ X4),
where ϕ̂α, ϕ̂β : X4 −−−−→ X4 are K-linear endomorphisms of the vector
space X4 defined by the matrices

Φα =

⎡⎢⎣
0 0 0 0
0 0 0 0

1X 0 0 0
0 ϕα ϕβ 0

⎤⎥⎦ and Φβ =

⎡⎢⎣
0 0 0 0

1X 0 0 0
0 0 0 0
0 1X ϕα 0

⎤⎥⎦ .
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If f : X −→ Y is a morphism in RepK(L(2)), we set R(f) = (f, f, f, f).
It is clear that R is an exact additive faithful K-linear functor. A simple

calculation shows (as in the proof of (1.7)) that R is a representation embed-
ding (but is not full), see [147, p. 479]. Because the equality Φα·Φβ = Φβ ·Φα

yields the equality ϕ̂α ◦ ϕ̂β = ϕ̂β ◦ ϕ̂α, then the representation R(X) be-
longs to the subcategory ModK[t1, t2] = RepK(L(2), I) ⊆ RepK(L(2)) of
ModK〈t1, t2〉 = RepK(L(2)). It follows that R has a factorisation through
a representation embedding RepK(L(2)) −→ RepK(L(2), I) = ModK[t1, t2]
that restricts to a representation embedding

T ′′ : finK〈t1, t2〉 = repK(L(2)) −−−−−−→ repK(L(2), I) = finK[t1, t2].

This finishes the proof of the implication (f)⇒(c) and of the theorem. �
We also have a strictly representation-wild version of (1.11).

1.12. Theorem. Let A be a finite dimensional K-algebra. The following
conditions are equivalent.

(a) The algebra A is strictly representation-wild.
(b) There exists a full faithful and exact functor

mod
[

K 0
K3 K

]
−−−−→ mod A.

(c) There exists a full faithful and exact functor
finK〈t1, t2〉 −−−−−−→ mod A.

(d) There exists a K〈t1, t2〉-A-bimodule K〈t1,t2〉MA such that the left
K〈t1, t2〉-module K〈t1,t2〉M is finitely generated free and the functor

− ⊗K〈t1,t2〉MA : finK〈t1, t2〉 −−−−−−→ mod A
is full.

(e) For every finitely generated K-algebra Λ there exists a a full faithful
and exact functor fin Λ−−−−−−→ mod A.

Proof. In view of (1.2) and (1.5), the proof of (1.11) modifies almost
verbatim. �

1.13. Remark. The reader might observe that, by (XVIII.4.1), a path
algebra A = KQ of an acyclic quiver Q is representation-wild if and only if
there exists a full, faithful, exact, K-linear functor

H : mod C −−−−→ mod A,

where C = K[t1, t2]/(t1, t2)2 is a commutative local K-algebra of dimension
three. This equivalence is somewhat surprising, because the local K-algebra
C has rather simple structure of the module category and modC is close
to the category of Kronecker modules studied in detail in Section XI.4,
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compare with (1.14) and the proof of the implication (a)⇒(d) in (1.14). It
follows that the wildness of A = KQ is a consequence of the fact that the
functor H is full, faithful, exact, and the structure of modC described later
is a special one. To see this, we make the following observations.

• The radical J = radC of the algebra C is the unique maximal ideal
of C and is isomorphic to K2, as a K-vector space,

• J2 = 0, the quotient algebra C/J of C is isomorphic to the field
K, and the C/J-module structure on J coincides with the K-vector
space structure on K2, under the algebra isomorphism C/J ∼= K.

• The matrix algebra CJ =
[

C/J 0
J C/J

]
is hereditary and there is an

isomorphism
CJ

∼=
[

K 0
K2 K

]
of CJ with the Kronecker algebra

[
K 0
K2 K

]
.

• There is a K-linear equivalence of categories mod CJ
∼= repK(K2),

where
K2 : 1 ◦ α←−−−−−←−−−−−

β
◦ 2

is the Kronecker quiver.
• There exists a full K-linear reduction functor

FJ : mod C −−−−−−→mod CJ
∼= repK(K2)

that establishes a bijection between the isomorphism classes of the
indecomposable modules in modC and the isomorphism classes of
the indecomposable Kronecker modules in repK(K2) ∼= mod CJ that
are not isomorphic to the simple injective Kronecker module
I(2) = (0←−−−−−←−−−−−K), and hence

• the reduction functor FJ : mod C −−−−→mod CJ
∼= repK(K2) estab-

lishes a representation equivalence between mod C and the image
subcategory Im FJ of modCJ .

The reduction functor FJ is defined by attaching to any module X in
mod C the triple

FJ(X) = (X ′, X ′′, ϕ),

where X ′ = X/XJ , X ′′ = XJ are viewed as right C/J-modules and

ϕ : X ′ ⊗C/J JC/J−−−−→X ′′
C/J

is a homomorphism of C/J-modules defined by the formula ϕ(x⊗ b) = x · b,
for the coset x = x + XJ and b ∈ J . The details can be found in [234], see
also [34, Section X.2].

It follows from the properties of the reduction functor FJ that the classi-
fication of the indecomposable modules in modC is known and is very close
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to that for Kronecker modules established in Section XI.4. The Auslander–
Reiten quiver Γ(modC) of C is obtained from the Auslander–Reiten quiver

Γ(mod CJ) = P(CJ) ∪ {T CJ

λ }λ∈P1(K) ∪ Q(CJ)

of CJ
∼= [ K 0

K2 K ] by keeping unchanged the P1(K)-family

TT CJ = {T CJ

λ }λ∈P1(K)
of standard stable tubes and by making the identification of the simple pro-
jective Kronecker module P (1) = (K←−−−−−←−−−−−0), that is the source vertex
of the postprojective component P(CJ) of CJ , with the simple injective
Kronecker module I(2) = (0←−−−−−←−−−−−K), that is the sink vertex of the prein-
jective component Q(CJ) of CJ .

Note that the functor FJ admits a partial section

F•
2 : repK(K2) −−−−→ mod C

defined by attaching to any V = (V1
h1←−−−−−←−−−−−
h2

V2) in repK(K2) the C-module

F•
2(V) = V1 ⊕ V2 with the action of the cosets t1, t2 ∈ C on V1 ⊕ V2 given

by the K-linear endomorphisms h̃1 =
[ 0 0

h1 0

]
and h̃2 =

[ 0 0
h2 0

]
of V1 ⊕ V2.

The linear maps h̃1, h̃2 : V1 ⊕ V2 −→ V1 ⊕ V2 are defined by the formulae
(v1, v2) 
→ (h1(v2), 0) and (v1, v2) 
→ (h2(v2), 0), for (v1, v2) ∈ V1 ⊕ V2.
It is easy to see that F•

2 restricts to the exact representation embedding
of the full subcategory of repK(K2) whose objects are representations V

having no summand isomorphic to the simple injective representation I(2),
see [581, 1.8].

Similarly, for the commutative local algebra C ′ = K[t1, t2, t3]/(t1, t2, t3)2

of (1.11)(g), we can construct a K-linear functor
F•

3 : repK(K3) −−−−→ mod C ′

such that F•
3 restricts to the exact representation embedding of the full

subcategory of repK(K3) whose objects are representations V having no
summand isomorphic to the simple injective representation I(2), where K3
is the enlarged Kronecker quiver 1 ◦ ←−−−−−←−−−−−←−−−−− ◦ 2, see also (1.17). Because
I(2) does not lie in the image of the representation embedding functor

R : finK〈t1, t2〉 −−−−→ repK(K3)
constructed in the proof of (1.9) then the composite functor

F•
3 ◦ R : finK〈t1, t2〉 −−−−→ mod C ′

is a representation embedding and, in view of (1.8), the algebra
C ′ = K[t1, t2, t3]/(t1, t2, t3)2 is representation-wild.

We recall from (1.2) that any strictly representation-wild algebra is
representation-wild. The following characterisation of wild concealed al-
gebras shows that the inverse implication holds for concealed algebras of
acyclic quivers.
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1.14. Theorem. Let B be a concealed algebra of type Q, where Q is
a finite, connected, and acyclic quiver that is not a Dynkin quiver. The
following conditions are equivalent.

(a) The algebra B is representation-wild.
(b) The algebra B is strictly representation-wild.
(c) The Euler quadratic form qB : K0(B) −−−−→ Z of B is indefinite.
(d) Q is a wild quiver.

Proof. Assume that
B = EndTA

is a tilted algebra of type Q, where Q is a finite, connected, and acyclic
quiver that is not of Dynkin type, and TA is a multiplicity-free postprojective
tilting module over the path algebra A = KQ of Q. Let n = |Q0| be the
number of vertices of Q.

It follows from (VI.4.5) and (VI.4.7) that there are abelian group isomor-
phisms

K0(B) ∼= Zn ∼= K0(A)
and the Euler quadratic form qB : K0(B) −−−−→ Z of B is Z-congruent with
the Euler quadratic form qA : K0(A) −−−−→ Z of A. Moreover, by (VII.4.1),
the quadratic form qA coincides with the quadratic form qQ : Zn −−−−→ Z

of Q. Then the equivalence of (c) and (d) follows from (VII.4.5).
The implication (b)⇒(a) follows from (1.2).
(d)⇒(b) Assume that Q is a wild quiver, that is, Q is not a Dynkin

quiver nor a Euclidean quiver. Hence, by (XVIII.5.5), for an arbitrary
algebra Λ of finite K-dimension, there exists a fully faithful exact functor
F : mod Λ −−−−−−→ mod B. Then the algebra B is strictly representation-
wild and (b) follows.

(a)⇒(d) Assume, to the contrary, that the algebra B is representation-
wild and Q is not a wild quiver. Because Q is not a Dynkin quiver, then Q
is a Euclidean quiver and B is a concealed algebra of the Euclidean type Q.
It follows from the structure theorem (XII.3.4) that every component of the
Auslander–Reiten quiver Γ(modB) of B is generalised standard, that is,
rad∞

B (X, X) = 0, for every indecomposable B-module X in modB, where
rad∞

B is the infinite radical of the category modB.
Because the algebra B is representation-wild then, by (1.11), there ex-

ists a K〈t1, t2〉-B-bimodule K〈t1,t2〉MB such that the left K〈t1, t2〉-module
K〈t1,t2〉M is finitely generated free and the functor

G = − ⊗K〈t1,t2〉MB : finK〈t1, t2〉 −−−−−−→ mod B

respects the isomorphism classes and carries indecomposable modules to
indecomposable ones. Then G is exact and faithful, by (1.5).
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Let
Λ = K[t1, t2]/(t1, t2)2.

We recall that Λ is a commutative local K-algebra of dimension three and,
by (1.7), there exists a fully faithful embedding H : mod Λ −→ finK〈t1, t2〉.
Hence, the functor

F = G ◦ H : mod Λ −−−−→ mod B

is a faithful exact functor that respects the isomorphism classes and carries
indecomposable Λ-modules to indecomposable B-modules. Clearly, Λ is
isomorphic to the algebra given by the two loop quiver

bound by the relations αβ = 0, βα = 0, α2 = 0, and β2 = 0. It follows
from (X.4.8) that the Auslander–Reiten quiver Γ(mod Λ) of Λ admits a
homogeneous tube T Λ

0 with the mouth module E of the form

Denote by S = Λ/rad Λ the unique simple Λ-module, up to isomorphism.
The module S does not belong to the tube T Λ

0 , because dimKS = 1
and dimKE[m] = 2m, for any Λ-module E[m] lying on the unique ray
of T Λ

0 starting from E = E[1]. Note that S ∼= E/radE and S ∼= soc E.
Let v : E −→ S be a canonical surjection and w : S −→ E a canonical em-
bedding. Because S does not lie on the tube T Λ

0 then, according to (IV.5.1),
for each t ≥ 1, there exists a path of irreducible morphisms

E = U0
f1−→ U1

f2−→ U2 −→ . . . −→Ut−1 −→Ut

between indecomposable modules in T Λ
0 and a non-isomorphism

gt : Ut → S such that gt · ft · . . . · f2 · f1 �= 0. By applying the func-
tor F , we get the induced path

F (E) = F (U0)
F (f1)−→ F (U1)

F (f2)−→ F (U2) −→ . . . −→F (Ut−1)
F (ft)−→ F (Ut)

of non-isomorphisms between indecomposable B-modules and a non-isomor-
phism F (gt) : F (Ut) −→F (S) such that

F (gt) · F (ft) · . . . · F (f2) · F (f1) = F (gt · ft · . . . · f2 · f1) �= 0,
because F is faithful, respects isomorphism classes, and carries indecompos-
able Λ-modules to indecomposable B-modules. Moreover, for each t ≥ 1,
we have the induced non-zero homomorphism F (w) : F (S) −→ F (E) such
that

ϕt = F (w) ·F (gt) ·F (ft) · . . . ·F (f2) ·F (f1) = F (w ·gt ·ft · . . . ·f2 ·f1) �= 0.
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It follows that the right B-module X = F (E) is indecomposable and
ϕt ∈ radt

B(X, X), for each t ≥ 1. Hence, we get the contradiction
0 = rad∞

B (X, X) = radm
B (X, X) �= 0,

for some m ≥ 0, see (X.1.5). This finishes the proof of the implication
(a)⇒(d) and completes the proof of the theorem. �

1.15. Corollary. Let Q be a finite connected acyclic quiver with
n = |Q0| points and let qQ : Zn −−−−−−→ Z be the quadratic form of Q.
The following four conditions are equivalent.

(a) The path algebra KQ is representation-wild.
(b) The path algebra KQ is strictly representation-wild.
(c) There exists a positive vector v ∈ Zn such that qQ(v) < 0.
(d) Q is a wild quiver.

Proof. The equivalence of (a), (b), and (d) follows from (1.14).
(c)⇒(d) If (c) holds then qQ is not positive semidefinite, and it follows

from (VII.4.5) that the underlying graph Q of Q is neither a Dynkin dia-
gram, nor Q is Euclidean. Thus Q is a wild quiver and (d) follows.

(d)⇒(c) Assume that Q is a wild quiver. By (XVIII.4.1), for any finite
dimensional K-algebra Λ, there exists a full, faithful, exact, K-linear functor
F : mod Λ −→ mod KQ such that qQ(dimF (M)) < 0, for all non-zero
modules M in mod Λ. Hence, there exists a positive vector v ∈ Zn such
that qQ(v) < 0 and (c) follows. There is also a simple direct proof of the
implication (d)⇒(c). �

In relation to the study of representation-wild algebras, except of the
notion of strictly wildness, there are various concepts that are close to wild-
ness. Here we only mention the following:

(i) controlled wildness (see [271] and [542]),
(ii) wildness mod p (see [5]),
(iii) Corner type Endo-Wildness (see [544] and [590]), and
(iv) endo-wildness (see [590] and [6]).

The reader is referred to [542], [544], [591], and [593] for a discussion of
these concepts.

The wildness for coalgebras is introduced in [588]–[589], and is discussed
in [316], [317], [592]–[599].

Following [590], an algebra A is defined to be endo-wild if any finite
dimensional K-algebra C is of the form

C ∼= EndA(M),
where M is a module in modA. In other words, A is endo-wild if any finite
dimensional K-algebra C can be realised as the endomorphism algebra of
some finite dimensional A-module.
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Now we show that any strictly representation-wild algebra is endo-wild,
and that local algebras and commutative algebras are not strictly represen-
tation-wild.

1.16. Proposition. Assume that A is a strictly representation-wild K-
algebra.

(i) For each integer d ≥ 1, there exists an indecomposable finite dimen-
sional A-module N such that dimKN ≥ d and End N ∼= K.

(ii) The algebra A is endo-wild.
(iii) The algebra A is not local and is not commutative.

Proof. (i) Given an integer d ≥ 1, we define a K〈t1, t2〉-module Ud of
dimension d to be the vector space Kd equipped with the right K〈t1, t2〉-
module structure defined by the action of t1 and t2 on Ud by the formulae
x · t1 = x · Jd(0) and x · t2 = x · Jd(0)t, where x = [x1 . . . xd] ∈ Kd and

Jd(0) =

⎡⎣ 0 ... 0 0

1
. . .

......
. . . . . .

...
0 ... 1 0

⎤⎦ ∈ Md(Z)

is the d × d Jordan block with the eigenvalue 0 and Jd(0)t is the transpose
of Jd(0).

It is easy to see that the endomorphism algebra EndUd of the K〈t1, t2〉-
module Ud is isomorphic to K. Because the algebra A is assumed to
be strictly representation-wild then, according to (1.11), there exists a
K〈t1, t2〉-A-bimodule K〈t1,t2〉MA such that the left K〈t1, t2〉-module
K〈t1,t2〉M is finitely generated free and the exact K-linear functor

T = − ⊗K〈t1,t2〉MA : finK〈t1, t2〉 −−−−−−→ mod A

is full and faithful. It follows that there is an isomorphism

K ∼= EndK〈t1,t2〉 Ud
∼= EndA T (Ud)

of K-algebras and dimKT (Ud) = dimKUd ⊗K〈t1,t2〉MA = d · rM ≥ d, where
rM is the rank of the free left K〈t1, t2〉-module M .

(ii) Let C be an arbitrary algebra of finite K-dimension. Because the alge-
bra A is assumed to be strictly representation-wild then, according to (1.11),
there exists a fully faithful exact K-linear functor T : mod C −→ mod A. The
right A-module M = T (CC) is of finite K-dimension and the K-algebra ho-
momorphism C ∼= EndCC −−−−→ EndAM , given by assigning to each endo-
morphism h : CC −→ CC of C the endomorphism T (h) : M −→M of right
A-modules, is an isomorphism of algebras. Hence, C ∼= EndAM and (ii)
follows.



XIX.1. Wild representation type 331

(iii) Because A is assumed to be strictly representation-wild then, accord-
ing to (i), there exists a non-simple indecomposable module X in modA such
that EndA X ∼= K. Then, to prove (iii), it is sufficient to show that if A is
a commutative algebra or a local algebra and X is an A-module in modA
such that EndA X ∼= K then dimKX = 1 and X is simple.

Assume that A is commutative and let X be an A-module in modA such
that EndAX ∼= K. Because the elements of A act on X as A-endomorphisms
then there is a K-algebra surjection

ϕ : A −−−−−−→ EndA X ∼= K

such that L = Ker ϕ annihilates X. It follows that A/L ∼= K and there is a
K-algebra isomorphism EndA X ∼= EndA/L X ∼= K and, hence, dimKX = 1
and X is a simple module.

Finally, assume that A is a local algebra and let X be a module in modA
such that EndA X ∼= K. We prove by induction on the K-dimension of A
that X ∼= A/rad A, where rad A is the Jacobson radical of A. Because
A is local and K is an algebraically closed field then rad A is the unique
maximal ideal of A, every simple A-module is isomorphic to A/rad A and
dimK(A/rad A) = 1.

If dimKA = 1 then there is nothing to prove. Assume that dimKA =
n ≥ 2 and that the claim is proved for all algebras of K-dimension smaller
than n.

Let Z(A) be the centre of A and let m ≥ 1 be the integer such that
radmA �= 0 and radm+1A = 0. We claim that radmA ⊆ Z(A). By the
assumption that the field K is algebraically closed, each element a ∈ A has
the form

a = λ · 1A + a1,

where λ ∈ K and a1 ∈ rad A. Because, for each element s ∈ radmA,
we have s · a1 = 0 and a1 · s = 0, and then s · λ = λ · s. This shows
that radmA ⊆ Z(A). Moreover, the ideal radmA annihilates the A-module
X, because the elements of Z(A) act on X as A-endomorphisms and the
algebra End X ∼= K has no non-zero nilpotent elements. Consequently,
X is a module over the quotient algebra A = A/radmA. In view of
the assumption End X ∼= K, the induction hypothesis implies that X is
simple when viewed as an A-module, that is, X ∼= A/rad A. Because
rad A ∼= rad A/radmA, then

X ∼= A/rad A ∼= A/rad A.

This finishes the proof. �
Now we present an example of a representation-wild algebra that is not

strictly representation-wild.
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1.17. Example. Consider the K-algebra

C ′ = K[t1, t2, t3]/(t1, t2, t3)2

of dimension four. Because the algebra C ′ is commutative and local then
C ′ is not strictly representation-wild, by (1.16).

Now we show that C ′ is representation-wild by constructing a faithful
representation embedding

F : finK〈t1, t2〉 −−−−→ mod C ′.

Given a right K〈t1, t2〉-module X, we define the C ′-module F (X) to be the
K-vector space X ⊕ X equipped with the right C ′-module structure given
by the formulae

x · t1 = [x1 x2] ·
[

0 0
t1 0

]
, x · t2 = [x1 x2] ·

[
0 0
t2 0

]
, x · t3 = [x1 x2] ·

[
0 0

1X 0

]
,

where x = [x1 x2] ∈ X ⊕ X, t1, t2, t3 are cosets in R of the elements
t1, t2, t3 ∈ K[t1, t2, t3], respectively. Given a homomorphism f : X −→Y of
K〈t1, t2〉-modules, we set

F (f) =
[

f 0
0 f

]
: X ⊕ X −−−−→ Y ⊕ Y.

It is obvious that F is an exact, faithful and K-linear functor. A rou-
tine matrix calculation shows that F carries indecomposable modules to
indecomposable ones, and F (X) ∼= F (X) implies X ∼= Y , for any pair of
indecomposable K〈t1, t2〉-modules X and Y , see the proof of (1.7). This
means that F is a representation embedding functor and, by (1.11), the
algebra R is representation-wild.

To see that F carries indecomposable modules to indecomposable ones
we show, by applying the matrix calculation used in the proof of (1.7) that,
given an indecomposable module X in finK〈t1, t2〉, the algebra EndF (X)
has no non-trivial idempotents.

XIX.2. Indecomposable modules over
the polynomial algebra K[t]

In the next section various equivalent forms of the definition of a represen-
tation-tame K-algebra are given. Here we collect elementary facts on the
category finK[t] of finite dimensional modules over the polynomial algebra
K[t] in one indeterminate t with coefficients in the field K we need later.
Here we follow [575, Section 14.3].
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One of the main results of this section asserts that
• for every indecomposable module M in finK[t], there exist almost

split sequences in fin K[t]:

0−−−−→M−−−−→N−−−−→M−−−−→0,

• the Auslander–Reiten quiver of finK[t] has the form

Γ(finK[t]) = TT K[t],

where TT K[t] = {T K[t]
λ }λ∈K is a K-family of standard stable rank

one tubes.

As usual, we assume that K is an algebraically closed field, and we denote
by

Jm(λ) =

⎡⎢⎣
λ ... ... 0 0

1
. . .

...
......

. . . . . .
...

...
0 ... λ 0
0 ... ... 1 λ

⎤⎥⎦ ∈ Mm(K)

the canonical Jordan n × n matrix with the eigenvalue λ ∈ K.
Following the results of Chapter II, the modules over K[t] can be viewed

as K-linear representations of the one loop quiver

under the equivalence of categories finK[t] ∼= repK(L(1)).
For any λ ∈ K and m ≥ 1, we consider the K[t]-module

Km
λ = K[t]/(t − λ)m

of dimension m and note that Km
λ can be viewed as the K-linear represen-

tation
Km

λ = (Km, ϕβ : Km → Km)
of the loop L(1), where Km ∼= Km

λ and ϕβ is the K-linear map correspond-
ing, via the isomorphism Km ∼= Km

λ , to the K-linear map ·t : Km
λ −→ Km

λ

given by the multiplication by t. It is clear that the matrix of the map
ϕβ in the basis of Km

λ , given by the cosets 1̄, t − λ, . . . , (t − λ)
m−1

of the
elements 1, t − λ, . . . , (t − λ)m−1, is just the canonical Jordan form Jm(λ).
Note that the module Km

λ is simple if and only if m = 1.
For any m ≥ 1 and λ ∈ K, consider the exact sequences in fin K[t]

0−→Km
λ

um−−−−→Km+1
λ −−−−→K1

λ−→0,

0−→K1
λ−−−−→Km+1

λ

πm−−−−→Km
λ −→0,

where πm is the natural epimorphism and um(1̄) = t − λ. We often de-
note πm and um simply by π and u, respectively. Note that Ker πm =
(t − λ)m−1 ∼= K1

λ.
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2.1. Lemma. Given j ≥ 1 and λ ∈ K, we set

(t − λ)j =K[t](t−λ)j/K[t](t−λ)m.

(a) The chain

(0) ⊂ (t − λ)m−1 ⊂ (t − λ)m−2 ⊂ · · · ⊂ (t − λ) ⊂ Km
λ

of K[t]-submodules of Km
λ is a unique composition series of Km

λ and
there is an isomorphism (t − λ)j/(t − λ)j+1 ∼= K1

λ of K[t]-modules,
for j = 0, 1, . . . , m.

(b) There exists a commutative diagram

(t − λ)m−1 ⊂ (t − λ)m−2 ⊂ · · · ⊂ (t − λ) ⊂ Km
λ

∼=
�⏐⏐σ1 ∼=

�⏐⏐σ2 · · · ∼=
�⏐⏐σm−1 1

�⏐⏐
K1

λ
u1−−−−→ K2

λ
u2−−−−→ · · · −−−−→ Km−1

λ

um−1−−−−→ Km
λ ,

where σ1, . . . , σm−1 are isomorphisms of K[t]-modules and
uj : Kj

λ−→Kj+1
λ is the canonical embedding, for j ∈ {1, . . . , m−1}.

Proof. (a) Let L ⊆ Km
λ be a K[t]-submodule of Km

λ . Because K[t] is a
principal ideal domain then L = (g), for some g ∈ K[t], where g is the coset
in the algebra K[t]/(t − λ)m represented by g. If t − λ does not divide g
then 1 = gh + r(t − λ)m, for some h, r ∈ K[t]. Hence g is invertible in the
algebra K[t]/(t − λ)m and L = Km

λ . If t − λ divides g then g has the form
g = h(t − λ)s, where s ≥ 1 and h ∈ K[t] is relatively prime to t − λ. Hence
we get L = (g) = (t − λ)s, and (a) follows.

(b) We define σj by setting σj(1) = [t − λ]m−j+1. Then σj is surjective
and the dimension argument shows that it is bijective. The commutativity
of the diagram in (b) is obvious. �

2.2. Lemma. Let m ≥ 1, λ ∈ K, and Km
λ = K[t]/(t − λ)m.

(a) There is an isomorphism EndK[t](Km
λ ) ∼= K[t]/(t−λ)m of algebras.

(b) The algebra K[t]/(t − λ)m is local and the module Km
λ is indecom-

posable.
(c) HomK[t](Km

λ , Kn
μ ) = 0, for all m, n ≥ 1 and λ �= μ in K.

(d) For any m, n ≥ 1 and λ ∈ K there are direct sum decompositions
• HomK[t](Km

λ , Kn
λ ) = Kun−m ⊕ Kun−m+1π ⊕ · · · ⊕ Kun−1πm−1,

if m ≤ n,
• HomK[t](Km

λ , Kn
λ ) = Kun−1πm−1 ⊕ Kun−2πm−2 ⊕ · · · ⊕ Kπm−n,

if m ≥ n,
• EndK[t]K

m
λ = K · 1Km

λ
⊕ K(uπ) ⊕ · · · ⊕ K(uπ)m−1,

and the equality uπ = πu holds.
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Proof. (a) Fix m ≥ 1 and λ ∈ K. Because Km
λ · (t − λ)m = 0 then the

K[t]-module Km
λ is a module over the K-algebra K[t]/(t − λ)m and there

is an isomorphism Km
λ

∼= K[t]/(t − λ)m of K[t]/(t − λ)m-modules. Hence
there exist K-algebra isomorphisms

EndK[t]K
m
λ

∼= HomK[t](Km
λ , Km

λ ) ∼= K[t]/(t − λ)m.
(b) Note that the mth power of the ideal Jm = (t − λ) of K[t]/(t − λ)m

generated by t − λ is zero. Then (I.1.4) yields Jm ⊆ radK[t]/(t − λ)m. Be-
cause the quotient algebra [K[t]/(t−λ)m]/Jm of K[t]/(t−λ)m is isomorphic
with K then Jm is a maximal ideal and therefore Jm = radK[t]/(t − λ)m.
It follows from (I.4.6) that K[t]/(t − λ)m is a local algebra and, by (I.4.8),
the K[t]-module Km

λ is indecomposable.
To prove (c) and (d), we note that uπ = πu and every homomorphism

f : Km
λ −→ Kn

μ of K[t]-modules is uniquely determined by the element
f(1) ∈ Kn

μ .
If λ �= μ, then (t−λ)m and (t−μ)n are relatively prime in K[t] and there

exist h, r ∈ K[t] such that 1 = h · (t − λ)m + r · (t − μ)n. It follows that
f(1) = f(1) · 1 = f(1) · h · (t − λ)m = f(1 · h · (t − λ)m) = f(0) = 0.

Hence f = 0 and (c) follows. Now assume that m ≤ n. Because Im f is a
K[t]-submodule of Kn

λ of length at most m, then (2.1)(a) yields
Im f ⊆ (t − λ)n−m = (t − λ)n−mKn

λ . Hence

f(1) = an−m[t − λ]n−m ⊕ an−m+1[t − λ]n−m+1 ⊕ · · · ⊕ an−1[t − λ]n−1,

where an−m, . . . , an ∈ K are uniquely determined by f . Because
un−m+jπj(1) = (t − λ)n−m+j ,

for j = 0, 1, . . . n − 1, then

f(1) = (an−m · 1Kn
λ

⊕ an−m+1u
n−m+1π ⊕ · · · ⊕ an−1u

n−1πm−1)(1)

and, hence,

f = an−m · 1Kn
λ

⊕ an−m+1u
n−m+1π ⊕ · · · ⊕ an−1u

n−1πm−1.

This shows the direct sum decomposition in (d), for m ≤ n. The direct
sum decomposition, for m ≥ n follows in a similar way. The remaining
statement of (d) follows immediately from the previous ones. �

Now we establish the existence of almost split sequences in the category
finK[t].

2.3. Proposition. Let λ ∈ K and let finλK[t] be the full subcategory of
finK[t] consisting of modules M such that M · (t−λ)s = 0, for some s ≥ 1.

(a) The exact sequences finK[t]
0−−−−→K1

λ
u1−−−−→K2

λ
π1−−−−→K1

λ−−−−→0,
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0−−−−→Km
λ

[πm−1
um

]
−−−−−−→Km−1

λ ⊕ Km+1
λ

[um−1 −πm]−−−−−−−→Km
λ −−−−→0

are almost split sequences in finλK[t] and in finK[t].
(b) There exists an irreducible morphism Km

λ −→ Kn
μ in finK[t] if and

only if λ = μ and n = m − 1 or m = n + 1.
(c) The Auslander–Reiten quiver Γ(finμK[t]) of finμK[t] has the form

Tμ = ZA∞/(τ) of a stable tube of rank one.

Proof. (a) Because of the equality uπ = πu, it is easy to check that the
homomorphisms u1 and

[ πm−1

um

]
are injective, the homomorphisms π1 and

[um−1 − πm] are surjective,
Im u1 ⊆ Ker π1 and Im

[ πm−1

um

]
⊆ Ker [um−1 − πm],

and the following equalities hold
• dimKIm u1 = dimKKer π1 = 1, and
• dimKIm

[ πm−1

um

]
= m = 2m − m = dimKKer [um−1 − πm],

for m ≥ 1.
It follows that the sequences in (a) are exact. By (2.2), the module Km

λ is
indecomposable, for any m ≥ 1 and λ ∈ K. Then, by (IV.1.13), to show
that the sequences are almost split it is sufficient to prove that they are
right almost split, or equivalently, that any non-invertible homomorphism
f : Kn

μ −→ Km
λ of K[t]-modules has a factorisation through

[um−1 − πm] : Km−1
λ ⊕ Km+1

λ −−−−−−→Km
λ ,

in the notation of (2.3). But this follows immediately from (2.2)(c) and
(2.2)(d).

The statement (b) follows from (a) and (IV.1.10). Because (c) follows
from (b) the proposition is proved. �

We now summarise the preceding results as follows.

2.4. Theorem. In the notation introduced above, the category finK[t]
of finite dimensional K[t]-modules has the following properties.

(a) The natural embeddings finλK[t] ↪→ finK[t], with λ ∈ K, induce the
categorical coproduct decomposition

finK[t] ∼=
∐

λ∈K finλK[t].
(b) For each λ ∈ K, the full subcategory ind (finλK[t]) of finK[t] given

by the indecomposable modules Km
λ , with m ≥ 1, in finK[t] has the

form

K1
λ

u1−−−−−−→←−−−−−−
π1

K2
λ

u2−−−−−−→←−−−−−−
π2

· · ·
um−1−−−−−−→←−−−−−−
πm−1

Km
λ

um−−−−−−→←−−−−−−
πm

Km+1
λ

−−−−−−→←−−−−−− . . .

that is, every homomorphism in the category is a K-linear com-
bination of compositions of the homomorphisms u1, u2, u3, . . . and
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π1, π2, π3, . . . . Moreover, every K[t]-module Km
λ is uniserial (that

is, has a unique composition series) and every K[t]-submodule of
Km

λ is of the form Im (um−1 · · ·uj), where j ≥ 1.
(c) The categories finK[t] and finλK[t] have almost split sequences.
(d) For each λ ∈ K, the Auslander–Reiten quiver Γ(finμK[t]) of finμK[t]

is a standard stable tube T K[t]
λ

∼= ZA∞/(τ) of rank one.
(e) The Auslander–Reiten quiver Γ(finK[t]) of finK[t] has the form

Γ(finK[t])=
⋃

μ∈K

Γ(finμK[t])=
⋃

μ∈K

T K[t]
λ ,

that is, the quiver Γ(finK[t]) is a disjoint union of a K-family
TT K[t] = {T K[t]

λ }λ∈K of standard stable tubes T K[t]
λ of rank one.

Proof. Apply (2.1), (2.2), and (2.3). �
2.5. Corollary. Let h �= 0 be a polynomial h = λ(t − λ1)s1 · · · (t −

λm)sm , with s1, . . . , sm ≥ 1, λ, λ1, . . . , λm ∈ K, λ �= 0, and let K[t]h be the
localisation of K[t] with respect to the multiplicative system {hj}j∈N.

(a) There exists a categorical coproduct decomposition

fin(K[t]h) =
∐

μ�∈{λ1,... ,λm}
finμK[t].

(b) The Auslander–Reiten quiver Γ(fin(K[t]h) is a disjoint union of the
standard stable tubes T K[t]

μ , with μ �∈ {λ1, . . . , λm}, of the family
TT K[t].

Proof. Apply (2.4), the arguments used in the proof of (2.3), and the
fact that the algebra K[t]h consists of all fractions of the form f

g ∈ K(t),
where g has the form g = ρ(t − λ1)u1 · · · (t − λm)um , with u1, . . . , um ≥ 0
and ρ ∈ K \ {0}. �

XIX.3. Tame representation type
Before we give a definition of tame representation type of a finite di-

mensional K-algebra A, we introduce some concepts and we present some
relevant results. We assume that K is an algebraically closed field.

Let R be an arbitrary K-algebra (not necessarily finite dimensional).
We denote by finR the full subcategory of ModR whose objects are the
modules of finite K-dimension, and by indR the full subcategory of finR
whose objects are the indecomposable modules. Finally, given an integer
d ≥ 1, we denote by inddR the full subcategory of indR whose objects are
the indecomposable modules M with dimKM = d.
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3.1. Definition. Let A be a finite dimensional K-algebra, m ≥ 1 an
integer, R1, . . . , Rm a finite set of K-algebras, and A a full subcategory of
mod A. Suppose that, for each j ∈ {1, . . . , m}, Bj is a full subcategory of
finRj and we have a functor

N̂ (j) = (−) ⊗Rj
N

(j)
A : Bj−−−−−−→ModA,

where Rj
N

(j)
A is an Rj-A-bimodule.

(a) The category A ⊆ mod A is almost parametrised by the family
of functors N̂ (1), . . . , N̂ (m) if all but a finite number of the isomor-
phism classes of modules in A are isomorphic to modules of the form
N̂ (j)(X), where j ∈ {1, . . . , m} and X is a module in Bj .

(b) The category A ⊆ mod A is parametrised by the family of functors
N̂ (1), . . . , N̂ (m) if all modules in A are isomorphic to modules of the
form N̂ (j)(X), where j ∈ {1, . . . , m} and X is a module in Bj .

The following proposition provides equivalent conditions that are basic
for the definition of tame representation type.

3.2. Proposition. Let A be a finite dimensional K-algebra and d ≥ 1
an integer. The following conditions are equivalent.

(a) The category inddA is almost parametrised by a family of functors

N̂ (1), . . . , N̂ (md) : ind1K[t]−−−−−−→mod A,

where

N̂ (j) =(−) ⊗K[t]N
(j)
A , for j ∈ {1, . . . , md},

and K[t]N
(1)
A , . . . , K[t]N

(md)
A are K[t]-A-bimodules that are finitely

generated and free left K[t]-modules.
(b) The category inddA is parametrised by a family of functors

N̂ (1), . . . , N̂ (m′
d) : ind1K[t]−−−−−−→mod A,

where

N̂ (j) =(−) ⊗K[t]N
(j)
A , for j ∈ {1, . . . , m′

d},

and K[t]N
(1)
A , . . . , K[t]N

(m′
d)

A are K[t]-A-bimodules that are finitely
generated and free left K[t]-modules.

(c) The category inddA is parametrised by a finite family of functors

N̂ (j) = (−) ⊗RjN
(j)
A : indRj−−−−−−→mod A, with j ∈ {1, . . . , nd},

where Rj = K[t]hj is a localisation of K[t] and Rj N
(j)
A are Rj-A-

bimodules that are finitely generated left Rj-modules, for all
j ∈ {1, . . . , nd}.
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(d) The category inddA is parametrised by a finite family of functors

N̂ (j) = (−) ⊗RjN
(j)
A : indRj−−−−−−→mod A, with j ∈ {1, . . . , n′

d},

where Rj = K[t]hj is a localisation of K[t] and Rj N
(j)
A are Rj-A-

bimodules that are finitely generated and free left Rj-modules, for
j ∈ {1, . . . , n′

d}.
(e) The category inddA is parametrised by a finite family of functors

N̂ (j) = (−) ⊗Rj
N

(j)
A : ind1Rj−−−−−−→mod A, with j ∈ {1, . . . , ud},

where Rj = K[t]hj
is a localisation of K[t] and Rj

N
(j)
A are Rj-A-

bimodules that are finitely generated and free left Rj-modules, for
j ∈ {1, . . . , ud}.

(f) The category inddA is parametrised by a finite family of functors

N̂ (j) = (−) ⊗RjN
(j)
A : ind1Rj−−−−−−→mod A, with j ∈ {1, . . . , vd},

where, for each j ∈ {1, . . . , vd}, we have
• Rj = K or Rj = K[t]hj is a localisation of K[t],
• Rj

N
(j)
A is an Rj-A-bimodule, that is a finitely generated and left

free Rj-module, and
• the functor N̂ (j) = (−) ⊗RjN

(j)
A : ind1Rj−→mod A is a repre-

sentation embedding.

Proof. The proof is given in [186] and in [575, Section 14.4], by applying
elementary algebraic geometry arguments. �

The following important concept of tame representation type of a finite
dimensional K-algebra is due to Drozd [201] and [202].

3.3. Definition. Let A be a finite dimensional K-algebra. Then A is
defined to be of tame representation type (or representation-tame,
or shortly tame) if, for any integer d ≥ 1, the category inddA is almost
parametrised by a finite family of functors

N̂ (1), . . . , N̂ (md) : ind1K[t]−−−−−−→mod A,

where N̂ (j) =(−)⊗K[t]N
(j)
A , for j ∈ {1, . . . , md}, and K[t]N

(1)
A , . . . , K[t]N

(md)
A

are K[t]-A-bimodules that are finitely generated and free left K[t]-modules.

The following tame-wild dichotomy result due to Drozd [202] is funda-
mental for the representation theory of finite dimensional algebras.

3.4. Theorem. Every finite dimensional algebra A over an algebraically
closed field K is representation-tame or representation-wild, and these two
types of algebras are mutually exclusive.
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The proof of the theorem is rather long. It involves representations of
a bimodule B over a category with a coalgebra structure (bocs) and some
reduction algorithms for bocses B. The reader is referred to [147] (see also
[151]) for a proof invoking the concept of a free triangular bocs B and a
reduction of the problem from the module categories modA to the categories
rep(B, K) of K-linear representations of bocses B. For more elementary
proofs the reader is referred to [239] and [565, Section 3].

The tame-wild dichotomy for K-coalgebras is discussed in [588], [589],
[592], [596], [597], and an fc-version of it is established in [599].

Now we present (without proof) another fundamental result for the rep-
resentation theory of finite dimensional algebras due to Crawley-Boevey
[147].

3.5. Theorem. If A is a representation-tame algebra then, for each
integer d ≥ 1, all but a finite number of indecomposable modules X in
mod A, with dimKX = d, lie on homogeneous tubes of the Auslander–Reiten
quiver Γ(mod A) of A.

It follows from the Definition (3.3) that A is a representation-tame alge-
bra if, for each integer d ≥ 1, the indecomposable modules in inddA occur
in a finite number of discrete (finite) families and in a finite number of
one-parameter families.

The counting of the number of one-parameter families of indecomposable
A-modules of a fixed dimension d ≥ 1 leads to the following hierarchy of
representation-tame algebras introduced by Skowroński in [606] and [610],
see also [446]–[448], [682]–[685].

3.6. Definition. Let A be a representation-tame K-algebra.

(a) Given an integer d ≥ 1, we denote by μA(d) the minimal number
md ≥ 0 of functors

N̂ (1), . . . , N̂ (md) : ind1K[t]−−−−−−→mod A

of the form N̂ (j) = (−) ⊗K[t]N
(j)
A , for j ∈ {1, . . . , md}, that almost

parametrise the category inddA, where K[t]N
(1)
A , . . . , K[t]N

(md)
A are

K[t]-A-bimodules that are finitely generated and free, when viewed
as left K[t]-modules.

(b) The tame algebra A is defined to be of finite growth if there exists
an integer m ≥ 0 such that μA(d) ≤ m, for each d ≥ 1.

(c) The tame algebra R is defined to be of linear growth if there exists
an integer m ≥ 0 such that μA(d) ≤ m · d, for all d ≥ 1.

(d) The tame algebra R is defined to be of polynomial growth if there
exists an integer m ≥ 1 such that μA(d) ≤ dm, for all d ≥ 1.
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It follows from Definition (3.3) that every representation-finite algebra A
is representation-tame and μA(d) = 0, for each d ≥ 1.

Now we show that the Kronecker algebra is representation-tame, and
even one-parametric.

3.7. Example. Let

A = KQ ∼=
[

K 0
K2 K

]
be the path algebra of the Kronecker quiver

Q : 1 ◦ α←−−−−−←−−−−−
β

◦ 2 .

Consider the K[t]-A-bimodule M of the form

M : K[t] 1←−−−−−←−−−−−
t·

K[t]

Note that M , viewed as a left K[t]-module, is free of rank 2. Take an
indecomposable module X in indK[t]. Then X ∼= Km

λ = K[t]/(t − λ)m, for
some m ≥ 1 and λ ∈ K. A direct checking shows that the induced functor

M̂ = (−) ⊗ K[t]MA : indK[t]−−−−→mod A

carries the module X to the indecomposable A-module M̂(X) of the form

Eλ[m] : (Km

⎡⎢⎣
1 0 . . . 0
0 1 . . . 0...

...
. . .

...
0 0 . . . 1

⎤⎥⎦
←−−−−−−−−−−−−←−−−−−−−−−−−−⎡⎢⎢⎣

λ 1 0 . . . 0
0 λ 1 . . . 0...

...
...

. . .
...

0 0 0 1
0 0 0 . . . λ

⎤⎥⎥⎦
Km)

in the notation of Section XI.4. Also, it is shown there that inddA admits
infinitely many isomorphism classes of modules if and only if d = 2m, for
some m ≥ 1. Hence, it follows from (XI.4.5) and (XI.4.6) that, for any
fixed m ≥ 1, the functor M̂ defines an equivalence between the category
indmK[t] and the category of regular A-modules of regular length m lying
in the standard stable tubes T A

λ , with λ ∈ K = P1(K) \ {∞}. It follows
that, for each integer d ≥ 1, the category inddA is almost parametrised by
the functor M̂ , and consequently, the Kronecker algebra A =

[
K 0
K2 K

]
is

representation-tame of linear growth, and even one-parametric, see also the
proof of (3.13) presented later.

One of the remarkable results on representation-finite algebras is the
following theorem that establishes the validity of the second Brauer-Thrall
conjecture, see Section IV.5.
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3.8. Theorem. An algebra A is representation-finite if and only if
μA(d) = 0, for each d ≥ 1.

A proof of the theorem was announced by Nazarova and Roiter in 1973,
see [444] and [445]. For algebras over a field of characteristic different from 2,
the first complete proof of the second Brauer-Thrall conjecture has been
given only in 1985 by Bautista [41]. This was extended by Bongatz [91]
to any algebraically closed field of arbitrary characteristic. Moreover, some
modifications of the proof have been published by Fichbacher [229] and
Bretcher-Todorov [113]. All these proofs rely on the following result of
Bautista, Gabriel, Roiter, and Salmeron [43].

3.9. Theorem. Every representation-finite algebra admits a multiplica-
tive basis.

By a multiplicative basis of an algebra A we mean a K-vector space basis
of A such that the multiplication of any two basis vectors is either zero, or
is a vector of the given basis.

As a consequence of (3.9) we get that, for each d ≥ 1, there is only a
finite number of the isomorphism classes of representation-finite K-algebras
A such that dimKA = d.

The following important class of representation-tame algebras was intro-
duced by Ringel [525].

3.10. Definition. Let A be a finite dimensional K-algebra.
(a) A is defined to be representation-domestic, (or shortly domes-

tic) if there exists a finite family of functors

N̂ (1), . . . , N̂ (n) : indK[t]−−−−−−→mod A,

such that K[t]N
(1)
A , . . . , K[t]N

(n)
A are K[t]-A-bimodules that are

finitely generated and free left K[t]-modules and, for any integer
d ≥ 1, the category inddA is almost parametrised by the functors
N̂ (1), . . . , N̂ (n).

(b) A representation-domestic algebra A is defined to be n-parametric,
if n ≥ 0 is the minimal number of functors N̂ (1), . . . , N̂ (n) with the
properties listed in (a).

The following simple lemma shows that every representation-domestic
algebra is representation-tame and of finite growth.

3.11. Lemma. If A is an n-parametric algebra then A is of finite growth
and μA(d) ≤ n, for all d ≥ 1.

Proof. Let K[t]MA be a K[t]-A-bimodule such that M viewed as a left
K[t]-module is finitely generated free, say of K[t]-rank r ≥ 1. Let
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M̂ = (−) ⊗ K[t]MA : indK[t]−−−−−−→mod A.

It is easy to see that, for any module Km
λ = K[t]/(t − λ)m in indK[t], with

m ≥ 1 and λ ∈ K, we have

dimKM̂(Km
λ ) = dimK(Km

λ ⊗ K[t]MA) = m · r.

Consider the polynomial K-algebras K[t2] and K[t, t2]. Given m ≥ 1,
we view the vector space

M• = K[t, t2]/(t − t2)m ⊗ K[t]MA

as a K[t2]-A-bimodule. It is clear that M• viewed as a left K[t2]-module is
finitely generated free of rank m · r and the induced functor

M̂• = (−) ⊗ K[t2]M
•
A : ind1K[t2]−−−−−−→mod A,

carries any simple K[t2]-module Sλ = K[t2]/(t2 − λ), with λ ∈ K, to the
A-module

M̂•(Sλ) ∼= M̂(Km
λ )

of dimension dimKM̂(Km
λ ) = m · r.

Now assume that A is a representation-domestic algebra and

N̂ (1), . . . , N̂ (n) : indK[t]−−−−−−→mod A,

is a finite family of functors such that K[t]N
(1)
A , . . . , K[t]N

(n)
A are K[t]-A-

bimodules that are finitely generated and free left K[t]-modules and, for any
integer d ≥ 1, the category inddA is almost parametrised by the functors
N̂ (1), . . . , N̂ (n). By applying the first part of the proof to M = N (j), for
j ∈ {1, . . . , n}, we construct a new family of functors

N̂•(1)
, . . . , N̂•(n)

: ind1K[t2]−−−−−−→mod A,

that parametrise the category inddA, for any d ≥ 1. It follows that μA(d) ≤
n, for any d ≥ 1. �

It was conjectured in [610] that the converse implication to that in (3.11)
also holds, that is, any algebra of finite growth is representation-domestic.
This was proved by Crawley-Boevey in [152], and together with (3.11) yields
the following fact.

3.12. Theorem. A K-algebra A is representation-domestic if and only
if A is of finite growth.

The question, raised in [610], whether or not all algebras of polynomial
growth are of linear growth, remains still an open problem.
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We may visualise the hierarchy of classes of representation-tame algebras
defined in (3.6) as follows

In the final part of this section we exhibit some classes of representation-
infinite tame algebras that illustrate the hierarchy visualised in the figure.

Now we show that concealed algebras of Euclidean type are one-para-
metric and, hence, representation-tame.

3.13. Proposition. Let B be a concealed algebra of Euclidean type.
Then there exists a K[t]-B-bimodule K[t]NB such that

(i) N viewed as a left K[t]-module is finitely generated free,
(ii) the image of the functor M̂ = (−) ⊗ K[t]NB : indK[t]−−−−→mod B,

is contained in the subcategory R(B) of mod B of regular modules,
(iii) for each integer d ≥ 1, the category inddB is almost parametrised by

the functor N̂ .

In particular, the algebra B is one-parametric and, hence, representation-
tame.

Proof. Assume that B is a concealed algebra of Euclidean type. It
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follows from (XII.3.1) that B is a tilted algebra of the form

B ∼= EndTA,

where TA is a multiplicity-free postprojective tilting module over the path
algebra A = KΔ of a canonically oriented Euclidean quiver

Δ ∈ {Δ(Ãp,q), 1 ≤ p ≤ q, Δ(D̃m), m ≥ 4, Δ(Ẽ6), Δ(Ẽ7), Δ(Ẽ8)}.

First, for the hereditary algebra A=KΔ, we construct a K[t]-A-bimodule
K[t]MA such that

(i′) M viewed as a left K[t]-module is finitely generated free,
(ii′) the image of the induced functor

M̂ = (−) ⊗ K[t]MA : indK[t]−−−−→mod A,

is contained in the subcategory R(A) of modA of regular modules,
and

(iii′) for each integer d ≥ 1, the category inddA is almost parametrised
by the functor M̂ .

We do it by a case by case inspection of the five types of canonically
oriented Euclidean quivers. Assume that A = KΔ.

Case 1◦. If Δ = Δ(Ãp,q), where 1 ≤ p ≤ q, then, for K[t]MKΔ, we take
the K[t]-KΔ-bimodule given by the diagram, see (XII.2.4),

K[t]
1←−−−− K[t] ←−−−− · · · 1←−−−− K[t]

1↙ ↖1

K[t] K[t]

t·↖ ↙1
K[t] ←−−−−

1
K[t] ←−−−− · · · ←−−−−

1
K[t]

Case 2◦. If Δ = Δ(D̃m), where m ≥ 4, then, for K[t]MKΔ, we take the
K[t]-KΔ-bimodule given by the diagram, see (XIII.2.6)(d),

K[t] K[t]

↖[1 1] ↙
[

1
0

]
K[t]2

[
1 0
0 1

]
←−−−− K[t]2 ←−−−− · · · ←−−−− K[t]2

[
1 0
0 1

]
←−−−− K[t]2

↙[t· 1] [
0
1

]↖
K[t] K[t].

Case 3◦. If Δ = Δ(Ẽ6) then, for K[t]MKΔ, we take the K[t]-KΔ-
bimodule given by the diagram, see (XIII.2.12)(d),
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K[t]⏐⏐�[
1
0

]
K[t]2⏐⏐�[ t· 1

1 1
1 0

]
K[t]−−−−−−→[

1
0

] K[t]2−−−−−−→[ 1 0
0 1
0 0

] K[t]3←−−−−−−[
0 0
1 0
0 1

] K[t]2 ←−−−−−−[
0
1

] K[t]

Case 4◦. If Δ = Δ(Ẽ7) then, for K[t]MKΔ, we take the K[t]-KΔ-
bimodule given by the diagram, see (XIII.2.16)(d),

K[t]2⏐⏐�[ 1 t·
1 0
1 1
0 1

]
K[t]−−−−→[

1
0

] K[t]2−−−−→[ 1 0
0 1
0 0

] K[t]3−−−−→[ 1 0 0
0 1 0
0 0 1
0 0 0

]K[t]4←−−−−[ 0 0 0
1 0 0
0 1 0
0 0 1

]K[t]3←−−−−[ 0 0
1 0
0 1

] K[t]2←−−−−[
0
1

] K[t]

Case 5◦. If Δ = Δ(Ẽ8) then, for K[t]MKΔ, we take the K[t]-KΔ-
bimodule given by the diagram, see (XIII.2.20)(d),

K[t]3

|
|
⎡⎣ t· 1 0

0 0 1
1 1 0
1 0 1
1 1 0
0 1 0

⎤⎦⏐⏐�
K[t]2 −→[ 0 0

0 0
1 0
0 1

]K[t]4−−−−−−→⎡⎢⎢⎣
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎤⎥⎥⎦
K[t]6←−−−−−−−⎡⎢⎢⎣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

⎤⎥⎥⎦
K[t]5←−−−−−−⎡⎢⎣ 1 0 0 0

0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

⎤⎥⎦
K[t]4←−−−−[ 1 0 0

0 1 0
0 0 1
0 0 0

]K[t]3←−[
1 0
0 1
0 0

]K[t]2←−[
1
0

]K[t]

It is clear that M , viewed as a left K[t]-module is finitely generated free,
and hence the condition (i′) is satisfied. Further, it follows from (XIII.2.4),
(XIII.2.6), (XIII.2.12), (XIII.2.16), and (XIII.2.20) that, for any indecom-
posable K[t]-module Kn

λ = K[t]/(t−λ)n, with n ≥ 1 and λ ∈ K, the image
of Kn

λ under the functor M̂ : finK[t] −−−−→ mod A is an indecomposable
regular A-module, because there is an isomorphism

M̂(Kn
λ ) ∼= K[t]/(t − λ)n ⊗K[t]MA

of A-modules and the A-module K[t]/(t−λ)n⊗K[t]MA, viewed as a represen-
tation of the quiver Δ, is obtained from the diagram defining the bimodule
M by interchanging K[t] with the vector space Kn. It follows that the
A-defect ∂A(dim M̂(Kn

λ )) of the dimension vector dim M̂(Kn
λ ) is zero and,

by (XI.2.3), the A-module M(Kn
λ ) is regular. It is easy to see that, in the

notation of Section XIII.2,
(1) the regular A-module M(Kn

λ ) belongs to the stable tube T A
λ of rank

one, with the mouth module F (λ), for λ ∈ K \ {0, 1},



XIX.3. Tame representation type 347

(2) there is an isomorphism M̂(Kn
λ ) ∼= F (λ)[n], if λ ∈ K \ {0, 1}, and

hence
(3) M̂(Kn

λ ) is a regular A-module of regular length n in the homoge-
neous tube T A

λ , if λ ∈ K \ {0, 1}.

The statement (1) implies (ii′). To prove (iii′), we note that, according
to (XIII.2.5), (XIII.2.9), (XIII.2.15), (XIII.2.19), and (XIII.2.23), all inde-
composable modules in the homogeneous tubes T A

λ , with λ ∈ K \{0, 1}, are
of the form F (λ)[n], where n ≥ 1, and the remaining stable tubes T A

∞ , T A
0 ,

and T A
1 of Γ(modA) are nonhomogeneous and contain only finitely many

modules of any fixed dimension d ≥ 1.
Because the indecomposable postprojective A-modules and the indecom-

posable preinjective A-modules are uniquely determined by their dimension
vectors, by (IX.3.1), then, for each d ≥ 1, all but a finite number of the
isomorphism classes of the modules in inddA are represented by the in-
decomposable regular modules lying in the homogeneous tubes T A

λ , with
λ ∈ K \ {0, 1}. It follows that, for each d ≥ 1, the category inddA is
parametrised by the functor M̂ , and (iii′) follows.

By our assumption, B ∼= EndTA, where TA is a multiplicity-free post-
projective tilting module over the path algebra A = KΔ of a canonically
oriented Euclidean quiver Δ. We recall that the functor

HomA(T, −) : modA−−−−→mod B

restricts to the equivalence of categories

G = HomA(T, −) : R(A) �−−−−→R(B)

of regular modules. The functor G carries short exact sequences in R(A) to
the exact sequences in mod B, because the module T is postprojective and
(VIII.2.13) implies that R(A) is a subcategory of

T (T ) =
{
XA| Ext1A(T, X) = 0

}
= {XA| HomA(X, τT ) = 0} ,

that is, Ext1A(T, X) = 0, for each regular A-module XA. It then follows
that the composite functor

F = HomA(T, −) ◦ M̂ : indK[t]−−−−→mod B,

is exact and, by (1.5), there is a functorial isomorphism F ∼= (−)⊗K[t]NB =
N̂ , where K[t]NB is a K[t]-B-bimodule that is finitely generated free, when
viewed as a left K[t]-module. Obviously, the image of F is contained in the
category

R(B) = add TT B
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of regular B-modules and, by (VIII.4.5), T B
λ = HomA(T, T A

λ ) is a stable
tube of Γ(modB) and the rank of T B

λ equals the rank of T A
λ , for each

λ ∈ P1(K). It follows that all indecomposable B-modules lying in the
homogeneous tubes T B

λ of Γ(modB), with λ ∈ K \ {0, 1}, are contained in
the image of the functor N̂ : indK[t]−−−−→mod B. This shows that, for
each d ≥ 1, the category inddB is almost parametrised by the functor N̂ ,
and the proposition follows. �

3.14. Theorem. If B is a representation-infinite tilted algebra of Eu-
clidean type then B is one-parametric, and hence representation-tame.

Proof. Assume that B is a representation-infinite tilted algebra of Eu-
clidean type Q, where Q is a Euclidean quiver. It follows from the clas-
sification theorem (XVII.5.1) that B is a domestic tubular extension or a
domestic tubular coextension of a concealed algebra C of Euclidean type.
Moreover, the canonical surjective homomorphism of algebras B −→C in-
duces a fully faithful exact embedding modC ↪→ mod B. It follows from
(XVII.6.1) that, for each dimension d ≥ 1, all but a finite number of mod-
ules in inddB lie in the subcategory inddC of inddB, up to isomorphism.
Therefore, it is sufficient to show that the concealed algebra C of Euclidean
type is one-parametric. Hence, the theorem follows from (3.13). �

Now we give a characterisation of path algebras KQ of tame representa-
tion type.

3.15. Theorem. Let Q be an acyclic, finite, and connected quiver, and
A = KQ the path algebra of Q. The following conditions are equivalent.

(a) The algebra A is representation-tame.
(b) The algebra A is representation-domestic, and at most one-para-

metric.
(c) The algebra A is representation-finite, or there exists a K[t]-A-

bimodule K[t]MA such that
(i) M viewed as a left K[t]-module is finitely generated free,
(ii) the image of the functor

M̂ = (−) ⊗ K[t]MA : indK[t]−−−−→mod A,

is contained in the subcategory R(A) of mod A of regular
modules,

(iii) for each integer d ≥ 1, the category inddA is almost para-
metrised by the functor M̂ .

(d) The Euler quadratic form qA : K0(A) −→ Z of A is positive semi-
definite.
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(e) The underlying graph Q of Q is any of the Dynkin diagrams Am, Dm,
E6, E7, E8 or any of the Euclidean diagrams Ãm, D̃m, Ẽ6, Ẽ7, Ẽ8.

(f) The algebra A is not endo-wild.
(g) The algebra A is not representation-wild.

Proof. The implications (c)⇒(b)⇒(a) are obvious, the equivalence
(d)⇔(e) follows from (VII.4.5), and the implication (f)⇒(g) is a consequence
of (1.14) and (1.16). We recall from (1.14) that A = KQ is representation-
wild if and only if Q is a wild quiver. Hence, the equivalence (g)⇔(e)
follows.

(e)⇒(c) If the graph Q is any of the Dynkin diagrams Am, Dm, E6, E7,
E8 then A is representation-finite, by Gabriel′s theorem (VII.5.10), and (c)
follows.

Assume that the graph Q is any of the Euclidean diagrams Ãm, D̃m, Ẽ6,
Ẽ7, Ẽ8. Then (3.13) applies and (c) follows.

(e)⇒(f) It follows from (VII.5.14) that if Q is a Dynkin graph then any
indecomposable A-module XA is a brick, that is, EndXA

∼= K. Assume
that Q is a Euclidean diagram. It follows from (XIII.2.1) and (XI.1.4) that
any indecomposable A-module XA in modA is either postprojective with
EndXA

∼= K, or preinjective with EndXA
∼= K, or regular. If XA is regular

it lies in a standard stable tube and, by (X.2.7), EndXA is isomorphic to the
algebra K[t]/(tm), for some m ≥ 1. It follows that, given an indecomposable
A-module XA in modA, the local algebra EndXA is isomorphic to the field
K, or to the algebra K[t]/(tm), for any m ≥ 2.

Assume, to the contrary, that A is endo-wild. Then the local algebra
C = k[t1, t2]/(t1, t2)2 is isomorphic to the endomorphism algebra EndXA

of some module XA in modA. Because C ∼= EndXA is local then the
module XA is indecomposable, and we get a contradiction, because the
algebra C is obviously not isomorphic to the algebra K[t]/(tm), for some
m ≥ 1. Hence the implication (e)⇒(f) follows.

To finish the proof, it remains to show that (a) implies (e). Assume that
the algebra A is representation-tame. By the tame-wild dichotomy (3.4), A
is representation-wild and (e) follows form (1.14). Instead of applying (3.4),
we can conclude from the dimension arguments in [457] (see also [575, pp.
317–321]) that qA = qQ is positive semidefinite, if A = KQ is tame. Hence
(e) easily follows. �

3.16. Remarks. (a) It follows from (1.15) and (3.15) that, for the path
algebras A = KQ of acyclic and finite quivers Q, the wildness, strictly
wildness, and the endo-wildness coincide.

(b) Assume that A = KQ is the path algebra of a Euclidean quiver Q.
We know from (3.15) that A is representation-tame and one-parametric.
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For the convenience of the reader, we give an outline of the proof involving
only reflection functors and we show that the proof is a constructive one.

First we prove the result in case Q = Δ is any of the canonically oriented
Euclidean quivers Δ(Ãp,q), 1 ≤ p ≤ q, Δ(D̃m), m ≥ 4, Δ(Ẽ6), Δ(Ẽ7), and
Δ(Ẽ8) by constructing a bimodule K[t]MKΔ such that the image of the
functor

M̂ = (−) ⊗ K[t]MKΔ : indK[t]−−−−→mod KΔ,

is contained in the category R(KΔ) of regular A-modules and, for each
dimension d ≥ 1, the category inddKΔ of indecomposable KΔ-modules of
the dimension d is almost parametrised by the functor M̂ . Here we apply
the simple construction given in the proof of (3.13).

Now, assume that A = KQ and Q is an arbitrary acyclic Euclidean
quiver. It was shown in (VII.5.2) and (VIII.1.8) that Q can be obtained
from the canonically oriented quiver Δ, with Δ = Q, by a finite number
of reflections and the categories of modules are connected by a sequence of
reflection functors

mod A
S+

a1
−−−−−−−−→←−−−−−−−−

S−
a1

mod A1

S+
a2

−−−−−−−−→←−−−−−−−−
S−

a2

. . . . . .
S+

as

−−−−−−−−→←−−−−−−−−
S−

as

mod KΔ.

By applying (VII.5.3) and (VII.5.6), one shows that the functors restrict to
equivalence of categories

R(A)
S̃+

a1−−−−→
�

R(A1)
S̃+

a2−−−−→
�

. . . . . .
S̃+

as−−−−→
�

R(KΔ)

between the categories of regular modules such that the composite equiv-
alence S : R(A) �−−−−→ R(KΔ) is an exact functor. It follows that the
composite functor

indK[t] M̂−−−−→R(KΔ) S−1

−−−−→R(A) ↪→ mod A

is of the form N̂ ∼= (−) ⊗ K[t]NA, where K[t]NA is a K[t]-A-bimodule such
that N viewed as a left K[t]-module is finitely generated free. It follows
that, for each dimension d ≥ 1, the category inddA of indecomposable A-
modules of the dimension d is almost parametrised by the functor N̂ , see
the proof of (3.13). In fact, the bimodule N is obtained from M by applying
reflection functors.

For the convenience of the reader we state without proof the following
general result on the representation type of tilted algebras, proved by Kerner
in [343].

3.17. Theorem. Let Q be an acyclic, finite, and connected quiver, and
B a tilted algebra of the type Q. The following conditions are equivalent.

(a) The tilted algebra B is representation-tame.
(b) The tilted algebra B is representation-domestic.
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(c) The Euler quadratic form qB : K0(B) −→ Z of B is weakly non-
negative.

(d) The category mod B is controlled by the Euler quadratic form
qB : K0(B) −→ Z.

(e) The tilted algebra B is not representation-wild.
(f) The tilted algebra B is not strictly representation-wild.

The following example shows that, for any r ≥ 2, there exists an r-
parametric representation-domestic tilted algebra B.

3.18. Example. Let r ≥ 2 be an integer and let B(r) be the path algebra
of the quiver

bound by the zero relations γjαj = 0, σjαj = 0, γjβj = 0, and σjβj = 0,
for j ∈ {1, . . . , r − 1}. We note that for r = 2, the algebra B(2) is that one
considered in (XVIII.5.8).

Denote by H(r) the path algebra of the full subquiver Q(r) of Δ(r) given
by the vertices 1, 2, 3, 4, . . . , 2r − 3, 2r − 2.

It is clear that H(r) is a concealed algebra of the Euclidean type
Δ(Ãr−1,r−1), because r − 1 is the number of counterclockwise oriented ar-
rows, as well as the number of clockwise oriented arrows of Q(r). Further,
for each j ∈ {1, . . . , r − 1}, denote by A(j) the Kronecker algebra given by
the arrows γj and σj .
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A simple checking shows that every indecomposable B(r)-module is either
an indecomposable H(r)-module or is an indecomposable A(j)-module, for
some j ∈ {1, . . . , r − 1}. The Auslander–Reiten quiver Γ(modB(r)) is of
the form

Γ(mod B(r)) = P(H(r)) ∪ TT H(r)
∪ C ∪ (

r−1⋃
j=1

TT A(j)
) ∪ (

r−1⋃
j=1

Q(A(j)))
where

• P(H(r)) is the unique postprojective component of Γ(modH(r)),
• TT H(r)

= {T H(r)

λ }λ∈P1(K) is the P1(K)-family of pairwise orthogonal
standard stable tubes of Γ(modH(r)), with the tubes T H(r)

∞ and
T H(r)

0 of rank r, and the homogeneous tubes T H(r)

λ , for λ ∈ K \{0},
• for each j ∈ {1, . . . , r − 1},

TT A(j)
= {T A(j)

λ }λ∈P1(K)

is the P1(K)-family of pairwise orthogonal standard homogeneous
tubes of Γ(modH(j)),

• for each j ∈ {1, . . . , r − 1}, Q(A(j)) is the unique preinjective com-
ponent of Γ(modA(j)), and

• C is the glueing of the unique preinjective component Q(H(r)) of
Γ(mod H(r)) with the postprojective components

P(A(1)),P(A(2)), . . . ,P(A(r−1))

of the quivers

Γ(mod A(1)), Γ(mod A(2)), . . . ,Γ(mod A(r−1)),

respectively, by the identification S(2j)H(r) = S(2j) = S(2j)A(j) of
the simple injective H(r)-module S(2j)H(r) with the simple projec-
tive A(j)-module S(2j)A(j) , for any j ∈ {1, . . . , r − 1}. For r = 4,
the component C looks as follows

−− τ2I(1) −−−− τI(1) −−−− I(1) P (2′) −−−− τ−1P (2′) −−
↗ ↘ ↗ ↘ ↗ ↘ ↗↗ ↘↘ ↗↗ ↘↘

· · · −−−− τ2S(2) −−−− τS(2) −−−− S(2) −−−− τ−1S(2) −−−− · · ·
↘ ↗ ↘ ↗ ↘ ↗

−− τ2I(3) −−−− τI(3) −−−− I(3) P (4′) −−−− τ−1P (4′) −−
↗ ↘ ↗ ↘ ↗ ↘ ↗↗ ↘↘ ↗↗ ↘↘

· · · −−−− τ2S(4) −−−− τS(4) −−−− S(4) −−−− τ−1S(4) −−−− · · ·
↘ ↗ ↘ ↗ ↘ ↗

−− τ2I(5) −−−− τI(5) −−−− I(5) P (6′) −−−− τ−1P (6′) −−
↗ ↘ ↗ ↘ ↗ ↘ ↗↗ ↘↘ ↗↗ ↘↘

· · · −−−− τ2S(6) −−−− τS(6) −−−− S(6) −−−− τ−1S(6) −−−− · · ·
↘ ↗ ↘ ↗ ↘ ↗

−− τ2I(1) −−−− τI(1) −−−− I(1)
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Observe that the modules

I(1), S(2), P (2′), I(3), S(4), P (4′), . . . . . . , I(2r−3), S(2r−2), P ((2r−2)′)

form a faithful section Σ of C isomorphic to (Δ(r−1))op. It is easy to check
that, for any pair of modules U and V lying on the section Σ, we have
HomB(r)(U, τB(r)V ) = 0. Hence, by the criterion (VIII.5.6), B(r) ∼= EndT (r)

is a tilted algebra of the wild type Δ(r) and C is the connecting component
CT (r) , for a tilting module T (r) over the path algebra KΔ(r). On the other
hand, the algebra B(r) is r-parametric, because the hereditary algebras
H(r), A(1), . . . , A(r−1) are one-parametric, by (3.12).

In the representation theory of tame algebras an important rôle is played
by the class of tubular algebras, introduced by Ringel in [525].

3.19. Definition. Let C be a concealed algebra of Euclidean type and
let

B = C[E1,L(1), E2,L(2), . . . , Es,L(s)]

be a tubular (branch) extension of C in the sense of (XV.4.1). The algebra
B is defined to be a tubular algebra if the tubular type rB = r̂B is one
of the following four types (3, 3, 3), (2, 4, 4), (2, 3, 6), and (2, 2, 2, 2).

Examples of tubular algebras are
• the canonical tubular algebras C(3, 3, 3), C(2, 4, 4), andC(2, 3, 6)

of tubular types (3, 3, 3), (2, 4, 4), and (2, 3, 6), as defined in
(XII.1.2), and

• for each λ ∈ K \ {0}, the canonical tubular algebra C(2, 2, 2, 2, λ) of
the tubular type (2, 2, 2, 2) given by the quiver

bound by the relations α2α1 + β2β1 + γ2γ1 = 0 and α2α1 + β2β1 +
λσ2σ1 = 0.

It is easy to check that (p, q, r) is a triple of integers such that r ≥ q ≥
p ≥ 2 and 1

p + 1
q + 1

r = 1 if and only if it is one of the following triples
(3, 3, 3), (2, 4, 4), and (2, 3, 6).

For the convenience of the reader, we state without proof the following
theorem of Ringel [525] that collects the basic properties of the tubular
algebras.
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3.20. Theorem. Let B be a tubular algebra and let rB = r̂B be its
tubular type.

(a) The algebra Bop is a tubular algebra and its tubular type coincides
with the tubular type rB = r̂B of B.

(b) The algebra B is representation-tame, non-domestic, and of linear
growth.

(c) The Euler quadratic form qB : K0(B) −→ Z of the algebra B is pos-
itive semidefinite of corank 2.

(d) The category mod B is controlled by the Euler quadratic form
qB : K0(B) −→ Z.

(e) The Auslander–Reiten quiver Γ(mod B(r)) is of the form

Γ(mod B) = P(B) ∪ TT B
0 ∪ (

⋃
q∈Q+

TT B
q ) ∪ TT B

∞ ∪ Q(B),

where Q+ is the set of all positive rational numbers and
• P(B) is the unique postprojective component of Γ(mod B),
• Q(B) is the unique preinjective component of Γ(mod B),
• TT B

0 = {T B
0,λ}λ∈P1(K) is a P1(K)-family of pairwise orthogonal stan-

dard ray tubes of tubular type rB, containing at least one indecom-
posable projective B-module,

• TT B
∞ = {T B

∞,λ}λ∈P1(K) is a P1(K)-family of pairwise orthogonal stan-
dard coray tubes of tubular type rB, containing at least one indecom-
posable injective B-module,

• for each q ∈ Q+, TT B
q = {T B

q,λ}λ∈P1(K) is a P1(K)-family of pairwise
orthogonal standard stable tubes of tubular type rB,

• for each q ∈ Q+ ∪ {0,∞}, the P1(K)-family TT B
q = {T B

q,λ}λ∈P1(K)

separates P(B) ∪ (
⋃

p<q
TT B

p ) from (
⋃

p>q
TT B

p ∪ Q(B)),

• gl.dimB = 2,
• pdX ≤ 1, for any indecomposable module X in

P(B) ∪ TT B
0 ∪ (

⋃
q∈Q+

TT B
q ),

• idY ≤ 1, for any indecomposable module Y in
(
⋃

q∈Q+

TT B
q ) ∪ TT B

∞ ∪ Q(B).

We note that the class of algebras Bop opposite to the tubular algebras B
coincides with the class of tubular (branch) coextensions

[E1,L(1), E2,L(2), . . . , Es,L(s)]C

of concealed algebras C of Euclidean type. The tubular type of any such
an algebra is one of the types (3, 3, 3), (2, 4, 4), (2, 3, 6), and (2, 2, 2, 2).
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3.21. Example. Let Λn = K[t1, t2]/(t1t2, tn1 , tn2 ), with n ≥ 3, be the
algebra studied by Gelfand and Ponomariev in [259]. For each n ≥ 3, the
algebra Λn is representation-tame, and is not of polynomial growth, see
[187], [603], and [606].

We recall that, by Higman′s theorem (V.5.6), if G is a finite group and
K is an algebraically closed field of characteristic p > 0 dividing the order
of the group G then the group algebra KG is representation-finite if and
only if the Sylow p-subgroups of G are cyclic.

The following theorem, proved by Bondarenko and Drozd in [86], classifies
the representation-infinite group algebras KG of tame representation type.

3.22. Theorem. Let G be a finite group and let K be an algebraically
closed field of characteristic p > 0 dividing the order of G. The group K-
algebra KG of G is representation-infinite of tame representation type if
and only if p = 2 and any Sylow 2-subgroup of G is of one of the groups

(i) The dihedral group

Dm = 〈g, h | g2 = h2m

= 1, hgh = g〉, m ≥ 1,

(ii) The semidihedral group

Sm = 〈g, h | g2 = h2m

= 1, hg = gh2m−1−1〉, m ≥ 3,

(iii) The quaternion group

Qm = 〈g, h | g2 = h2m−1
, g4 = 1, hgh = g〉, m ≥ 2.

As a consequence of Theorem (3.22) one gets the following characteri-
sation of group algebras of polynomial growth, see Skowroński [606] for a
proof.

3.23. Corollary. Let G be a finite group and let K be an algebraically
closed field of characteristic p > 0 dividing the order of G. Let KG be the
group algebra of G. The following three condition are equivalent.

(a) The algebra KG is representation-infinite tame of polynomial growth.
(b) The algebra KG is representation-infinite and representation-

domestic.
(c) p = 2 and any Sylow 2-subgroup of G is the Klein group D2 ∼=

Z2 × Z2.

We end this section with relevant information on the classification of the
indecomposable representations of Dm, Sm, Qm, and modules over related
group algebras.

(i) The reader is referred to Ringel [511] for a classification of the inde-
composable finite dimensional KDm-modules, in case (3.22)(i) with
p = 2, see also Bondarenko [84].
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(ii) For a classification of the indecomposable finite dimensional KSm-
modules, in the case (3.22)(ii) with p = 2, we refer to Crawley-
Boevey [148]–[150], see also Erdmann [211], and Brenner [103].

(iii) The classification of the indecomposable finite dimensional KQm-
modules in the case (3.22)(iii) remains an open problem.

(iv) For the classification of related representation-tame algebras of the
dihedral, semidihedral, and quaternion type, the reader is referred to
Erdmann [211], Erdmann–Skowroński [219], [220], and Holm [295].

(v) Representation-finite group algebras AG of finite groups G with
coefficients in an arbitrary algebra A are completely described by
Meltzer–Skowroński [438], see also Dowbor–Simson [183] for a spe-
cial case when A is a local algebra. Representation-infinite group al-
gebras AG of tame representation type are described by Skowroński
[606] and Leszczyński–Skowroński [410].

(vi) Finite dimensional cocommutative Hopf algebras H of finite rep-
resentation type are completely described by Farnsteiner [222] and
Farnsteiner–Voigt [227], and the representation-infinite cocommuta-
tive Hopf algebras of tame representation type in odd characteris-
tic are completely described by Farnsteiner–Skowroński [224], [225],
[226], and Farnsteiner–Voigt [228].

(vii) For a complete description of finite dimensional representation-tame
Hecke algebras of classical type the reader is referred to Ariki [4] and
Erdmann–Nakano [218].

XIX.4. Exercises
1. Assume that Λ and Λ′ are arbitrary (not necessarily finite dimensional)

K-algebras and let A be an additive full exact subcategory of mod Λ that is
closed under direct summands. Prove that any representation equivalence
T : A −→ mod Λ′ respects the isomorphism classes and carries indecompos-
able modules to indecomposable ones.

2. Let A be a finite dimensional K-algebra and e ∈ A an idempotent.
Consider the K-algebra B = eAe ∼= End eA and let

Te, Le : mod B −−−−−−→ mod A
be the K-linear covariant functors defined by the formulae Te(−) = −⊗B eA
and Le(−) = HomB(Ae,−).

(a) Show that the functors Te and Le are full, faithful, carry indecom-
posable modules to indecomposable ones and respect the isomor-
phism classes.

(b) Give examples of algebras A and idempotents e such that the functor
Te is not a representation embedding (Le is not a representation
embedding).
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3. (a) Show that the path K-algebra of the wild quiver

Δ :

2
↓

1 → 6 ← 3
↗ ↖

5 4

is isomorphic to the algebra A =

⎡⎣K 0 0 0 0 K
K 0 0 0 K

K 0 0 K
K 0 KO K K

K

⎤⎦ .

(b) Show that there is a functorial isomorphism modA ∼= repK(Δ).
(c) Let L(2) be the two loops quiver

Consider the functor G : RepK(L(2)) → RepK(Δ) defined by attaching
to any representation X = (X, ϕα1 , ϕα2) of L(2) the representation of Δ
given by the diagram

G(X) :

X⏐⏐�d

X

[ 1
ϕα1

]
−−−−→ X⊕X

[ 1
ϕα2

]
←−−−− X

u1 ↗ ↖ u2

X X

where d(x) = (x, x), u1(x) = (x, 0), u2(x) = (0, x), for x ∈ X. Given a
morphism f : X → Y in RepK(L(2)), we put G(f) = (f, f, f, f, f, f ⊕ f).

(i) Show that the functor G is exact, full, faithful and commutes with
arbitrary direct sums.

(ii) Let G′ : repK(L(2))−→repK(Δ) be the restriction of G to repK(L(2)).
Prove that the functor finK〈t1, t2〉 ∼= repK(L(2)) G′

−→ repK(Δ) ∼=
mod A is a representation embedding and there is an isomorphism
of functors G′ ∼= − ⊗K〈t1,t2〉 MA, where K〈t1,t2〉MA is a K〈t1, t2〉-
A-bimodule such that the left K〈t1, t2〉-module K〈t1,t2〉M is finitely
generated free of rank 7.

(iii) Conclude that the algebra A is strictly representation-wild.

4. Let A = KQ be the path algebra of the four subspace quiver

and let M be a K[t]-A-bimodule
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(i) Prove that the algebra A is one-parametric, by showing that the bi-
module M satisfies the conditions (i), (ii), and (iii) listed in Propo-
sition (3.13).

Hint: Apply (XIII.3) and consult the proof of (3.13).
(ii) By applying the reflection functor technique explained in Remark

(3.16)(b), find a K[t]-KQ′-bimodule M ′ satisfying the conditions
(i), (ii), and (iii) listed in (3.13), for any quiver Q′ obtained from
the four subspace quiver Q by at most four element sequence of
reflections.

5. Assume that B is a tubular algebra and use the notation of (3.20). By
applying (3.20)(e), prove that

(i) gl.dimB = 2,
(ii) pdX ≤ 1, for any indecomposable module X in

P(B) ∪ TT B
0 ∪ (

⋃
q∈Q+

TT B
q ),

(iii) idY ≤ 1, for any indecomposable module Y in

(
⋃

q∈Q+
TT B

q ) ∪ TT B
∞ ∪ Q(B).

6. Let C be any of the canonical tubular algebras C(3, 3, 3), C(2, 4, 4),
C(2, 3, 6), or C(2, 2, 2, 2, λ), see (3.19) and Section XII.1.

(a) Determine the Euler quadratic form qC : K0(C) −→ Z of C.
(b) Prove that qC : K0(C) −→ Z is semidefinite of corank 2.
(c) Prove that the radical rad qC of qC is generated by two positive

vectors of the Grothendieck group K0(C) of C.

7. Let B be a tubular algebra and C the canonical tubular algebra with
rC = rB .

(a) Prove that Γ(modC) admits a P1(K)-family TT C
1 = {T C

1,λ}λ∈P1(K) of
pairwise orthogonal standard stable tubes of tubular type rC such
that the mouth modules of each of the tubes T C

1,λ have dimension
vectors with coordinates in the set {0, 1}.

Hint: Consult Section XII.2.
(b) Prove that there exists a multiplicity-free tilting C-module TC in

the category add (P(C) ∪ TT B
0 ∪

⋃
q∈Q+

TT B
q ) such that B ∼= EndTC .

Hint: Consult the proof of (X.4.2).



Chapter XX

Perspectives
The aim of this chapter is to present (without proofs) some old and new

results of the representation theory of finite dimensional algebras, related to
the material presented in the book. This, together with the long list of com-
plementary references included in the bibliography, gives good perspectives
for further study and interesting research directions.

In Section 1, results on the shape of the connected components of the
Auslander–Reiten quiver Γ(modA) of an algebra A are presented. In par-
ticular, the possible shapes and the structure of generalised standard com-
ponents of Γ(modA) are discussed.

In Section 2, the Tits quadratic form q̂A : K0(A) −→Z of an algebra A,
with the ordinary quiver acyclic, is defined. A geometric nature and an im-
portance of the Tits form q̂A for the representation theory of representation-
tame simply connected algebras is shown. Several characterisations of rep-
resentation-tame simply connected algebras of polynomial growth are pre-
sented.

In Section 3, we briefly present some results on tilted algebras of wild
type, that are complementary to the results of Chapter XVIII. We also
outline the representation theory of quasitilted algebras, that is, the algebras
of the form EndH(T ), where T is a tilting object of a hereditary abelian K-
category H.

Section 4 is devoted to the representation theory of algebras of small
homological dimensions and their characterisations. In particular, we in-
vestigate the classes of double tilted algebras and generalised double tilted
algebras.

In Section 5, we discuss the importance of the tilted algebras and qua-
sitilted algebras for the representation theory of self-injective (Frobenius)
algebras. We show that the class of basic, connected, self-injective alge-
bras Λ of polynomial growth, with dimKΛ ≥ 2, coincides with the class of
the socle deformations of the orbit algebras of the repetitive categories of
the tilted algebras of Dynkin or Euclidean type, and the tubular algebras.
The structure and the main properties of self-injective algebras Λ, having a
generalised standard component in Γ(mod Λ), are also discussed.

In the final Section 6, we indicate some of the important research direc-
tions of the modern representation theory of finite dimensional algebras.

359
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XX.1. Components of the Auslander–Reiten
quiver of an algebra

The aim of this section is to present some results on the shape and the
structure of components of the Auslander–Reiten quiver Γ(modA) of an
algebra A.

1.1. Definition. Let A be an algebra and C a component of the quiver
Γ(mod A).

(a) The component C is defined to be regular if C contains neither a
projective module nor an injective module.

(b) The component C is defined to be semiregular if C does not contain
both a projective and an injective module.

The possible shapes of regular components of an Auslander–Reiten quiver
describe the following theorem, proved independently by Liu [414] and
Zhang [689].

1.2. Theorem. Let A be an algebra and C be a regular component of
Γ(mod A).

(a) C contains an oriented cycle if and only if C is a stable tube.
(b) C is acyclic if and only if C is of the form ZΔ, for some locally finite

acyclic quiver Δ. �

One should remark that the part (a) of (1.2) implies that a regular com-
ponent C of the Auslander–Reiten quiver Γ(modA) of A is a stable tube if
and only if C contains a τA-periodic module (a theorem by Happel–Preiser–
Ringel in [281]).

The possible shapes of the semiregular components of an Auslander–
Reiten quiver describe the following theorems, proved by Liu in [414] and
[415].

1.3. Theorem. Let A be an algebra and C be a component of Γ(mod A)
without injective modules.

(a) C contains an oriented cycle if and only if C is a ray tube.
(b) C is acyclic if and only if there exists a locally finite acyclic quiver

Δ such that C is isomorphic to a full translation subquiver of ZΔ
that is closed under τ−1

A -shifts. �

1.4. Theorem. Let A be an algebra and C be a component of Γ(mod A)
without projective modules.

(a) C contains an oriented cycle if and only if C is a coray tube.
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(b) C is acyclic if and only if there exists a locally finite acyclic quiver
Δ such that C is isomorphic to a full translation subquiver of ZΔ
which is closed under τA-shifts. �

It follows from Chapters XII and XVII that an arbitrary stable tube, ray
tube and coray tube occurs as a component of the Auslander–Reiten quiver
Γ(mod B) of a representation-infinite tilted algebra B of a Euclidean type
Ãm or D̃m. On the other hand, it is not clear which acyclic quivers ZΔ
occur as regular components of an Auslander–Reiten quiver Γ(modA).

It is expected that, for any representation-tame algebra A, each acyclic
regular component of Γ(modA) is of one of the forms ZA∞

∞ and ZD∞, where
A∞

∞ : . . . −−−−→◦−−−−→◦−−−−→ . . . −−−−→◦−−−−→ . . . ,

D∞ :

◦
↘

◦−−−−→◦−−−−→◦−−−−→ . . . −−−−→◦−−−−→ . . . .
↗

◦
By [211], [219], and [673], this is the case, when A = KG is a represen-

tation-tame group algebra of a finite group G. We should also mention the
following two facts

• a theorem of Webb [673] asserting that, given an arbitrary finite
group G, any acyclic regular component of Γ(modA) is of one of
the forms ZA∞, ZA∞

∞, or ZD∞, and
• a theorem of Erdmann [212] asserting that, if G is a finite group such

that the group algebra KG is representation-wild then Γ(modA)
contains components of type ZA∞.

The following theorem is proved by Ringel [527], see also (XVIII.5.17).

1.5. Theorem. Let Δ be a connected, finite, acyclic quiver with at least
three vertices. The translation quiver ZΔ occurs as a regular component of
an Auslander–Reiten quiver Γ(mod A) if and only if Δ is neither a Dynkin
nor a Euclidean quiver. �

The following theorem, proved by Crawley–Boevey and Ringel [162],
shows that there exist large acyclic regular components of the Auslander–
Reiten quivers.

1.6. Theorem. Let Δ be a locally finite, connected, acyclic quiver such
that after deleting finitely many vertices and arrows Δ becomes a disjoint
union of quivers of type A∞. Then there exists an algebra A such that ZΔ
occurs as a regular component of Γ(mod A). �

In general, not much is known on the structure of components of an
Auslander–Reiten quiver containing both a projective module and an injec-
tive module. To present a few general results in this direction we need some
concepts.
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1.7. Definition [170]. Let A be an algebra. A component C of Γ(modA)
is defined to be coherent if the following two conditions are satisfied:

(c1) for each projective module P in C, there is an infinite sectional path

P = X1 −→ X2 −→ · · · −→ Xm −→ Xm+1 −→ . . . .

(c2) for each injective module I in C, there is an infinite sectional path

· · · −→ Ym+1 −→ Ym −→ · · · −→ Y2 −→ Y1 = I.

We note that every ray tube and every coray tube is coherent.

1.8. Definition. Let A be an algebra and C be a component of Γ(modA).

(a) The component C is defined to be cyclic if every module X of C lies
on an oriented cycle of C.

(b) The component C is defined to be almost cyclic if all but finitely
many modules of C lie on oriented cycles of C.

(c) The component C is said to be almost periodic if all but finitely
many τA-orbits in C are periodic.

In [425], Malicki and Skowroński introduce the concept of a generalised
multicoil, extending the concept of a coil from [17] and [20]. Roughly
speaking a generalised multicoil is a connected translation quiver obtained
from a finite family of stable tubes by a sequence of admissible operations. A
generalised multicoil is coherent, almost cyclic and contains usually many
projective vertices and many injective vertices. Moreover, a generalised
multicoil C is semiregular if and only if C is a ray tube or a coray tube.

The following theorem, proved in [425], may be viewed as an extension
of (1.3)(a) and (1.4)(a).

1.9. Theorem. Let A be an algebra and C be a component of Γ(mod A).

(a) C is almost cyclic and coherent if and only if C is a generalised
multicoil.

(b) C is cyclic and coherent if and only if C is a cyclic generalised mul-
ticoil. �

One can prove that, given an algebra, every almost cyclic and coher-
ent component of an Auslander–Reiten quiver Γ(modA) is almost periodic.
The following theorem of Skowroński [615] contains important information
on the dimensions of the indecomposable modules lying in almost periodic
components.
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1.10. Theorem. Let A be an algebra and C be an almost periodic com-
ponent of Γ(mod A). For each integer d ≥ 1, the number of indecomposable
modules X in C with dimKX = d is finite (or zero). �

It follows from (XVIII.1.6) and (XVIII.1.7) that the regular components
of the Auslander–Reiten quiver Γ(modA) of any wild hereditary algebra
A are of type ZA∞ and, hence, they are not almost periodic, but admit at
most a finite number of indecomposable modules of a fixed dimension d ≥ 1.
Surprisingly, Liu and Schultz [421] construct examples of algebras Λ such
that Γ(mod Λ) contains a component C of type ZA∞ and every τA-orbit of
C consists of modules of the same dimension, see also [535].

An interesting open problem concerns the structure of generalised stan-
dard components of an Auslander–Reiten quiver.

The following theorem, proved by Skowroński in [615], describes the
shape of arbitrary generalised standard components.

1.11. Theorem. Let A be an algebra and C be a generalised standard
component of Γ(mod A). Then C is almost periodic. �

As a consequence, we obtain the following description of the shapes of
the regular generalised standard components.

1.12. Corollary. Let A be an algebra and C be a regular generalised
standard component of Γ(mod A). Then C is either a stable tube or is of the
form ZΔ, for a connected, finite, acyclic quiver Δ. �

The following results, proved in [615], describe the structure of semireg-
ular acyclic generalised standard components.

1.13. Theorem. Let A be an algebra, C a component of Γ(mod A) and
B = A/AnnA C. The following conditions are equivalent.

(a) C is generalised standard, acyclic, and has no injective modules.
(b) B is isomorphic to a tilted algebra EndTH , where H is a hereditary

algebra, T is a tilting H-module without non-zero postprojective di-
rect summands, and C is the connecting component CT of Γ(mod B)
determined by T . �

1.14. Theorem. Let A be an algebra, C a component of Γ(mod A), and
B = A/AnnA C. The following conditions are equivalent.

(a) C is generalised standard, acyclic, and has no projective modules.
(b) B is isomorphic to a tilted algebra EndTH , where H is a hereditary

algebra, T is a tilting H-module without non-zero preinjective di-
rect summands, and C is the connecting component CT of Γ(mod B)
determined by T . �

As a consequence, we get the following useful fact.
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1.15. Corollary. Let A be an algebra, C a component of Γ(mod A),
and B = A/AnnA C. Then C is generalised standard regular and acyclic if
and only if B is isomorphic to a tilted algebra EndTH , where H is a wild
hereditary algebra, T is a regular tilting H-module, and C is the connecting
component CT of Γ(mod B) determined by T . �

The following characterisation of acyclic regular generalised standard
components is established by Skowroński in [613].

1.16. Theorem. Let A be an algebra and C a regular component of
Γ(mod A). Then C contains a directing module if and only if C is an acyclic
generalised standard component. �

In this context, we should also mention the following result proved inde-
pedently by Peng and Xiao in [472] and Skowroński [613].

1.17. Theorem. Given an arbitrary algebra A, the quiver Γ(mod A)
contains at most a finite number of τA-orbits containing directing
A-modules. �

A structure of algebras such that all indecomposable projective modules
are directing is described by Skowroński and Wenderlich [647].

It follows from (XVIII.5.16) and (XVIII.5.17) that there exist many reg-
ular tilting modules over any wild hereditary algebra H, with K0(H) of
rank at least 3, and hence many generalised standard, regular acyclic com-
ponents of Auslander–Reiten quivers of algebras. However, the following
result, proved in [615], shows that we may have only finitely many such
components, for a given algebra A.

1.18. Theorem. For any algebra A, all but finitely many generalised
standard components in the Auslander–Reiten quiver Γ(mod A) of A are
stable tubes. �

The structure of arbitrary generalised standard acyclic components is
described completely in [612]. In particular, the following result is proved
in [612].

1.19. Theorem. Let A be an algebra.
(a) The Auslander–Reiten quiver Γ(mod A) of A contains at most two

faithful generalised standard acyclic components.
(b) A is a concealed algebra if and only if the Auslander–Reiten quiver

Γ(mod A) of A contains precisely two faithful generalised standard
acyclic components.

�
It follows from (XII.3.4) that every component of the Auslander–Reiten

quiver of a concealed algebra of Euclidean type is generalised standard.
Conversely, we have the following result proved in [617].
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1.20. Theorem. Let A be an algebra. The following conditions are
equivalent.

(a) A is a concealed algebra of Euclidean type.
(b) A satisfies the following two conditions

(i) A is representation-infinite and A/I is representation-finite,
for every non-zero two-sided ideal I of A.

(ii) Every component of Γ(mod A) is generalised standard. �

The problem of describing the algebras A for which the Auslander–Reiten
quiver Γ(modA) admits a component C with a faithful (generalised) stan-
dard stable tube seems to be difficult. The class of these algebras includes:

• the canonical algebras [525], [528],
• concealed canonical algebras [394],
• supercanonical algebras [397],
• generalised canonical algebras [625], and
• concealed generalised canonical algebras [427],

see Section 3, for some results in this direction.
Here, we only note the following consequences of the main result of [625].

1.21. Theorem. Given 0 �= g ∈ N∪{∞} and a sequence r1, . . . , rm ≥ 2
of integers, there exists a generalised canonical algebra C such that

(a) gl.dimC = g, and
(b) the quiver Γ(mod C) admits a K-family

TT C = {T C
λ }λ∈K

of pairwise orthogonal standard faithful stable tubes, with m tubes
T C

λ1
, . . . , T C

λm
of ranks r1, . . . , rm, respectively, and the remaining

tubes homogeneous. �

1.22. Theorem. Given an arbitrary basic algebra B and a sequence of
integers r1, . . . , rm ≥ 2, there exists a generalised canonical algebra C such
that

(a) B is a quotient algebra of C, and
(b) the quiver Γ(mod C) admits a K-family

TT C = {T C
λ }λ∈K

of pairwise orthogonal standard faithful stable tubes, with m tubes
T C

λ1
, . . . , T C

λm
of ranks r1, . . . , rm, respectively, and the remaining

tubes homogeneous. �
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XX.2. The Tits quadratic form of an algebra
Throughout this book, a fundamental rôle is played by the Euler qua-

dratic form qA : K0(A) −−−−→ Z, associated to an algebra A of finite global
dimension (III.3.11), which is a homological quadratic form. In the repre-
sentation theory of algebras an important rôle is also played by the Tits
quadratic form q̂A : K0(A) −−−−→ Z, associated to any algebra A with the
acyclic quiver QA, which is a geometric quadratic form. To introduce it, we
briefly explain the related geometric context.

2.1. A geometric context. Let A = KQ/I, where Q = (Q0, Q1, s, t)
is a finite connected quiver and I is an admissible ideal of the path alge-
bra KQ of Q. Let n = |Q0| and Q0 = {1, . . . , n}. Fix a positive vector
d= (d1, . . . , dn) ∈ K0(A)=Zn.

(i) Denote by modA(d) the set of all representations

V = (Vi, ϕα)i∈Q0,α∈Q1

in the category repK(Q, I) of finite dimensional K-linear represen-
tations of the bound quiver (Q, I) with Vi = Kdi , for all i ∈ Q0.

(ii) A representation V in modA(d) is given by dt(α) × ds(α)-matrices
V (α) determining the K-linear maps ϕα : Kds(α) −−−−→ Kdt(α) , in
the canonical bases of Kdi , i ∈ Q0. Moreover, the matrices V (α), α ∈
Q1, satisfy the relations

m∑
i=1

λiV (α(i)
1 ) · . . . · V (α(i)

ni
) = 0,

for all relations
∑m

i=1 λiα
(i)
1 . . . α

(i)
ni ∈ I, that are, by (II.2.3), K-

linear combinations of paths in Q with a common source and a
common target.

(iii) View modA(d) as a subset of the affine space
A(d) =

∏
α∈Q1

Kdt(α)×ds(α)

defined by vanishing a finite number of polynomials, given by the
matrix relations in (ii). Hence, modA(d) a closed subset of the affine
space A(d) in the Zariski topology.

We call modA(d) the affine variety of A-modules of dimension
vectord.

(iv) Define the action · : G(d) × modA(d) −−−−→ modA(d) of the affine
algebraic group G(d) =

∏
i∈Q0

GLdi(K) on the variety modA(d) by
the conjugation formula

(g · V )(α) = gt(α) · V (α) · g−1
s(α),

for g = (gi) ∈ G(d), V ∈ modA(d), α ∈ Q1. �
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It is clear that two representations M and N in modA(d) are isomorphic
if and only if M and N belong to the same G(d)-orbit.

An algebra A = KQ/I, with the quiver Q = QA acyclic, is said to
be triangular. We note that every triangular algebra is of finite global
dimension.

2.2. Definition. Let A = KQ/I be a triangular algebra and n =
|Q0|. The Tits quadratic form q̂A of A is the integral quadratic form
q̂A : Zn −−−−→ Z defined by

q̂A(x) =
∑
i∈Q0

x2
i −

∑
α∈Q1

xs(α)xt(α) +
∑

i,j∈Q0

rijxixj ,

for x ∈ Zn = K0(A), where rij is the number of K-linear relations with
source i and target j, for a minimal (finite) set R of K-linear relations
generating the ideal I.

In [88], Bongartz proves that rij = dimKExt2A(S(i), S(j)), and hence
rij does not depend on the choice of R (the triangularity of A is essential
here). It follows from (III.2.12) that the number of arrows in Q with source
i and target j is equal to dimKExt1A(S(i), S(j)). Therefore, given x ∈ Zn =
K0(A), we have

q̂A(x) =
∑
i∈Q0

x2
i −

∑
i,j∈Q0

dimKExt1A(S(i), S(j))xixj

+
∑

i,j∈Q0

dimKExt2A(S(i), S(j))xixj .

In particular, for a triangular algebra A = KQ/I, we have
• q̂A = qA, if gl.dimA ≤ 2, and
• q̂A = qQ, if A = KQ (that is, I = 0).

Let A = KQ/I be a triangular algebra. Then, the Krull’s Principal Ideal
Theorem yields

q̂A(d) ≥ dim G(d) − dim modA(d),

for any positive vector d ∈ K0(A), and hence q̂A is a geometric form.
The following geometric results are proved by Bongartz [88] (in the finite

type case) and de la Peña [457] (in the tame case).

2.3. Proposition. Let A = KQ/I be a triangular algebra and d ∈K0(A)
a positive vector.

(a) If A=KQ/I is representation-finite then dim G(d) > dim modA(d).
(b) If A is representation-tame then dim G(d) ≥ dim modA(d). �

As a direct consequence we obtain the following facts.
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2.4. Corollary. Let A = KQ/I be a triangular algebra.
(a) If A is representation-finite then the Tits form q̂A is weakly positive.
(b) If A is representation-tame then the Tits form q̂A is weakly

non-negative. �

The reverse implications are proved for the following classes of algebras
of small homological dimensions:

• tilted algebras [343],
• double tilted algebras [490],
• quasitilted algebras [622],
• coil enlargements of concealed algebras [21], and
• generalised multicoil algebras [426].

Unfortunately, these implications are not true for arbitrary triangular
algebras A = KQ/I, because there are wild triangular algebras (even of
global dimension 2) with weakly positive Tits form (see [88]). One has to
impose some nondegeneracy conditions on a triangular algebra A = KQ/I
to recover its representation type from the weak positivity or weak non-
negativity of the Tits form q̂A : K0(A) −−−−→ Z. A natural and important
condition is the simple connectedness of the algebra A.

The general definition of a simply connected algebra is due to Assem and
Skowroński [13]. To introduce it, we need the concept of the fundamental
group of a bound quiver (Q, I), proposed in [264] and [432].

Let (Q, I) be a connected bound quiver. A relation


 =
m∑

j=1

λjwj ∈ I

is said to be minimal if m ≥ 2 and
∑m

j∈J λjwj /∈ I, for any proper subset J

of {1, . . . , m}. Let m(I) be the set of all minimal relations of the ideal I.
Denote by Π1(Q, x0) the fundamental group of the quiver Q at a fixed

vertex x0 ∈ Q0, and by N(Q, m(I), x0) the normal subgroup of Π1(Q, x0)
generated by all homotopy classes of the form [wvu−1w−1] where w is a
walk from x0 to a vertex x and u, v are paths in Q from x to a vertex y
such that there exists an element 
 =

∑m
j=1 λjwj ∈ m(I) with v = wr and

u = ws, for some r, s ∈ {1, . . . , m}. Then the group

Π1(Q, I) = Π1(Q, x0)/N(Q, m(I), x0)

is said to be the fundamental group of the bound quiver (Q, I).

2.5. Definition. A triangular algebra A is said to be simply con-
nected if, for any presentation

A ∼= KQ/I
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of A as a bound quiver algebra, the fundamental group Π1(Q, I) is trivial.

It is proved in [610] that a triangular algebra A = KQ/I is simply con-
nected if and only if A does not admit a proper Galois covering.

One can show that every algebra satisfying the separation condition or
the coseparation condition (IX.4.1) is simply connected (see [611]).

Let A = KQ/I be an algebra. By a convex subalgebra of A we mean
an algebra of the form

C = KΔ/J,

where Δ is a convex subquiver of Q and J = I ∩ KΔ. The following
concept of a strong simple connectedness introduced in [611] is essential for
the representation theory of triangular algebras.

2.6. Definition. A triangular algebra A = KQ/I is said to be strongly
simply connected if every convex subalgebra C of A is simply connected.

A class of strongly simply connected algebras contains the tree algebras,
that is, the algebras whose quiver is a tree. In general, we have the following
result proved in [611].

2.7. Theorem. Let A = KQ/I be a triangular algebra. The following
conditions are equivalent.

(a) A is strongly simply connected.
(b) Every convex subalgebra of A satisfies the separation condition.
(c) Every convex subalgebra of A satisfies the coseparation condition.
(d) The first Hochschild cohomology space H1(C) of any convex subal-

gebra C of A vanishes. �

We recall that there is an isomororphism

H1(C) ∼= DerK(C, C)/Der0K(C, C)

of vector spaces, where DerK(C, C) is the space of all K-linear derivations
d : C → C and Der0K(C, C) is the subspace of DerK(C, C) consisting of the
inner derivations of C.

The following classes of strongly simply connected algebras are of impor-
tance, see [89], [293], [456], and Chapter XIV.

2.8. Definition. (a) A critical algebra is a concealed algebra C of
Euclidean type Δ, if the underlying graph Δ is one of the Euclidean trees
D̃m, m ≥ 4, Ẽ6, Ẽ7, and Ẽ8.

(b) A hypercritical algebra is defined to be a concealed algebra of wild
type Δ, with the underlying graph Δ of any of the following minimal wild
tree forms
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T5 :

◦ ◦
\ //

◦ —–◦,
// \

◦ ◦

˜̃
Dn :

◦ ◦
\ //
◦——◦—— . . . . . .——◦——◦

// \
◦ ◦——◦,

m+2 vertices, 4 ≤ m ≤ 8,

˜̃
E6 :

◦
|
◦
|

◦——◦——◦——◦——◦——◦,˜̃
E7 :

◦
|

◦——◦——◦——◦——◦——◦——◦——◦,˜̃
E8 :

◦
|

◦——◦——◦——◦——◦——◦——◦——◦——◦.

We recall that a classification of critical algebras is presented in Chapter
XIV. A classification of hypercritical algebras A = KQ/I in terms of their
bound quivers (Q, I) is given by Unger [665].

Now we present very efficient criteria for the finite representation type of
simply connected algebras, proved by Bongartz in [88], [89] and [90].

2.9. Theorem. Let A be a simply connected algebra. The following
statements are equivalent.

(a) A is representation-finite.
(b) The Tits form q̂A of A is weakly positive.
(c) A does not admit a convex subalgebra C which is critical. �

It is known that every representation-finite simply connected algebra is
strongly simply connected. It is shown in [122] that there exist wild simply
connected algebras (even of global dimension 2) with weakly non-negative
Tits form.

The following criteria for the tame representation type of strongly sim-
ply connected algebras are proved recently by Brüstle, de la Peña and
Skowroński in [122].

2.10. Theorem. Let A be a strongly simply connected algebra. The
following conditions are equivalent.

(a) A is representation-tame.
(b) The Tits form q̂A of A is weakly non-negative.
(c) A does not admit a convex subalgebra C which is hypercritical. �
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The proof of this theorem relies on the representation theory of strongly
simply connected algebras of polynomial growth established by Skowroński
in [620], the classification and representation theory of tame minimal non-
polynomial growth simply connected algebras (pg-critical algebras) es-
tablished by Nörenberg and Skowroński in [451], and the Geiss theorem on
degenerations of algebras [248].

In particular, we have the following two theorems characterising the
strongly simply connected algebras that are of finite growth or of polyno-
mial growth, established by Skowroński in [620] and completed by Simson-
Skowroński in [601], with the parts (d) and (e) of (2.11), and by Wenderlich
[674], with the part (f) of (2.11).

2.11. Theorem. For a strongly simply connected algebra A, the follow-
ing six statements are equivalent.

(a) A is of finite growth (domestic).
(b) A does not contain a convex subcategory C which is tubular, pg-

critical or hypercritical.
(c) The infinite radical rad∞

A of mod A is nilpotent.
(d) The double infinite radical

(rad∞
A )∞ =

∞⋂
m=1

(rad∞
A )m

of the category mod A is zero.
(e) The square ((rad∞

A )∞)2 of the double infinite radical (rad∞
A )∞ of the

category mod A is zero.
(f) The Krull-Gabriel dimension KG(A) of the algebra A is finite. �

The infinite radical rad∞
A is said to be nilpotent, if there is an integer

m ≥ 1 such that (rad∞
A )m = 0.

The reader is referred to Geigle [244] and [245] for basic facts concerning
the Krull-Gabriel dimension of an algebra. We refer also to de la Peña
[460] for a characterisation of strongly simply connected domestic algebras
A = KQ/I by the corank of their Tits forms q̂A : K0(A) −−−−→ Z.

We also recall from [601] that:
• if A is an arbitrary algebra such that (rad∞

A )∞ = 0 then A is
representation-tame, and

• if A is a pg-critical algebra then the square of the double infinite
radical (rad∞

A )∞ of modA is non-zero.

2.12. Theorem. For a strongly simply connected algebra A, the follow-
ing five statements are equivalent.

(a) A is of polynomial growth.
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(b) A is of linear growth.
(c) A does not contain a convex subcategory C that is pg-critical or hy-

percritical.
(d) Every component of Γ(mod A) is generalised standard.
(e) The infinite radical rad∞

A of mod A is locally nilpotent. �

The infinite radical rad∞
A is called locally nilpotent if there exists a

positive integer m such that (rad∞
A (X, X))m = 0, for any indecomposable

module X in modA. We note that the statement (d) forces rad∞
A (X, X) = 0,

for any indecomposable A-module X.
The following theorem proved by de la Peña and Skowroński in [464]

provides a geometric and homological characterisation of strongly simply
connected algebras of polynomial growth.

2.13. Theorem. Let A be a strongly simply connected algebra and

qA, q̂A : K0(A) −−−−→ Z

be the Euler and the Tits quadratic form of A. The following statements
are equivalent.

(a) A is of polynomial growth.
(b) For any indecomposable A-module X and d = dimX, we have

qA(d) = dimG(d) − dimXmodA(d) ≥ 0.
(c) The Tits quadratic form q̂A : K0(A) −−−−→ Z is weakly non-negative

and Ext2A(X, X) = 0, for any indecomposable A-module X.
(d) dimKExt1A(X, X) ≤ dimKEndA(X) and Extr

A(X, X) = 0, for r ≥ 2
and any indecomposable A-module X. �

In (b), dimXmodA(d) denotes the local dimension of the module variety
modA(d) at the point X, that is the maximum of the dimensions of the
irreducible components of modA(d) containing X. Note that the equal-
ity Ext2A(X, X) = 0 implies that X is a nonsingular point of the variety
modA(dimX).

The following fact on the values of the Euler and Tits forms on the
dimension vectors of indecomposable modules is proved by de la Peña and
Skowroński in [467].

2.14. Theorem. Let A be a strongly simply connected algebra of poly-
nomial growth. Then there exists a natural number m such that

0 ≤ qA(dimX) ≤ q̂A(dimX) ≤ m,

for any indecomposable A-module X. �
For tame strongly simply connected algebras of non-polynomial growth,

the behaviour of the Euler and Tits forms is completely different. Namely,
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there exists a tame strongly simply connected algebra A of global dimension
3 (see [467] for details) which admits a family {Xn}n≥1 of indecomposable
A-modules such that

q̂A(dimXn) = 1 + 2n and qA(dimX) = 1 − 3n (negative!).

We show in Section 5 that the positivity of the Euler form qA of a simply
connected algebra A is related to the tameness of some induced selfinjective
algebras.

We recall from (XVII.6.1) that the module category modB of a tilted
algebra of Euclidean type is controlled by the Euler form qB of B, which
coincides with the Tits form q̂B , because gl.dim B ≤ 2. This is no longer
the case for other classes of tame algebras of global dimension 2.

Namely, it is shown in [467] that, for any pair of integers r ≥ 1 and s ≥ 1,
there exists a one-parametric strongly simply connected algebra A of global
dimension 2 (hence qA = q̂A) such that, for each d ∈ {1, . . . , r}, there exist
pairwise non-isomorphic indecomposable A-modules

X
(d)
1 , . . . , X(d)

s , with qA(dimX
(d)
1 ) = d, . . . , qA(dimX(d)

s ) = d.

This shows that even one-parametric triangular algebras A may have many
discrete indecomposable modules which are not controlled by the Euler
(Tits) form of the algebras A.

On the other hand, the following result, proved by Skowroński and Zwara
[652], shows that information on the behaviour of discrete indecomposable
modules may determine the representation type of any strongly simply con-
nected algebra.

2.15. Theorem. Let A be a strongly simply connected algebra. The
following conditions are equivalent.

(a) A is of polynomial growth.
(b) A is tame and there exists a natural number m ≥ 1 such that,

for each positive vector d ∈ K0(A), there are at most m pairwise
non-isomorphic indecomposable A-modules X with dimX = d and
X �∼= τAX.

�

We refer also to Skowroński and Zwara [653] for a geometric character-
isation of strongly simply connected algebras in terms of degenerations of
indecomposable modules and to Skowroński and Weyman [649] for a char-
acterisation of the path algebras of Dynkin and Euclidean quivers in terms
of the associated algebras of semi-invariants.
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XX.3. Tilted and quasitilted algebras
In this book we have described the structure of the module category for

all tilted algebras of Dynkin and Euclidean type, the concealed algebras of
wild type, and discussed the shape of components of the Auslander–Reiten
quivers of arbitrary tilted algebras.

In this section we provide complementary information on the structure of
the module category of arbitrary tilted algebras. Our second objective is to
outline the representation theory of algebras which are homologically very
close to the tilted algebras: the quasitilted algebras introduced by Happel,
Reiten and Smalø [288].

It follows from the Liu–Skowroński criterion (VIII.5.6) that a basic con-
nected algebra B is a tilted algebra if and only if the Auslander–Reiten
quiver Γ(modB) of B admits a component C with a faithful section Δ such
that HomB(X, τBY ) = 0, for all modules X and Y on Δ. Further, in this
case, C is the connecting component CT determined by a multiplicity-free
tilting module T over a hereditary algebra A such that

B = EndTA.

Moreover, CT admits the section Σ given by the images HomA(T, I) of the
indecomposable injective A-modules I via the tilting functor HomA(T, −),
the torsion-free part Y(T ) ∩ CT of CT consists of all predecessors of Σ in
CT while the torsion part X (T ) ∩ CT consists of all proper successors of Σ
in CT .

The following theorem proved by Kerner [343] describes the structure of
the module category of an arbitrary tilted algebra.

3.1. Theorem. Let A = KΔ be a basic connected hereditary algebra,
T a multiplicity-free tilting A-module and B = EndTA the associated tilted
algebra. Then the connecting component C = CT of Γ(mod B) determined
by T admits a finite (possibly empty) family of pairwise disjoint translation
subquivers

D(l)
1 , . . . ,D(l)

m ,D(r)
1 , . . . ,D(r)

n

such that the following statements hold.
(a) For each i ∈ {1, . . . , m}, there exists an isomorphism

D(l)
i

∼= NΔ(l)
i ,

where Δ(l)
i is a connected subquiver of Δ and D(l)

i is closed under
predecessors in C.

(b) For each j ∈{1, . . . , n}, there exists an isomorphism

D(r)
j

∼=(−N)Δ(r)
j ,
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where Δ(r)
j is a connected subquiver of Δ and D(r)

j is closed under
successors in C.

(c) All but finitely many indecomposable modules of C lie in

D(l)
1 ∪ · · · ∪ D(l)

m ∪ D(r)
1 ∪ · · · ∪ D(r)

n .

(d) For each i ∈ {1, . . . , m}, there exists a tilted algebra

B
(l)
i = End

A
(l)
i

(T (l)
i ),

where A
(l)
i is the path algebra KΔ(l)

i and T
(l)
i is a multiplicity-free

tilting A
(l)
i -module without non-zero preinjective direct summands

such that
• B

(l)
i is a quotient algebra of B and hence there is a fully faithful

embedding mod B
(l)
i ↪→ mod B.

• D(l)
i coincides with the torsion-free part Y(T (l)

i ) ∩ C
T

(l)
i

of the

connecting component C
T

(l)
i

of Γ(mod B
(l)
i ) determined by T

(l)
i .

(e) For each j ∈ {1, . . . , n}, there exists a tilted algebra

B
(r)
j = End

A
(r)
j

(T (r)
j ),

where A
(r)
j is the path algebra KΔ(r)

j and T
(r)
j is a multiplicity-free

tilting A
(r)
j -module without non-zero postprojective direct summands

such that
• B

(r)
j is a quotient algebra of B and hence there is a fully faithful

embedding mod B
(r)
j ↪→ mod B.

• D(r)
j coincides with the torsion part X (T (l)

j ) ∩ C
T

(r)
j

of the con-

necting component C
T

(r)
j

of Γ(mod B
(r)
j ) determined by T

(r)
j .

(f) Y(T ) = add (Y(T (l)
1 ) ∪ · · · ∪ Y(T (l)

m ) ∪ Y(T ) ∩ CT ).
(g) X (T ) = add (X (T (r)

1 ) ∪ · · · ∪ X (T (r)
n ) ∪ X (T ) ∩ CT ).

(h) The Auslander–Reiten quiver Γ(mod B) of B has the disjoint union
form

Γ(mod B) = (
m⋃

i=1

YΓ(mod B
(l)
i )) ∪ CT ∪ (

n⋃
j=1

XΓ(mod B
(r)
j )),

where
• for each i ∈ {1, . . . , m}, YΓ(mod B

(l)
i ) is the union of all com-

ponents of Γ(mod B
(l)
i ) contained entirely in Y(T (l)

i ),
• for each j ∈ {1, . . . , n}, XΓ(mod B

(r)
j ) is the union of all com-

ponents of Γ(mod B
(r)
j ) contained entirely in X (T (r)

j ). �
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The following facts follow from (XVII.5.1).

(i) If an algebra B
(l)
i is of Euclidean type then the torsion-free part

YΓ(mod B
(l)
i ) of Γ(modB

(l)
i ) consists of

• a unique postprojective component P(B(l)
i ) of Γ(modB

(l)
i ), and

• a P1(K)-family TT B
(l)
i = {T B

(l)
i

λ }λ∈P1(K) of pairwise orthogonal
standard ray tubes.

Moreover, the postprojective component P(B(l)
i ) is the unique

postprojective component P(C(l)
i ) of the quiver Γ(modC

(l)
i ) of a

concealed algebra C
(l)
i of Euclidean type, and C

(l)
i is a quotient

algebra of B
(l)
i .

(ii) If an algebra B
(r)
j is of Euclidean type then the torsion part

XΓ(mod B
(r)
j ) of Γ(modB

(r)
j ) consists of

• a unique preinjective component Q(B(r)
j ) of Γ(modB

(r)
j ), and

• a P1(K)-family TT B
(r)
j = {T B

(r)
j

λ }λ∈P1(K) of pairwise orthogonal
standard coray tubes.

Moreover, the preinjective component Q(B(r)
j ) is the unique

preinjective component Q(C(r)
j ) of the quiver Γ(modC

(r)
j ) of a con-

cealed algebra C
(r)
j of Euclidean type, and C

(r)
j is a quotient algebra

of B
(r)
j .

The following combination of results proved by Kerner [344], [347], Liu
[417], and Strauss [663] completes the description of the shapes of compo-
nents in the Auslander–Reiten quivers Γ(modA) of tilted algebras A of wild
type, see also (XVIII.5.10) and (XVIII.5.11) for related results.

3.2. Theorem. Let A be a connected wild hereditary algebra, T a multi-
plicity-free tilting A-module and B = EndTA the associated tilted algebra.

(a) If T has no non-zero preinjective direct summand then the torsion-
free part YΓ(mod B) of Γ(mod B) consists of a unique postprojective
component P(B) of Γ(mod B) and a card(K)-family of components
obtained from components of type ZA∞ by rectangle (ray) insertions.
Moreover, P(B) is the unique postprojective component P(C) of the
quiver Γ(mod C) of a concealed algebra C of wild type, and C is a
quotient algebra of B.

(b) If T has no non-zero postprojective direct summand then the torsion-
free part XΓ(mod B) of Γ(mod B) consists of a unique preinjective
component Q(B) of Γ(mod B) and a card(K)-family of components
obtained from components of type ZA∞ by rectangle (coray) coinser-
tions. Moreover, Q(B) is the unique preinjective component Q(C)



XX.3. Tilted and quasitilted algebras 377

of the quiver Γ(mod C) of a concealed algebra C of wild type, and C
is a quotient algebra of B. �

As a direct consequence of (3.1), (3.2), (VIII.3.6), and (XVII.5.2) we
obtain the following fact.

3.3. Corollary. If B is a tilted algebra then the Auslander–Reiten quiver
Γ(mod B) of B admits a postprojective component and a preinjective com-
ponent. �

For a tilted algebra B, using notation of (3.1), we may call
B(l) = B

(l)
1 × · · · × B(l)

m and B(r) = B
(r)
1 × · · · × B(r)

n

the left part of B and the right part of B, respectively. The following
characterisation of representation-tame tilted algebras is complementary to
(XIX.3.17).

3.4. Theorem. For a tilted algebra B, the following conditions are
equivalent.

(a) B is representation-tame.
(b) B(l) and B(r) are representation-tame.
(c) B(l) and B(r) are products of representation-infinite tilted algebras

of Euclidean types or zero. �

In connection to (XVIII.5.16) and (XVIII.5.17), we present also a result
by Kerner and Skowroński [353] asserting that there are many tilted algebras
with complicated regular connecting components.

3.5. Theorem. Let A = KQ be the path algebra of a connected wild
quiver Q with at least three vertices and m ≥ 1 an integer. There ex-
ist infinitely many pairwise non-isomorphic wild hereditary algebras H and
quasi-simple regular H-modules M such that, for each such an algebra H
and an H-module M , we have

(i) the one-point extension B = H[M ] is a tilted algebra of type Q of
the form EndATA, where TA is a regular tilting A-module, and

(ii) the regular connecting component CT of Γ(mod B) determined by
T has the property: for any indecomposable module X in CT , each
simple B-module occurs with multiplicity at least m as a composition
factor of X. �

We refer to [161], [279], [342], [345], [346], [347], [348], [349], [350], [351],
[354], [663] for further results concerning the module categories of wild
hereditary and wild tilted algebras.

The class of tilted algebras is generalised in [288] to the class of quasitilted
algebras. To define it, we need some category theory concepts.
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3.6. Definition. An abelian K-category H is defined to be hereditary
if, for each pair of objects X and Y in H, the following two conditions are
satisfied:

(i) Ext2H(X, Y ) = 0, and
(ii) the K-vector spaces HomH(X, Y ) and Ext1H(X, Y ) are finite dimen-

sional.

3.7. Definition. Let H be an abelian hereditary K-category. An object
T of H is defined to be a tilting object if the following two conditions are
satisfied:

(i) Ext1H(T, T ) = 0, and
(ii) if X is an object of H such that HomH(T, X) = 0 and Ext1H(T, X) =

0 then X = 0.

3.8. Definition. An algebra B is said to be a quasitilted algebra if
there exist a hereditary abelian K-category H and a tilting object T in H
such that B ∼= EndH(T ).

The module category mod A of a hereditary algebra A is a hereditary
abelian K-category. Moreover, then a module T in modA is a tilting module
in the sense of (VI.2.1) if and only if T is a tilting object in modA in the
sense of (3.7). Hence every tilted algebra is quasitilted.

The quasitilted algebras have several interesting characterisations. To
present homological characterisation of these algebras, we need some nota-
tion.

3.9. Definition. Let A be an algebra and indA the full subcategory of
mod A consisting of all indecomposable modules.

(a) The category LA is defined to be the full subcategory of indA formed
by all modules X such that pdAY ≤ 1, for every predecessor Y of
X in indA.

(b) The category RA is defined to be the full subcategory of indA
formed by all modules X such that idAY ≤ 1, for every successor Y
of X in indA.

The following characterisation of quasitilted algebras is due to Happel,
Reiten and Smalø [288].

3.10. Theorem. Let B be an algebra. The following conditions are
equivalent.

(a) B is a quasitilted algebra.
(b) gl.dimB ≤ 2 and every indecomposable B-module X satisfies

pdBX ≤ 1 or idBX ≤ 1.
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(c) LB contains all indecomposable projective B-modules.
(d) RB contains all indecomposable injective B-modules. �

The following facts are also proved in [288].

3.11. Proposition. If B is a quasitilted algebra then
(a) B is a triangular algebra,
(b) indB = LB ∪ RB, and
(c) if B is representation-finite then B is a tilted algebra. �

We have also the following characterisation of tilted algebras in the class
of quasitilted algebras established by Skowroński in [626].

3.12. Theorem. A connected algebra B is a tilted algebra if and only if
gl.dimB ≤ 2, indB = LB ∪RB, and LB ∩RB contains a directing module.

�
The following general information on the components of the Auslander–

Reiten quivers of quasitilted algebras is proved by Coelho and Skowroński
in [145].

3.13. Theorem. Let B be a quasitilted but not tilted algebra. Then
every component of Γ(mod B) is semiregular. �

A distinguished class of quasitilted algebras is formed by the canonical
algebras introduced by Ringel in [525] (see also [528]).

3.14. Definition. Let m ≥ 2 be an integer, p = (p1, . . . , pm) an m-tuple
of positive integers, and λ = (λ1, . . . , λm) an m-tuple of pairwise different
elements of P1(K) = K ∪ {∞}, normalised such that λ1 = ∞, λ2 = 0,
λ3 = 1. Consider the quiver

Δ(p) :

◦ α12←−−−− ◦ α13←−−−− · · ·
α1p1−1←−−−− ◦

α11↙ ↖α1p1

0 ◦ α21←− ◦ α22←−−−− ◦
α2p2−2←−−−− · · ·

α2p2−1←−−−− ◦
α2p2←− ◦ ω

αm1
↖ ...

...
... ↙αmpm

◦ ←−−−−
αm2

◦ ←−−−−
αm3

· · · ←−−−−
αmpm−1

◦
and define the algebra C(p, λ) as follows.

(a) For m = 2, we set C(p, λ) = KΔ(p).
(b) For m ≥ 3, we assume that p1 ≥ 2, . . . , pm ≥ 2, and we set

C(p, λ) = KΔ(p)/I(p, λ),
where I(p, λ) is the ideal of the path algebra KΔ(p) generated by
the elements

αjpj . . . αj2αj1 + α1p1 . . . α12α11 + λjα2p2 . . . α22α21,

with j ∈ {3, . . . , m}.
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The algebra C(p, λ) is said to be the canonical algebra of type (p, λ),
p the weight sequence of C(p, λ), and λ the parameter sequence of
C(p, λ).

It is shown by Ringel in [525] that the Auslander–Reiten quiver Γ(modC)
of a canonical algebra C = C(p, λ) has the disjoint union decomposition

Γ(mod C) = PPC ∪ TT C ∪ QQC

where
• PPC is a family of components containing all the indecomposable

projective C-modules.
• QQC is a family of components containing all the indecomposable

injective C-modules.
• TT C = {T C

λ }λ∈P1(K) is a P1(K)-family of pairwise orthogonal faithful
standard stable tubes of tubular type rC = (p1, . . . , pm) = p.

• TT C separates PPC from QQC .
The following more general class of algebras is introduced by Lenzing

and Meltzer in [394].

3.15. Definition. Let C = C(p, λ) be a canonical algebra. A con-
cealed canonical algebra B of type (p, λ) is defined to be the algebra of
the form B = EndTC , where TC is a tilting C-module from the additive
category addPPC of PPC .

Again the Auslander–Reiten quiver Γ(modB) of a concealed canonical
algebra B = EndTC has a disjoint union decomposition

Γ(mod B) = PPB ∪ TT B ∪ QQB ,

where
• PPB is a family of components containing all the indecomposable

projective B-modules.
• QQB is a family of components containing all the indecomposable

injective B-modules.
• TT B = HomC(T, TT C) is a P1(K)-family TT B = {T B

λ }λ∈P1(K) of pair-
wise orthogonal faithful standard stable tubes.

• TT B separates PPB from QQB .
Moreover, we have

• pdBX ≤ 1, for any indecomposable B-module X ∈ PPB ∪ TT B .
• idBY ≤ 1, for any indecomposable B-module Y ∈ TT B ∪ QQB .
• gl.dimB ≤ 2.

The P1(K)-family TT B = {TT B
λ }λ∈P1(K) is said to be the canonical fam-

ily of stable tubes of Γ(modB).



XX.3. Tilted and quasitilted algebras 381

Therefore, every concealed canonical algebra is a quasitilted algebra. We
refer to [353], [394], [395], [396], [436], [525], [528], for the representation
theory of concealed canonical algebras.

The following theorem completely determines the representation type of
a concealed canonical algebra B of type (p, λ) by means of the genus

g(B) = 1 +
1
2

(
(m − 2)p −

[
p

p1
+ . . . +

p

pm

])
of B, where p = (p1, . . . , pm) and p = �.c.m.(p1, . . . , pm).

3.16. Theorem. Let B be a concealed canonical algebra of type (p, λ)
with genus g(B). The following equivalences hold.

(a) g(B) < 1 if and only if B is a concealed algebra of Euclidean type.
(b) g(B) = 1 if and only if B is a tubular algebra.
(c) g(B) > 1 if and only if B is wild. �

In particular, we have the following consequence.

3.17. Corollary. Let B be a concealed canonical algebra of type (p, λ)
with genus g(B). The algebra B is a tilted algebra if and only if g(B) < 1.

�

The following characterisation of concealed canonical algebras is proved
by Lenzing and de la Peña [396], see also [619].

3.18. Theorem. An algebra B is a concealed canonical algebra if and
only if the quiver Γ(mod B) admits a sincere separating family TT of stable
tubes. �

A family CC of components of an Auslander–Reiten quiver Γ(modA) is
said to be sincere if any simple A-module occurs as a composition factor
of a module in C.

The preceding theorem is deepened in [489], [625] (see also [624]) by show-
ing that a concealed canonical algebra can be recovered from a single stable
tube of its Auslander–Reiten quiver satisfying a much weaker assumption
than the separating condition. Following [489], a short cycle X → Y → X
in a module category modA is said to be an external short cycle with
respect to a component C of Γ(modA) if X lies in C but Y does not lie in
C. Then we have the following result.

3.19. Theorem. An algebra B is a concealed canonical algebra if and
only if the quiver Γ(mod B) admits a sincere stable tube T without external
short cycles. �

As a consequence we obtain the following interesting fact.
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3.20. Corollary. Let A be an algebra such that Γ(mod A) admits a sin-
cere stable tube T without external short cycles. Then A is a concealed
canonical algebra and T is a faithful standard stable tube. �

We also note that the existence of a faithful standard stable tube in
the Auslander–Reiten quiver Γ(modA) of an algebra A does not force the
algebra A to be concealed canonical, see (1.21) and (1.22).

The following result of Kerner and Skowroński [353] shows that there exist
many concealed canonical algebras of a given wild type with complicated
separating families of stable tubes.

3.21. Theorem. Let C = C(p, λ) be a canonical algebra of wild type
and m ≥ 1 an integer. There exist infinitely many pairwise non-isomorphic
wild hereditary algebras H and quasi-simple regular H-modules M such that

(i) the one-point extension B = H[M ] is a concealed canonical algebra
EndTC of type (p, λ), and

(ii) the canonical separating family TT B of stable tubes in Γ(mod B) has
the property: for any indecomposable B-module X in TT B, each sim-
ple B-module occurs with multiplicity at least m as a composition
factor of X. �

We note that every canonical algebra C = C(p, λ) of wild type is itself
a one-point extension A[R], where A = A(p) is the path algebra KQ(p)
of the wild subquiver Q(p) of Δ(p) given by all vertices except the unique
source ω, and R is the quasi-simple regular A-module with the dimension
vector

dimR =

1 1 ··· 1 1
2 1 1 ··· 1 1...

...
...

...
1 1 ··· 1 1

But in this case, for any indecomposable C-module E lying on the mouth
of a stable tube of the canonical family TT C , each simple C-module occurs
with multiplicity at most 1 as a composition quotient of E.

Our next objective is to describe the structure of arbitrary quasitilted
algebras.

An important homological invariant of a module category modA is the
derived category Db(mod A) of bounded complexes of modules in modA,
which is a triangulated category. We refer to the book [276] for basic back-
ground on the triangulated categories in the representation theory of alge-
bras.

One of the important questions is to know when two algebras A and B
are derived equivalent, that is, the derived categories Db(mod A) and
Db(mod B) are equivalent as triangulated categories. One knows that, if A
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is an algebra, T is a tilting A-module and B = EndTA, then A and B are
derived equivalent [276].

In [495], Rickard proved his celebrated general criterion: two algebras A
and B are derived equivalent if and only if B is the endomorphism algebra
of a tilting complex over A. It follows from [288] that a quasitilted algebra
B is tilted if and only if B is derived equivalent to a hereditary algebra H.

New types of abelian hereditary K-categories H with tilting objects
can be constructed from certain subcategories of the derived categories
Db(mod C) of canonical algebras C = C(p, λ), and have the property
Db(H) ∼= Db(mod C). These categories H are called abelian hereditary
categories of canonical type, and are classified completely by Lenzing
and Skowroński in [398]. Then the following concept is natural.

3.22. Definition. An algebra B is said to be a quasitilted algebra
of canonical type if B ∼= EndH(T ) for a tilting object T in a hereditary
abelian K-category H of canonical type.

In particular, every quasitilted algebra B of canonical type is derived
equivalent to a canonical algebra. A complete characterisation of the qua-
sitilted algebras of canonical type is established by Lenzing and Skowroński
in [398]. To present it, we need some concepts.

3.23. Definition. Let A be a concealed canonical algebra and

TT A ={T A
λ }λ∈P1(K)

the canonical P1(K)-family of standard stable tubes of Γ(modA).

(a) A branch TT A-extension (in the sense of (XV.3.6)(a))
B = A[E1,L(1), . . . , Es,L(s)]

of A, where E1, . . . , Es are pairwise different mouth modules of TT A

and L(1), . . . ,L(s) are branches, is said to be a branch extension
of A.

(b) A branch TT A-coextension (in the sense of (XV.3.6)(b))
B = [E1,L(1), . . . , Em,L(m)]A

of A, where E1, . . . , Em are pairwise different mouth modules of TT A

and L(1), . . . ,L(m) are branches, is said to be a branch coexten-
sion of A.

(c) A branch extension-coextension B of A of the form

B = [E1,L(1), . . . , Em,L(m)]A[Ê1, L̂(1), . . . , Ês, L̂(s)],

where E1, . . . , Em, Ê1, . . . , Ês are pairwise different mouth modules
of TT A, L(1), . . . ,L(m), L̂(1), . . . , L̂(s) are branches, and the tubes of



384 Chapter XX. Perspectives

TT A containing E1, . . . , Em are disjoint with the tubes of TT A contain-
ing Ê1, . . . , Ês, is said to be a semiregular branch enlargement
of A.

By a semiregular family of tubes of an Auslander–Reiten quiver
Γ(mod A) we mean a family of components consisting of ray and coray
tubes (in the sense of (XV.2.10)).

Recall also that all representation-finite quasitilted algebras are tilted
algebras (3.11). Then we have the following theorem proved in [398].

3.24. Theorem. Let B be a basic connected algebra. The following
statements are equivalent.

(a) B is representation-infinite and quasitilted of canonical type.
(b) B is a semiregular branch enlargement of a concealed canonical al-

gebra A.
(c) The quiver Γ(mod B) admits a sincere separating family of semireg-

ular tubes. �

For a semiregular branch enlargement

B = [E1,L(1), . . . , Em,L(m)]A[Ê1, L̂(1), . . . , Ês, L̂(s)]

of a concealed canonical algebra A, we call the branch coextension

B(l) = [E1,L(1), . . . , Em,L(m)]A

of A the left part of B and the branch extension

B(r) = A[Ê1, L̂(1), . . . , Ês, L̂(s)]

of A the right part of B. Observe that B(l) and B(r) are quotient algebras
of B and hence we have fully faithful embeddings modB(l) ↪→ mod B and
mod B(r) ↪→ mod B. Moreover, we have the following facts, see [394] and
[398].

3.25. Proposition. An algebra B is a representation-infinite quasitilted
algebra of canonical type with B = B(r) if and only if there is a canonical
algebra C = C(p, λ) and a tilting C-module T ∈ add (PPC ∪ TT C) such that
B ∼= EndTC . �

We also note that if B is a representation-infinite quasitilted algebra
of canonical type then the opposite algebra Bop is also a representation-
infinite quasitilted algebra of canonical type and (Bop)(l) ∼= (B(r))op and
(Bop)(r) ∼= (B(l))op.

The following classification of the representation-tame quasitilted alge-
bras is established by Skowroński in [622].
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3.26. Theorem. Let B be a basic connected quasitilted algebra. The
following statements are equivalent.

(a) B is representation-tame.
(b) B is of linear growth.
(c) The Euler form qB : K0(B) −−−−→ Z of B is weakly non-negative.
(d) modB is controlled by qB : K0(B) −−−−→ Z.
(e) dimKExt1B(X, X) ≤ dimKEndB(X), for any indecomposable B-

module X.
(f) Every component of Γ(mod B) is generalised standard.
(g) The infinite radical rad∞

B of mod B is locally nilpotent.
(h) B is representation-tame tilted or representation-tame quasitilted of

canonical type.
(i) Each of the algebras B(l) and B(r) is zero, or is a tubular algebra,

or is a product of representation-infinite tilted algebras of Euclidean
type. �

We note that, for any quasitilted algebra B, the Euler quadratic form
qB : K0(B) −−−−→ Z coincides with the Tits form q̂B : K0(B) −−−−→ Z of
B. Moreover, if B is quasitilted of canonical type then each of the algebras
B(l) and B(r) is non-zero and connected.

Finally, Happel proved in [278] (see also [286] for a different proof) that
every abelian hereditary K-category H with a tilting object is either the
module category of a hereditary algebra or is of canonical type. This is
equivalent to the following classification of arbitrary quasitilted algebras.

3.27. Theorem. A connected algebra B is quasitilted if and only if B
is a tilted algebra or a quasitilted algebra of canonical type. �

We end this section with the description of the Auslander–Reiten quivers
of quasitilted algebras of canonical type, which is a combination of results
from [398], [436], [525], as well as (XVII.5.2).

3.28. Theorem. Let B be a quasitilted algebra of canonical type. The
Auslander–Reiten quiver Γ(mod B) has a disjoint union decomposition

Γ(mod B) = PPB ∪ TT B ∪ QQB

such that
(a) TT B = {T B

λ }λ∈P1(K) is a sincere semiregular P1(K)-family of pair-
wise orthogonal standard tubes, separating PPB from QQB.

(b) PPB = PPB(l)
is a family of components containing all the indecom-

posable projective B-modules which are not in TT B.
(c) PPB contains a postprojective component P(B), and

• P(B)=P(B(l)) is a unique postprojective component of Γ(mod B).
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• B admits a connected concealed quotient algebra C(l) such that
P(B) coincides with the unique postprojective component P(C(l))
of Γ(mod C(l)).

(d) QQB = QQB(r)
is a family of components containing all the indecom-

posable injective B-modules which are not in TT B.
(e) QQB contains a preinjective component Q(B), and

• Q(B)=Q(B(r)) is a unique preinjective component of Γ(mod B).
• B admits a connected concealed quotient algebra C(r) such that

Q(B) coincides with the unique preinjective component Q(C(r)) of
Γ(mod C(r)).

(f) If B(l) is tame then C(l) is tame and every component of PPB differ-
ent from P(B) is a standard ray tube.

(g) PPB = P (B) if and only if B(l) is tilted of Euclidean type.
(h) If B(l) is wild then C(l) is wild and every component of PPB dif-

ferent from P(B) is either of the form ZA∞ or is obtained from a
component of type ZA∞ by rectangle (ray) insertions.

(i) If B(r) is tame then C(r) is tame and every component of QQB dif-
ferent from Q(B) is a standard coray tube.

(j) QQB = Q(B) if and only if B(r) is tilted of Euclidean type.
(k) If B(r) is wild then C(r) is wild and every component of QQB dif-

ferent from Q(B) is either of the form ZA∞ or is obtained from a
component of type ZA∞ by rectangle (coray) coinsertions. �

XX.4. Algebras of small homological dimensions
The aim of this section is to describe some classes of algebras of small ho-

mological dimensions which are closely related to the tilted and quasitilted
algebras.

We start with a general fact observed in [636].

4.1. Theorem. Let A be an algebra. Then gl.dimA < ∞ if and only if
every indecomposable A-module X satisfies pdAX < ∞ or idAX < 1. �

It is easy to see that, if every indecomposable A-module X satisfies
pdAX ≤ 1 or idAX ≤ 1, then gl.dimA ≤ 3, see [288].

Following [139] we have the following concept.

4.2. Definition. Let A be an algebra.

(a) A is said to be an algebra of small homological dimension
(shortly, shod) if every indecomposable A-module X satisfies
pdAX ≤ 1 or idAX ≤1.

(b) A is said to be a strict shod if A is shod and gl.dimA = 3.
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Observe that the class of shod algebras consists of the quasitilted algebras
and the strict shod algebras.

The following characterisation of shod algebras is obtained by Coelho
and Lanzilotta in [139].

4.3. Theorem. Let A be an algebra. The following conditions are equiv-
alent.

(a) A is a shod algebra.
(b) indA = LA ∪ RA.
(c) There exists a splitting torsion pair (X ,Y) in mod A such that

pdAY ≤ 1, for each module Y ∈ Y, and idAX ≤ 1, for each module
X ∈ X . �

As a direct consequence of (3.10) and (4.3) we have the following char-
acterisation of strict shod algebras in the class of shod algebras.

4.4. Theorem. For a shod algebra A, the following conditions are equiv-
alent.

(a) A is a strict shod algebra.
(b) LA \ RA contains an indecomposable injective A-module.
(c) RA \ LA contains an indecomposable projective A-module.

�

The structure and the representation theory of strict shod algebras is
described by Reiten and Skowroński in [490]. To present it, we need the
concepts of a double section and a double tilted algebra introduced in [490].

4.5. Definition. Let A be an algebra and C be a component of Γ(modA).

(a) A full connected subquiver Δ of C is said to be a double section
of C if the following conditions are satisfied:

(a1) Δ is acyclic.
(a2) Δ is convex in C.
(a3) For each τA-orbit O in C, we have 1 ≤ |Δ ∩ O| ≤ 2.
(a4) If O is a τA-orbit O in C and |Δ ∩ O| = 2 then Δ ∩ O =

{X, τAX}, for some module X ∈ C, and there exist sectional paths
I → · · · → τAX and X → · · · → P in C, with I injective and P
projective.

(b) A double section Δ in C with |Δ ∩ O| = 2, for some τA-orbit O in
C, is said to be a strict double section of C.

A path X0 → X1 → · · · → Xm, with m ≥ 2, in an Auslander–Reiten
quiver Γ(modA) is said to be almost sectional if there exists exactly one
index i ∈ {2, . . . , m} such that Xi−2 ∼= τAXi.
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4.6. Definition. Let A be an algebra, C a component of Γ(modA) and
Δ a double section of C. We define the following full subquivers of Δ:

Δ′
l = {X ∈Δ; there is an almost sectional path X → · · · → P ,

with P projective },
Δ′

r = {X ∈ Δ; there is an almost sectional path I → · · · → X,
with I injective },

Δl = (Δ \ Δ′
r) ∪ τAΔ′

r, and

Δr = (Δ \ Δ′
l) ∪ τ−1

A Δ′
l.

The subquiver Δl is said to be the left part of Δ, and the subquiver Δr is
said to be the right part of Δ.

Observe that, if |Δ∩O| = 1, for each τA-orbit O in C, then Δ = Δl = Δr

and Δ is a section of C, see (VIII.1.2).

4.7. Definition. A connected algebra B is said to be a double tilted
algebra if the following conditions are satisfied:

(i) Γ(modB) admits a component C with a faithful double section Δ.
(ii) There exists a tilted quotient algebra B(l) of B (not necessarily con-

nected) such that Δl is a disjoint union of sections of the connecting
components of the connected parts of B(l) and the category of all
predecessors of Δl in indB coincides with the category of all prede-
cessors of Δl in indB(l).

(iii) There exists a tilted quotient algebra B(r) of B (not necessarily con-
nected) such that Δr is a disjoint union of sections of the connecting
components of the connected parts of B(r), and the category of all
successors of Δr in indB coincides with the category of all successors
of Δr in indB(r).

If moreover the double section is strict, then B is said to be a strict double
tilted algebra.

For a double tilted algebra B, the algebras B(l) and B(r) are said to be
the left tilted algebra and the right tilted algebra of B, respectively.
Observe that a double tilted algebra B is tilted if and only if B = B(l) =
B(r). We also note that every double tilted algebra B is triangular, because
the quiver QB is acyclic.

The following criterion of Reiten and Skowroński [490] extends the crite-
rion of Liu and Skowroński (VIII.5.6) to the double tilted algebras.

4.8. Theorem. A connected algebra B is a double tilted algebra if and
only if the translation quiver Γ(mod B) contains a component C with a faith-
ful double section Δ such that HomB(U, τBV ) = 0, for all modules U in Δr

and V in Δl. �
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The second main result of [490] gives the classification of all strict shod
algebras.

4.9. Theorem. For a connected algebra B, the following three condi-
tions are equivalent.

(a) B is a strict shod algebra.
(b) B is a strict double tilted algebra.
(c) Γ(mod B) contains a component C with a faithful strict double sec-

tion Δ such that HomB(U, τBV ) = 0, for all modules U ∈ Δr and
V ∈ Δl. �

As a direct consequence of (3.24), (3.27) and (4.9) we obtain the following
classification of algebras with small homological dimensions.

4.10. Corollary. A connected algebra B is a shod algebra if and only if
B is either a tilted algebra, a strict double tilted algebra, or a semiregular
branch enlargement of a concealed canonical algebra. �

Let B be a strict double tilted algebra. It follows from (4.7) that the
Auslander–Reiten quiver Γ(modB) contains a unique component C with a
faithful strict double section Δ. Moreover, every indecomposable B-module
is either a predecessor of Δl in indB or a successor of Δr in indB, and
consequently is either an indecomposable B(l)-module or an indecompos-
able B(r)-module. Therefore, the category indB is a glueing of indB(l)

and indB(r) along the double section Δ of C, and hence C = CB is called
the connecting component of Γ(modB). In particular, we obtain the
following description of Γ(modB).

4.11. Corollary. Let B be a strict shod algebra. Then Γ(mod B) has
the disjoint union form

Γ(mod B) = YΓ(mod B(l)) ∪ CB ∪ XΓ(mod B(r)),

where
(i) YΓ(mod B(l)) is the union of all components of Γ(mod B(l)) con-

tained entirely in the torsion-free part Y(T (l)) of mod B(l), deter-
mined by a tilting module T (l) over the path algebra A(l) = KΔl

with B(l) ∼= EndT
(l)
A(l) .

(ii) XΓ(mod B(r)) is the union of all components of Γ(mod B(r)) con-
tained entirely in the torsion part X (T (r)) of mod B(r), determined
by a tilting module T (r) over the path algebra A(r) = KΔr with
B(r) ∼= EndT

(r)
A(r) . �

The following characterisation of double tilted algebras in terms of di-
recting modules is given in [626].
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4.12. Theorem. Let B be a connected algebra. The following conditions
are equivalent.

(a) B is a double tilted algebra.
(b) indA = LA∪RA and LA∩(RA∪τARA) contains a directing module.
(c) indA = LA ∪ RA and (LA ∪ τ−1

A LA) ∩ RA contains a directing
module. �

We conclude the discussion with the following characterisation of repre-
sentation-tame shod algebras established in [490], extending (3.26).

4.13. Theorem. Let B be a basic connected shod algebra. The following
statements are equivalent.

(a) A is representation-tame.
(b) A is of linear growth.
(c) The Tits form q̂B of B is weakly non-negative.
(d) modB is controlled by q̂B.
(e) dimKExt1B(X, X) ≤ dimKEndB(X), for any indecomposable B-

module X.
(f) Every component of Γ(mod B) is generalised standard.
(g) The infinite radical rad∞

B of mod B is locally nilpotent.
(h) The quasitilted algebras B(l) and B(r) are representation-tame. �

We note also the following consequence of the definition of a double tilted
algebra, (3.4) and (XIX.3.17).

4.14. Corollary. Let B be a double tilted algebra. The following condi-
tions are equivalent.

(a) B is representation-tame.
(b) B is of finite growth (domestic).
(c) The radical rad∞

B is nilpotent.
(d) The tilted algebras B(l) and B(r) are representation-tame. �

The class of double tilted algebras is generalised in [491] to the class of
generalised double tilted algebras, containing the class of all representation-
finite algebras. This is done on the basis of the concept of a multisection.

4.15. Definition. Let A be an algebra. A full subquiver Σ of Γ(modA)
is said to be almost acyclic (or almost directed) if all but finitely many
modules of Σ do not lie on oriented cycles in Γ(modA).

4.16. Definition. Let A be an algebra and C a component of Γ(modA).
A full connected subquiver Δ of C is said to be a multisection of C if the
following conditions are satisfied:

(i) Δ is almost acyclic.
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(ii) Δ is convex.
(iii) For each τA-orbit O in C, we have 1 ≤ |Δ ∩ O| < ∞.
(iv) |Δ ∩ O| = 1, for all but finitely many τA-orbits O in C.
(v) No proper full convex subquiver of Δ satisfies the conditions (i)–(iv).

4.17. Definition. Let A be an algebra, C a component of Γ(modA) and
Δ a multisection of C. We define the following full subquivers of C:

(i) Δ′
l = {X ∈Δ; there is a nonsectional path X → · · · →P

with P projective },
(ii) Δ′

r = {X ∈Δ; there is a nonsectional path I → · · · → X
with I injective },

(iii) Δ′′
l = {X ∈ Δ′

l; τ
−1
A X /∈ Δ′

l}, Δ′′
r = {X ∈ Δ′

r; τAX /∈ Δ′
r},

(iv) Δl = (Δ \ Δ′
r) ∪ τAΔ′′

r , Δc = Δ′
l ∩ Δ′

r, Δr = (Δ \ Δ′
l) ∪ τ−1

A Δ′′
l .

Then Δl is said to be the left part of Δ, Δr the right part of Δ and Δc

the core of Δ.

The following two theorems describe basic properties of multisections.

4.18. Theorem. Let A be an algebra. A component C of Γ(mod A) is
almost acyclic if and only if C admits a multisection Δ. �

4.19. Theorem. Let A be an algebra, C a component of Γ(mod A) and
Δ a multisection of C.

(a) Every cycle of C lies in Δc.
(b) Δc is finite.
(c) Every indecomposable module X in C is in Δc, or a predecessor of

Δl or a successor of Δr in C.
(d) Δ is faithful if and only if C is faithful. �

Moreover, in [491] a numerical invariant w(Δ) ∈ N∪{∞} of a multisection
Δ, called the width of Δ, is introduced. Then a multisection Δ with
w(Δ) = n, is called an n-section. Moreover, for a multisection Δ of a
component C of Γ(modA), we have

• w(Δ) < ∞ if and only if Δ is acyclic.
• Δ is a 1-section if and only if Δ is a section.
• Δ is a 2-section if and only if Δ is a strict double section.

The following facts also hold.

4.20. Proposition. Let A be an algebra, C a component of Γ(mod A)
and Δ, Σ are multisections of C. Then Δc = Σc and w(Δ) = w(Σ). �

4.21. Definition. Let B be a connected algebra.
(a) B is said to be a generalised double tilted algebra if the follow-

ing conditions are satisfied:
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(a1) Γ(mod B) admits a component C with a faithful multisection Δ.
(a2) There exists a tilted quotient algebra B(l) of B (not necessarily
connected) such that Δl is a disjoint union of sections of the con-
necting components of the connected parts of B(l) and the category
of all predecessors of Δl in indB coincides with the category of all
predecessors of Δl in indB(l).
(a3) There exists a tilted quotient algebra B(r) of B (not neces-
sarily connected) such that Δr is a disjoint union of sections of the
connecting components of the connected parts of B(r), and the cat-
egory of all successors of Δr in indB coincides with the category of
all successors of Δr in indB(r).

(b) B is said to be an n-double tilted algebra if Γ(modB) admits
a component C with a faithful n-section Δ and the conditions (a2)
and (a3) hold.

The following theorem gives information on the global dimension of gen-
eralised double tilted algebras [491].

4.22. Theorem. If B is an n-double tilted algebra then gl.dimB ≤ n+1.
�

For each n ∈ N ∪ {∞}, there are many examples of n-double tilted
algebras of global dimension n + 1. The following theorem is the main
result of [491].

4.23. Theorem. Let B be a connected algebra. The following conditions
are equivalent:

(a) B is a generalised double tilted algebra.
(b) The quiver Γ(mod B) admits a component C with a faithful multi-

section Δ such that HomB(U, τBV ) = 0, for all modules U ∈ Δr

and V ∈ Δl.
(c) The quiver Γ(mod B) admits a faithful generalised standard almost

cyclic component. �

Moreover, we have the following consequences of the above theorem.

4.24. Corollary. Let B be a connected algebra.
(a) B is an n-double tilted algebra, for some n ≥ 2, if and only if

Γ(mod B) contains a faithful generalised standard almost cyclic com-
ponent C with a nonsectional path from an injective module to a
projective module.

(b) B is an n-double tilted algebra, for some n ≥ 3, if and only if
Γ(mod B) admits a faithful generalised standard component C with
a multisection Δ such that Δc �= ∅. �
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We note also the following consequence of the definition of a generalised
double tilted algebra, (3.4), (4.19) and (XIX.3.17).

4.25. Corollary. Let B be a generalised double tilted algebra. The fol-
lowing conditions are equivalent:

(a) B is representation-tame.
(b) B is of finite growth (domestic).
(c) The radical rad∞

B is nilpotent.
(d) The tilted algebras B(l) and B(r) are representation-tame. �

Let A be an algebra and C a component of Γ(modA). By analogy to
(3.9), we denote by LC the set of all modules X in C such that pdAY ≤ 1,
for any predecessor Y of X in C, and by RC the set of all modules X in
C such that idAY ≤ 1, for any successor Y of X in C. Observe that LC
is closed under predecessors in C and RC is closed under successors in C.
Moreover, if Δ is a multisection of C, then Δc ⊆ C\(LC ∪RC). The following
theorem is also proved in [491].

4.26. Theorem. Let B be a connected algebra, C a faithful component of
the quiver Γ(mod B) with a multisection Δ, and C is not semiregular. Then
the component C is generalised standard if and only if C = LC ∪ Δc ∪ RC.

�

We note that, by (4.24), every n-double tilted algebra B, with n ≥ 2,
Γ(mod B) admits a unique (connecting) component C with a faithful mul-
tisection and this component is not semiregular.

The following theorem of Skowroński in [628] provides a common homo-
logical characterisation of quasitilted and generalised double tilted algebras.

4.27. Theorem. For any connected algebra B, the following two condi-
tions are equivalent.

(a) B is either a generalised double tilted algebra or a quasitilted algebra.
(b) The set indB \ (LB ∪ RB) is finite. �

The class of generalised double tilted algebras has been also investigated
by Assem–Coelho [8] and Coelho–Lanzilotta [140], [141].

There is an open problem whether a connected algebra B is generalised
double tilted or quasitilted if pdBX ≤ 1 or idBX ≤ 1, for all but finitely
many indecomposable B-modules X.

An interesting class of algebras of global dimension at most 3, related
with quasitilted algebras, is investigated by Malicki and Skowroński [426].
It follows from (1.9) that a component C of an Auslander–Reiten quiver
Γ(mod A) is almost cyclic and coherent if and only if C is a generalised
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multicoil, that is, C can be obtained from a finite family of stable tubes by
a sequence of admissible operations.

In [426], the authors introduce the concept of a generalised multicoil
enlargement of a finite family of concealed canonical algebras, by extend-
ing the concept of the coil enlargement of a concealed algebra introduced in
[21].

One of the main results of [426] is the following theorem.

4.28. Theorem. Let B be a connected algebra. The quiver Γ(mod B)
admits a sincere separating family of almost cyclic coherent components
if and only if B is a generalised multicoil enlargement of a product C of
concealed canonical algebras. �

The following theorem describes the structure of the module category
of an algebra with a sincere separating family of almost cyclic coherent
components.

4.29. Theorem. Let B be an algebra with a sincere separating family
CCB of almost cyclic coherent components in the Auslander–Reiten quiver
Γ(mod B) of B. Then the quiver Γ(mod B) has the disjoint union decom-
position

Γ(mod B) = PPB ∪ CCB ∪ QQB

where CCB separates PPB from QQB, and the families PPB and QQB are described
as follows.

(a) There is a unique quotient algebra B(l) of B which is a product
B(l) = B

(l)
1 ×· · ·×B

(l)
m of quasitilted algebras B

(l)
1 , . . . , B

(l)
m of canon-

ical type such that, for each i ∈ {1, . . . , m}, we have

PPB = PPB(l)
= PPB

(l)
1 ∪ · · · ∪ PPB(l)

m and
Γ(mod B

(l)
i ) = PPB

(l)
i ∪ TT B

(l)
i ∪ QQB

(l)
i ,

where TT B
(l)
i is a P1(K)-family of pairwise orthogonal standard coray

tubes separating PPB
(l)
i from QQB

(l)
i .

(b) There is a unique quotient algebra B(r) of B which is a product
B(r) = B

(r)
1 × · · · × B

(r)
n of quasitilted algebras B

(r)
1 , . . . , B

(r)
n of

canonical type such that, for each j ∈ {1, . . . , n}, we have

QQB = QQB(r)
=QQB

(r)
1 ∪ · · · ∪ QQB(r)

n and
Γ(mod B

(r)
j ) = PPB

(r)
j ∪ TT B

(r)
j ∪ QQB

(r)
j ,

where TT B
(r)
j is a P1(K)-family of pairwise orthogonal standard ray

tubes separating PPB
(r)
j from QQB

(r)
j .

Moreover, the quiver Γ(mod B) contains exactly m ≥ 1 postprojective com-
ponents P(B(l)

1 ), . . . ,P(B(l)
m ) and exactly n ≥ 1 preinjective components

Q(B(r)
1 ), . . . ,Q(B(r)

n ). �
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The algebra B(l) is called the left quasitilted part of B and B(r) the
right quasitilted part of B.

The next theorem describes the homological properties of algebras with
sincere separating families of almost cyclic coherent components.

4.30. Theorem. Assume that B is an algebra such that the Auslander–
Reiten translation quiver Γ(mod B) of B admits the decomposition (4.29)

Γ(mod B) = PPB ∪ CCB ∪ QQB ,

where CCB is a sincere separating family of almost cyclic coherent compo-
nents.

(a) B is a triangular algebra.
(b) pdBX ≤ 1, for any module X ∈ PPB.
(c) idBX ≤ 1, for any module X in QQB.
(d) pdBX ≤ 2 and idBX ≤ 2, for any module X ∈ CCB.
(e) gl.dimB ≤ 3. �

The following theorem follows from the main results of [426] and [428].

4.31. Theorem. Let B be an algebra with a sincere separating family of
almost cyclic coherent components in Γ(mod B). The following statements
are equivalent.

(a) B is representation-tame.
(b) B is of linear growth.
(c) The Tits quadratic form q̂B : K0(B) −−−−→ Z of B is weakly non-

negative.
(d) q̂B(dimX)≥qB(dimX) ≥ 0, for any indecomposable B-module X.
(e) dimKExt1B(X, X) ≤ dimKEndB(X), and Ext2B(X, X) = 0, for any

indecomposable B-module X.
(f) Every component of Γ(mod B) is generalised standard.
(g) The infinite radical rad∞

B of mod B is locally nilpotent.
(h) Each of the algebras B(l) and B(r) is a finite product of tilted algebras

of Euclidean types and tubular algebras. �

It follows from (3.28) that the Auslander–Reiten quiver of a quasitilted
algebra admits a postprojective component and a preinjective component.
However, there is an open problem of deciding when the Auslander–Reiten
quiver of an algebra A of global dimension 2 admits a postprojective (re-
spectively, preinjective) component. We refer to [134], [353], [354], [356],
[386] for some results in this direction.
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XX.5. Selfinjective algebras of tilted
and quasitilted type

A prominent role in the representation theory of algebras is played by the
selfinjective algebras, for which the projective modules are injective. Clas-
sical examples of selfinjective algebras are provided by the group algebras
of finite groups, the Hecke algebras of classical type, the restricted envelop-
ing algebras of restricted Lie algebras, the finite dimensional Hopf algebras
and the Hochschild extensions of algebras. The wide class of selfinjective
algebras is formed by the Frobenius algebras A for which there exists a
nondegenerate K-bilinear form

(−,−) : A × A −−−−−−→ K

satisfying the associativity condition (ab, c) = (a, bc), for all a, b, c ∈ A. If
the bilinear form (−,−) is symmetric the algebra A is said to be symmet-
ric. Moreover, every basic selfinjective algebra A is a Frobenius algebra. We
refer also to [644] for a general form of non-Frobenius selfinjective algebras.

The main objective of this section is to indicate the importance of the
tilted algebras and quasitilted algebras for the representation theory of self-
injective algebras.

The selfinjective algebras are, with the exception of semisimple cases, of
infinite global dimension, their quivers are not acyclic, and this complicates
the representation theory of these algebras significantly. But frequently,
the selfinjective algebras are deformations of selfinjective algebras having
triangular Galois coverings, and then the study of such algebras and their
module categories may be reduced to that for the corresponding algebras
of finite global dimension. We refer to [99], [185], [187], [238] for the cov-
ering techniques, see also [177], [178], [179], [180], and [181]. In the theory
a crucial role is played by the Galois coverings by the repetitive (locally
bounded) categories introduced in [311], see also [600].

5.1. Definition. Let B be a basic connected algebra and 1=e1+. . .+en

a decomposition of the identity 1 of B into the sum of orthogonal primitive
idempotents.

(a) The repetitive category B̂ of B is the category with the objects
em,i, (m, i) ∈ Z × {1, . . . , n}, and the morphism spaces

B̂(em,i, er,j) =

⎧⎨⎩ ejBei, if r = m,
D(eiBej), if r = m + 1,

0, otherwise.

(b) A group G of K-linear automorphisms of the category B̂ is said to be
admissible if G acts freely on the objects of B̂ (that is, g·em,i = em,i

forces g = 1) and has finitely many orbits.
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(c) The orbit category B̂/G, for an admissible group G of automor-
phisms of B̂, has a natural structure of a basic connected finite
dimensional selfinjective K-algebra, called the orbit algebra of B̂
with respect to G. Moreover, there is the induced Galois covering
F : B̂ → B̂/G, see [238] for details.

(d) The Nakayama automorphism νB̂ of B̂ is defined by νB̂(em,i) =
em+1,i, for all (m, i) ∈ Z × {1, . . . , n}.

(e) The orbit algebra T (B) = B̂/(νB̂) of B̂ with respect to the admis-
sible infinite cyclic group (νB̂) generated by νB̂ is the trivial exten-
sion algebra B � D(B) of B by D(B) = HomK(B, K). This is a
symmetric algebra with B � D(B) = B ⊕ D(B) as K-vector space
and the multiplication is given by (a, ϕ) · (b, ψ) = (ab, aψ + ϕb), for
a, b ∈ B and ϕ, ψ ∈ D(B).

Let B be a basic connected K-algebra, G an admissible group of automor-
phisms of B̂ and A = B̂/G the associated selfinjective algebra. Following
[99] one associates the push-down functor

Fλ : mod B̂ −→ mod A.

If G is torsion-free, then it follows from a theorem of Gabriel [238] that Fλ

induces an injection from the set of G-orbits of isomorphism classes of inde-
composable finite dimensional B̂-modules into the set of the isomorphism
classes of indecomposable finite dimensional A-modules, and preserves the
almost split sequences. Moreover, if B̂ is locally support-finite (in the
sense of [185]) then, by the density theorem of Dowbor and Skowroński [185]
(or [187]) the functor Fλ is dense.

Combining results of the papers [9], [217], [311], [402], [449], and [609]
one obtain the following.

5.2. Theorem. Let B be a basic connected quasitilted algebra.

(a) The repetitive category B̂ is locally support-finite.
(b) Every admissible torsion-free group of automorphisms of B̂ is infi-

nite cyclic.
(c) For an admissible group G of automorphisms of B̂ and A = B̂/G,

we have
• the push-down functor Fλ : mod B̂ −→ mod A is dense and is

a Galois covering of categories,
• the Auslander–Reiten quiver Γ(mod A) of A coincides with the

orbit quiver Γ(mod B̂)/G of Γ(mod B̂). �
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5.3. Definition. Let B be a basic connected algebra and G an admis-
sible infinite cyclic group of automorphisms of B̂.

(a) An orbit algebra B̂/G with B a quasitilted algebra is said to be a
selfinjective algebra of quasitilted type.

(b) An orbit algebra B̂/G with B a tilted algebra is said to be a self-
injective algebra of tilted type.

(c) An orbit algebra B̂/G with B a tilted algebra of Dynkin type is said
to be a selfinjective algebra of Dynkin type.

(d) An orbit algebra B̂/G with B a tilted algebra of Euclidean type is
said to be a selfinjective algebra of Euclidean type.

(e) An orbit algebra B̂/G with B a tilted algebra of wild type is said
to be a selfinjective algebra of wild tilted type.

(f) An orbit algebra B̂/G with B a tubular algebra is said to be a
selfinjective algebra of tubular type.

(g) An orbit algebra B̂/G with B a quasitilted algebra of wild canonical
type is said to be a selfinjective algebra of wild canonical type.

To describe all basic connected selfinjective algebras of polynomial
growth, we need an additional concept.

Let A be a non-semisimple connected selfinjective algebra. It is easy to
see that the left socle soc (AA) and the right socle soc (AA) of A coincide, and
we set soc A = soc (AA) = soc (AA). A selfinjective algebra Λ is defined to
be a socle deformation of A if the quotient algebras A/soc A and Λ/soc Λ
are isomorphic. It follows from (IV.3.11) that, for any indecomposable
projective (hence injective) A-module P , there is an almost split sequence
in modA of the form

0 −→ radP −→ radP/soc P ⊕ P −→ P/soc P −→ 0.

Therefore, we may recover the Auslander–Reiten quiver Γ(modA) from
the quiver Γ(modA/soc A) if we know the positions of the modules P/soc P
in Γ(modA/soc A). In particular, the socle deformations of selfinjective al-
gebras A and Λ give very close relationship between their module categories
mod A and mod Λ.

The following theorem, due to Riedtmann [499], [500], [501] and Wasch-
büsch [670], [671] (see also [112], [311]), gives a description of the represen-
tation-finite selfinjective algebras.

5.4. Theorem. Let Λ be a non-simple basic connected selfinjective alge-
bra. Then Λ is representation-finite if and only if Λ is a socle deformation
of a selfinjective algebra A of Dynkin type. �

We also note that the non-trivial socle deformations of selfinjective alge-
bras of Dynkin type occur only in characteristic 2 and are classified com-
pletely by quivers and relations (see [501], [670]). We refer to the survey
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article [630] for a detailed description of the representation-finite selfinjec-
tive algebras, and to [7] for a classification of the derived equivalence classes
of these algebras.

The following theorem of Skowroński [631] describes the representation-
infinite selfinjective algebras of finite growth (domestic).

5.5. Theorem. Let Λ be a basic connected selfinjective algebra. Then
Λ is representation-infinite domestic (of finite growth) if and only if Λ is a
socle deformation of a selfinjective algebra A of Euclidean type. �

The non-trivial socle deformations of the selfinjective algebras of Eu-
clidean type occur in any characteristic and are classified completely by
Bocian and Skowroński in [83] in terms of quivers and relations. The clas-
sification of all selfinjective algebras of Euclidean type, initiated in [9], [12],
[13], [14], [609], is completed by Bocian and Skowroński in [80], [81], [82],
[83], and Lenzing and Skowroński in [399].

The following theorem of Skowroński [632] describes all non-domestic
selfinjective algebras of polynomial growth.

5.6. Theorem. For a basic connected selfinjective algebra Λ, the follow-
ing conditions are equivalent.

(a) Λ is non-domestic of polynomial growth.
(b) Λ is non-domestic of linear growth.
(c) Λ is a socle deformation of a selfinjective algebra A of tubular type.

�

The non-trivial socle deformations of selfinjective algebras of tubular type
occur only in characteristic 2 and 3 and are classified completely by Bia�l-
kowski and Skowroński in [64] in terms of quivers and relations. The clas-
sification of all selfinjective algebras of tubular type, initiated in [14], [285],
[449], [609], is completed recently by Bia�lkowski and Skowroński in [62],
[63], [64], and Lenzing and Skowroński in [400] (see also [56], [57]).

The following theorem of Skowroński [633] gives a characterisation of
selfinjective algebras of polynomial growth in terms of the infinite radical
of the module category.

5.7. Theorem. Assume that Λ is a selfinjective algebra.
(a) Λ is of polynomial growth if and only if the infinite radical rad∞

B of
mod B is locally nilpotent.

(b) Λ is domestic (of finite growth) if and only if the infinite radical
rad∞

B of mod B is nilpotent. �

We refer to the survey article [630] for more information on selfinjec-
tive algebras of polynomial growth and their module categories. Moreover,
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we refer to [77], [78], [79], [296] (respectively, to [60], [61], [481]) for some
results concerning the derived equivalence classification of selfinjective al-
gebras of domestic type (respectively, non-domestic selfinjective algebras of
polynomial growth).

The representation theory of arbitrary representation-tame selfinjective
algebras is still only emerging. We refer to [1], [211], [219], [220], and
[295] for a classification of representation-tame blocks of group algebras
of finite groups and related algebras, and to [496] and [295] for the derived
equivalence classification of these algebras B. We present only the following
result in this direction, invoking the Euler quadratic form qB , proved by
Skowroński in [634].

5.8. Theorem. For a simply connected algebra B, the following four
conditions are equivalent.

(a) The Euler form qB : K0(B) −−−−→ Z of B is positive semidefinite.
(b) The trivial extension algebra T (B) is representation-tame.
(c) The derived category Db(mod B) is representation-tame.
(d) The algebra B is derived equivalent to a representation-tame simply

connected generalised canonical algebra. �

We refer to Geiss and Krause [253] for the notion of derived tameness,
to Drozd [204] for the derived tame-wild dichotomy of algebras, and to
Leszczyński and Skowroński [411] for a classification of all representation-
tame generalised canonical algebras.

The module categories of the selfinjective algebras of wild tilted type and
wild canonical type, as well as their homological invariants, are described
by Erdmann–Kerner–Skowroński [217] and Lenzing–Skowroński [402].

The remaining part of this section is devoted to a discussion of the struc-
ture of selfinjective algebras having a generalised standard component in the
Auslander–Reiten quiver. We give first a criterion for a selfinjective algebra
A to be the orbit algebra B̂/G of the repetitive algebra B̂ of an algebra B.
To present it, we need some concepts.

5.9. Definition. Let B be a basic connected algebra and ϕ : B̂ −→ B̂ a
K-category automorphism of B̂. In the notation of (5.1), the automorphism
ϕ is defined to be

• positive if, for each pair (m, i) ∈ Z ×{1, . . . , n}, we have ϕ(em,i) =
ep,j , for some p ≥ m and j ∈ {1, . . . , n}.

• rigid if, for each pair (m, i) ∈ Z × {1, . . . , n}, there exists j ∈
{1, . . . , n} such that ϕ(em,i) = em,j .

• strictly positive if ϕ is positive but not rigid.

The following criterion is established by Skowroński and Yamagata in
[642], see also [637], [639].
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5.10. Theorem. Let A be a basic connected selfinjective algebra. Then
A is isomorphic to an orbit algebra B̂/(ϕνB̂), for a basic connected algebra
B and a positive automorphism ϕ : B̂ −→ B̂ of B̂, if and only if there is
an ideal I of A such that, for some idempotent e of A, the following two
conditions are satisfied:

(i) AnnA (IA) = eI,
(ii) the canonical algebra epimorphism eAe → eAe/eIe splits.

Moreover, in this case, B is isomorphic to the quotient algebra A/I. �
The criterion (5.10) is the main tool in proving the following result ob-

tained in [637], [639], see also [640].

5.11. Theorem. Let A be a basic connected selfinjective algebra. The
following conditions are equivalent.

(a) A is isomorphic to an orbit algebra B̂/(ϕνB̂), where B is a tilted al-
gebra not of Dynkin type and ϕ : B̂ −→ B̂ is a positive automorphism
of B̂.

(b) Γ(modA) admits a generalised standard acyclic full translation sub-
quiver which is closed under predecessors in Γ(mod A).

(c) Γ(mod A) admits a generalised standard acyclic full translation sub-
quiver which is closed under successors in Γ(mod A). �

As a direct consequence we obtain the following fact.

5.12. Corollary. Let A be a basic connected selfinjective algebra such
that Γ(mod A) admits a generalised standard acyclic component. Then A is
a selfinjective algebra of tilted type. �

Applying the criterion (5.10), Skowroński and Yamagata prove in [645]
the following fact.

5.13. Theorem. For a basic connected algebra A, the following two
statements are equivalent.

(a) A is representation-infinite and every component of Γ(mod A) is
generalised standard.

(b) The algebra A is isomorphic to an orbit algebra B̂/(ϕνB̂), where
B is a (representation-infinite) tilted algebra of Euclidean type or a
tubular algebra, and ϕ : B̂ −→ B̂ is a strictly positive automorphism
of B̂. �

We would like to mention that a description of the selfinjective algebras A
such that Γ(modA) admits a (generalised) standard stable tube is a difficult
problem. It is not true that such an algebra A is selfinjective of quasitilted
type. We already indicated in (1.21) and (1.22) that there exist complicated
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algebras B for which the quiver Γ(modB) admits a faithful (generalised)
standard stable tube. The Auslander–Reiten quiver Γ(modB � D(B)) of
the trivial extension B � D(B) of such an algebra B admits also a sincere
(generalised) standard stable tube (see [427], [629]). The following interest-
ing result is recently proved by Bia�lkowski, Skowroński and Yamagata in
[66].

5.14. Theorem. If A is a symmetric algebra such that the Auslander–
Reiten quiver Γ(mod A) admits a (generalised) standard stable tube then the
Cartan matrix CA of A is singular. �

We end this section with two theorems on the invariance of some classes
of selfinjective algebras of tilted and quasitilted type under the stable equiv-
alences.

Let A be a selfinjective algebra. We denote by modA the stable module
category of A. The objects of mod A are the objects of mod A without
non-zero projective direct summands, and, for any two objects M and N of
mod A, the K-space HomA(M, N) of morphisms from M to N in modA is
the quotient HomA(M, N)/PA(M, N), where PA(M, N) is the subspace of
HomA(M, N) consisting of all homomorphisms that admit a factorisation
through a projective A-module.

Two selfinjective algebras A and Λ are defined to be stably equivalent
if the stable module categories mod A and modΛ are equivalent.

In [496], Rickard proves that two derived equivalent selfinjective algebras
are stably equivalent.

A combination of the results proved by Skowroński and Yamagata in
[638], [641], and [643] gives the following theorem.

5.15. Theorem. The class of selfinjective algebras of tilted type of the
form B̂/G, where B is a tilted algebra and G is an infinite cyclic group
(ϕνB̂), with a positive automorphism ϕ : B̂ −→ B̂ of B̂, is invariant under
the stable equivalences and under the derived equivalences. �

We finish this section with the following theorem proved recently by
Kerner, Skowroński and Yamagata in [355].

5.16. Theorem. The class of selfinjective algebras of quasitilted type of
the form B̂/G, where B is a quasitilted algebra and G is an infinite cyclic
group (ϕνB̂), with a strictly positive automorphism ϕ : B̂ −→ B̂ of B̂, is
invariant under the stable equivalences and under the derived equivalences.

�
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XX.6. Related topics and research directions

We list here some of the interesting research directions related to the
modern representation theory of finite dimensional algebras. We also list
a number of references for each of the topics. Unfortunately our list is far
from being complete; we mention only some of the representative references
for each of the topics.

• Geometry of module varieties is studied in [40], [67], [68], [71], [72],
[73], [92], [96], [156], [157], [158], [163], [254], [326], [373], [457], [538],
[560], [564], [661], [662], [695], [697].

• Orbit closures of modules and singularities are studied in [52], [74],
[75], [76], [93], [94], [96], [98], [502], [506], [650], [653], [654], [655],
[657], [694], [696], [697], [698], [699], [700], [701], [702], [703].

• Semi-invariants of modules and their zero sets are studied in [167],
[168], [174], [505], [508], [509], [510], [518], [559], [561], [648], [649].

• Moduli spaces and noncommutative geometry are studied in [159],
[175], [252], [360], [439], [440].

• Derived and triangulated categories are studied in [14], [47], [48],
[70], [253], [275], [276], [285], [295], [296], [309], [334], [335], [336],
[338], [340], [341], [390], [393], [394], [398], [400], [401], [434], [437],
[471], [495], [496], [498], [555].

• Ringel-Hall algebras and Lie algebras are studied in [3], [133], [164],
[305], [307], [368], [369], [370], [413], [473], [474], [503], [504], [529],
[530], [547].

• Quantum groups and Hopf algebras are studied in [3], [115], [133],
[214], [267], [485], [486], [529], [530].

• Cluster algebras and cluster tilting theory are studied in [124], [125],
[130], [131], [230], [231], [254].

• Hochschild cohomologies of algebras are studied in [126], [127], [128],
[221], [243], [256], [266], [277], [337], [429], [435], [476], [611], [661].

• Coverings of algebras and module categories are studied in [18], [33],
[99], [177], [178], [179], [180], [181], [185], [187], [225], [226], [237],
[263], [264], [325], [432], [573], [574], [576], [639], [642].

• Geometry of algebras and their deformations are studied in [154],
[232], [236], [248], [256], [321], [322], [323], [324].

• Representations of Frobenius algebras are studied in [1], [4], [53],
[54], [58], [59], [115], [165], [211], [212], [213], [215], [217], [219],
[220], [223], [224], [225], [226], [227], [228], [241], [267], [295], [355],
[402], [496], [497], [498], [630], [637], [639], [640], [642].

• Periodicity of modules and algebras are studied in [32], [58], [59],
[220], [221], [222], [281], [303], [478].
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• Applications of integral quadratic forms and their root systems in
representation theory presented in [16], [38], [39], [88], [106], [119],
[122], [172], [194], [197], [200], [201], [202], [297], [298], [299], [300],
[301], [302], [320], [326]–[330], [388], [442], [446], [448], [452], [453],
[454], [456], [457], [459]–[461], [462], [466], [467], [468], [514], [525],
[575], [579], [584], [586], [589], [596], [597], [634], [682]–[684], [687].

• Representation theory of vector space categories and matrix prob-
lems is presented in the books [242] and [575], see also [46], [49],
[50], [51], [85], [147]–[151], [198], [200]–[206], [302], [326]–[330], [365],
[443]–[448], [462], [516], [517], [525], [552]–[554], [565], [572]–[582],
[668], [682]–[686].

• For a combinatorial representation theory we refer to [169], [281],
[282], [306], [320], [339], [388], [544], [545], [546], [550].

• For a spectral representation theory we refer to [158], [159], [173],
[459], [469], [533].

• Module categories over artin algebras are studied in [34], [114], [142],
[143], [244], [245], [280], [396], [420], [426], [492], [562], [563], [612],
[613], [614], [615], [616], [617], [619], [628], [635], [640], [647], [656],
[658], [660].

• Important classes of infinite dimensional modules over finite dimen-
sional algebras are studied in [24], [110], [152], [153], [155], [203],
[205], [206], [308], [374], [375], [378], [379], [381], [392], [482], [483],
[488], [513], [531], [536], [540], [542], [543], [587], [627], [681].

• Hereditary abelian categories are studied in [278], [286], [288], [390],
[494].

• Basic information on the representation theory of K-coalgebras over
a field K can be found in [135], [136], [137], [316], [317], [269], [364],
[371], [588], [589], [592]–[599], and [675].

• For a discussion of representation theory of artinian rings the reader
is referred to [23], [24], [42], [182], [183], [184], [209], [268], [294],
[308], [312], [319], [384], [514], [549], [556], [557], [558], [568], [569],
[570], [571], [583], [585], [690], [691] (see also [115], [361], [362], [363],
for a discussion of representation theory problems of noetherian rings
that are not artinian).
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[14] I. Assem and A. Skowroński, Algebras with cycle-finite derived cat-
egories, Math. Ann., 280(1988), 441–463.
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[18] I. Assem and A. Skowroński, On tame repetitive algebras, Fund.
Math, 142(1993), 59–84.
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[40] M. Barot and J. Schröer, Module varieties over canonical algebras,
J. Algebra, 246(2001), 175–192.

[41] R. Bautista, On algebras of strongly unbounded representation type,
Comment. Math. Helvetici, 60(1985), 392–399.

[42] R. Bautista, On some tame and discrete families of modules, In:
Infinite Length Modules, (Eds: H. Krause and C. M. Ringel), Trends
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tame weakly symmetric algebras having only periodic modules, J.
Algebra, 269(2003), 652–668.

[61] J. Bia�lkowski, T. Holm and A. Skowroński, On nonstandard tame
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[82] R. Bocian and A. Skowroński, One-parametric selfinjective algebras,
J. Math. Soc. Japan, 57(2005), 491–512.
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categories with infinite radical cube zero, J. Algebra, 183(1996), 1–
23.

[144] F. U. Coelho, J. A. de la Peña and B. Tomé, Algebras whose Tits
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[405] Z. Leszczyński, Representation-tame incidence algebras of finite
posets, Colloq. Math., 96(2003), 293–306.
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Berlin, 2000, pp. 1–73.

[543] C. M. Ringel, On generic modules for string algebras, Bol. Soc. Mat.
Mexicana, 7(2001), 85–97.

[544] C. M. Ringel, Combinatorial representation theory. History and fu-
ture, In: Representations of Algebras, Vol I, Proc. Conf. ICRA IX,
Beijing 2000, (Eds: D. Happel and Y. B. Zhang), Beijing Normal
University Press, 2002, pp. 122–144.

[545] C. M. Ringel, The Gabriel-Roiter measure, Bull. Sci. Math.,
129(2005), 726–748.

[546] C. M. Ringel, Foundation of the representation theory of Artin alge-
bras, using the Gabriel-Roiter measure, In: Trends in Representation
Theory of Algebras and Related Topics, Contemp. Math., 406(2006),
105–135.

[547] C. M. Ringel, The theorem of Bo Chen and Hall polynomials, Nagoya
Math. J., 183(2006), 143–160.



440 Bibliography

[548] C. M. Ringel and K. W. Roggenkamp, Diagrammatic methods in
representation theory of orders, J. Algebra, 60(1979), 11–42.

[549] C. M. Ringel and H. Tachikawa, QF-3 rings, J. reine angew. Math.,
272(1975), 49–72.

[550] C. M. Ringel and D. Vossieck, Hammocks, Proc. London Math. Soc.,
54(1987), 216–246.

[551] A. V. Roiter, Unboundedness of the dimension of the indecomposable
representations of an algebra which has infinitely many indecompos-
able representations, Izv. Akad. Nauk. SSSR. Ser. Mat., 32(1968),
1275–1282.

[552] A. V. Roiter, Matrix problems and representations of bisystems,
Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI),
28 (1972), pp. 130–143 (in Russian).

[553] A. V. Roiter, Matrix problems, In: Proceedings Intern. Congress of
Math., Helsinki, 1978, Vol. 1, Academia Scientiarum Fennica, 1980,
pp. 319–322.

[554] A. V. Roiter, Matrix problems and representations of bocses, In:
Representations and Quadratic Forms, Akad. Nauk Ukr. S.S.R., Inst.
Matem., Kiev, 1979, 3–38 (in Russian).

[555] R. Rouquier, Representation dimensions of exterior algebras, Invent,
Math., 165(2006), 357–367.

[556] A. H. Schofield, Representations of Rings over Skew Fields, London
Math. Soc. Lecture Notes Series, No. 92, Cambridge University Press,
1985.

[557] A. H. Schofield, Artin’s problems for skew field extensions, Math.
Proc. Camb. Phil. Soc., 97(1985), 1–6.

[558] A. H. Schofield, Hereditary artinian rings of finite representation type
and extensions of simple artinian rings, Math. Proc. Camb. Phil. Soc.
102(1987), 411–420.

[559] A. Schofield, Semi-invariants of quivers, J. London Math. Soc.,
43(1991), 385–395.

[560] A. Schofield, General representations of quivers, Proc. London Math.
Soc., 65(1992), 46–64.

[561] A. Schofield and M. Van den Bergh, Semi-invariants of quivers for
arbitrary dimension vectors, Indag. Math., (N.S.) 12(2001), 125–138.
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[603] A. Skowroński, The representation type of group algebras, CISM
Courses and Lectures No. 287, pp. 517–531, Springer-Verlag, Wien -
New York, 1984.
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T. Józefiak, J. Krempa, D. Simson, W. Vogel), Banach Center Publi-
cations, Vol. 26, PWN - Polish Scientific Publishers, Warszawa, 1990,
pp. 535–568.
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[625] A. Skowroński, Generalized canonical algebras and standard stable
tubes, Colloq. Math., 90(2001), 77–93.



Bibliography 445
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[647] A. Skowroński and M. Wenderlich, Artin algebras with directing in-
decomposable projective modules, J. Algebra, 165(1994), 507–530.
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[669] B. Wald and J. Waschbüsch, Tame biserial algebras, J. Algebra,
95(1985), 480–500.
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Vogel), Banach Center Publications, Vol. 26, PWN - Polish Scientific
Publishers, Warszawa, 1990, pp. 569–587.

[686] A. G. Zavadskij, Equipped posets of finite growth, In: Representa-
tios of Algebras and Related Topics, Fields Inst. Commun., 45(2005),
363–396.

[687] M. V. Zeldich, Sincere weakly positive unit quadratic forms, In: Rep-
resentations of Algebras, Canad. Math. Soc. Conf. Proc., AMS, Vol.
14, 1993, pp. 453–461.

[688] Y. Zhang, The modules in any component of the AR-quiver of a
wild hereditary algebra are uniquely determined by their composition
factors, Archiv Math. (Basel), 53(1989), 250–251.

[689] Y. Zhang, The structure of stable components, Canad. J. Math.,
43(1991), 652–672.



Bibliography 449

[690] W. Zimmermann, Einige Charakterisierung der Ringe über denen
reine Untermoduln direkte Summanden sind, Bayer. Akad. Wiss.
Math.-Natur., Abt. II(1973), 77–79.

[691] B. Zimmermann-Huisgen and W. Zimmermann, On the sparsity of
representations of rings of pure global dimension zero, Trans. Amer.
Math. Soc., 320(1990), 695-711.

[692] B. Zimmermann-Huisgen, Homological domino effects and the first
finitistic dimension conjecture, Invent. Math., 108(1992), 369–383.

[693] B. Zimmermann-Huisgen, The finitistic dimension conjectures - a
tale of 3.5 decades, In: Abelian Groups and Modules, Math. Appl.,
343, Kluwer Acad. Publ., Dordrecht, 1995, pp. 501–517.

[694] G. Zwara, Degenerations for modules over representation-finite alge-
bras, Proc. Amer. Math. Soc., 127(1999), 1313–1322.

[695] G. Zwara, Immersions of module varieties, Colloq. Math., 82(1999),
287–299.

[696] G. Zwara, Degenerations of finite dimensional modules are given by
extensions, Compositio Math., 121(2000), 205–218.

[697] G. Zwara, Smooth morphisms of module schemes, Proc. London
Math. Soc., 84(2002), 239–258.

[698] G. Zwara, Unibranch orbit closures in module varieties, Ann. Sci.
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TA = T (ΣA) 80, 90
FA = F(ΣA) 80, 90
(X (TA),Y(TA)) 90
�λ 105
add T = EXTA(E1, E2, . . . , Er) 104
Cr(T A

λ ) 107, 187
Km, m ≥ 3 147, 225
Δ(p, q) = Δ(Ãp,q) 171
I(p, q, r) 172
C(p, q, r) = KΔ(p, q, r)/I(p, q, r) 172
Λ(A) 187
Cr(A) 187
DP(A) 187
DQ(A) 188
ZA∞ 214
e1, . . . , en ∈ Zn 215
〈−,−〉Q 215
(−,−)Q 215
qQ 215
ΦA = −Ct

A · C−1
A ∈ Mn(Z) 216

ΦA : Zn −→ Zn 216
addR(A) 215
C(X[m]) 239
X⊥ 249
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⊥X 249
T A

0 , T A
1 , T A

∞ 253
UT (M) 256
pT (M) 256
gT 262
τT : T −→ T 262
ΘM : τCM −→ τAM 262
EA(X ) = EXTA(X ) 274
C(−→X) 287
C(X−→) 287
CT 300
K〈t1, . . . , tn〉 310
L(2) 315
RepK(L(2)) 315
CJ , FJ 325
F•

2, F•
3 326

Jm(λ) 333
Km

λ = K[t]/(t − λ)m 333
Tμ 336
finR 337
indR 337

indd R 337
N̂ (j) = (−) ⊗RjN

(j)
A 338

μA(d) 340
Δ(r) 340
C(2, 2, 2, 2, λ) 353
Δ(2.2, 2, 2) 353
Dm 355
Sm 355
Qm 355
q̂A : K0(A) −→Z 366, 367
modA(d) 366
A(d) 366
G(d) 366
Π1(Q, I) 368
g(B) 381
Db(modA) 382
B̂ −→ B̂/G 397
ν

B̂
397

soc A = soc(AA) = soc(AA) 398
mod A 402
PA(M, N) 402
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